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Abstract Differential form of Eringen’s nonlocal elastic-
ity theory is widely employed to capture the small-scale
effects on the behavior of nanostructures. However, para-
doxical results are obtained via the differential nonlocal
constitutive relations in some cases such as in the vibration
and bending analysis of cantilevers, and recourse must be
made to the integral (original) form of Eringen’s theory.
Motivated by this consideration, a novel nonlocal formula-
tion is developed herein based on the original formulation
of Eringen’s theory to study the buckling behavior of nano-
beams. The governing equations are derived according to
the Timoshenko beam theory, and are represented in a suit-
able vector—matrix form which is applicable to the finite-
element analysis. In addition, an isogeometric analysis
(IGA) is conducted for the solution of buckling problem.
Construction of exact geometry using non-uniform rational
B-splines and easy implementation of geometry refinement
tools are the main advantages of IGA. A comparison study
is performed between the predictions of integral and differ-
ential nonlocal models for nanobeams under different kinds
of end conditions.
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1 Introduction

Continuum mechanics-based models are extensively
applied for the mechanical analysis of micro- and nano-
structures largely owing to their computational effective-
ness in comparison with the available atomistic approaches
such as molecular dynamics simulations and quantum
mechanics-based methods. As the classical continuum
mechanics is scale-free and cannot capture the small-scale
influences, several higher order continuum theories have
been developed that are able to detect the size-dependent
behavior of micro- and nanostructures. The surface elastic-
ity theory [1-7], strain gradient theory [8—10], and couple
stress theory [11-14] are examples of such theories.

The nonlocal elasticity theory is another higher order
continuum theory which is growing in popularity. The con-
cept of nonlocality is inherent in solid-state physics where
the nonlocal attractions of atoms are dominant. Based upon
the classical continuum mechanics, the stress tensor at a
reference point of a body can be obtained using the strain
tensor at that point. However, according to the nonlo-
cal continuum mechanics, the stress tensor at a reference
point in a body depends not only on the strain tensor at that
point, but also on the strain tensor at all other points of the
body. The linear nonlocal elasticity theory was primar-
ily proposed by Kroner [15], Krumhansl [16] and Kunin
[17], and then developed by Eringen [18] and Eringen and
Edelen [19]. The nonlocal elasticity theory has been origi-
nally formulated in the integral form in which kernel func-
tions are used for considering nonlocal effects [18, 19]. In
1983, Eringen [20] proposed the differential version of the
nonlocal theory with considering a specific kernel function
(Green function of linear differential operator). Since deal-
ing with the differential nonlocal constitutive equations is
simpler than dealing with their integral counterparts, a lot
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of research works can be found in which the differential
form of nonlocal theory has been employed to capture the
nonlocal effects. In particular, several differential nonlocal
beam, plate, and shell models have been developed for the
problems of nanobeams [21-24], nanotubes [25-29], and
nanoplates [30-35].

The reliability of Eringen’s differential nonlocal model
has been proved in various problems. For example, in [29,
33, 36-38], it was revealed that the accuracy of the results
of such model is comparable to that of molecular dynam-
ics simulations provided that the nonlocal parameter is
suitably adjusted. However, one can show that using the
differential nonlocal model leads to inconsistent results in
some specific cases. A well-known paradox happens when
this model is used for computing natural frequencies and
deflections of cantilevers. It is generally accepted that the
stiffness of structure decreases by increasing the nonlocal
parameter. Surprisingly, increasing the nonlocal parameter
has a stiffening influence on the behavior of cantilevers [39,
40]. Therefore, some attempts have been made in recent
years, for example by Polizzotto [41], Pisano and Fuschi
[42], Challamel et al. [43, 44], Khodabakhshi and Reddy
[45], Fernandez-Saez et al. [46], and Norouzzadeh and
Ansari [47] to resolve such paradoxes using Eringen’s inte-
gral nonlocal model.

The isogeometric analysis (IGA) [48, 49] is a new
numerical method whose source of inspiration comes from
the finite-element method (FEM) and the computer-aided
design (CAD). Construction of exact geometry using non-
uniform rational B-splines (NURBS) and easy implementa-
tion of geometry refinement tools are the key advantages
of IGA. There are also several powerful numerical solution
strategies, like discrete singular convolution (DSC) and dif-
ferential quadrature (DQ) methods, which have attracted
attention of researchers in recent years. For example, one
can mention the paper of Ersoy et al. [50] in which DSC
and DQ are utilized to determine the fundamental fre-
quencies of different shells and annular plates. In addition,
Civalek [51] studied the free vibration behavior of rotat-
ing shells based on the DSC method. He examined the
influences of using different materials including isotropic,
orthotropic, functionally graded and laminated ones on the
frequencies of truncated conical shells, circular shells, and
panels.

In the present paper, based on integral formulation of non-
local elasticity theory, the stability characteristics of nano-
beams under the action of axial load are investigated. First,
the governing equations are derived using Eringen’s integral
model together with the Timoshenko beam theory. The equa-
tions are obtained in the vector—matrix form which is suit-
able for the finite-element-based analyses. In the next step, an
isogeometric analysis is conducted so as to study the buck-
ling response of nanobeams with various types of boundary
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conditions. In addition, the governing equations are derived
and solved based on Eringen’s differential model for the com-
parison purpose. Selected numerical results are presented
on the buckling of nanobeams using integral and differential
nonlocal models as well as the local (classical) model.

2 Integral formulation of Eringen’s nonlocal
model

2.1 Governing equations

Consider a nanobeam with geometrical parameters as length
L, width b, and thickness h. According to the integral formu-
lation of Eringen’s nonlocal model [18, 19], the constitutive
equations of beam-type structures are presented in following
form:

tlj (.x, .X3) = /15U8kk (.x, .X3) + 2/48U (X, X3) = Cljklekl (x, .X3),

ey

o (X,x3) = / k(|x = x|, k)1 (x,x3)dx + 8;00- 2
X

In these relations, li» Oy and g; are the local and nonlo-

cal stresses and strain tensors, respectively. In addition, o

shows the initial stress and Cy, denotes the elasticity tensor.

Besides, Lame’s constants are given by

A=Ev/1 =V, u=E/2(1 +V). A3)
The stress field at reference point X = X, is a function of
strains of all points on domain x = x;. Moreover, k is the ker-
nel function which is determined in terms of nonlocal param-
eter k and neighborhood distance |x — X|.
The strain energy of nanobeam can be written as follows:

I, = %/{X/oy(x,@)sij(x,&) dxdA
= %Afxf <X/ k(|Jx = |, k) tij(x,x3) dx+5ij<50>eij()'c,x3) dxdA,
)

and the variation form of this energy is determined as
follows:

6H3.=//Gij(lxa)éey(’?’x.@)dxm
A X

// /k(|x—)‘c|,K)tij(x,x3)dx+5”00 éel_»f()'c,x3)d)‘ch.
A X X
&)

The nanobeam is modelled by the Timoshenko beam the-
ory. Displacement field components are thus given by

u; (x, x3) = u(x) + x5y (x), Uz (x, x3) = w(x), 6)

whose matrix—vector forms are presented as
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u(x,x3) = Pl(x3)q(x), u(x,x3) = [ul u3]T
Pl(x3)=[é?%],q(x>=[uwwf, @)

where u, w, and y are the axial and transverse displace-
ments, and the rotation angle of the cross section with
respect to the vertical direction, respectively.

Therefore, the constitutive equations can be written as
follows:

6 (%, x;3) =/k(|x—)‘c|,1c)C8(x,x3) dx + 6, ®)

5(%,x;) = [GXX(X’S;]’C: [,1+2;4 0 ]

C,, ()_c, 0k 9
_ | ew(xs) — | %o ®
elxx) = 2e,.(x,x3) |’ =10

in which 6, &, and C are the stress vector at reference point,
strain vector, and elastic matrix, respectively. Furthermore,
k, = 5/6 stands for the shear correction factor and 6 is the
initial stress vector.

The strain—displacement relation is considered as

_ 1 au,- + auj
& = 2 axj ox; )’ (10)

l

which can be expressed in the following matrix—vector
form:

1
e(x,x;) = (Pl(x3)E,+ EPz(x3)En>q(x), (11)
1
P, (x) = [0] (12)
d/ox 0 0
E=| 0 d/ox 1 | (13)
0 0 9d/ox
E, =(Gq)G,G = [0 d/ox 0]. (14)

Using the obtained equations so far, one can achieve the
following relations of strain energy and its variation:

1 _T/— _ _
I, = 3 //eT(x,x3)6(x,x3) dxdA, (15)
YR

5ns=//5§T(x,x3)6(5c,X3)d’?dAv (16)
A X

in which the strain vector at reference point & is deter-
mined by substituting x to X (x — X) in Egs. (11), (13), and
Eq. (14), i.e.,

E=E|x>xE,=E|x>%q=qlx->x

a7
Accordingly, the final form of stress vector and strain
energy terms is obtained as follows:

&(%,x3) =/k(|x—5c|,K)C(P1E,+ %PzEn)qu+60,

X

(18)
1 _1| T ~ 1
I, = 3 q|E, k<C11EZ+§C12En>qd‘x+Nl
15T = 1 %
+§En k<C21El+ ECZQEn>qu+N2 dx’
(19)
I, =/5(_1T E,T /k<CUEl+ %Clen)qu-i'Nl
+EI /k((_jzlE,+ %szEn>qu+N2 dx
(20)
where
~ T _ T s
Clj — /P[ CdeA’ Ni = /P[ GOdAsls,] - 1’2’ (21)
A A
in which

N, = NyN,N, = Np,N=[100]",N, :/sodA. )

A

2.2 Isogeometric analysis

Based on the integral nonlocal constitutive equations, the
stress vector at reference point X is determined by integra-
tion in domain x. From the viewpoint of IGA, it is required
to assemble (in x coordinate) the total stress vector in
each point (in x coordinate) of Gauss quadrature scheme.
Accordingly, the assemblage process should be performed
in a two-step manner to achieve the strain energy of body.
IGA is able to overcome the difficulty of significant run
time with representing the convenient solution properties, like
generating unified geometry in a patch and implementing the
efficient refinement approaches. In the following, the local
coordinate system corresponding to x and Xdetermined in
terms of control is considered to be & and &, respectively.

The nanobeam is modelled herein by one patch. Dis-
placement field can be interpolated by NURBS basis func-
tions as
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q=N()d, q= N(E)(i, (23)

NE© =L ®NEO.N© = [N(©) ... N,©]
N() =L@ N(E).N(E) =[N (&) - N,(8)]
where N, denotes the basis function of ith knot and @ sig-
nals the Kronecker delta product. In addition, d and d are
the control variables in & and & coordinates, respectively.

By inserting Eq. (23) into (11), one has the strain vector of
the element as

(24)

1 . A P
e©) = (P,B,+ ;P,B, )d.£(Z) = (P,B,+ ;P,B, )d.
6g(&) = (P,B,+P,B,)ad,
(25)

B(©) = EN(),B,(§) =EN(¢)
B, (&) = (Qd)Q. Q&) = GN(). B, (¢) = (Qd)Q.Q(¢) = GN(¢).
(26)
Besides, the stress resultant vector used in Egs. (19) and
(20) is obtained as

_ = _ 1=
=8 .d6 =-S d
6z,l il Gt,n 2 in
5, = / kC,\BJdES,, = / KCoBJdgi=12  @Q7)
¢ ¢

where J is the Jacobian in & coordinate.
Now, the assemblage process in & direction is performed
which leads to

Sii—= S8, = Si,,d—d (28)

Consequently, the strain energy of a patch and its variation
are determined in terms of control variables as

ot Al ((500 25 o)

f | (29)

I, , = /5&T [B7((81,+35.,) +aN,)

+BI( (8, + 38, )a +N, )| 7a2 G0

= 6d'K, ,d + 6d'N,
where K ; denotes the stiffness matrix given by
_w! n

K, =K, +K
K = / BTS, Jd

£ (€29)

" | ST s late \o4z

K! = / (3BIS1.+BIS,, + 3B]S,,, JJeE.

g
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In addition, by considering /BN JAé=0 and
&

N, =N, the in-plane load N, can be expressed as
follows:

N,, = N, / BJdE = N, / Q" QdJde. -
g &

Therefore, the geometric stiffness matrix K, , is achieved
as follows:

e s
8d'N,, = Ny3d'K, ,d

K,, = / Q" QJdE. (33)
3
Finally
sd" (K d + NoK, d). (34)

By performing the assemblage procedure in & coordi-
nate, one can arrive at

d— d.K,, - K.K,, - K, (35)

If the same local coordinate systems are considered in
the analysis, one has d = d and

(K, + Nk, )d = 0. (36)

From the presented solution strategy, one can find that
the two-step procedure demands higher computational cost
than the classical one. For instance, if m times function
evaluation is needed in the conventional problem, it turns
to m? times in the present model.

3 Differential formulation of Eringen’s nonlocal
model

3.1 Governing equations

Eringen [20] proposed the differential form of nonlocal
constitutive equations as

(1-x°V?)e = Ce, (38)
where V2 = 9% /dx®. Here, it is observed that the differen-
tial model can be simply reduced to classical elasticity by
setting k¥ = 0. However, such a manipulation in the original
integral model leads to singularity of kernel function.

By neglecting von-Karman nonlinearities, the strain vec-
tor is expressed as

e=PEq. (39)
The resultant is also defined as
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N:/PfsdA,
A (40)
(1-x*V*)N=CEq. A1

The strain energy and its variation can be written as

Hszé//eTcddizé//qTE,TPfoddi
A x A x

1 (42)
=1 / q"E"N dx,
2
5}
5HS=//5qTE]TNdxdt. (43)
fox

In addition, for the work done by in-plane load, one can
write

2
1 wy _ 1 T
e = 2[N°<0x> - 2N°xf & (44)
€ = Gq.
Thus
8T, = N, / se'edx = N, / 5q"G ' Gqdx. 45)

The variational governing equation is derived as

e=PBdB=EN.
(51

The equivalent energy terms, introduced in Egs. (47) and
(48), are rewritten for a patch as

T
oIl , = od Ks’pd, (52)
8Ip, = Nyod'K, d. (53)
In addition, the stiffness matrices are
— T
K, = / B, C,BJdS, (54)
¢

Kep = /QTQthé‘, Q, = G(1 - x*V?)N.
¢

(35)
Therefore
(Ksp +NoKy,)d =0, (56)
and after assemblage, one has
(K + Nl )d = 0. (57)

Therefore, in addition to determination of high-order
geometric stiffness matrix, there is no difference between
the isogeometric analysis of a differential model of nonlocal
continuum and that of a classical elasticity. In addition, the
straightforward degree elevation characteristic of IGA leads

/ (64"E/N + Ny3q"G'Gq)dx = / (64"E[C,,E,q + Ny6q" GG (1 — k*V?)q)dx = 0. (46)

P X

Subsequently, one can find the variations of equivalent
energy terms as

ST, = / 8q"E;C,|E/qdx,

X

(47)

8T, = N, / 8q"G'G(1 - k?V?)qdx.

X

(48)

3.2 Isogeometric analysis

For the differential nonlocal model, a one-step assem-
blage procedure can be used in the isogeometric analysis to
obtain the governing equations. By adopting the interpola-
tion of displacement field

q =Nd, (49)

N=L®NN=[N .. N,],

(50
one has

to easily evaluate the higher order derivative of basis func-
tions in Eq. (55).

4 Numerical results

In this section, the critical buckling loads of Timoshenko
nanobeams with clamped-free, clamped-simply supported,
and clamped—clamped boundary conditions are obtained
using IGA and based on different models. The length-to-
thickness and Poisson’s ratio of nanobeams are taken as 12
and 0.35, respectively. The dimensionless critical buckling
load is also introduced as

P, = NoL?/D, (58)
where D = = Ebh®. Moreover, the following one-dimen-
sional kernel function is considered:

R SN
k(|x|, k) = 7c¢ . (59)

First, it is required to assess the convergence character-
istics and validity of the proposed approach. In this regard,
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the convergence of IGA is shown in Fig. 1, and a compari-
son study with the open literature is presented in Table 1.
In both cases, the end conditions are considered to be
clamped-free.

Variations of non-dimensional critical buckling load of
nanobeam with the number of knots (7) are demonstrated in
Fig. 1. It is assumed that thickness is # = Inm and the non-
local parameter has three different values. In addition, order

the differential model. As it is expected, one can observe that
there is a higher computational requirement in the integral
model. Moreover, due to the short range of neighborhood dis-
tance in small values of nonlocal parameter, higher number
of knots is needed to achieve the convergence [47]. To give a
numerical sense of convergence behavior, the following crite-
rion is utilized:

of basis functions is set as p = 2 in the isogeometric analy- Porlycas = Perlyae
. . . . : Error = ,
sis of integral model. Because of high-order derivatives in pcr|n:10
the geometric stiffness matrix, it is considered to be p = 3 in
Fig. 1 Converging trend of i i ) '
IGA for a clamped-free nano- S Integral Model, ~ x/L=0.01 )
beam ‘\‘ """ Differential Model, k¥ / L = 0.01
‘\‘ """" Integral Model, /L =0.02
‘\‘ """" Differential Model, ¥/ L = 0.02
“‘ Integral Model,  x/L=0.03
351 “‘ Differential Model, k/ L = 0.03 ]
o’ \\\
31t N 8
I :;~.v..~,:._,:,_7m.._-_-_.-_-.:ZZZZZ::::::-.-.-.,.,_._.W_._._._._._._._._._ ____
7 A 1
1 1 1 1
10 14 18 22 26 30
n
Table 1 Critical buckling loads K 0.0 05 1.0 15 20
(nN) of clamped-free nano-rod
for various length-to-diameter Lid
ratios and nonlocal parameters ) Ref [52] 1.2063 1.1989 11773 1.1431 1.0983
Differential model 1.2063 1.1989 1.1772 1.1428 1.0979
Integral model - 1.0997 0.9884 0.8874 0.7971
12 Ref [52] 0.8387 0.8352 0.8246 0.8077 0.7851
Differential model 0.8387 0.8351 0.8246 0.8076 0.7849
Integral model - 0.7782 0.7123 0.6512 0.5953
14 Ref [52] 0.6167 0.6147 0.6090 0.5997 0.5872
Differential model 0.6167 0.6147 0.6090 0.5997 0.5871
Integral model - 0.5793 0.5372 0.4976 0.4607
16 Ref [52] 0.4724 0.4712 0.4679 0.4623 0.4549
Differential model 0.4724 0.4712 0.4679 0.4623 0.4548
Integral model - 0.4480 0.4194 0.3923 0.3668
18 Ref [52] 0.3734 0.3726 0.3705 0.3670 0.3623
Differential model 0.3734 0.3726 0.3705 0.3671 0.3623
Integral model - 0.3567 0.3365 0.3171 0.2987
20 Ref [52] 0.3025 0.3020 0.3006 0.2984 0.2952
Differential model 0.3025 0.3020 0.3006 0.2983 0.2952
Integral model - 0.2907 0.2758 0.2616 0.2479
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by which one can find that the absolute values of con-
vergence errors in cases of x/L = 0.01, «/L = 0.02, and
k/L =0.03 of integral model are, respectively, equal to
0.230, 0.132, and 0.071 percent, indicating the desirable
rate of convergence. Accordingly, for the rest of paper,
n =26 and n = 10 are chosen for the analysis of integral
and differential models, respectively.

To verify the accuracy of presented formulation and
solution methodology for both integral and differen-
tial forms of nonlocal elasticity, a comparison is made
with Ref [52] and corresponding results are tabulated in
Table 1. Wang et al. [52] studied the buckling character-
istics of nano-rods on the basis of the Timoshenko beam
model and differential formulation of nonlocal elasticity.
Since there are no size-dependent investigations on the

buckling problem based on the integral model, only the dif-
ferential model of present study can be validated. However,
the results of integral model of present approach are given
for comparison purpose. Considered material and geo-
metrical data are: £ = 1TPa and v = 0.19, and rod diam-
eter d = Inm. It should be noted that in Ref. [52], the shear
constitutive equation is the same as that in the classical the-
ory, and the normal constitutive relation is considered to be
(1-«2V?)o,, = Ee,,. By neglecting the first item and for
comparison purpose, the elastic matrix C is reformulated as
A+2u — E. Accordingly, it is seen that responses of dif-
ferential model are in excellent agreement with those of Ref
[52]. In addition, the trend of changes is identical in case of
the proposed integral model. As it will be more highlighted
in the following, the obtained results of integral model of

Fig. 2 Variations of dimension- (a)
less critical buckling load of ' ' ' ' '
clamped-free nanobeam with 285 R @ @ @i @ i, @ - i
a nonlocal parameter-to-length S @ @, )
and b thickness-to-nonlocal .
parameter ratios 2.75F @ B
e @ Differential Model
27k Tl --@ - Integral Model i
I \‘“-
S AN
-9 .
Q.
2.65F S i
. )
2.6F ‘Q\' i
\.’\
255 Te -
1 1 1 1 1
0.01 0.02 0.03 0.04 0.05
x/L
(b) T T T T T
2.8 mmmmmmmemmmeegeme e L - S S S L) N
.......... @ nnnnnnn@nnn Q@ @ -@ @ _._.-----'-“"
0000 6 - o
______ o
T
2.7k ‘,_,-"‘ .
o ‘.“
s
K4
26k ® e Local Theory
a’ o @ Differential Model
l." --@ = Integral Model
,,'
250 ]
)
!
[ ]
!
24+ ,’ i
[
1 1 1 1 1
1 3 5 7 9
h/x
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nonlocal continuum are smaller than those of the differen-
tial model. This is due to the fact that these models do not
necessarily represent the same formulations [39-47]. The
differential model is devised based on the Green function
assumption of the specific group of kernel functions in the
original integral model [20].

In Figs. 2, 3, and 4, the dimensionless critical buckling
load of nanobeams with different end conditions is plot-
ted versus nonlocal parameter-to-length ratio (k/L) with
considering 7 = 1nm, and versus the thickness-to-nonlocal
parameter ratio (h/x) with considering x = 0.1nm. The
results of these figures are generated using integral and
differential nonlocal models. In addition, to better show
the nonlocal effect, the classical results (corresponding to

x = 0 in differential model of nonlocal elasticity) are given
in Figs. 2, 3, and 4b.

Figures 2, 3, 4a indicate that as the nonlocal parame-
ter-to-length ratio gets larger, the critical buckling loads
obtained from both the integral and differential models
decrease. However, the results of integral model are more
affected by increasing « /L. In addition, Figs. 2, 3, 4b show
that at a given thickness-to-nonlocal parameter ratio, the
critical buckling load obtained based on the integral model
is smaller than that based on the differential model. It is
seen that the difference between the predictions of two
models has the maximum value at #/k = 1, and the results
of both models tend to the classical results by increasing
h/x.

Fig. 3 Variations of dimen- (a) . . . . .
sionless critical buckling load 2r ¢ @ Di i I
cal buckling load 1 @ °. Differential Model
of clamped-simply supported Sl T @ --@ - Integral Model
nanobeam with a nonlocal '\,\ Q.. °.
parameter-to-length and b . Tl 0.
thickness-to-nonlocal parameter Sl T Q..
ratios '~.\ ''''''''' .
21+ Seol .
"o, ®
N \,&,\‘
.\‘\
201 ~. ‘\ o
e,
@
19 1 1 1 1 1
0.01 0.02 0.03 0.04 0.05
x/L
(b) T T T T T
@ornonnonnonnanns @
g
1
18 N T
’
- 3 Local Theory
o’ ok i + @ Differential Model | |
[ ) --@ - Integral Model
i
i
4 | .
i
12t .
!
[ ]
1 1 1 1
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From the presented results, one can find that there is no
paradox in the results of differential nonlocal model for the
buckling problem as reported in [52, 53].

5 Conclusion

The buckling behavior of Timoshenko nanobeams sub-
ject to various types of boundary conditions was inves-
tigated in this article based on an isogeometric analysis.
The small-scale effect was taken into account using both
differential and integral models of Eringen’s nonlocal
elasticity theory. The governing equations were derived
in the vector-matrix representation which can be easily

used in the isogeometric analysis. The effects of nonlo-
cal parameter-to-length and thickness-to-nonlocal param-
eter ratios on the critical buckling loads of nanobeams
were illustrated. It was shown that the effect of nonlocal
parameter is the same in both differential and integral
models, i.e., using the differential nonlocal model does
not lead to paradoxical results (increasing the buckling
load with increasing the nonlocal parameter). However,
there are considerable differences between the values of
critical buckling loads predicted by the two models. This
reveals that the results of differential model are not nec-
essarily identical to the ones obtained based on the origi-
nal integral model of Eringen’s theory for the buckling
analysis of nanobeams.
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