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Abstract

Analytical and molecular dynamics simulation approaches are used in this paper to study free-vibration behavior of multi-
layer graphene-based nanoresonators considering interlayer shear effect. According to experimental observations, the weak
interlayer van der Waals interaction cannot maintain the integrity of carbon atoms in the adjacent layers. Hence, it is vital
that the interlayer shear effect is taken into account to design and analyze multilayer graphene-based nanoresonators. The
differential equation of motion and the general form of boundary conditions are first derived for multilayer graphene sheets
with rectangular shape using the Hamilton’s principle. Then, by pursuing an analytical approach, closed-form results for the
natural frequencies are obtained in the case of simply supported boundary conditions. Molecular dynamics (MD) simula-
tions of the graphene sheets are also accomplished to evaluate the accuracy of the presented analytical model’s results. The
numerical results indicate that by increasing the layers number, the natural frequency also increases until a specific number
of layers, then the effect of layers number on the natural frequency significantly decreases. Moreover, by a rise in aspect
ratio of the multilayer graphene sheet, the natural frequency decreases until a specific aspect ratio, next, the changes in the

sheet aspect ratio have no considerable effect on the natural frequency.

1 Introduction

Carbon structures such as graphene flakes and carbon nano-
tubes (CNTs) have attracted huge attention among research-
ers because of their exceptional characteristics, including
electrical, chemical, and mechanical properties [1-5]. Mon-
olayer graphene is a two-dimensional tightly packed hon-
eycomb lattice with the thickness of one carbon atom. Up
to now, the one-layer graphene is the thinnest and strongest
known substance in nature. Graphene papers present almost
all the peculiar features of carbon nanotubes, while the price
of their production is lower than CNTs. A graphene sheet
can carry on electrical-current densities six orders of magni-
tude higher than that of copper. It possesses record thermal
conductivity and stiffness. It reconciles highly conflicting
qualities of brittleness and ductility [6]. Because of its high
ratio of the stiffness to inertia, it can expose extraordinary

< M. Asghari
asghari @sharif.edu

Mechanical Engineering Department, Sharif University
of Technology, Tehran, Iran

resonant frequencies in order of mega- or giga-hertz [7, 8].
This feature is the reason that high-frequency sensors are
broadly composed of graphene papers in nano—microelectro-
mechanical systems (NEMs—MEMs). Hence, many experi-
mental and analytical investigations were accomplished on
the study of mechanical behavior of mono- and multilayer
graphene sheets by researchers [9-24]. The occurrence of
effective phenomena such as localized ripple [25], out of
plane deformation [26], nonlocality [20, 23, 27-29], imper-
fection [30], and porosity [31] have been experimentally
seen in graphene sheets. These can affect their mechani-
cal behavior, and it seems crucial to have a model which
accounts for all the effective parameters for the optimal
design of graphene-based resonators.

The shear effect between layers is the most important
phenomenon which highly affects their characteristics in
mechanical designing, notably natural and resonant fre-
quencies, maximum deflection, and buckling resistance
[7, 8, 32-39]. Accordingly, some investigations have been
experimentally carried out on the interlayer shear effect in
graphene layers. In this regard, Tan et al. [40] disclosed the
interlayer shear mode of multilayer graphene flakes, in the
range of bi-layer graphene to bulk graphite, and suggested
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that the corresponding Raman peak measures the interlayer
coupling. Boschetto et al. [39] reported real-time obser-
vation of the interlayer shearing mode, corresponding to
the lateral oscillation of graphene planes, for bi- and few-
layer grapheme sheets, utilizing femtosecond pump—probe
technique. They suggested strong dependence of shearing-
mode frequency on the number of layers. The frequency
was reported to change from 1.32 THz for the bulk limit to
0.85 THz for the bi-layer graphene.

In addition to those experimental investigations, a few
simple models have been developed to study the shear effect
of the graphene layers analytically. In this regard, Liu et al.
[8] studied the mechanical properties of various interlayer
crosslinks and intralayer crosslinks, and then made contin-
uum model analysis for the estimating overall mechanical
properties of graphene-based paper materials. They proposed
a deformable tension—shear (DTS) model by considering
deformation of graphene sheets, and also deformation of the
interlayer crosslinks and intralayer crosslinks. Liu et al. [7]
presented a multi-beam shear model (MBSM) that accounted
for the interlayer shear, and compared the natural frequency
results of their model with molecular dynamics (MD) simula-
tion in the case of the cantilever multilayer graphene-based
resonator. Using the multi-beam shear model and taking
into account the surface effect, Rokni and Lu [36] studied
the pull-in instability of wedged/curved multilayer graphene
nanoribbon (GNR) electrostatic nanoactuators subjected to
the Casimir force. By comparison of the results obtained
from the MBSM analysis [7] and experimental tests [39, 40],
it can be readily concluded that the MBSM is very useful to
investigate the vibration of graphene strips, but it is not well
able to predict accurately the design parameters of graphene
layers in which the width of layers is in the order of their
length. Thus, it is required to develop a new model on the
basis of the plate models to more accurately study such mul-
tilayer grapheme sheets. Although many studies have been
done on the mono- and multilayer graphene flakes modeled
as plates [9, 23, 27, 41-45], the interlayer shear between gra-
phene layers has not been well addressed by them.

As mentioned above, no report has been presented which
considers the interlayer shear effect of multilayer graphene
sheets in plate models. The present work is an attempt to
fill this gap in the literature by developing analytical plate
model to study multilayer graphene-based nanoresonators
incorporating interlayer shear effect.

First, the partial differential equation of motion is derived
for multilayer graphene sheets modeled as multi-plates
with interlayer shear effect utilizing the Hamilton’s prin-
ciple. Moreover, the general form of boundary conditions,
including geometrical (essential) boundary conditions and
load-type (natural) boundary conditions, is obtained for any
point on the periphery of rectangular sheets. Then, by pursu-
ing an analytical approach, a closed-form expression for the
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natural frequencies of simply supported multilayer rectan-
gular grapheme sheets is obtained. Meanwhile, molecular
dynamics (MD) simulations of the simply supported mul-
tilayer graphene sheets are carried out to verify numerical
results obtained from the analytical approach.

2 Formulation
2.1 Preliminaries

A 3D schematic view and a side view of a section of an
N-layer graphene sheet under transverse load g(x,y) are
depicted in Fig. 1a, b, respectively. Parameters €2, i, and A
denote the occupied space by the N-layer graphene, the inter-
layer spacing between graphene layers, and the upper surface
of the top layer, respectively. The structure of the multilayer
graphene sheet is modeled as the combination of N thin gra-
phene layers, with one-atom thickness each, and (N — 1)
crosslinks considered as continuums between any two adja-
cent layers. The model is considered only under transverse
loads, and in-plane loads are considered to be absent.

Every layer is considered as a homogeneous, isotropic,
elastic thin plate. Since each layer is very thin, the classical
(Kirchhoff) plate model is chosen for expressing its bending
(flexural) deformation. According to this model, the plane
sections initially normal to the mid-surface remain plane and
normal to that surface after deformation; consequently, the
components of the infinitesimal displacement field at any
time ¢ are written as follows [46]:

0 _ _ aW(i)(x, Yy, t)
layer — ox ’
NO- _Z()W([)(X, v,1) (1)
layer — ay ’
o _ O
Wlayer =W (xa y’ t)7
in which, uf’) R v(,") , and w are the components of the
ayer’ ' layer layer

displacement vector field of ith layer along the axes of the
depicted coordinate system in Fig. 1. Parameter z stands for
the distance of the point from the mid-plane of its layer. In
this way, the deformation of each layer is assumed to be of
only flexural type, i.e., without in-plane deformation.

From the reported results observed in MD simulations,
the deflections of all the layers are almost the same [7].
Thus, in view of Eq. (1), it can be written as follows:

(1)

N 2 RN ¢\')
Wlayer - Wlayer - = Wlayer =w(x, y,1),
o _ @ _ . W _ o ow(x,y, 1)
layer — “layer ulayer = u(x, Y, H= _ZT, 2
m @ _ N _ _ ow(x,y,t)
vlayer - vlayer - = vlayer =v(x,y,0) = _ZT~
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Fig. 1 Simply supported rec- (a)
tangular N-layer graphene sheet
with transverse load g(x,y): a
3D schematic and b side view
of a section of the multilayer
graphene sheet

(b)

continuum with
shear modulus G

graphene layer

q(x,y)

X a

i-th layer a
Z 1
At least at one edge of the multilayer sheet, there should ~ where, 4., inums Yeontinuums 204 Weontinuum ar€ the components

be a support to avoid the rigid-body translation of the lay-
ers in x—y plane; so that there is no slipping between layers.
Considering this and the fact that the layers do not undergo
in-plane deformation, one can conclude that there are no
in-plane displacements for the particles of the layers. Con-
sequently, the in-plane displacements for the points within
interlayer continuum attached to the two adjacent layers van-
ish, and there is only the transverse displacement for those
particles. Hence, one can write

Ucontinuum = 0’

Veontinuum = 0’ (3)

Weontinuum = W(x’ Vs t)’

of the displacement vector field for the interlayer continuum
along x, y, and z axes, respectively.

The variation of the strain energy for an elastic solid
occupying region Q is written as follows:

6U=///(O'ij55ij) dQ, )
Q

where o; and ¢; denote the components of the stress and
strain tensors, i.e., o and ¢, respectively. The components of
the strain tensor, &, and the rotation vector 6 of the material
elements are generally related to the displacement field u
according to the following relations:
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1 r _ 1{0u oy
.4:—V +V = = — 4+ — ,
£y = 5 (Vut Vi), 2<6xj o,

1 1 auj
0, = ~(Vxu,=—=( | —=).
i = 5 (Vxw); 2<,ék6xk>

where €, is the permutation symbol and V stands for the
gradient operator.

The constitutive relation between the stresses and the
strain components for an isotropic linearly elastic is as
follows:

®

o, = Atr(e)éij + 2;45,-]-, (6)

in which 1 and u are the Lame constants, and can be repre-
sented in terms of Young’s modulus E and Poisson’s ratio v

_ B _~_ E
asd= (14+v)(1-2v) and p =G = 2(14v)°

2.2 Derivation of the governing equation of motion

In this section, the governing equation of motion and bound-
ary conditions of an N-layer graphene sheet are derived by
considering interlayer shear effect. For this purpose, the
strain and kinetic energies of an N-layer graphene sheet and
work done by the external loads are written and substituted
in the equation of Hamilton’s principle. It should be noted
that the strain energy includes two parts, i.e., one part Uy, 4
corresponding to the bending of layers and the other part
U hear cOrresponding to the shear deformation between the
layers. Thus, the variation of the strain energy of an N-layer
graphene sheet is decomposed as follows:

oU = 6Ubend + 6Ushear’ (7)

By substitution of Eq. (1) into Eq. (5), the non-zero com-
ponents of the strain tensor € and rotation vector 6 for layers
are obtained as follows:

layer _ -z ()Zw(x, Y t) layer _ —z 0ZW(x, Vs t)
XX axz ’ yy —ayz 5
glver — glayer _ _ IPw(x, y, 1) )
v > 0x 0y
Hlayer = —0W(x, y’ t) elayer — aW(}C, ys t)
‘ v 0 ox

o*w(x, y, 1) *w(x, y, 1)
5Ubend =-N // [Mxxé <—ax2 + Myy6 a—y2
A

Similarly, by inserting Eq. (3) into Eq. (5), the non-zero
components of the strain tensor for the continuum between
layers are determined as follows:

gcontinuum — l 0w(x, Y t) , gcontinuum — l ()W(x, Y t) .
o 2 ox o 2 dy

©))

For the plate analysis, the values of the normal tractions
on the top and bottom of the plate as well as the plate thick-
ness are relatively small. Hence, the value of the stress com-
ponent o__ in all points of the plate is negligible compared
to the other stress components. Therefore, it is assumed that
o = 0in Eq. (6). As a consequence of this assumption, the

2z
components ¢ _ and o, can be obtained as follows:

E

T = 1 —v2 (gxx + ngy>’
E (10)
‘wTI1_2 (‘?vy +vey).
Inserting Eq. (8) into Eqs. (6) and (10) yields
wer ___Ez_(Pwxy0) 0wy, 1)
o = +v ,
XX 1 =12 ox2 ayz
. Ez [ 0*w(x,y,1) 0*w(x, v, )
layer __ _
ny - 1 =12 < ayz +v 02 s (11)
o_layer — o_layer - _ Ez azw(x7 Y, 1) .
R - l+v 0x dy

By combining Eqgs. (6) and (9), the interlayer shear
stresses, i.e., r;’“‘i“””m and rzcy‘m‘i““”m, are also obtained as
follows:

Tcontinuum(x’ v1) = G< ow(x,y,t) ) i

j ox 1
i OW()C, ys t)
continuum —_
sz (x’y7 t) - G< ay )7

in which G is the interlayer shear modulus.
Substituting Eq. (8) into Eq. (4), then integrating over the
thickness of the layers, one can obtain

Xy

2 (13)
+2M 5(—0 W(x’y’t)>]dA,

dyox
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in which
h/2 h/2 h/2
Mxx — / o_)l;ltyer zdz, Myy - / layerzdZ Mxy - / layerzdZ
—h/2 —h/2 ~h/2

(14)

Similarly, the variation of the strain energy due to the

interlayer shear deformation is obtained as the following

expression by inserting Eq. (9) into Eq. (4) and then inte-
grating over each interlayer spacing:

6UShea: = (N_ 1)/ [QA5<%> +Qy5<aW()aC;)y’t))]dA,
A

15)
where
h/2 h/2
_ continuum _ continuum
0, = / T, dz, Q,= / T dz. (16)
—h/2 —h/2

By employing the divergence theorem of Gauss on
Egs. (13) and (15) and then substituting the outcomes into
Eq. (7), the variation of the total strain energy takes the fol-
lowing form:

2M *M,, M,
sU = // -N ) +
0x? 0yox 0y?*
A
; oM,
+ N[ —2
/ [( < dy
0
b
(e
ox ady
0

+(M,5w(x,y. 1)

(x=0 ora) and (y=0 orb)"

In addition, the kinetic energy of the N-layer graphene
sheet is written as follows:

h/2
TN/// u+v+wdAdz
—h/2
2
N //< < aw(x y, t) (aw(;c;y, t)) ) + MO, y, t))2>dA
(18)
where p is the density of the layers and
h/2
M=ph I= zzdz—ih3 (')_i() 19
oo b= ferd=gpen,  0=50- 19
—h/2

The variation of Eq. (18) is written as follows:

ST = Nﬂ [1<OW(x,y, ) y o(6W(x,y,1)) N ow(x, y, 1)
A

ox ox dy

y a(6w(x, y,1))

5 > + Mw(x,y,t) 6w(x,y,t)|dA
y

0 0
=) son (2 4 2
dox dy
oM,
— 2?) + (N - l)QZy>5w(x,y, 1 —NM,,

) + (N — l)Qu>5w(x,y, ) —NM,,

(20)
' > >5w(x, y,t)dA
A(Ew(x, v, 1)) ]y b w“
ay =0 (17)

ox =0 Y

W(x, y, 1)

By applying the integration by parts to Eq. (18) on vari-
able 7, the variation of the kinetic energy is rewritten as
follows:

5T = N// [1<_ vy, 1) 00wy 1) <0W(x SN
ox ox ()t ox

a(ow(x,y,1))
ox

+1< o(x, y,l)

ay oy

o(6w(x, y,1)) N 2<OW(x,y, 1) y
ot

A(Sw(x, v, 1)) Q1)
dy

+M< WX, y, 1) X Sw(x, y, 1) + —(W(x Y, 1) X w(x,y, t))))]
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On the basis of the divergence theorem of Gauss, the vari-
ation of the kinetic energy takes its final form as follows:

(22), respectively, are inserted to the Hamilton’s principle
equation on the time interval between ¢, and ¢,:

2.. 2..
5T=N// { <1<a wxy, D | 9 W(x’y’t)> —Mv"v(x,y,t)>6w(x,y,t)
0x? 0y>
A

+

0HW(x, y, t 0AW(x, y, t
0 [_1<M5w(x,y, 0+ %&v(}c,y, )
y

)

ot 0x?
b X=a
ow(x,y,t
+MOW(x,y, 1) ow(x,y, t))] } dA — /IM ow(x,y,t)dy
) ox (22)
x=0
a y=b b r=a
a % ) t a [ s) t
_ / (YD s yndr| 4+ 2 / POVEND oyt dy
dy ot ox
0 y=0 0 x=0
a y=b
0 ow(x, y, 1)
+— I———= 6w(x,y, H)dx
ot / oy oWy
0 y=0
The virtual work of the external load on the multilayer
graphene sheet due to the transverse load g(x,y,f) can be f
acquired as follows: / (6T + oW —6U)dr = 0. (24)

SW = // q(x,y, 1) 6w(x, y, H)dA. (23)
A

Eventually, the variations of the strain energy, virtual
work, and kinetic energy obtained in Eqgs. (17), (23) and

’M 0*M 0*M,, 00.. 00,
N Xy ——— 4 —2 )+ (N-1) Ou | X
o0x2 2 ox

dyox dy dy
4 NI 0H(x, y, 1) + 04(x, v, 1)
0x? 0y?

|

This leads to the governing equation of motion and also
the boundary conditions with the aid of the fundamental
lemma of calculus of variations. The governing equation of
motion reads:

(25)

> _NMW(x,yst)'*‘Q(st»t) =0.

oM oM, ow(x,y, 1)
N o _ 2 ZT)yN-1 +NIx —2 7 =
<0x 6y> ( Qex ox
ow(x,y,t
M.=0, OR 5<M)=o.
ox

09

Similarly, the boundary conditions at the points on the
two edges with x=0 and x=a are expressed as follows:

OR ow(x,y,1) =0,
(26)

oM, oM, 0 (x, y, 1)
N 2 2 )+ (N=-1DO., +NI| —22) =0,
(B0 - (2

OR 5<M> =0.

M, =0,
ay

yy

In addition, for the two edges with y=0 and y=»5, we
have the following boundary conditions:

OR ow(x,y,1) =0,

@7
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In addition, at the four corners of the rectangular sheet,
the boundary conditions read

Mxy =0 OR owx,y,1) =0. (28)

Now, the governing equation of motion and the corre-
sponding boundary conditions are rewritten in terms of the
kinematic function w(x, y, r) explicitly. To do this, the stress
components from Egs. (11) and (12) are inserted in Egs. (14)
and (16), respectively. Then, the results are substituted into
Eqgs. (25-28). In this manner, the governing equation of
motion takes the following form:

atevery point on the boundary,
(34)

w(x, y,t) = dw(x,y,t) =0;

Pw(x,v,t)  0*w(x,y,1)
+v =0;
ox? 0y? (35)
at the points on the two edges with x = 0 and x = a,

2 w(x, y, 1) *w(x, v, 1)
+v =0;
0y? ox2 (36)
at the points on the two edges with y =0 and y = b.

N Dy V(. y,1) = (N = DDgjeq VW(x, y, 1) With the following series solution for deflection func-
- 9. . . .\
GGy + N[1<a Ww(x,y,1) . 0%(x, y, t)) My, t)]’ t101.1 w(x,y, 1), all these mentioned boundary conditions are
0x? 0y? satisfied:
29) o o
where . (mx . (nm .
w(x,y, 1) = A, sin <—x> sin (—y) exp(i®,,,1),
E h3 mZ=1 ,1;1 a b 37
bend = o2y Dobear = Gh. (30) (37
In addition, for the boundary conditions at the points on
the two edges with x=0 and x=a:
63W(X, y’ t) 03W('x’ y’ t)
ND, —+Q2-v)—
bend( 0x3 ( ) 0x0y?
d s Vs t 0 i ) t
—(N—1)Dshear% SN Ix TPEYD 6 OR Gwey.n) =0, 31
X X
02 ] 9t 02 ) ’t a 2 ’t
GO BN T(Co ) B (G XL WY
0x? 0y? ox

In addition, at the points on the two edges with y=0 and
y=b:

where m and n are called half-wavenumbers in the x- and
y-directions, respectively. Moreover, A,,, and @,,, are equiva-

OR 6w(x,y,1) =0, (32)

w(x, y, t FPw(x, y,t
ND,,.4 Wy, D) Q- V)M
ay? 0x%dy
ow(x,y, t oW(x, v, t
W=Dy, DEXD o OREND
s Jy
az > t az s ) t a s Y, t
Wy ) IR0 g gp g 22D
0y> 0x? dy
In addition, at the four corners:
0*w
9x dy wix, ¥, 1) (33)

2.3 Analytical expression for the natural
frequencies

In this section, the simply supported condition is consid-
ered. For this type of support, the boundary conditions are
as follows:

lent to the amplitude of vibration and resonant frequency
corresponding to m and n, respectively. To get the natural
frequencies, in the governing Eq. (29), we set g(x,y,7) =0
and substitute Eq. (37) for w(x, y, #) into it. Then, the natural
frequencies are obtained as follows:

w = i (38)
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Fig.2 Modeling of the mul-
tilayer graphene sheets with
dimensions of 10 nmx 10 nm: a
one-layer graphene and b two-
to four-layer graphene

et LT

99333333335,

\2 a2\ mru
Keq=NDbend<(7) +(7) > +(N_1)Dshear<<7

i EEEER Adddd il
LY B O A R AT

(39)

3 Molecular dynamics simulations

For carrying out the molecular dynamics simulations,
the adaptive intermolecular reactive empirical bond
order (AIREBO) potential [47] is applied to describe
interactions between carbon atoms. AIREBO potential
can be utilized to model both chemical reactions and

@ Springer

intermolecular interactions in condensed-phase hydrocar-
bon systems such as liquids, graphite, and polymers [47].
The bond interactions, bond breaking, and bond re-form-
ing between carbon atoms are precisely captured in this
potential [34, 48—54]. The software programs LAMMPS
[55] and VMD [56] are used for the MD simulations and
visualization of the MD simulation results, respectively.
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Table 1 Comparison of the effective elastic constants of mono- and multilayer graphene reported in the literature

Number of layers ~ Graphene bend-

ing stiffness (eV)

Graphene interlayer shear modulus (GPa)

Method

1[60] 7140 -

1[61] 14 -

1[34] 1.32 -

1[62] 0.76-2.6 -

1[7] 2.13 -

2 [7] - 0.25

2 [34] - 0.29 For random stacking
4.6 For perfect AB stacking

2 [58] - 0.19-0.34 For random stacking
4.5-4.8 For AB stacking

2 [59] - 5.0+3.0 For AB stacking

2 [60] 35.5+200 -

2 [57] 3.35+0.43 0.40+0.25

3 [60] 126471 -

3[57] 6.92+0.94 0.49+0.08

4 [57] 12.50+1.34 0.47+0.02

5[57] 18.10+£1.45 0.40+0.01

6 [57] 28.29+2.08 0.36+0.004

Experiment (electrostatic actuation of buckled membranes)
Theory

Molecular dynamics simulations

Molecular mechanics

Molecular dynamics simulations

Molecular dynamics simulations

Molecular dynamics simulations

Theory

Experiment (inelastic X-ray scattering study)

Experiment (electrostatic actuation of buckled membranes)
Experiment (AFM)

Experiment (electrostatic actuation of buckled membranes)
Experiment (AFM)

Experiment (AFM)

Experiment (AFM)

Experiment (AFM)

In these MD simulations, the graphene layers are square
plates with length 10 nm and thickness 0.34 nm. The
between layer spacing is equal to the thickness of each
layer. At the onset of the simulation and after structural
relaxation, a displacement equal to 1 nm in the normal
direction is applied to the center of the simply supported
multilayer graphene to initialize a transverse vibration.
The time step size is chosen as 1 fs and the simulations are
performed in an NVE ensemble. The natural frequency
can be calculated by tracking the transverse deflection of
the center for each multilayer graphene, then applying the
fast Fourier transformation (FFT) on it. Some MD outputs
with VMD visualization are shown in Fig. 2 for one- to
four-layer graphene nanosheets.

4 Numerical results

In this section, numerical results are given for the free-
vibration analysis of simply supported rectangular multi-
layer graphene sheet incorporating interlayer shear effect.
For all cases, the thickness of graphene, its bending rigid-
ity, and mass density are assumed to be h=0.34 nm,
Dyng =23.1073 eV, and p=2250 kg/m?, respectively [9].
The interlayer shear modulus and bending rigidity of
multilayer graphene have been reported within the wide
range in the literature depending on the various param-
eters such as number of layers, stacking pattern, chirality
angle, and depth of the Lennard-Jones potential function.

The interlayer shear modulus for 2-6 layers graphene is
within the range of 0.36-0.49 GPa [57]. For graphene with
random stacking, the values between 0.19 and 0.34 GPa
from ab initio [58] and 0.25-0.29 GPa from molecular
dynamics simulations [7, 34] have been reported. The
interlayer shear modulus for graphene/graphite with per-
fect AB stacking is in the order of 5 GPa [34, 40, 58, 59].
In addition, the bending rigidity of mono- and multilayer
graphene flakes has been reported within the range from
0.76 [62] to 126 eV [60]. The comparison of the effec-
tive elastic constants of mono- and multilayer graphene
reported in the literature has been provided in Table 1.
In the following, the effects of these parameters on the
natural frequency of multilayer graphene sheets have been
investigated.

The comparison of the natural frequencies obtained
from Ref. [9]; and this study for square simply supported
multilayer graphene with ¢ =10 nm, different m and n,
and the interlayer shear modulus 0.49 GPa is presented in
Table 2. The results presented in the study [9] are based on
the model which considers no interlayer shear effect. From
this table, it can be concluded that if the interlayer shear
effect is neglected, the natural frequency, which named
classical natural frequency in Ref. [9], will be independ-
ent of the number of layers. This result means that for
multilayer graphene sheets with increasing the number of
layers, the stiffness and mass will increase with the same
coefficient. By considering the interlayer shear effect, the
increments of equivalent stiffness are larger than those
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of equivalent mass with increase in the number of lay-

g >
> - .
% 2 ers. Therefore, the natural frequency is dependent on the
= Elw v v o o number of layers. Since the equivalent stiffness increases
El § g ﬁ g 3 E by considering the shear effect, the values of the natural
< frequencies are predicted to be larger than those obtained
el . .
g = from models neglecting it.
= o 2122222 Table 3 shows the comparison of the natural frequen-
b S| < < < < < . . . . .
o flE | 333 cies obtained from Ref. [9], and this study with differ-
% ent aspect ratios and different values of interlayer shear
> . .
g g modulus for simply supported 15-layered graphene with
s Z b=10 nm and different m and n. In the table, the natural
[ 2 % % % % g frequencies obtained from this study have been evaluated
N} = . . . ..
= Ale oo oo by different interlayer shear moduli, i.e., G=0.25, 0.4,
i ) and 0.49 GPa. From this table, it can be concluded that
5 2o o v v o with rising the aspect ratio, the relative error percent-
) meglgggadd age increases for mode wit put .mter ayer shear. There-
5 fore, the importance of considering the interlayer shear
& 2 becomes more vital.
é 8 The comparison of the natural frequencies obtained from
o sleeagg the analytical model and MD simulation versus number of
Q — — — — — . . .
5 £|lZ2 3232323 layers in the case of square multilayer simply supported gra-
§ phene sheet with 10 nm length is illustrated in Fig. 3. As we
- S S, can see, MD simulation results are close to those obtained
g L T E g E g = from the analytical model and confirm the variations trend
5 S .
o of the natural frequency versus number of layers. From this
% z figure, it is deduced that the natural frequency increases with
g 2 the rise in the layers number. The analysis of the natural
E, Elo = — a = frequency sensitivity to the layers number by both the MD
@« <t v v N v . . .
2 glegcooo simulation and analytical approach reveals that the effect of
2 layers number on the natural frequency decreases with the
=] = increase in the layers number.
— DU I B s The effects of the interlayer shear modulus and bend-
= |8 |@ oo oo L -
- Mo s s s ing rigidity on the natural frequency for various num-
& o bers of layers are depicted in Figs. 4 and 5, respectively.
S E With respect to the values of the interlayer shear modulus
S 7] . . .
g = reported in the literature, i.e., G=0.19-5 GPa [7, 34, 41,
Q >~ 0 O © O .
£ g1 57-59], the natural frequency of the multilayer graphene
€ Bl I sheet can be in the wide range, as shown in Fig. 4. This
g . figure shows that the natural frequency sensitivity of the
S’ « %\ O 000 multilayer graphene sheets with respect to the interlayer
§ "eglzzzzz shear modulus, i.e., the slope of each curve in Fig. 4,
g increases with the rise in the layers number; but the inten-
= . . . .
£ —5‘ sity of this increase, i.e., the change in the slope of the
= @ curve from N layers to (N + 1) layers, decreases for greater
‘g % X 0o number of layers. In other words, with depiction of the
Llo oo .
2 £1233 33 natural frequency versus interlayer shear modulus, we get
s & curves that approach to a specific curve when we raise the
g g ~|_ SO number of layers. It can be seen that for multilayer gra-
Solnlulg]|E 8 &8 88 phene sheets with more than seven layers, the number of
gz |SlrlM]|c S cS S . ..
E = - layers has no significant effect on the variations trend of
© é g the natural frequency with respect to the interlayer shear
L5 22 modulus. This conclusion is applicable to the sensitivity
S5 Z2E Nt o 2 of the natural frequency to bending rigidity with rising the
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Table 3 Compar.ison of the alb m n Ref. [9]. Present study with different interlayer shear moduli

natural frequencies (THz)

obtained from Ref. [9] and this G=0.25 GPa G=0.4 GPa G=0.49 GPa

study with different aspect ratios

and interlayer shear moduli for 'l 1 1 0.069 0.073 0.075 0.076

simply supported 15-layered 1 2 0.173 0.176 0.179 0.180

graphene with h=10 nm and 1 3 0.346 0.349 0.352 0.353

different m and n
2 1 0.173 0.176 0.179 0.180
2 2 0.276 0.280 0.282 0.284
2 3 0.449 0.453 0.455 0.457
3 1 0.346 0.349 0.352 0.353
3 2 0.449 0.453 0.455 0.457
3 3 0.622 0.626 0.628 0.629

2 1 1 0.043 0.047 0.049 0.050
1 2 0.147 0.151 0.153 0.154
1 3 0.320 0.323 0.326 0.327
2 1 0.069 0.073 0.075 0.076
2 2 0.173 0.176 0.179 0.180
2 3 0.346 0.349 0.352 0.353
3 1 0.112 0.116 0.118 0.119
3 2 0.216 0.220 0.222 0.223
3 3 0.389 0.392 0.395 0.396
4 1 1 0.037 0.040 0.042 0.043

1 2 0.140 0.144 0.146 0.148
1 3 0.313 0.317 0.319 0.320
2 1 0.043 0.047 0.049 0.050
2 2 0.147 0.151 0.153 0.154
2 3 0.320 0.323 0.326 0.327
3 1 0.054 0.058 0.060 0.061
3 2 0.158 0.161 0.164 0.165
3 3 0.330 0.334 0.336 0.338

layer number and the specific curve is obtained for multi-
layer graphene sheets with more than four layers (Fig. 5).
From Fig. 6, it is deduced that the values of the natural
frequency are independent of aspect ratio for multilayer
graphene sheets with a/b > 5. In addition, the most differ-
ence between natural frequencies can be observed in the
cases of plates with the range of 1 <a/b < 2.

5 Conclusion

In this paper, a comprehensive model was presented to
study mechanical behavior of multilayer graphene sheets
with rectangular shape incorporating interlayer shear
effect. A model composed of the layers with flexural flex-
ibility and the interlayer continuums with shear flexibility
was considered for the grapheme sheets. The governing
equation of motion and the general form of the bound-
ary conditions were derived by utilization of the Hamilton

principle. For the case of simply supported grapheme
sheets, closed-form results were obtained to express the
natural frequencies. Moreover, molecular dynamics (MD)
simulations were accomplished to evaluate the accuracy of
the results of the analytical approach. Comparison of the
results obtained from the analytical approach and MD sim-
ulations demonstrates that the proposed analytical model
can predict the natural frequencies of the multilayer gra-
phene sheets with a good accuracy. The results show that
as the layers number increases, the natural frequency also
increases until a few numbers of layers, and afterward, the
influence of the layers number on the natural frequency
significantly decreases. In addition, with an increase in
the graphene sheet’s aspect ratio, the natural frequency
decreases until a characteristic aspect ratio and then, the
changes in the plate aspect ratio have no significant effect
on the natural frequency.
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Fig.3 Comparison of the natural frequencies of present study, MD
simulation, and the model without interlayer shear effect versus num-
ber of layers for 10 nmx 10 nm multilayer simply supported graphene
sheet with m=n=1 and G=0.49 GPa
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Fig.5 Comparison of the natural frequencies versus bending rigidity
for 10 nmXx 10 nm multilayer simply supported graphene sheet with
m=n=1 and various numbers of layers
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Fig.4 Comparison of the natural frequencies versus interlayer shear
modulus for 10 nmx 10 nm multilayer simply supported graphene

1 2 3 4 5
Interlayer Shear Modulus (GPa)

Aspect Ratio of Multilayer Graphene Sheet

Fig.6 Comparison of the natural frequencies versus aspect ratio

sheet with m=n=1 and various numbers of layers
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