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Abstract
In this manuscript, we provide an analysis on the use of shape memory alloys (SMA), specifically NiTiNOL (Nickel–Titanium 
alloy, Naval Ordnance Laboratory), in a simple engine operating between two thermal reservoirs, constructed by looping 
a nitinol wire coil about two pulleys with their axes located at some distance from each other: when one end of a pulley is 
placed in hot water, the wire will tend to straighten, causing the pulleys to rotate. A qualitative explanation of the phenomenon 
(rotation of pulleys) with reference to the shape memory effect is given, and a quantitative model is constructed to predict 
the angular velocity of rotation. The accuracy of the model is then validated with experimental results. Beyond predicting 
behaviors of SMA-based engines, these results provide novel insight into the microscopic phase transformations occurring 
within a SMA, which is crucial in predicting the behavior of SMA subject to complex forms of thermomechanical stress, 
such as in temperature-sensitive actuators and catheter shafts.

Keywords  Micro-mechanical · Shape memory · Engines · Thermodynamics

1  Introduction

In shape memory alloys (SMA), monoclinic multi-variant 
martensite (M) undergoes detwinning, instead of irrevers-
ible deformation, and transforms into single-variant mar-
tensite (S) with the application of an external stress. Trans-
formations between the martensitic and austenitic phase are 
termed the “Shape Memory Effect”, where both single and 
multi-variant martensitic fractions assume the interpenetrat-
ing simple cubic structure, austenite (A), as temperature is 
raised beyond the austenite start temperature, then reverts 
back to multi-variant martensite as temperature is lowered 
[1].

The significance of SMA lies in these reversible phase 
transformations, which allow low-grade thermal energy to be 
converted into mechanical work [2]. The molecular dynam-
ics method was developed to investigate material properties 
and dynamic behavior on an atomistic scale, by numeri-
cally solving Newton’s equation of motion for individual 
atoms [3]; using this method, martenistic transformations 

for nitinol were simulated by Sato et al. [4] in 2004 and 
Ackland et al. [5] in 2008. The ability of SMA to undergo 
phase transformation gives them a large recoverable strain 
and high capacity to dissipate energy, which makes them 
highly attractive for impact damping, seismic protection or 
health monitoring for impact damage detection [6]. Fur-
thermore, SMAs also have applications in thermal engines, 
temperature-sensitive actuators, such as thermal valves for 
fluidics, catheter shafts for medical stents for its kink resist-
ance, torquability, and biocompatibility, and in orthodon-
tics for dental braces [7]. Consequently, in order to achieve 
precise control and predictive power over systems incorpo-
rating such materials, despite nonlinearities caused by the 
hysterisis associated with the shape memory effect, research 
has been conducted to understand and model these hystersis 
behavior [8].

The concept of constructing an engine using SMA was 
first introduced in the 1970s by Ridgway Banks at Lawrence 
Berkeley National Laboratory [9]. Since then, numerous 
works have been done to produce a constitutive model of 
SMA heat engines that employs various operation principles, 
namely offset crank engines, turbine engines, field engines, 
and miscellaneous [10]. However, existing works do not con-
sider the phase transformations that lead to the macroscopic 
shape memory effect, instead focusing on the temperature 
and strain values along an engine cycle, to compute the work 
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per unit mass [2, 11]. In addition, constitutive models focus-
ing on the shape memory material itself, such as Chemisky 
et al. [12], aim to predict the macroscopic behaviour purely 
based on the thermodynamics of the process, while oth-
ers, including Rizzoni et al. [13], consider the bending and 
recovery process of an isolated nitinol strip and hence does 
not consider the effects of mechanical coupling. Auricchio 
et al. consider the microscopic phase transformations that 
occur, which leads to macroscopic changes based on physi-
cal conditions; however, a complex return-map algorithm 
greatly increases the computational requirement, and the 
lack of an analytic model decreases the physical insight 
that could be obtained. Hence, this paper seeks to provide a 
constitutive model that predicts both the thermomechanical 
conditions, as well as the volume fraction distribution using 
a time-independent model.

The SMA-based engine investigated in this paper is con-
structed by looping a nitinol wire about two pulleys, one of 
which is immersed in hot water, as shown in Fig. 1. Here, 
nitinol is used as it is the most prevalent SMA [14].

2 � Shape memory effect

We first elaborate on the microscopic changes that lead to 
the shape memory effect. The micromechanical changes 
during phase transformations are caused by external heat 
and stress. With the application of external stress via bend-
ing, an internal stress is induced, which produces a bending 
moment that acts in opposition to the deformation. Multi-
variant martensite is detwinned into single-variant mar-
tensite to relieve the strain, causing the internal stress to 
decrease proportional to the fraction of single-variant mar-
tensite, limited by the maximum recoverable strain. Since 

stress is reduced, single-variant martensite does not revert 
back to multi-variant martensite even after the external force 
is removed. In heating, the increase in austenite reduces the 
volume fraction of both martensitic phases. This increases 
the internal stress and as a result bending moment, causing 
the wire to tend towards its trained shape. Upon cooling, 
austenite converts to multi-variant austenite.

The ability of nitinol to undergo phase transformations 
provides a pathway for energy conversions. Under the 
assumption that the wire shape remains constant at steady 
state, the strain energy is hence constant. This is equal to 
the rotational kinetic energy of the wire and pulleys. How-
ever, we note the presence of air drag and frictional forces 
in the bearings of the pulley, and this work done by non-
conservative forces is contributed by the heat energy from 
the water, via energy conversions to internal energy, from an 
increase in austenite phase. A no-slip condition is imposed 
between the wire and pulleys, resulting in a non-dissipative 
static friction.

3 � Quantitative model

In the quantitative model, we first determine the strain pro-
file along the wire. Batista [15] considered the use of elliptic 
functions the wire shape from two equal pulleys, where the 
system is symmetrical about both the x and y axis. From the 
case where the rod is subjected to a terminal conservative 
force, we develop on this to solve for the wire shape around 
two unequal pulleys. This is validated with experimental 
footage. The temperature profile is then determined from 
Newton’s Law of Cooling. The volume fraction is the key to 
finding the angular velocity, yet it is itself dependent on the 
velocity, which affects the temperature profile. Thus, given 
the recursive dependence on velocity, we use conservation of 
energy as a constraint, to solve for the equilibrium velocity, 
choosing the equality between the increase in internal energy 
(through the addition of latent energy for phase transfor-
mation; increase in A phase) and decrease in strain energy 
(reduction in S phase).

3.1 � Wire shape

Referring to Fig. 2, let s = 0 be the point where the wire 
first comes into contact with the water, where s is the arc-
length coordinate. Here, the critical points s1 , s2 , s3 , and 
s4 are where the wire comes into or loses contact with the 
respective pulley, and � is the length of wire. �∗

1
 and �∗

2
 are 

the critical angles from the y-axis to points s2 and s1 , respec-
tively. (Note that the engine is symmetrical about the y-axis.) 
d is the distance between the centres of pulleys, and R1 and 
R2 are the radii of the top and bottom pulley, respectively.

Fig. 1   Image of experimental setup
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The wire shape is modelled by considering half of 
the engine (right side), as a beam of length �f  (length of 
free segment) with a single point of contact at s1 , which 
experiences a terminal conservative force directed at an 
angle � , such that it comes into contact with the top pul-
ley at s2 . The elliptic modulus (eccentricity) will be k. 
Since the wire is continuous, the x, y coordinates of end 
of free segment need to match with coordinates of critical 
points; additionally, angle and curvature �  need also be 
conserved. The boundary condition can now be written as:

From Batista [15], the equations based on � = s∕�f  , the 
normalised arc length parameter, are

�[0] = �∗
2

�[1] = � − �∗
1

�[0] = 1∕R2 �[1] = 1∕R1

x[0] = R2sin[�
∗
2
] x[1] = R1sin[�

∗
1
]

y[0] = −R2cos[�
∗
2
] y[1] = d + R1cos[�

∗
2
]

where am is the Jacobi amplitude function, and

and � is the curvature defined on the normalised arc length 
parameter. Then, we use the boundary conditions to solve for 
the 4 unknown parameters ( �, �∗

1
, �∗

2
, k ) and 2 unknown func-

tions ( � , c). To verify the accuracy of the theoretical predic-
tion (red), the plotted parametric equations are overlayed 
with the experimental wire shape (black) that is extracted 
from experimental footage, using image binarisation and 
edge-detection mechanisms, as shown in Fig. 3.

We note that near the bottom pulley, where the radius 
of curvature is larger, the actual flexural rigidity YI of the 
wire (from experimental footage: black) is greater than the 
predicted value (from predicted shape: red). This is due to 
the assumption of a linear relationship between the bending 
moment M and curvature in Batista’s model, that is given by,

(3.1)

� = −� + am[c + k��, k−1]

� = 2�−1
f
�kdn[c + k��, k−1]

x = xo + �f (a cos � + b sin �)

y = yo + �f (−a sin � + b cos �)

a =
2k

�

(
�[c + k��, k−1] − �[c, k−1]

)
− (2k2 − 1)�

b =
2k

�
(�[c, k−1] − �[c + k��, k−1])

Fig. 2   Labelled engine diagram with theoretically computed wire 
shape

Fig. 3   Theoretically predicted wire shape from solving solving Eq. 
(3.1) with boundary conditions (red line) versus experimental wire 
shape (black)
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however, this assumption is not valid in the case of SMAs 
[16], where the flexural rigidity is greater than the linear 
approximation at low and high values of strain, which agrees 
with the deviation that we have noted. Despite this, we see a 
reasonably good fit between theory and experiment (Fig. 3), 
and hence, the approximation is valid in this case. Here, the 
experimental wire shape is obtained from the binarisation 
and processing of an image of the engine, with the wire 
looped about the pulleys. Knowing the curvature along the 
free segment, we can write the piecewise equation for cur-
vature along the wire. The graph of curvature against the 
arc-length coordinate is shown in Fig. 4.

The strain � = z∕R can thus be expressed as

where z is the thickness coordinate across the cross section 
of the wire measured from the centreline, and Ro is the radius 
of curvature of the trained wire shape. We note the plot of 
�[s] (Fig. 4), where the shaded regions denotes the segments 
of wire in contact with the pulley.

M = YI

(
� −

1

Ro

)

(3.2)𝜅[s] =

⎧
⎪⎪⎨⎪⎪⎩

1∕R2 if s ≤ s1��s ≥ s4

𝜒
�
(s−s1)

�f

�
if s < s2

1∕R1 if s2 ≤ s ≤ s3

𝜒
�
(s4−s)

�f

�
if s < s4

(3.3)�[s] = z

(
1

Ro

− �[s]

)

3.2 � Temperature profile

Next, we consider the temperature distribution along the wire. 
From Fourier’s Law,

where D/Dt is the material derivative, and k is the conduc-
tive heat transfer coefficient of martensite ( kM ) or austenite 
( kA ). Considering Newton’s Law of Cooling,

where h is the convective heat transfer coefficient in air ( ha ) 
or water ( hw ), and To is the temperature of the hot ( Tw ) or 
cold ( Ta ) reservoir.

Numerical finite-difference method is used to solve for 
the temperature profile, which is shown in Fig. 5. Heating 
occurs in the red region, when the wire is in contact with 
the hot reservoir, while cooling occurs in the grey area, 
where the wire is in the cold reservoir (air).

DQ

Dt
= −k��⃗∇T = −kA

dT

dx

(3.4)𝜌cẋ
𝜕T

𝜕s
− k

𝜕2T

𝜕s2
+

h(To − T)

𝜏
= 0

h =

{
hw if s < sw||s = �

ha if s ≥ sw

k =

{
kA if s < sw||s = �

kM if s ≥ sw

To =

{
Tw if s < sw||s = �

Ta if s ≥ sw

Fig. 4   Plot of curvature against arc-length coordinate s 

Fig. 5   Plot of temperature against arc-length coordinate s for 
v = 0.38 m/s (� = 11.8 rad/s)
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3.3 � Volume fraction distribution

The strain and temperature profile are used to determine 
the volume fraction. Auricchio et al. [17] introduced a 
complex return-map algorithm to solve the time-discrete 
rate evolution equations. Here, we integrate their time-
dependent equations to produce time-stationary equations 
describing the volume fraction evolution in a wire loop 
subject to first bending, and subsequently free recovery 
from heating.

In bending, if 

(
�AS
s

YS
+ �L�S

)
≤ |�| ≤

(
�AS
f

YS
+ �L

)

In heating, if T ≥ TSA
s

,

(3.5)�B1
S

=1 −

⎛
⎜⎜⎜⎜⎝

��� −
�

�AS
f

YS
+ �L

�

��i� −
�

�AS
f

YS
+ �L

�
⎞
⎟⎟⎟⎟⎠

(3.6)�B1
M

=

⎛
⎜⎜⎜⎜⎝

��� −
�

�AS
f

YS
+ �L

�

��i� −
�

�AS
f

YS
+ �L

�
⎞⎟⎟⎟⎟⎠

(3.7)�H2
S

=

⎛
⎜⎜⎜⎝

��� − CSA
�
T−TSA

f

�

YA

��i� −
CSA

�
Ta−T

SA
f

�

YA

⎞
⎟⎟⎟⎠
�B1
S

Here, � is the volume fraction, � is the transformation 
stress, Y the Young’s modulus, �L the maximum recoverable 
strain, �i the initial strain present in the wire loop, and C 
the Clausius–Clapeyron constant. The superscript refers to 
the process: AS represents transformation from austenite to 
single-variant martensite, B1 and H2 the bending and heat-
ing process. The subscript S, M and A represent the three 
phases, while s and f refer to the start or final values of the 
process. For instance, �AS

s
 is the start stress for transforma-

tion from austenite to single-variant martensite.
From this, we obtain the plot of the volume fraction fol-

lowing bending (Fig. 6) and heating (Fig. 7), across the arc-
length coordinate s, integrated across the thickness coordi-
nate z, where multi-variant martensite is represented by the 
black line, single-variant martensite blue, and austenite red. 
In this calculation, strain is used in the place of stress; as a 
result, the nonlinearity of the flexural rigidity only impacts 
the volume fraction distribution via the prediction of the 
wire shape.

3.4 � Equilibrium velocity

Knowing the specific latent heat, the change in volume frac-
tion can give the energy required for phase transformation, in 
addition to change in strain energy. Note that �[s, z] , �[s, z] , 
and T[s, z] are dependent on the velocity of the wire (the 

(3.8)�H2
M

=

⎛
⎜⎜⎜⎝

��� − CSA
�
T−TSA

f

�

YA

��i� −
CSA

�
Ta−T

SA
f

�

YA

⎞
⎟⎟⎟⎠
�B1
M

Fig. 6   Volume fraction of S, M phase following bending

Fig. 7   Volume fraction of S, M, A phase following heating
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dependency has been eliminated for clarity); hence, to find 
the equilibrium (actual) ẋ , we use conservation of energy as 
the constraint, where increase in internal energy due to phase 
transformation EPT equals the decrease in strain energy ΔU.

where from Rizzoni et al. [13],

and Ui is the initial strain energy when the volume fraction 
of single-variant martensite is zero.

3.5 � Methods

The computational procedure to obtain the angular velocity 
is as follows: where v is the equilibrium velocity, and the 
degree of precision is controlled by �r [18]. Mathematica 
findRoot is used to find the solution. 

(3.9)

�

∫
0

�
(
��2�

)
Lt
(
�H2
S

+ �H2
M

− �B1
S

− �B1
M

)
ds

=

�

∫
0

�

∫
0

�L

∫
0

� d� ds dz − Ui

� =

{
Y
(
� − �L�s

)
if � ≥ 0

Y
(
� + �L�s

)
otherwise

4 � Results and discussion

4.1 � Experimental validation

The experimental results achieved are shown for angu-
lar velocity against temperature of the hot reservoir 
in Fig. 8. Tracker is used to give the displacement-
time data from the 120 frames-per-second footage, 
and a fast-fourier transformation is used to give the 
frequency in Hertz. For certain experimental points, 
the angular velocity is determined from the period. 
The uncertainty associated with the temperature is a 
result of f luctuations due to convection, and errors in 
angular velocity are based on the median frequency 
resolution. There exists a 5º C deviation in tempera-
ture between experimental and theoretical values, 
before the maximum angular velocity is reached. This 
is attributed to the difference in phase transforma-
tion temperatures for S and M phase, as shown by the 
phase plot (Fig. 10). Since a small percentage (Fig. 6) 
of volume fraction in contact with the hot reservoir 
initially existed as S phase, this results in a lower pre-
dicted value of austenite-start and final temperature 
than the actual value.

For the graph of angular velocity against distance 
beneath water surface (Fig. 9), we note an increase in � 

Fig. 8   Graph of angular velocity against temperature of hot reservoir: 
black experimental points, red theoretical prediction
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as zh increases, due to a greater heat transfer that allows 
for a greater fraction of conversion to austenite phase, till 
a threshold at zh ≈ 0.011 m where the angular velocity 
decreases, when fraction of conversion decreases from an 
increase in S phase (which requires a high temperature for 
phase transformation) and decrease in M phase. Horizontal 
error bars arise from possible parallex error in determining 
distance using Tracker.

 

4.2 � Further insights: efficiency

We consider the thermal efficiency of the engine, which 
is given by

and based on the Rayleigh dissipation function,

Hence, we are able to obtain the graph of efficiency 
against temperature of the hot reservoir (Fig. 11). We note 
the the maximum efficiency of 8%; in comparison, con-
ventional 2-stroke gasoline engines have a typical thermal 
efficiency of 22% [19]. To understand the differences in 
efficiency, we realise that unlike in a conventional engine, 
the driving mechanism of the nitinol engine is derived 
from the continuous heat gain from the water and heat loss 
to the air. As such, the main source of energy (or power) 
loss is the significant loss of heat, which is not converted 
to energy used to overcome non-conservative force, from 
the wire to the cold reservoir.

4.3 � Further insights: energy curves

Next, an engine should be able to carry a load. We investi-
gated the effect of varying distance beneath water surface 
on the rotational kinetic energy at steady state, for vary-
ing mass of the loads (Fig. 12). The setup image is shown 
in Fig. 13. In this nitinol engine, the angular velocity is 
found by equating the increase in internal energy with 
the decrease in strain energy, both of which depends only 
on the temperature and strain profile. Similarly, in this 

𝜂 =
power dissipated (R)

net heat input (∫ q̇ ds)
, where

� q̇ ds =

�

�
0

2𝜋 h[s] (To[s] − T[s]) ds

R = ẋ

(
kf1

R1

+
kf2

R2

)
+

ẋ2

2

(
ks1

R2
1

+
ks2

R2
2

)

Fig. 9   Graph of angular velocity against distance beneath water sur-
face: black experimental points, red theoretical prediction

Fig. 10   Characterised stress-temperature phase plot
Fig. 11   Theoretical graph of efficiency against temperature of hot res-
ervoir
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system, kinetic energy equals the strain energy, which is 
independent of mass. Hence, as mass increases, the angu-
lar velocity has to decrease for kinetic energy to remain 
constant. Thus, the rotational kinetic energy of the mass 
can be expressed as:

where Ipulley is the moment of inertia of the pulley only.
Considering the data for varying distance between pul-

leys (Fig. 14), we realise that there exists an optiminal 
distance between pulleys for maximum rotational kinetic 
energy. As the distance increases beyond this optiminal 
point (black), the engine is unable to turn due to the strong 
normal and tension forces exerted by the wires, leading to 
a low value of rotational kinetic energy. However, when 
the distance between pulleys is small such that the wire 

KE =
1

2
Imass

Ipulley

Ipulley + Imass

�2

becomes slacker (red), the change in strain is less, which 
also leads to a drop in kinetic energy.

5 � Conclusion

In this manuscript, we analysed a simple nitinol engine 
that rotates when placed between two thermal reservoirs 
(water and air) and introduced a novel qualitative mech-
anism of the shape memory effect, as well as how the 
engine operates. Next, we proposed a micromechanical 
model considering the strain and temperature profile to 
predict the volume fraction distribution, in order to find 
the angular velocity of the rotation using energy conserva-
tion. Finally, we validated our theoretical predictions with 
experimental data and empirically investigated the effects 
of adding a load onto the engine. These results lead to 
an insightful understanding of how the engine (and shape 
memory materials) functions and provides a computation-
ally non-intensive method of predicting behaviors of SMA 
under thermomechanical stress, thus increasing the scope 
of application of nitinol.

6 � Future work

Further work can be done by considering a transforma-
tion temperature as a function of multi- and single-variant 
volume fractions, to achieve a more accurate prediction at 
temperatures close to the austenite start temperature. Fur-
thermore, an investigation can be conducted on the effect 
of varying the distance between pulleys, which will likely 
demonstrate the presence of an optimum value of distance 
between pulleys for maximum rotational kinetic energy (as 

Fig. 12   Graph of rotational kinetic energy against distance 
beneath water surface (experimental points, theoretical lines): 
zh = −0.0117 m, black, zh = −0.0152 m, blue, zh = −0.0044 m, brown

Fig. 13   Image of setup used to obtain energy curves: circular weights 
are attached to the centre of the top pulley

Fig. 14   Graph of rotational kinetic energy against distance 
between pulleys (experimental points, best fit line): d = 0.11 m, red. 
d = 0.102 m, blue. d = 0.12 m, black
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elaborated in Further Insights: Energy Curves) that will 
lead to greater insight on the nitinol engine.

Appendix

Wire shape derivation

Consider Fig. 15. Let �1 = cos−1
(|zw|

R2

)
 , zw is the distance to 

water surface.

Similarly,

From the equations for � satisfying the boundary condi-
tions, we determine the functions c and � . When � = 0 , the 
wire just lost contact with the bottom pulley.

sw = 2R2(�) and s1 = R2(� + �∗
2
)

s2 = s1 + �f , s3 = s2 + 2R1(�
∗
1
) , s4 = s3 + �f

�∗
2
= −� + 2am[c, k−1]

Hence,

where the incomplete elliptic integral of the first kind F is 
the inverse of the Jacobi amplitude function am. Similarly

Hence,

Note that c and � are functions of �, �∗
1
, �∗

2
, k . Next, we 

consider the boundary conditions for � . Based on

where � = 2�Rw is the length of wire, we obtain

where

Finally, we see that

Simplifying,

where

We now have 4 equations (7.3, 7.4, 7.5, 7.6) that can 
be solved using Mathematica findRoot to find the 4 
unknowns k, �∗

1
, �∗

2
, �.

(7.1)c = F

[
� + �∗

2

2
, k−1

]

� − �∗
1
= −� + 2am[c + k�, k−1]

(7.2)� =
F
[
�+�−�∗

2

2
, k−1

]
− c

k

1

R2

=2

(
2�Rw

2
− R1�

∗
1
− R2�

∗
2

)−1

�kdn[c, k−1]

1

R1

=2

(
2�Rw

2
− R1�

∗
1
− R2�

∗
2

)
�kdn[c + k�, k−1]

(7.3)R1 =
�Rw��1

�∗
1
��1 + �∗

2
��2 + 2k� ��1 ⋅ ��2

(7.4)R2 =
�Rw��2

�∗
1
��1 + �∗

2
��2 + 2k� ��1 ⋅ ��2

��1 = dn[c, k−1], ��2 = dn[c + k�, k−1]

d + R1cos[�
∗
2
] = − R2cos[�

∗
2
] + �f (−a sin[�] + b cos[�])

R1sin[�
∗
1
] =R2sin[�

∗
2
] + �f (a cos[�] + b sin[�])

(7.5)x[1] =x[0] + �f

(
a′cos[�] + b′sin[�]

)

(7.6)� =y[0] + �f

(
−a′sin[�] + b′cos[�]

)
− R1cos[�

∗
1
]

a′ =
2k

�

(
�[c + k�, k−1] − �[c, k−1]

)
− (2k2 − 1)

b′ =
2k

�
(dn[c, k−1] − dn[c + k�, k−1])

Fig. 15   Labelled engine diagram with theoretically computed wire 
shape



	 Y. Chen, B. Ricardo 

1 3

704  Page 10 of 14

Temperature profile

Next, we consider the temperature distribution along the 
wire. From Fourier’s Law,

Considering an infinitesimal segment of wire dx,

Given that 
Dy

Dt
=

𝜕y

𝜕t
+ �⃗u ⋅ ��⃗∇y =

𝜕y

𝜕t
+ ẋ

𝜕y

𝜕s
,

where q̇ = h(To − T).

Volume fraction distribution

Knowing the strain and temperature profile, we use these 
information to determine the volume fraction at each 
point. From Auricchio et al., the rate evolution equations 
are given by

where production of multi-variant martensite

production of single-variant martensite

DQ

Dt
= −k��⃗∇T = −kA

dT

dx

DQ

Dt
= (𝜌Adx)c

DT

Dt

= −kA
dT

dx

||||x + kA
dT

dx

||||x+dx + q̇ dx

𝜌c
DT

Dt
=

kA
dT

dx

|||x+dx − kA
dT

dx

|||x
dx

= k
d2T

dx2
+ q̇(x)

𝜌c
DT

Dt
= 𝜌c

(
𝜕T

𝜕t
+ ẋ

𝜕T

𝜕s

)
= k

d2T

dx2
+ q̇(x)

𝜉̇S = 𝜉̇AS
S,1

+ 𝜉̇AS
S,2

+ 𝜉̇MS
S,1

+ 𝜉̇MS
S,2

+ 𝜉̇SA
S

𝜉̇M = 𝜉̇AM
M

+ 𝜉̇MS
M,1

+ 𝜉̇MS
M,2

+ 𝜉̇MA
M

𝜉̇AM
M

=
(
𝜉S + 𝜉M − 1

)
H

AM Ṫ

T − TAM
f

production of austenite

here, we define

where

Df
1
→f

2 =
Cf

1
→f

2

Y
 , where Cf

1
→f

2 is the Clausius–Clapeyron 
constant for phase transformation from f

1
 to f

2
.

The conditional statements are

𝜉̇AS
S,1

=
(
𝜉S + 𝜉M − 1

)
H

AS
1

ĠAS
1

GAS
1

− SAS
f ,1

𝜉̇AS
S,2

=
(
𝜉S + 𝜉M − 1

)
H

AS
2

ĠAS
2

GAS
2

− SAS
f ,2

𝜉̇MS
M,1

=𝜉MH
AS
1

ĠAS
1

GAS
1

− SAS
f ,1

𝜉̇MS
M,2

=𝜉MH
AS
2

ĠAS
2

GAS
2

− SAS
f ,2

𝜉̇MS
S,1

= − 𝜉MH
AS
1

ĠAS
1

GAS
1

− SAS
f ,1

𝜉̇MS
S,2

=−𝜉MH
AS
2

ĠAS
2

GAS
2

− SAS
f ,2

𝜉̇SA
S

=𝜉SH
SA ĠSA

GSA − SAS
f ,1

𝜉̇MA
M

=𝜉MH
SA ĠSA

GSA − SAS
f ,1

SAS
s,1

=
RAS
s,1

Y
+ �L�s SAS

f ,1
=

RAS
f ,1

YS
+ �L

SSA
s

=
RSA
s

Y
+ �L�s SAS

s,2
=

RAS
s,2

Y
+ �L�s

SAS
f ,2

=
RAS
f ,2

YS
+ �L SSA

f
=

RSA
f

Y
+ �L

RAS
s,1

= �AS
s

RAS
f ,1

= �AS
f

RSA
s

= −CSATSA
s

RAS
s,2

= �AS
s

− CASTAS
s

RAS
f ,2

= �AS
f

− CASTAS
s

RSA
f

= −CSATSA
f

GAS
1

= |�| GAS
2

= |�| − DAST GSA = |�| − DSAT
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Now, we aim to simplify and integrate these expressions so 
as to remove the time-dependence.

Therefore,

By expanding the material derivative

H
AM =

�
1, if Ṫ < 0 and TAM

f
≤ T ≤ TAM

s

0, otherwise

H
AS
1

=

⎧
⎪⎨⎪⎩

1, if

�
D�𝜀�
Dt

> 0 and T ≤ TAM
S

and
RAS
s,1

Y
+ 𝜀L𝜉S ≤ �𝜀� ≤ RAS

f ,1

Y
+ 𝜀L

0, otherwise

H
AS
2

=

⎧
⎪⎪⎨⎪⎪⎩

1, if

⎧
⎪⎨⎪⎩

D(�𝜀�−DAST)
Dt

> 0 and T > TAM
S

RAS
s,2

Y
+ 𝜀L𝜉S ≤ �𝜀� − DAST ≤ RAS

f ,2

Y
+ 𝜀L

0, otherwise

H
SA =

⎧
⎪⎪⎨⎪⎪⎩

1, if

⎧
⎪⎨⎪⎩

D(�𝜀�−DSAT)
Dt

< 0 and
RSA
f

YA
≤ �𝜀� − DSAT ≤ RSA

s

Y
+ 𝜀L𝜉S

0, otherwise

𝜉̇S =

(
𝜉S − 1

)
H

AS
1

|𝜀| − SAS
f ,1

D|𝜀|
Dt

+

( (
𝜉S − 1

)
H

AS
2(|𝜀| − DAST

)
− SAS

f ,2

+
𝜉SH

SA

(|𝜀| − DSAT
)
− SSA

f

)
D
(|𝜀| − DAST

)
Dt

𝜉̇M =

(
𝜉S + 𝜉M − 1

)
H

AM

T − TAM
f

Ṫ +
𝜉MH

AS
1
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+
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𝜉MH

AS
2(|𝜀| − DAST
)
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f ,2
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𝜉MH

SA
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)
− SSA
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D
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(
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(
�MH
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)
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+
�MH
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)

(
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)

and considering steady state, we obtain

Bending

First, we consider when the wire is bent around the pulleys: 
d|𝜀| > 0, dT = 0 , T ≤ TAM

S
.

where the conditional statements simplify to

If HAS
1

= 1,

Hence,

D

Dt
=

�

�t
+ v

�

�s

H
AM =

�
1, if

�
𝜕T

𝜕s
< 0 and TAM

f
≤ T ≤ TAM

s

0, otherwise

H
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1
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⎧⎪⎨⎪⎩

1, if

� 𝜕�𝜀�
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> 0 and T ≤ TAM
S
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Y
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f ,1

Y
+ 𝜀L

0, otherwise

H
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2

=

⎧
⎪⎪⎨⎪⎪⎩
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Y
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Y
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0, otherwise

H
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Similarly,

Heating

Now, we consider the change due to heating: 
dT > 0, d|𝜀| = 0

where the conditional statements simplify to

If HSA = 1 , then the above equations give

�S

∫
�S,i

d�S(
�S − 1

) =

�

∫
��,i

d|�|(
|�| − SAS

f ,1

)

ln
�S − 1

�S,i − 1
= ln

|�| − SAS
f ,1

||�i|| − SAS
f ,1

�S =
|�| − SAS

f ,1

||�i|| − SAS
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(
�S,i − 1

)
+ 1

�M =
|�| − SAS

f ,1

||�i|| − SAS
f ,1

�M,i

d�S = −DAS

( (
�S − 1

)
H

AS
2(|�| − DAST

)
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f ,2

+
�SH

SA

(|�| − DSAT
)
− SSA

f

)
dT

d�M =

[(
�S + �M − 1

)
H

AM

T − TAM
f
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(
�MH

AS
2(|�| − DAST
)
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f ,2

+

�MH
SA

(|�| − DSAT
)
− SSA

f

)]
dT

H
AM =0

H
AS
2

=0

H
SA =

{
1, if

RSA
f

YA
≤ |�| − DSAT ≤ RSA

s

Y
+ �L�S

0, otherwise

d�S = − DAS
�S(|�| − DSAT

)
− SSA

f

dT

d�M = − DAS
�M(|�| − DSAT

)
− SSA

f

dT

Therefore,

Hence, we reach the time-independent equations.

Characterisations

Convective coefficient

The value of convective coefficients is crucial in determining 
the temperature profile. In air, we heat the wire with an elec-
trical current, and record the temperature drop via a thermal 
camera, and fit our experimental cooling data to the equation

as shown in Fig. 16, where To is the initial temperature of the 
wire and Ti the ambient temperature.

For the nitinol–water interface, we theoretically determine 
the convective coefficient by considering the cross section 
subjected to a constant temperature Tw at its surface z = � . 
Given the high thermal diffusivity � = k∕(�c) and thin radius 
� , we approximate temperature inside the cross section to be 
constant Tmean . From the heat equation, hence,

Since

, the gradient of heat gain q̇ against Tw − Tmean graph equals 
hw ⋅ A , where hw is the convective coefficient of nitinol in 
water, and the surface area A = 2��.

Moment of inertia

We construct a pendulum by attaching a bob of known mass 
and radius to the pulleys, which are given a small displace-
ment (Fig. 17).

The period of a pendulum is defined as

�S =
|�| − DSAT − SSA

f

|�| − DSATi − SSA
f

�S,i

�M =
|�| − DSAT − SSA

f

|�| − DSATi − SSA
f

�M,i

T = To − (Ti − To)e
−2�t � =

ha

��c

Tmean = lim
ro→0

�∫
ro

T[r, t](2�r) dr

�
(
�2 − r2

o

)

q̇ = ∫ 𝜌c
dTmean

dt
dA = hwA(Tw − Tmean)

T = 2�

√
Itotal

mtotalgrcm
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where rcm is the distance from the centre of mass to rota-
tional axis. Here, mtotal = mb + mp , rcm =

mb

mtotal

d,

where mb , mp are the mass of the bob and pulley, and d is 
the distance from CM of bob to centre of pulley (rotational 
axis). Hence, by parallel axis theorem,

     We perform a fast fourier transform on the Tracker-
obtained data, to obtain the experimental � , which we use 
to characterise the moment of inertia Io.

Frictional coefficient

From the equation

� =

√
mgd

Io + Iball + md2

I𝜃̈ = −kf − ks𝜃̇

where kf  and ks are the coefficients of torque for (constant) 
friction and (linear) shear drag, we arrive at the equation.

where k is a constant of integration. To characterise the 
unknown coefficients, we use Tracker to follow the motion 
of a point on the pulley for an unpowered spin down, obtain-
ing a graph of angle rotated against time. Fitting the theo-
retical equation to the experimental data will return three 
unknowns, k, ks, kf  (Fig. 18).

Temperature for phase transformation

The differential scanning calorimeter returns the curve of 
heat flux against temperature during heating (blue) and cool-
ing (yellow) for a heating-cooling cycle. Using the tangent 
line method, we determine the temperature for phase trans-
formation (Fig. 19).

�[t] = −
k
(
1 − e−kf t

)
− kst

kf

Fig. 16   Cooling curve of nitinol wire in air (points) with best-fit line, 
[right] thermal camera footage

Fig. 17   Image of setup used to characterise moment of inertia of pul-
leys, by attaching a weight of known mass

Fig. 18   Experimental plot of angle � against time (red), with theoreti-
cal fit (blue)

Fig. 19   Tangent lines and points of intersection with x-axis
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Knowing the start and final temperatures for phase trans-
formations between martensite and austenite, we achieve a 
phase plot of stress against temperature (Fig. 10 of paper). 
Phase transformations occur within the shaded regions, and 
the three phases coexist within the unlabelled region, while 
only the specific phase is present in the labelled regions.
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