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Abstract Employing the variational differential quadra-

ture method, the free vibration of carbon nanocones

(CNCs) embedded in an elastic foundation, is studied based

on nonlocal elasticity theory. On the basis of the first-order

shear deformation theory, the energy functional of the CNC

is presented and then discretized by employing the gener-

alized differential quadrature method in the axial direction

and periodic differential operators in the circumferential

direction. According to Hamilton’s principle and using

matrix relations, the reduced forms of mass and stiffness

matrices are readily obtained. The results of present study

are compared to those obtained by molecular mechanics to

verify the proposed approach. In addition, the effects of

nonlocal parameter, boundary conditions, semi-apex angle

and both Winkler and Pasternak coefficients of elastic

foundation are examined on the vibrational behavior of

CNCs. The results indicate that the increase in nonlocal

parameter and elastic foundation coefficients decreases and

increases the fundamental frequency of CNCs,

respectively.

1 Introduction

By the discovery of the carbon nanotubes, nanorods and

nanocones, nanoscale engineering applications have

received considerable attention. The high mechanical

strength, low density and excellent thermal and electrical

properties of nanomaterials make them suitable for various

usages in micro-electro-mechanical systems (MEMS) and

nano-electro-mechanical systems (NEMS). Ge and Sattler

[1] discovered the carbon nanocones (CNCs) in 1994.

Subsequently, the existence of only five apex angles of

CNCs was verified by Krishnan et al. [2]. Due to the

localization of electric field at sharp ends of CNCs, these

nanostructures can be used as the high resolution probes in

different systems such as atomic force microscopy and

field emission devices [3, 4].

There are some experimental studies on the mechan-

ical behavior of nanostructures [5–8]. Due to the diffi-

culties of conducting the controlled experiments at

nanoscale, the theoretical modeling is widely used to

investigate the mechanical characteristics of nanostruc-

tures. There exist three main categories for the theoret-

ical modeling of nanomaterials including atomistic

modeling [9–13], hybrid atomistic-continuum mechanics

[14, 15] and continuum modeling. For the large-scale

nanostructures, the atomistic modelings such as molec-

ular dynamics (MD) have a huge computational cost.

However, the continuum mechanics provides a compu-

tationally efficient model which makes this category

interesting for researchers.

Since at nanoscales the mechanical behavior of struc-

tures is size dependent [16, 17] and the classical continuum

mechanics cannot capture the size effect, the modified

continuum theories are needed. Among the size-dependent

continuum theories, the nonlocal elasticity theory proposed

by Eringen [18, 19] have been widely employed to predict

the mechanical behavior of nanomaterials [20–26].

According to Eringen’s nonlocal theory, the stress at the

reference point x is a function of strain field at all points of

the domain.
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Gibson et al. [27] indicated that the nonlocal elasticity

theory can accurately predict the vibration behavior of

nanostructures. Considering Eringen’s nonlocal theory,

various beam [25, 28–32] and shell [33–38] models have

been used to study the mechanical behavior of carbon

nanotubes. However, based on the nonlocal elasticity the-

ory, a few studies have been done on the vibration and

buckling of CNCs. Based on the nonlocal elasticity theory

and using tapered rod model, Shu and Shau [39] studied the

axial vibration of CNCs. Employing the modified Wentzel-

Brillouin-Kramers (WBK) method, the axial vibration

frequencies were obtained. Chang [40] investigated the

small-scale effect on the axial vibration of nonuniform and

nonhomogeneous nanorods based on the nonlocal contin-

uum theory. Furthermore, Firouz-Abadi et al. [41, 42]

presented the free vibration and stability analysis of CNCs

using nonlocal shell model. Assuming the thin shell theo-

ries and employing the Galerkin technique, the effect of

Eringen’s nonlocal parameter on the natural frequency and

buckling load of CNCs was examined. Based on the non-

local continuum shell model, Fotouhi et al. [43] studied the

free vibration of embedded CNCs. Considering Donnell’s

linear strain–displacement relations for thin shells and

using Galerkin technique, the natural frequency of simply

supported CNC was obtained. Moreover, Ansari et al. [44]

analyzed the nonlocal vibration of CNCs using an analyt-

ical approach. Using the Galerkin method, the effects of

boundary conditions, semi-vertex angle and nonlocal

parameter on the natural frequency of CNCs were

explored.

Recently, integral form of Eringen’s nonlocal theory

was used to investigate the bending of nanobeams [45, 46].

The paradoxical results were observed in the case of can-

tilever nanobeam where the integral formulation predicts

the softening effect for nonlocal parameter, while the dif-

ferential form results in stiffening effect. However, in the

case of clamped or simply supported boundary conditions,

integral and differential forms of nonlocal theory have the

same trend and both of these formulations predict softening

effect for nonlocal parameter.

In this paper, the vibration analysis of CNCs embedded

in an elastic foundation is studied based on the differential

formulation of nonlocal theory using the variational dif-

ferential quadrature (VDQ) method. Since the VDQ

method is directly applied to the variational form of gov-

erning equations, the derivation procedure of the differ-

ential form of equations is not needed. Based on the first-

order shear deformation shell theory and considering the

Eringen’s nonlocal effect, the energy functional of the

CNC is presented. Employing the generalized differential

quadrature (GDQ) method in axial direction and periodic

differential operators in circumferential direction, the

energy functional is discretized. Eventually, using matrix

relations and based on Hamilton’s principle, the reduced

forms of mass and stiffness matrices are easily obtained

from the discretized form of energy functional. It should be

noted that by applying the periodic differential operators in

circumferential direction, the periodicity conditions are

automatically satisfied. Utilizing this efficient numerical

method, the effects of various boundary conditions on the

vibrational behavior of CNCs can be easily examined. In

addition, the influences of Winkler and Pasternak coeffi-

cients of elastic foundation, various semi-apex angles and

nonlocal parameters on the natural frequency of CNCs are

investigated.

2 Variational differential quadrature method

The description of variational differential quadrature

method [47–49] is explained in this section. Hamilton’s

principle for a deformable body is presented by

Zt2

t1

d We þ T � Uð Þdt ¼ 0 ð1Þ

where d is the first variation, We denotes the work of

external loads, T is the kinetic energy and U presents the

elastic strain energy. The external work and kinetic energy

can be written as

We ¼
Z

A

F � UdA ¼
Z

A

UTFdA ð2Þ

T ¼ 1

2

Z

8

q _U � _Ud8 ¼ 1

2

Z

8

_U
T
q _Ud8 ð3Þ

where U and F are arbitrary displacement and force vec-

tors, respectively, q is the mass density and (:) defines the

differentiation with respect to time. The elastic strain

energy is written as

U ¼ 1

2

Z

8

~r : ~�d8 ð4Þ

in which ~r and ~� are 3� 3 symmetric stress and strain

tensors, respectively. For a continuum elastic body, the

Hooke’s law is presented by

~rij ¼ ~Cijkl~�kl ð5Þ

where ~C is a symmetric fourth-order elasticity tensor.

Using Voigt notation, Eq. (5) can be simplified to

r ¼ C� ð6Þ

in which C is a material stiffness matrix, also r and ε are as

follows
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r ¼ ~r11 ~r22 ~r33 ~r23 ~r13 ~r12½ �T ð7Þ

ε ¼ ~e11 ~e22 ~e33 c23 c13 c12½ �T ð8Þ

Using Eqs. (6–8), the strain energy can be written as

U ¼ 1

2

Z

8

ε � rd8 ¼ 1

2

Z

8

εTrd8 ¼ 1

2

Z

8

εTCεd8 ð9Þ

The vector of strain given by Eq. (8) can be expressed as

ε ¼ EU ð10Þ

where E is the matrix operator which includes the differ-

ential operators based on the strain–displacement relations.

In the VDQ method, the displacement components are

discretized over space domain and the strain components

are defined using numerical differential operators. The

discretized strain vector is

ε ¼ EU ð11Þ

where ε, U and E are the discretized forms of ε, U and E,

respectively. Introducing an accurate numerical row vector

integral operator ( ~S) and following the mathematical

approach described in [47], Eq. (9) can be written as

U ¼ 1

2
ε
T
C� Sð Þε ð12Þ

where S ¼ diag ~S
� �

. It is worth to note that when ~S is n

components vector, diag ~S
� �

returns the square matrix S

of order n. Moreover, � introduces the Kronecker product

[47]. By inserting Eq. (11) into (12), the strain energy is

obtained as

U ¼ 1

2
UTET C� Sð ÞEU ð13Þ

As well, the kinetic energy Eq. (3) and external work

Eq. (2) can be written as

T ¼ 1

2
_U
T
q I� Sð Þ _U ð14Þ

We ¼ UT I� Sð Þ~F ð15Þ

in which I is the identity matrix and ~F stands for the dis-

cretized form of F. Substituting Eqs. (13)–(15) into

Hamilton’s principle, one can obtain

Zt2

t1

d UT I� Sð Þ~Fþ 1

2
_U
T
q I� Sð Þ _U� 1

2
UTET C� Sð ÞEU

� �
dt ¼ 0

ð16Þ

By taking the variation and considering the integration

by parts in time domain, Eq. (16) becomes [47]

Zt2

t1

dUT I� Sð Þ~F� dUTq I� Sð Þ €U� dUTET C� Sð ÞEU
� �

dt

¼
Zt2

t1

dUT I� Sð Þ~F� q I� Sð Þ €U� ET C� Sð ÞEU
� �

dt ¼ 0

ð17Þ

which results in

q I� Sð Þ €Uþ ET C� Sð ÞEU� I� Sð Þ~F ¼ 0 ð18Þ

Equation (18) can be simplified to

M €UþKU� F ¼ 0 ð19Þ

in which

M ¼ q I� Sð Þ ð20Þ

K ¼ ET C� Sð ÞE ð21Þ

F ¼ I� Sð Þ~F ð22Þ

3 Application of VDQ method in the nonlocal
vibration of embedded nanocone

The vibration of CNCs resting on elastic foundation based

on the nonlocal shell theory and employing the VDQ

method is presented in this section. According to the

nonlocal elasticity theory, the stress at a reference point x

of a body is a function of the strain field at every point in

the medium. On the basis of the nonlocal theory, the dif-

ferential form of constitutive relation is given by

1� e0að Þ2r2
� �

r ¼ Cε ð23Þ

The parameter e0a denotes the nonlocal parameter

which captures the size effects in small-scale structures.

The nanocone is modeled as a conical shell. Figure 1

shows the schematic of circular conical shell of small

radius R1, large radius R2, thickness h, semi-apex angle b
and length L. The displacement field based on the first-

order shear deformation theory and considering in-plain

movements is defined as

u ¼ u0 x; h; tð Þ þ zw0 x; h; tð Þ; v ¼ v0 x; h; tð Þ þ z/0 x; h; tð Þ;
w ¼ w0 x; h; tð Þ ð24Þ

where u, v and w are the displacement components along

the x, h and z direction, u0, v0 and w0 denote the dis-

placement of a point on the natural axis, w0 and /0 stand

for the rotations about h and x directions, respectively.

Equation (24) can be written as
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~U¼
u

v

w

2
64

3
75¼ ~AU; ~A¼

1

0

0

0

1

0

0

0

1

z

0

0

0

z

0

2
64

3
75;

U¼

u0

v0

w0

w0

/0

2
666664

3
777775

ð25Þ

in which ~U is the displacement vector and U is the aug-

mented displacement vector. According to displacement

field, the strain components of nanocone can be written as

~�11 ¼
ou0

ox
þ z

ow0

ox
;

~�22 ¼
1

R xð Þ
ov0

oh
þ u0sin bð Þ

R xð Þ þ w0 cos bð Þ
R xð Þ

þ z
w0sin bð Þ
R xð Þ þ 1

R xð Þ
o/0

oh

� �
;

~�33 ¼ 0;

c12 ¼ 2~�12 ¼
1

R xð Þ
ou0

oh
þ ov0

ox
� v0sin bð Þ

R xð Þ

þ z
1

R xð Þ
ow0

oh
þ o/0

ox
� /0sin bð Þ

R xð Þ

� �
;

c12 ¼ 2~�12 ¼
1

R xð Þ
ou0

oh
þ ov0

ox
� v0sin bð Þ

R xð Þ

þ z
1

R xð Þ
ow0

oh
þ o/0

ox
� /0sin bð Þ

R xð Þ

� �
;

c23 ¼ 2~�23 ¼
1

R xð Þ
ow0

oh
� v0cos bð Þ

R xð Þ

þ /0; c13 ¼ 2~�13 ¼
ow0

ox
þ w0

ð26Þ

where RðxÞ ¼ R1 þ xsin bð Þ. Considering nonzero compo-

nents fromabove equations, the strain vector can be defined as

ε ¼ Eþ BHð ÞU ð27Þ

where

E ¼

o

ox
0 0 0 0

sin bð Þ
R xð Þ

1

R xð Þ
o

oh
cos bð Þ
R xð Þ 0 0

1

R xð Þ
o

oh
o

ox
� sin bð Þ

R xð Þ 0 0 0

0 � cos bð Þ
R xð Þ

1

R xð Þ
o

oh
0 1

0 0
o

ox
1 0

2
66666666666664

3
77777777777775

; ð28Þ

H ¼

0 0 0
o

ox
0

0 0 0
sin bð Þ
R xð Þ

1

R xð Þ
o

oh

0 0 0
1

R xð Þ
o

oh
o

ox
� sin bð Þ

R xð Þ
0 0 0 0 0

0 0 0 0 0

2
6666666664

3
7777777775
; ð29Þ

B ¼ diag z z z 0 0½ �ð Þ ð30Þ

in which � denotes the strain vector and E and H are

introduced as the strain matrix operators.

Using Eq. (9), the elastic strain energy is obtained as

U ¼ 1

2

Z

8

UT ETCEþ ETCBHþHTBCEþHTBCBH
� �

Ud8

¼ 1

2

Z

A

UT ET

Z
Cdz

� �
Eþ ET

Z
CBdz

� �
HþHT

Z
BCdz

� �
E

�

þHT

Z
BCBdz

� �
H

�
UdA

¼ 1

2

Z

A

UT ET �C1Eþ ET �C2HþHT �C2EþHT �C3H
� �

UdA

ð31Þ

where A is the cross-sectional area,dA ¼ ðR1þ
xsin bð ÞÞdxdh. Considering homogeneous material for

nanocone, one can write the stiffness matrix as

C ¼ E

1þ mð Þ

1

1� m
m

1� m
0 0 0

m
1� m

1

1� m
0 0 0

0 0 1=2 0 0

0 0 0 ks=2 0

0 0 0 0 ks=2

2
66666664

3
77777775

ð32Þ

where E is Young’s modulus, m is Poisson’s ratio and ks

stands for the shear correction factor. The constants �C1, �C2

and �C3 become

Fig. 1 Geometry and coordinate system of nanocone
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�C1 ¼
Z

Cdz; �C2 ¼
Z

CBdz; �C3 ¼
Z

BCBdz ð33Þ

It should be noted that considering the homogeneous

material, the coefficient �C2 vanishes. Based on Eq. (3) and

considering the nonlocal effects, the kinetic energy is cal-

culated as

T ¼ 1

2

Z

A

_U
T
q _Uþ e0að Þ2 _UTðGT

1qG1 þGT
2qG2

� �
dA ð34Þ

where G1, G2 and the inertia matrix q are obtained as

G1 ¼

o

ox
0 0 0 0

0
o

ox
0 0 0

0 0
o

ox
0 0

0 0 0
o

ox
0

0 0 0 0
o

ox

2
666666666666664

3
777777777777775

;

G2 ¼

1

R xð Þ
o

oh
0 0 0 0

0
1

R xð Þ
o

oh
0 0 0

0 0
1

R xð Þ
o

oh
0 0

0 0 0
1

R xð Þ
o

oh
0

0 0 0 0
1

R xð Þ
o

oh

2
66666666666666664

3
77777777777777775

ð35Þ

q ¼
Z

A

~A
T
q ~Adz ð36Þ

By studying the free vibration of nanocones, the external

work vanishes. In addition, considering the nonlocal

effects, the strain energy due to the Winkler and Pasternak

coefficients of elastic foundation can be defined as:

UF ¼ 1

2

Z

8

UTðLTQ1Lþ e0að Þ2PTQ2PÞUdA ð37Þ

in which

L ¼

0 0 1 0 0

0 0
o

ox
0 0

0 0
1

R xð Þ
o

oh
0 0

2
6664

3
7775; ð38Þ

P ¼

0 0
o

ox
0 0

0 0
1

R xð Þ
o

oh
0 0

0 0
o2

ox2
0 0

0 0
sin bð Þ
R xð Þ

o

ox
0 0

0 0
1

R xð Þ2
o2

oh2
0 0

2
666666666666664

3
777777777777775

; ð39Þ

Q1 ¼
kw 0 0

0 kg 0

0 0 kg

2
4

3
5;Q2 ¼

kw 0 0 0 0

0 kw 0 0 0

0 0 kg 0 0

0 0 0 kg 0

0 0 0 0 kg

2
66664

3
77775 ð40Þ

where kw and kg are Winkler and Pasternak coefficients of

elastic foundation, respectively. Eventually, by inserting

Eqs. (31), (34) and (37) intoHamilton’s principle, one canwrite

Zt2

t1

d
Z

A

1

2
_U
T
q _Uþ 1

2
e0að Þ2 _UT

GT
1qG1 þGT

2qG2

� 	
_U

�

þ 1

2
UT ET �C1EþHT �C3H

� �
U

þ 1

2
UTðLTQ1Lþ e0að Þ2PTQ2PÞU

�
dAdt ð41Þ

Employing the VDQ method, the discretized form of

Eq. (41) can be written as

Zt2

t1

dð _UT
q� Sð Þ _Uþ 1

2
ðe0aÞ2 _U

T

� GT
1 q� Sð ÞG1 þGT

2 q� Sð ÞG2

� 	
_U

þ 1

2
UT ET �C1 � S

� �
EþHT �C3 � S

� �
H

� �
U

þ 1

2
UTðLT Q1 � Sð ÞL

þ e0að Þ2PT Q2 � Sð ÞPÞU
�
dt

ð42Þ

Taking the variation and considering the integration by

parts in time domain results in [47]

M €UþKU ¼ 0 ð43Þ

where the mass matrix M and stiffness matrix K are

defined as follows

M ¼ q� Sþ ðe0aÞ2 GT
1 q� Sð ÞG1 þGT

2 q� Sð ÞG2

� 	
;

K ¼ ET �C1 � S
� �

EþHT �C3 � S
� �

H

þ LT Q1 � Sð ÞLþ e0að Þ2PT Q2 � Sð ÞP ð44Þ

in which the two-dimensional integral operator S is written

as
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S ¼ Sh � SxRð Þ ð45Þ

where Sh and Sx are the integral operators in circumfer-

ential and axial direction, respectively. In addition, the

discretized matrix operators G1, G2, E, H, L and P are as

follows

G1 ¼ I5�5 � D 1ð Þ
x ; G2 ¼ I5�5 � RD

1ð Þ
h

� �
ð46Þ

E ¼

�D
1ð Þ
x 0 0 0 0

sin bð ÞRD0 RD
1ð Þ
h cos bð ÞRD0 0 0

RD
1ð Þ
h

�D
1ð Þ
x � sin bð ÞRD0 0 0 0

0 �cos bð ÞRD0 RD
1ð Þ
h 0 �D

0

0 0 �D
1ð Þ
x

�D
0

0

2
6666664

3
7777775

ð47Þ

H ¼

0 0 0 �D
1ð Þ
x 0

0 0 0 sin bð ÞRD0 RD
1ð Þ
h

0 0 0 RD
1ð Þ
h

�D
1ð Þ
x � sin bð ÞRD0

0 0 0 0 0

0 0 0 0 0

2
666664

3
777775

ð48Þ

L ¼
0 0 �D

0
0 0

0 0 �D
1ð Þ
x 0 0

0 0 RD
1ð Þ
h 0 0

2
64

3
75 ð49Þ

P ¼

0 0 �D
1ð Þ
x 0 0

0 0 RD
1ð Þ
h 0 0

0 0 �D
2ð Þ
x 0 0

0 0 sin bð ÞRD 1ð Þ
x 0 0

0 0 R �D
2ð Þ
h 0 0

2
666664

3
777775

ð50Þ

where

�D
nð Þ
x ¼ Ih � D nð Þ

x ; n ¼ 1; 2

�D
nð Þ
h ¼ D

nð Þ
h � Ix; n ¼ 1; 2

�D
0 ¼ Ih � Ix

ð51Þ

and

R ¼ R1 þ diag sin bð Þ x1x2. . .xn1½ �ð Þ

�R ¼ diag diag Ihð Þ �

1

R1 þ x1sin bð Þ
1

R1 þ x2sin bð Þ
..
.

1

R1 þ xn1 sin bð Þ

2
66666666664

3
77777777775

0
BBBBBBBBBB@

1
CCCCCCCCCCA

0
BBBBBBBBBB@

1
CCCCCCCCCCA

R ¼ diag diag Ihð Þ �

1

R1 þ x1 sin bð Þð Þ2

1

R1 þ x2 sin bð Þð Þ2

..

.

1

R1 þ xn1 sin bð Þð Þ2

2
666666666664

3
777777777775

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

ð52Þ

where Ix and Ih are identitymatriceswith the size n1 � n1 and

n2 � n2 in which n1 and n2 are the numbers of grid points in x

and h directions, respectively. Furthermore,D nð Þ
x andD

nð Þ
h are

the differential operators in axial and circumferential direc-

tions, respectively. The superscript n denotes the order of

differentiation. In this study, the differential and integral

operators in x direction are defined based on the GDQ

method, while the periodic differential operators are used in

h direction. In this regard, the GDQ method and periodic

differential operators are presented in the next section.

4 Differential and integral operators

4.1 GDQ method

On the basis of the GDQ method [50], the nth derivative of

function f xð Þ is specified as a linear sum of the function,

i.e.,

onf xð Þ
oxn






x¼xi

¼
Xn1
j¼1

1nijf xj
� �

; i ¼ 1; 2; . . .; n1 ð53Þ

in which 1nij is the weighting coefficients. A column vector

F can be given as

F ¼ Fj

� 	
¼ f xj

� �� 	
¼ f xð Þ; f x2ð Þ; . . .; f xn1ð Þ½ �T ð54Þ

where f xj
� �

is the nodal values of f xð Þ at x ¼ xj. According

to Eq. (53), a differential matrix operator can be written as

on

oxn
Fð Þ ¼ D nð Þ

x F ¼ D nð Þ
x

h i
i;j

Fj

� �
ð55Þ

where

D nð Þ
x ¼ D nð Þ

x

h i
i;j
¼ 1nij; i; j ¼ 1 : n1 ð56Þ

In Eq. (56), 1nij is calculated by [50]

1nij ¼

Iij; n ¼ 0
L xið Þ

xi � xj
� �

L xj
� � ; i 6¼ j and i; j ¼ 1; . . .; n1

n ¼ 1



n 11ij1
n�1
ii �

1n�1
ij

xi � xj

" #
;

i 6¼ j and i; j ¼ 1; . . .; n1
n ¼ 2; 3; . . .; n1 � 1



�
Pn1

j¼1;j 6¼i

1nij;
i ¼ j and i; j ¼ 1; . . .; n1
n ¼ 1; 2; . . .; n1 � 1



8>>>>>>>>>><
>>>>>>>>>>:

ð57Þ

in which Iij is the components of a n1 � n1 identity matrix

and L xið Þ is given as

L xið Þ ¼
Yn1

j¼1;j 6¼i

xi � xj
� �

ð58Þ
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Previous studies [51] indicated that the Chebyshev-

Gauss–Lobatto grid point distribution has the most con-

vergence and stability. Consequently, the grid points in

axial direction can be generated as

xi ¼
1

2
1� cos

i� 1

n1 � 1
p

� �
L ð59Þ

Utilizing the Taylor series and the GDQ method, an

accurate integral operator can be defined as [47]

Sx ¼
Xn1�1

n¼1

X nð ÞD nð Þ
x ð60Þ

where the row vector X nð Þ is given as

X nð Þ ¼ x2 � x1ð Þnþ1

2nþ1 nþ 1ð Þ! . . .
xiþ1 � xið Þnþ1� xi�1 � xið Þnþ1

2nþ1 nþ 1ð Þ!

"

. . .
xn1�1 � xn1ð Þnþ1

2nþ1 nþ 1ð Þ!

#
ð61Þ

4.2 Periodic operators

The displacement components are periodic in circumfer-

ential direction; therefore, using the periodic differential

operators in this direction naturally satisfies the periodicity

condition. Assuming a periodic grid points between 0 and

2p and employing the derivatives of periodic sinc function

as a base function in a collocation method, the differential

matrix operators are attained. The periodic differential

matrix operators (D
nð Þ
h ) are defined as [52]

D
1ð Þ
h ¼ ai;j

� 	
; D

2ð Þ
h ¼ bi;j

� 	
; ð62Þ

where the coefficients ai;j and bi;j are given as

a11 ¼ 0

ai;1 ¼
�1ð Þi�1

2
cot

p i� 1ð Þ
n2

a1;j ¼
�1ð Þn2�jþ1

2
cot

p n2 � jþ 1ð Þ
n2

aiþ1;jþ1 ¼ ai;j

8>>>>><
>>>>>:

; i; j ¼ 2; . . .; n2

ð63Þ

b11 ¼ � n22
12

� 1

6

bi;1 ¼
�1ð Þi�2

2 sin2
p i� 1ð Þ

n2

b1;j ¼
�1ð Þn2�j

2 sin2
p n2 � jþ 1ð Þ

n2
biþ1;jþ1 ¼ bi;j

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

; j ¼ 2; . . .; n2 ð64Þ

In addition, considering the periodic grid points in cir-

cumferential direction, the integral operator in this direc-

tion is defined as

Sh ¼
2p
n2

. . .
2p
n2

� �
1�n2

ð65Þ

5 Results and Discussion

The vibrational analysis of carbon nanocones resting on

elastic foundation based on Eringen’s nonlocal elasticity

theory is presented. Various studies revealed that the

mechanical properties of CNCs such as Young’s modulus

and Poisson’s ratio depend on the apex angle of cone and

can be obtained as follows [10, 44, 53, 54]: E ¼
0:89 cos4 bð Þ TPa and m ¼ 0:25 sin2 bð Þ. Moreover, the mass

density is q ¼ 2237 Kg=m3 [10, 44] and the wall thickness

is considered to be h ¼ 0:34 nm. As both Winkler and

Pasternak coefficients of elastic medium are taken into

account, the nondimensional coefficients are given as

Kw ¼ kwR
4
2

D

Kg ¼
kgR

2
2

D

ð66Þ

where D ¼ Eh3

12 1�m2ð Þ is the bending rigidity. Since the carbon

nanocone is modeled as a conical shell, the accuracy of the

present study is verified by comparing the natural fre-

quencies of the conical shell with the values predicted by

Tornabene [51]. In this regard, the first ten frequency

parameters (X ¼ xR2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q 1� m2ð Þ=E

p
) for different bound-

ary conditions are compared in Table 1. As it can be seen,

the results have good agreement. In addition, the natural

frequencies of simply supported (SS) CNCs are compared

with the results obtained by the molecular mechanics

(MM) approach [13] for various nonlocal parameters and

apex angles in Fig. 2. It can be seen that the fundamental

frequencies of CNCs with different apex angles need var-

ious nonlocal parameters to be matched with the values

obtained by MM approach. In addition, neglecting the

nonlocal effect generally leads to over-predict the natural

frequencies.

Figure 3 shows the fundamental frequencies of CNC

versus length-to-small radius ratio for various nonlocal

parameters and boundary conditions. It reveals that the

fundamental frequency of CNCs decreases when the

length-to-radius ratio increases. Moreover, considering the

nonlocal effects decreases the natural frequencies and this

effect is more significant for smaller L=R1 ratios, while for

nanocones with the larger length, one can neglect the
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nonlocal effect. Also, boundary conditions play an impor-

tant role on the size-dependent behavior of CNCs, as by

assuming the clamped-free (CF) boundary condition, one

can neglect the nonlocal effect for L=R1 � 6, while this

ratio is larger than 6 for simply supported (SS), clamped-

simply supported (CS) and clamped–clamped (CC)

boundary conditions.

The effects of elastic foundation coefficients on the

vibrational behavior of simply supported CNC are

demonstrated in Figs. 4–6 for different nonlocal parame-

ters, length-to-radius ratios and apex angles, respectively.

Winkler and Pasternak coefficients effects are examined

separately. As it is observed, the presence of the elastic

foundation increases the natural frequencies of CNC. Fig-

ure 4 indicates that the increase in elastic foundation

coefficients reduces the size-dependency of the natural

frequencies of CNC. Results of Figs. 5 and 6 imply that the

influences of elastic foundations on the fundamental fre-

quency are more significant for smaller length-to-radius

ratios and apex angles. Furthermore, for the larger values

of L=R1 ratios and apex angles, the increase in natural

frequencies with the rise of elastic foundation coefficients

is not considerable.

Natural frequencies of CNCs versus mode numbers for

various nonlocal parameters and boundary conditions are

depicted in Fig. 7. It is apparent that clamped–clamped

boundary condition gives the highest natural frequency. In

addition, the effects of nonlocal parameters are more

considerable in the higher mode numbers.

The influences of various nonlocal parameters, boundary

conditions and elastic foundation coefficients on the fun-

damental frequency (THz) of embedded CNC are

accounted in Table 2. The results reveal that by consider-

ing the fully simply supported boundary condition, the

natural frequencies are more influenced by the alternations

of the elastic foundation coefficients. On the other hand,

neglecting the elastic medium, the fundamental frequency

of clamped-free CNC is less size dependent.

6 Conclusion

Based on the nonlocal elasticity theory, the vibrational

behavior of CNCs embedded in an elastic foundation was

studied. Considering the first-order shear deformation the-

ory, employing Hamilton’s principle and using the VDQ

method, the discretized form of governing equations was

derived. Discretization procedure of the energy functional

was presented using the GDQ method in axial direction and

periodic differential operators in circumferential direction.

Young’s modulus and Poisson’s ratio of CNCs were con-

sidered to vary with the apex angle, according to previous

studies. The results of this study were validated with those

given in the literature. Furthermore, employing an efficient

numerical method, the effects of various boundary condi-

tions, semi-apex angles, nonlocal parameters and both

Winkler and Pasternak coefficients of elastic foundation

were examined on the natural frequencies of CNCs.

As observed, the nonlocal parameter has important

effects on the vibrational behavior of embedded CNCs.

Comparing the results with those given by molecular

mechanics approach revealed that classical continuum

mechanics generally over-predict the natural frequencies of

CNCs. Furthermore, geometrical parameters such as length

and apex angle of nanocones play an important role on the

size-dependent natural frequencies, as the increase in

length-to-radius ratio and apex angle of nanocone makes

the structure more flexible and reduces the fundamental

frequencies. Also, by increasing the L=R1 ratio, one can

neglect the nonlocal effects.

Moreover, the influences of elastic medium coefficients

on the fundamental frequencies of CNCs were accounted

Table 1 Comparison of dimensionless frequency parameter (X ¼ xR2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q 1� m2ð Þ=E

p
) of conical shell for different boundary conditions

(R1 ¼ 0:5 m; h ¼ 0:1 m; b ¼ 40; Lcos bð Þ ¼ 2 m)

Mode no. CC SS CS

Present study Ref. [51] Present study Ref. [51] Present study Ref. [51]

1 0.573 0.573 0.525 0.525 0.567 0.568

2 0.573 0.573 0.525 0.525 0.567 0.568

3 0.603 0.603 0.560 0.560 0.591 0.591

4 0.603 0.603 0.560 0.560 0.591 0.591

5 0.693 0.693 0.630 0.630 0.692 0.692

6 0.693 0.693 0.630 0.630 0.692 0.692

7 0.840 0.840 0.800 0.800 0.835 0.835

8 0.840 0.840 0.800 0.800 0.835 0.835

9 0.882 0.882 0.802 0.802 0.882 0.882

10 0.882 0.882 0.802 0.802 0.882 0.882

1073 Page 8 of 13 R. Ansari, J. Torabi

123



2 3 4 5
500

1000

1500

2000

L (nm)

ω 
(M

H
z)

2β = 38.9

e
0
α=0

e
0
α=0.1

e
0
α=0.15

e
0
α=0.2

MM

2 3 4 5

500

1000

1500

2000

L (nm)

ω 
(M

H
z)

2β = 60

e
0
α=0

e
0
α=0.3

e
0
α=0.4

e
0
α=0.5

MM

2 3 4 5
200

400

600

800

1000

1200

L (nm)

ω 
(M

H
z)

2β = 86.6

e
0
α=0

e
0
α=0.3

e
0
α=0.4

e
0
α=0.5

MM

Fig. 2 Comparison of natural frequencies of simply supported CNC with the results obtained by molecular mechanics (MM) R1

h
¼ 0:1

� �

2 4 6 8 10
0

1

2

3

L/R1

ω 
(T

H
z)

CC

e0α=0

e0α=0.2

e0α=0.5

e0α=1

e0α=1.5

e0α=2

2 4 6 8 10
0

0.5

1

1.5

L/R1

ω 
(T

H
z)

SS

2 4 6 8 10
0

0.5

1

1.5

2

L/R1

ω 
(T

H
z)

CS

Fig. 3 Fundamental frequencies of CNC versus length-to-small radius ratio R1

h
¼ 5; 2b ¼ 38:9; Kw ¼ 0;Kg ¼ 0

� �

Numerical study on the free vibration of carbon nanocones resting on elastic foundation… Page 9 of 13 1073

123



0 100 200 300 400

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Kw

ω 
(T

H
z)

e
0
α=0

e
0
α=0.5

e
0
α=1

e
0
α=1.5

e
0
α=2

0 10 20 30 400.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

Kg

ω 
(T

H
z)

Fig. 4 Fundamental

frequencies of simply supported

CNC versus Winkler and

Pasternak coefficients of elastic

foundation
R1

h
¼ 4; 2b ¼ 60; L

R1
¼ 2

� �

0 100 200 300 400
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

Kw

ω 
(T

H
z)

L/R1=1

L/R1=2

L/R1=3

L/R1=4

L/R1=5

0 10 20 30 40
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Kg

ω 
(T

H
z)

Fig. 5 Fundamental frequencies of simply supported CNC versus Winkler and Pasternak coefficients of elastic foundation
R1

h
¼ 5; 2b ¼ 60; e0a ¼ 0:5 nm

� �

1073 Page 10 of 13 R. Ansari, J. Torabi

123



0 100 200 300 400
0

0.5

1

1.5

Kw

ω 
(T

H
z)

2β=19.2
2β=38.9
2β=60
2β=86.6
2β=112.9

0 10 20 30 40
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Kg

ω 
(T

H
z)

Fig. 6 Fundamental frequencies of simply supported CNC versus Winkler and Pasternak coefficients of elastic foundation
R1

h
¼ 5; L

R1
¼ 2; e0a ¼ 0:5 nm

� �

1 2 3 4 5 6 7 8
0

1

2

3

4

n

ω 
(T

H
z)

CC

e0α=0

e0α=0.5

e0α=1

e0α=1.5

e0α=2

1 2 3 4 5 6 7 8
0

0.5

1

1.5

2

2.5

n

ω 
(T

H
z)

SS

1 2 3 4 5 6 7 8
0

0.5

1

1.5

2

2.5

n

ω 
(T

H
z)

CS

Fig. 7 Natural frequencies of CNC versus mode numbers R1

h
¼ 4; 2b ¼ 38:9; L

R1
¼ 2; Kw ¼ 0; Kg ¼ 0

� �

Numerical study on the free vibration of carbon nanocones resting on elastic foundation… Page 11 of 13 1073

123



and results indicated that the increase in Winkler and

Pasternak coefficients makes the structure stiffer and

increases the natural frequencies. Also, the presence of

elastic medium results in reduction of nonlocal effect and

the cone with the smaller apex angels is more affected by

elastic foundation coefficients. Additionally, the higher

mode numbers of natural frequency of CNCs are more size

dependent.
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