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Abstract Using the revised plane wave method, we cal-

culated the photonic band structure (PBS) considering TE

polarization of a square 2D photonic crystal made of

rectangular metallic rods embedded in air. In case of square

rods and comparing different plasma frequencies, we found

a characteristic band distribution related with the existence

of localized plasmons on the rod surfaces, and also we

found that this type of rod shape contributes to a high

concentration of the electromagnetic field close to the rod

corners. Considering rectangular rods and varying one of

the sides of the rods, we found a PBS that presents a

reorganization of the bands in comparing with the low

dispersion present in the square rod case, related with a

high localization of the radiation on the rod surfaces.

1 Introduction

In the last decades the study of photonic crystals (PCs) and

their optical properties [1–3], aroused the interest of the

scientific community, thanks to the discovery of the pho-

tonic band gaps present in these structures, that is, fre-

quency ranges where the propagation of the

electromagnetic field is prohibited, allowing the develop-

ment of new technologies [4].

PCs are arrangements of materials with different

refraction index, which allow light behaviors not present in

the bulk materials that form the PC. The photonic band

structure (PBS) and the band gaps in the PCs depend on the

difference between the refractive index of the components

of the PC, their geometry disposition, and the filling frac-

tion. The different studies on these structures vary from

multiple slabs of different materials for 1D systems up to

3D structures [1–8], including fractal disposition of a

dielectric material in air in a limited region of the space [9,

10]. Also, some studies are related to defects which modify

the translation symmetry of PCs which allows the existence

of high localized modes used in the construction of wave

guides [11, 12].

Maxwell equations are used to study the light behavior

in PCs. To solve them several techniques have been

developed such as plane waves, finite difference time

domain (FDTD), revised plane wave method (RPWM), and

others [13], and have been applied to several systems in

order to study their optical response [14, 17, 18].

For PCs formed by dispersive materials, it is possible to

locate the incident radiation thanks to the existence of

surface plasmon polaritons, that are related with the col-

lective motion of coupled charges with the electromagnetic

field [19].

Kusmiak et al. [14] studied a 2D system made of an

array of parallel metallic rods in air using the plane wave

method, reducing the PBS calculation to a standard

eigenvalue problem. They showed the existences of

localized modes for TE polarization that must correspond

to the interaction of the rod isolated excitations that overlap

in the PC to form flat bands. This observation was cor-

rected by Ito et al. [20], who presented a calculation based

in a dipolar radiation implemented on the FDTD method to

study the PBS, showing a strong distribution of the elec-

tromagnetic field on the surface of the rods, near to the

resonant frequencies of a single rod under normal inci-

dence for the electromagnetic radiation, that corresponds to

the excitation of localized plasmon polariton in the metallic

& D. M. Calvo-Velasco

d.m.calvo-velasco@hotmail.com

1 Departamento de Fı́sica, Universidad del Valle, A. A. 25.360,

Cali, Colombia

123

Appl. Phys. A (2016) 122:431

DOI 10.1007/s00339-016-9867-3

http://crossmark.crossref.org/dialog/?doi=10.1007/s00339-016-9867-3&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s00339-016-9867-3&amp;domain=pdf


rod. Esteban Moreno et al. [21], demonstrated that the

hypothesis by Ito et al. about the dipolar radiation for the

excitation of surface localized modes in the crystal is not

enough for another geometry of the rods, being necessary a

generalization of the FDTD method using a set of dipoles

in the unitary cell. It is important to note that the location

shown by Ito et al., as well as the results obtained by

Esteban Moreno et al., show that the field at the surface of

the metal bars is distributed satisfying any of the symme-

tries of the metal cross section, also they show that the PBS

for the circular cross section has bands with low dispersion

below the surface plasmon frequency (SPF). These flat

bands are distributed around frequencies which correspond

to the resonant modes of the metal rods. Now that Esteban

Moreno et al. also presents the study of a PC formed by

bars with triangular cross section, showing the existence of

flat bands above and below the SPF, demonstrating that the

flat bands are distributed around the resonant modes of the

rods, but the bands distribution above the SPF depends

strongly on the geometry of the cross section of the rods.

In this work we study 2D PCs formed by a square

arrangement of rectangular metallic rods without absorp-

tion embedded in air. Using the RPWM method we cal-

culate the PBS and some distributions of Hzj j2 and Ej j2 in

the unitary cell of the crystal . In a first case we consider a

PC formed of square metallic rods, in order to understand

how the PBS depends on the metal plasma frequency.

Secondly we consider a PC formed by rectangular metallic

rods in air. Also, we modify the rod geometry varying a

side of the rods, and show the dependence of the PBS on

the size of the rods. Also we present the field distribution

which help us to understand how the formation of localized

plasmons occurs in these systems.

2 Theoretical framework

In this section we present the revised plane wave method

(RPWM), [22], for the calculation of the photonic band

structure (PBS) of a photonic crystal (PC). We consider, in

a general case, a square lattice of parallel rectangular rods

made of metallic material with dielectric function �m sur-

rounded by air, whose axes are parallel to z direction as

presented in Fig. 1.

The Maxwell equations to describe the behavior of the

electromagnetic radiation in a medium without free charges

and currents are:

r� E~ ¼ � 1

c

oB~

ot
; ð1Þ

r � H~ ¼ 1

c

oD~

ot
; ð2Þ

r � H~ ¼ 0; ð3Þ

r � D~ ¼ 0: ð4Þ

For linear and isotropic materials, and considering

monochromatic waves, we can write

D~ðr~; tÞ ¼ �ðr~ÞE~ðr~Þe�ixt; ð5Þ

H~ðr~; tÞ ¼ H~ðr~Þe�ixt; ð6Þ

where

�ðr~Þ ¼ 1þ �m � 1ð ÞSðr~Þ; ð7Þ

here S is a function that is 1 in the rods and 0 in the other

case. Taking in mind a periodic system in the X � Y plane,

�ðr~þ R~Þ ¼ �ðr~Þ, with

R~¼ m � ax~ þ n � ay~; ð8Þ

and

G~ ¼ m � bx~ þ n � by~; ð9Þ

the translation vectors in the real and reciprocal space,

respectively, related by ai~ � bj~ ¼ 2pdi;j, we can write for the

electric and magnetic fields

E~ðr~Þ ¼
X

G

E~Ge
iðkþGÞ�r; ð10Þ

H~ðr~Þ ¼
X

G

H~Ge
iðkþGÞ�r: ð11Þ

If the electromagnetic radiation is TE polarized,

(H~ ¼ ð0; 0;HzÞ, E~ ¼ ðEx;Ey; 0Þ), the Maxwell equations 1

and 2 take the form

oHz

oy
¼ �i

x
c
�Ex; ð12Þ

Fig. 1 Unitary cell representation of a square lattice of rectangular

rods of a metallic material with dielectric function �m, immersed in

air. a is the lattice parameter, bx and by are the side sizes of the rod
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oHz

ox
¼ i

x
c
�Ey; ð13Þ

oEy

ox
� oEx

oy
¼ i

x
c
Hz: ð14Þ

Replacing Eqs. 10, 11 in Eqs.12–14 and taking N terms

for the expansion of the fields we obtain

ky þ Gy

� �� �� �
Hz½ � ¼ �k0 �xx½ �½ � Ex½ �; ð15Þ

kx þ Gx½ �½ �ð Þ Hz½ � ¼ k0 �yy
� �� �

Ey

� �
; ð16Þ

kx þ Gx½ �½ �ð Þ Ey

� �
� ky þ Gy

� �� �� �
Ex½ � ¼ k0 Hz½ �; ð17Þ

where k0 ¼ x
c
, and Gx yð Þ

� �� �
G;G0¼ Gx yð ÞdG;G0 , are diagonal

matrices of order N. Ex½ �, Ey

� �
and Hz½ � are column vectors

of order N constructed by the coefficients in Eqs. 10 and

11.

The matrices �xx½ �½ �, �yy
� �� �

are constructed following the

Li’s rules for the product of two periodic funtions, [23, 24],

in our case

�xx½ �½ �mn;m0n0 ¼
1

a

Z a=2

�a=2

A�1
x

� �� �
m;m0e

�iðn�n0Þgyydy; ð18Þ

Ax½ �½ �m;m0 ¼
1

a

Z a=2

�a=2

1

�
e�iðm�m0Þgxxdx; ð19Þ

where gi ¼ bi~
���

��� are the elementary translation vectors of

the reciprocal lattice. The coefficients of the matrix are

relating the term G~ ¼ mb~x þ nb~y with G~
0 ¼ m0b~x þ n0b~y. A

similar construction follows for �yy
� �� �

.

Considering propagation of the radiation in the C� X

direction (ky ¼ 0) and combining Eqs. 15, 16 and 17, we

obtain

kx
Ey

� �

Hz½ �

� �
¼ 1

k0
M

Ey

� �

Hz½ �

� �
ð20Þ

with

M ¼ �k0 Gx½ �½ � k20 � Gy

� �� �
�xx½ �½ ��1

Gy

� �� �

k20 �yy
� �� �

�k0 Gx½ �½ �

" #
: ð21Þ

The PBS is obtained solving the eigen values of equa-

tion 20.

3 Results

3.1 Square rods

By means of Eq. 20, we calculate the PBS of a 2D

square PC made of square rods of metal embedded in air

for three values of plasma frequency, which in practice

corresponds to different metals. We consider squares rods

with bx ¼ by ¼ b ¼ 0:25a, where b is the length of the

square side and a is the lattice parameter, as shown in

Fig. 1. The dielectric function for the rods is assumed as

[25]

�m ¼ 1�
x2

p

x2
; ð22Þ

where xp is the plasma frequency.

In Fig. 2, we observe the PBS characterized with flat

bands localized below xp, behavior that was just reported

by Ito et al. [20], due to the characteristic resonance fre-

quencies associated with the existence of surface plasmons

on the rod surface. Also, we found that for higher values of

the xp, not only flat bands, but also new dispersive bands

appear above the xp.

In Fig. 3, we present some distributions of Hzj j2 and Ej j2
in the unitary cell for xpa=2pc ¼ 1:0. For low frequencies

and in the dispersive band, Fig. 3a, we observe that Hzj j2

and Ej j2 are distributed outside the rod, due to the large

negative value of �m, and Ej j2 presents a strong concen-

tration close to the corners of the rod, related with the

movement of charge on the surface of the rod, but localized

in their corners. On the other side Fig. 3b, c present the

field distribution for higher and lower frequencies close to

the SPF for bands with low dispersion, showing their

strong localization in the rod sides, as a signature of the

existence of localized surface plasmons. For frequencies

below and above to xp, Fig. 3d, e present a similar Hzj j2
distribution in the unitary cell, taking its high values in the

inter-rod space and in the rod corners, but this is not the

case for the Ej j2 distribution, where for frequencies below

xp the electric field is concentrated into the rod, due to the

low absolute value of its refractive index, while for fre-

quencies above xp the electric field is still distributed

inside the rod, but also with a strong presence in the air

region. In this case, both materials present a positive

refractive index, but the metal has the lower one, which

makes the radiation to concentrate inside the rod.

3.2 Rectangular rods

In Fig. 4, we present the PBS for 2D square PC made of

rectangular metallic rods embedded in air for different

geometries, considering xpa=2pc ¼ 1:0. We observe that

by increasing by from 0.25a to 0.8a leaving bx ¼ 0:25a the

PBS splits the band distribution. The reason for the change

in the PBS is related with the rods geometry, and conse-

quently with the filling fraction, somehow influenced by

the plasmon resonant modes on the rod surface. Also we

observe the modification of the first band with by variation
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until its disappearance in the 1D PC limit, that is for by ¼
1:0 presented in Fig. 4c. In this case the first gap is due to

the existence of an effective plasma frequency, that shields

the propagation of the radiation in this structure, related

with the filling fraction of the slab in the unitary cell.

Figure 5 displays some distributions of Hzj j2 and Ej j2 in
the unitary cell for frequencies depicted in Fig. 4b for bx ¼

0:25a and by ¼ 0:80a. We observe for a low frequency,

Fig. 5a, Hzj j2 - Ej j2 are mainly distributed outside the rod,

due to the high negative value of �m. In the case of Ej j2
distribution, high localization occurs in the inter-rod space

in the y direction. In a band with low dispersion, Fig. 5b,

Hzj j2 - Ej j2 distributions present strong localization in the

(a) (b) (c)

Fig. 2 Photonic band structure for TE polarization in the C� X

direction of a square lattice of square metallic rods in air with

b=a ¼ 0:25, being a the lattice parameter and b the side size of the

square rod. The value of plasma frequency is: a xpa=2pc ¼ 0:3,

b xpa=2pc ¼ 0:8, c xpa=2pc ¼ 1:0. Red lines show the xp frequency

and the value of the SPF. The purple marked squares a–e in c are to

display Hzj j2 and Ej j2 as it is presented in Fig. 3

(a) (b)

(c) (d)

(e)

Fig. 3 Some Hzj j2 and Ej j2 distributions in the unitary cell of a PC made of rectangular metallic rods with sides bx ¼ 0:25a , by ¼ 0:25a and

xpa=2pc ¼ 1:0 in air. The intensity distribution is in arbitrary units
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large sides of the rod, evidence of surface plasmons, with a

high concentration of Ej j2 in the rod corners, behavior just

presented and discussed above in Fig. 3. For a frequency

below xp, Fig. 5c, the Ej j2 distribution mainly occurs

inside the rod. As was mention above in Fig. 3d, in this

situation the localization is due to the low absolute value of

the refractive index of the metal compared with the air,

which drives the radiation to enter in the rod region.

Meanwhile for a frequency above xp, Fig. 5d, we observe

that Ej j2 is localized inside and outside the rod, taking high

values close to the rod corners. A similar result was pre-

viously presented and discussed in Fig. 3e for the square

case. A similar Hzj j2 distribution is observed for frequen-

cies below and above xp. It is important to mention that the

high localization below xp is reinforced by the proximity

of the rectangular rod in the y direction.

4 Conclusions

Previous researches to this work have shown that PCs

formed with dispersive materials have exciting phe-

nomenology that improve the light propagation control

thanks to the existences of plasmon resonances in the

surface of the materials. In this work, we used the RPWM

to calculate the PBS in the C - X direction of a 2D square

PC made of rectangular metallic rods embedded in air for

the TE polarization. In the case of square metallic rods, we

(a) (b) (c)

Fig. 4 Photonic band structure for TE polarization in the C� X

direction of a square lattice of rectangular metallic rods in air. The

value of plasma frequency is xpa=2pc ¼ 1:0. The red line shows the

value of plasma frequency. Rectangle sides are bx ¼ 0:25a:

a by ¼ 0:25a, b by ¼ 0:80a, c by ¼ 1:00a. Red lines show the xp

frequency and the value of the SPF. The purple marked squares a–

d in b are to display Hzj j2 and Ej j2 as it is presented in Fig. 5

(a) (b)

(d)(c)

Fig. 5 Some Hzj j2 and Ej j2 distributions in the unitary cell of a PC made or rectangular metallic rods with sides bx ¼ 0:25a , by ¼ 0:80a and

xpa=2pc ¼ 1:0 in air. The intensity distribution is in arbitrary units
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found that the PBS of the PC is reallocated and shifted to

lower or higher frequencies depending significantly on xp.

Also, the PBS presents bands with low dispersion below

xp, distributed around the SPF. For frequencies close to the

SPF the distributions show a strong localization of the field

in the surface of the rods. For frequencies between the SPF

and xp the decrease in the �mj j values is related with the

increase of Ej j2 localization in the rods region, even for

frequencies close to xp. In the case of rectangular metallic

rods, the PBS shows a modification of low dispersion

bands depending on the length of the rod sides. For the

chosen frequencies our results present for Ej j2 a high

concentration close to the rod corners. On the other hand,

Hzj j2 shows the formation of surface plasmons for fre-

quencies in bands with low dispersion, behavior that is also

observed for Ej j2. For frequencies below and above, but

close to xp, Ej j2 shows a high presence into the rod region,

just like in the case of square rods.
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