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Abstract In this study, a novel unified dislocation density-

based model is presented for characterizing hot deforma-

tion behaviors in a nickel-based superalloy under dynamic

recrystallization (DRX) conditions. In the Kocks–Mecking

model, a new softening item is proposed to represent the

impacts of DRX behavior on dislocation density evolution.

The grain size evolution and DRX kinetics are incorporated

into the developed model. Material parameters of the

developed model are calibrated by a derivative-free method

of MATLAB software. Comparisons between experimental

and predicted results confirm that the developed unified

dislocation density-based model can nicely reproduce hot

deformation behavior, DRX kinetics, and grain size evo-

lution in wide scope of initial grain size, strain rate, and

deformation temperature. Moreover, the developed unified

dislocation density-based model is well employed to ana-

lyze the time-variant forming processes of the studied

superalloy.

1 Introduction

In hot forming processes, metallic materials often undergo

a series of plastic deformation (compression, tension, tor-

sion, etc.) and heat treatments (tempering, annealing,

normalization, etc.) [1]. Hot working parameters, including

strain rate, strain, and deformation temperature, exert great

impacts on hot deformation behavior in alloys. Meanwhile,

the increase in stored energy caused by dislocation multi-

plication further results in the complicated microstructural

evolution. Work hardening (WH), dynamic recovery

(DRV), phase transformation, and dynamic recrystalliza-

tion (DRX) often take place [2, 3] and affect hot defor-

mation behaviors of metallic materials [4–6]. Therefore, a

comprehensive investigation on the intrinsic interactions

between microstructural evolution and hot deformation

behavior is necessary [7, 8].

In recent years, numerous researchers have obtained

some important insights in the microstructural evolution

and hot deformation behavior of metals or alloys [9–11].

Based on the empirical observations, the phenomenological

constitutive models (Arrhenius hyperbolic-sine equation,

etc.) are often developed to characterize hot deformation

behavior of metallic materials [12–17]. The ease to cali-

brate material parameters and the relatively high prediction

accuracy facilitate wide use of phenomenological consti-

tutive models under the experimental conditions. However,

due to their empirical characteristics, the application scope

of phenomenological constitutive models is limited and

cannot be extrapolated to the wide scope of hot working

parameters [1]. In contrast, some important theoretical

advances in physical mechanism, such as dislocation den-

sity theory, thermodynamics, and crystal plasticity, make

the physical-based constitutive models practicable [18–23].

Kocks–Mecking (KM) model is one widely applied

approach to characterize hot deformation behavior of

metallic materials, in which the dislocation density evolu-

tion is regarded as a competing process between disloca-

tion generation and annihilation [19]. The average

dislocation density is the single internal variable in KM
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model. Due to the insufficiency of one-internal-variable

KM model for dislocation interactions, some suitable two-

internal-variable and three-internal-variable models are

proposed to account for the effects of dislocation cell,

vacancy concentration, or precipitate hardening on dislo-

cation density evolution [24–26].

Nickel-based superalloys with precipitation strengthen-

ing features are numerously employed in aviation and

energy industries [27, 28]. The excellent mechanical

properties mainly attribute to the high alloying element

contents and advanced heat treatment methods. Both

c00 Ni3Nbð Þ and c0 Ni3ðAl;TiÞð Þ precipitates are the main

strengthening phases in nickel-based superalloys. How-

ever, c00 precipitate is metastable and may transform to

stable d phase Ni3Nb in equilibrium [29]. Due to the

complex microstructures, the deformation mechanisms of

nickel-based superalloy are very complicated. Several

constitutive models [18, 30, 31] were established for

characterizing the hot deformation behaviors for superal-

loys. Considering the comprehensive effects of hot work-

ing parameters and initial d phase, Lin et al. [32] presented

a novel phenomenological constitutive model for repro-

ducing isothermal compression behaviors of GH4169

superalloy. Keshavarz and Ghosh [33] developed a crystal

plasticity method for modeling nickel-based superalloy in

terms of characteristics of c–c0 microstructural morphol-

ogy. Also, the microstructural evolution [34, 35], dynamic

recrystallization behavior [36, 37], and grain boundaries

characteristics [38] of some typical superalloys have been

investigated.

Although numerous investigations on hot deformation

behavior for some nickel-based superalloys have been

conducted, the effects of dynamic recrystallization on

dislocation density evolution and hot deformation behavior

are still not clear. The models are still incapable to describe

the physical mechanisms of hot deformation, as well as

microstructural evolution. Especially, the previous consti-

tutive models cannot be applied in time-variant condition.

The object of this study is to develop a novel unified dis-

location density-based approach for reproducing hot

deformation and DRX behaviors in nickel-based superal-

loy. Also, the developed model can be employed to char-

acterize the time-variant processes.

2 Experimental procedure

A nickel-based superalloy is selected for this investigation,

and the chemical components (wt.%) is 52.82Ni–18.96Cr–

5.23Nb–3.01Mo–1.00Ti–0.59Al–0.01Co–0.03C–(bal.)Fe.

The studied superalloy is quite close to Inconel 718 alloy.

Cylindrical samples (/ 8 9 12 mm) were machined from a

wrought biscuit. Before the isothermal compressive

experiments, the samples were heated up to 1313 K

(1040 �C) for 45 min and then quenched by water to obtain

the homogeneous microstructure. For analyzing the

impacts of initial grain size on hot deformation behavior,

three initial grain sizes (33, 48 and 75 lm) were obtained

by suitable pretreatments. The isothermal compressive

experiments were conducted by a Gleeble3500 thermo-

mechanical simulator. For achieving an even temperature

distribution before loading, the samples were heated to

experiment temperatures at the speed of 10 K/s, and then

soaked for 5 min. Four strain rates (1, 0.1, 0.01, and

0.001 s-1) and five deformation temperatures (1313, 1283,

1253, 1223, and 1193 K), (1040, 1010, 980, 950, and

920 �C) were used. The deformation temperatures and

strain rates were all selected from the practice industrial

hot forming processes, such as harmer forging, conven-

tional die forging, and isothermal die forging [39]. It is well

known that the grain growth is very sensitive to the

deformation temperature, and is hardly controlled for

nickel-based superalloys. However, the rate of grain

growth for the studied superalloy is slow in the selected

deformation temperature range [40]. Therefore, only the

initial grain size is determined before isothermal com-

pressive experiments, and the grain growth during heating

process is ignored. The samples were compressed to 30 %

height and quenched by water. The nominal average true

strain of the specimen reaches 1.2. During the isothermal

compression, a closed loop control testing system is

applied to execute the experimental procedures and record

the experimental data.

3 Development of a novel unified dislocation
density-based model

During hot deformation, the obvious WH, DRV, and DRX

behaviors are found in nickel-based superalloys for the

competition of dislocation multiplication and annihilation

[41–43]. The WH and DRV behaviors can be well repro-

duced by the classical dislocation density theory, in which

stress–strain relationship and microstructural state of

materials are represented by dislocation density evolution

[18]. For the studied superalloy, a typical low SFE metallic

material, DRX is an important factor to induce dynamic

softening and further significantly impacts dislocation

density evolution during hot deformation [34]. The fine

recrystallized grains affect the dislocation mean free path

and enhance WH behavior. Meanwhile, the recombination

of dislocation reduces the dislocation density during DRX.

Meanwhile, the fine recrystallized grains facilitate the grain

boundary sliding and promote the dynamic softening

behavior. In order to comprehensively consider the impacts

of WH, DRV, and DRX on hot deformation behavior, the
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classical dislocation density theory should be further

improved by incorporating the dynamic recrystallization

mechanism.

During low-moderate temperature deformation (lower

than the recrystallization temperature), it is commonly

assumed that the true stress consists two parts, i.e., the

short-range stress for the activation of dislocation slip (ry)
and the stress caused by the dislocation substructure

interactions (ri) [19]. Once the deformation temperature

exceeds recrystallization temperature, dynamic recrystal-

lization occurs, which accompanies the obvious dynamic

softening. In present work, a stress item (rg) is developed
to represent the impacts of grain size evolution on true

stress.

r ¼ ry þ ri þ rg ð1Þ

The details in the developed model will be discussed in

the following sections.

3.1 Evaluation of ry

During hot deformation, the dislocation mobility is deter-

mined by a thermally activated process. As the deformation

temperature increased, dislocation climb gradually replaces

dislocation cross-slip as the main characteristics of dislo-

cation motion. The impacts of initial grain size, strain rate,

and deformation temperature on the short-range stress (ry)
for activating dislocation motion can be represented as an

Arrhenius type relation. In authors’ previous work [44], the

values of short-range stresses at variant experiment con-

ditions have been already obtained, and the relationships of

short-range stress, initial grain size, strain rate, and defor-

mation temperature are expressed as,

ry ¼ 0:708d�0:123
0 _e exp

663870

RT

� �� �0:09

ð2Þ

where T is deformation temperature, _e is strain rate, d0 is

initial grain size, and R is the universal gas constant

(8.314 J mol-1 K-1). The selected deformation tempera-

ture and strain rate in this study all conform the applicable

range of this relationship.

3.2 Evaluation of ri

With the increase in externally applied loading, the plastic

stage appears, once the yield limit is exceeded. In the

plastic stage, the slip systems are activated, and the com-

petitions between dislocation storage and annihilation

result in the complicated variations in dislocation density,

which further leads to the changed true stress during hot

deformation. According to Kocks–Mecking model [18], the

stress caused by the dislocation interactions (ri) is repre-

sented as,

ri ¼ Malb
ffiffiffiffi
qi

p ð3Þ

where qi is average dislocation density. a is dislocation

interaction constant and equals to 0.3 [24]. l is shear

modulus, and l = 86.94–0.027 T [45]. M is the Taylor

factor correlating shear stress/shear strain to effective

stress/plastic strain, which equals to 3.06 for FCC metallic

materials [46]. b is Burgers vector (2.54 9 10-10 m for the

studied superalloy) [30].

In Kocks–Mecking model [18], the dislocation density

evolution is expressed as,

_qi ¼ _qþi � _q�i drvð Þ ð4Þ

where _qþi is WH item, _q�i drvð Þ is DRV item.

However, for the low SFE metallic material, such as

nickel-based superalloy, dynamic recovery caused by dis-

location cross-slip and climb proceeds slowly during hot

deformation [34]. The high deformation stored energy

promotes the occurrence of DRX, which is another

important dynamic softening mechanism for the studied

superalloy, and significantly impacts dislocation density

evolution during hot deformation. Therefore, in present

study, an additional softening item ( _q�i drxð Þ) is proposed to

represent the impacts of DRX on dislocation density evo-

lution. Then, Eq. (4) can be updated as,

_qi ¼ _qþi � _q�i drvð Þ � _q�i drxð Þ ð5Þ

In the following sections, WH item ( _qþi ), DRV item

( _q�i drvð Þ), as well as DRX item ( _q�i drxð Þ) of the studied

superalloy will be evaluated in detail, respectively.

3.2.1 Work hardening item _qþi

Before mobile dislocations meet impenetrable obstacles,

the mean traveled distance is termed as dislocation mean

free path (K). According to Orowan equation, the accu-

mulation rate of dislocation density is inversely propor-

tional to K, and proportional to strain rate ( _e). So, the

accumulation rate of dislocation density during hot defor-

mation is assumed as [22, 30],

_qþi ¼ M

b

1

K
_e ð6Þ

The mean free path (K) is highly relevant with the

dislocation substructures, grain boundaries, precipitates,

etc. In this study, the studied superalloy undergoes solution

treatment before isothermal compression tests. The effects

of precipitates on mean free path are ignored. So, the mean

free path is assumed as summation of the inverses of

substructure diameter (si) and average grain size (di)

[22, 30].
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1

K
¼ 1

si
þ 1

di

� �
ð7Þ

Dislocation cell or substructure diameter (si) can be

expressed as [22, 30],

si ¼
fwffiffiffiffi
qi

p ð8Þ

where fw is the work hardening coefficient, which is

dependent on initial deformation conditions.

During the initial deformation, WH and DRV are the

main deformation mechanisms. Furthermore, the grain size

can be assumed to be constant. With the further straining,

the dynamic recrystallization appears, and the grains are

obviously refined. Thus, the average grain size (di) is sig-

nificantly affected by DRX volume fraction (Xi). So, the

grain size evolution under DRX conditions can be

expressed as,

di ¼ Xiddrx þ 1� Xið Þd0 ð9Þ

where d0 and ddrx are initial and DRX grain sizes,

respectively. Xi is DRX volume fraction.

Generally, the dynamic recrystallization behavior

experiences an initial incubation, accelerating, and steady

periods. According to Avrami equation, the DRX kinetics

is described by [41, 47].

Xi ¼ 1� exp � ln 2
e� ec
e0:5 � ec

� �fd
 !

e� ec ð10Þ

where ec is the critical strain for initiating DRX, fd is DRX

exponent, and e0.5 is the strain for 50 % DRX volume

fraction.

In authors’ previous work [41], the dynamically

recrystallized grain size (ddrx) had been directly evaluated

from the experimental results by the linear intercept

method. The relationships of DRX grain size, initial grain

size, strain rate, and deformation temperature can be

expressed as an Arrhenius type relation by Eq. (11). The

detailed modeling procedures to develop this model are

presented in ‘‘Appendix’’.

ddrx ¼ 737:151d0:3290 _e exp
474000

RT

� �� ��0:139

ð11Þ

3.2.2 Dynamic recovery item _q�i drvð Þ

During dynamic recovery, there is a reduction in average

dislocation density, as well as alteration in dislocation

configuration, for metals or alloys [48]. At low-moderate

temperatures, the most important step in dynamic recovery

processes is widely thought to be cross-slip, which is val-

idated by the appearance of wavy slip traces [49]. As the

deformation temperature is increased, the vacancy move-

ment becomes active and accelerates dislocation climb. At

high deformation temperatures, dislocation climb becomes

a potentially important dynamic recovery mechanism,

accompanying an evident temperature and time depen-

dence [48]. According to Kocks–Mecking model, the rate

of DRV is proportional to dislocation density [24]. i.e.,

_q�i drvð Þ ¼ fvqi _e ð12Þ

where fv is the dynamic recovery coefficient, which is

dependent on initial deformation conditions.

3.2.3 Dynamic recrystallization item _q�i drxð Þ

Figure 1 shows the schematic of DRX process in the

studied superalloy. During initial state, the microstructure

mainly contains equiaxed grains with a low dislocation

density. As plastic strain increases, the dislocation gener-

ation and multiplication take place. When dislocations

encounter barriers (vacancy, dislocation, grain boundary,

etc.), dislocation cross-slip or dislocation climb is difficult

to proceed for the low SFE metallic material. The dislo-

cation annihilation induced by DRV can hardly balance

dislocation multiplication. High density dislocations are

tangled and intersected. With the critical dislocation den-

sity arriving, the nucleation and growth of DRX grain takes

place. The dislocation density in the dynamically recrys-

tallized region decreases greatly, which can be assumed to

be the same as the initial material. With the further

straining, the degree of DRX gradually increases. Then, the

effects of DRX on dislocation density evolution become

more and more significant.

However, only the average dislocation density is applied

in Kocks–Mecking model. In order to assess the dislocation

density evolution in local dynamically recrystallized

region, DRX volume fraction (Xi) should be considered.

The dislocation density in new dynamically recrystallized

grain (qi drxð Þ) can be assumed to be equal to that in the

initial material (qi�i crð Þ). The annihilation rate of disloca-

tion density in the local dynamically recrystallized region

( _qi drxð Þ) is proportional to dislocation density in initial state

(qi�i crð Þ). So, dislocation density evolution caused by DRX

can be expressed as [49],

_q�i drxð Þ ¼ Xifxqi�i crð Þ _e ð13Þ

where fx is the dynamic recrystallization coefficient, which

is highly dependent on initial deformation conditions. Note

that this item is active only when the critical dislocation

density for dynamic recrystallization (qcr) is exceeded.
In this study, both the critical strain and critical dislo-

cation density are employed to represent the initiation of

DRX (Eqs. 10 and 13). Based on the above analyses, the
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dislocation density evolution is highly related to strain, and

there is a one-to-one correspondence between dislocation

density and strain. So, once the critical dislocation density

is ascertained, the critical strain can be obtained. The

critical dislocation density is evaluated by [50],

qcr ¼
20s _e

3bLMbmk
2

� �1
3

ð14Þ

where Mbm is grain boundary mobility. s is grain boundary

energy, which is determined by the misorientations

between two neighboring grains. k is dislocation line

energy, which is given by k ¼ clb2 (c is equal to 0.5). L is

initial dislocation mean free path. For high-angle grain

boundaries, s is directly obtained by [51],

s ¼ lbhm
4p 1� mð Þ ð15Þ

where hm stands for the misorientation of high-angle grain

boundary (15�). m is the Poisson ratio and can be selected as
0.33 for present work.

The initial dislocation mean free path (L) is given by [52],

L ¼ kdb
l
ry

� �m

ð16Þ

where kd and m are material constants and can be selected

as 10 and 1.33, respectively [52].

The grain boundary mobility (Mbm) can be expressed as

[52],

Mbm ¼ bdDob

kbT
exp �Qdif

RT

� �
ð17Þ

where Dob is grain boundary self-diffusion coefficient, and

d is the thickness of characteristic grain boundary. For the

studied superalloy, dDob is equal to 3.5 9 10-15 m3/s [53].

Qdif is boundary diffusion activation energy (equal to

115 kJ/mol for the studied superalloy) [53]. kb is the

Boltzmann constant (1.381910-23 J/K), and R is the uni-

versal gas constant.

3.3 Evaluation of rg

During hot deformation, the fine recrystallized grains can

facilitate grain boundary sliding and boost dynamic soft-

ening behavior. So, metallic materials with fine grains

always represent the low true stress during hot deforma-

tion. In this study, it is assumed that the impacts of fine

recrystallized grains on true stresses can be represented by

Eq. (18). i.e., the minus in Eq. (18) indicates that fine

Fig. 1 Schematic of DRX

process
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recrystallized grains can induce the decease of the flow

stress. Meanwhile, the dynamically recrystallized region

should be considered.

rg ¼ �Xifgd
�1=2
i ð18Þ

where Xi is DRX volume fraction. fg is grain size evolution

coefficient, which is dependent on initial experiment con-

ditions. di is the average grain size.

4 Computational procedures

In order to implement the developed unified dislocation

density-based model, several material parameters (WH

coefficient fw, DRV coefficient fv, DRX exponent fd, DRX

coefficient fx, and grain size evolution coefficient fg) would

be determined and calibrated. According to authors’ pre-

vious work [44], the WH coefficient fw and DRV coeffi-

cient fv are determined by,

fw ¼ Awd
mw

0 _e exp
Qw

RT

� �� �nw

ð19Þ

fv ¼ Avd
mv

0 _e exp
Qv

RT

� �� �nv

ð20Þ

where Aw, Av, mw, mv, nw, nv, Qw, and Qv are material

constants. The subscripts w and v correspond to WH and

DRV, respectively.

Similarly, the dynamic recrystallization coefficient (fx),

grain size evolution coefficient (fg), and dynamic recrys-

tallization exponent (fd) are assumed to follow the parallel

relationships with initial grain size, strain rate, and defor-

mation temperature.

fx ¼ Axd
mx

0 _e exp
Qx

RT

� �� �nx

ð21Þ

fg ¼ Agd
mg

0 _e exp
Qg

RT

� �� �ng

ð22Þ

fd ¼ Add
md

0 _e exp
Qd

RT

� �� �nd

ð23Þ

where Ax, Ag, Ad, mx, mg, md, nx, ng, nd, Qx, Qg, and Qd are

material parameters.

Then, there are twenty material parameters in Eqs. (19)–

(23). In the following section, the material parameter

solution procedure will be discussed in detail.

Generally, the DRX and grain size evolution are ignored

in the WH-DRV stage, and the average grain size is

regarded to be constant. Combining Eqs. (4), (6), and (12),

the evolution equation for dislocation density in the WH-

DRV stage is represented by,

_qi ¼
M

b

ffiffiffiffi
qi

p

fw
þ 1

d0

� �
_e� fvqi _e ð24Þ

When dislocation density exceeds the critical value for

DRX, the nucleation and growth of DRX grain takes place.

Combining Eqs. (5), (6), (12), and (13), the evolution

equation for dislocation density under DRV and DRX

conditions can be summarized as,

_qi ¼
M

b

ffiffiffiffi
qi

p

fw
þ 1

di

� �
_e� fvqi _e� Xifxqi�i crð Þ _e ð25Þ

In order to extend the applicable scope of the developed

unified dislocation density-based model, the iterative pro-

cedures are proposed, and material parameters can be

updated in every strain increment. The initial dislocation

density is set as 1 9 1011 m-2 for the studied superalloy

[44]. Then, dislocation density evolution in a strain incre-

ment (De) is given by,

Dqi ¼
M

b

ffiffiffiffi
q

i

p

fw
þ 1

d0

� �
De� fvqiDe qi\qcr ð26Þ

Dqi ¼
M

b

ffiffiffiffi
qi

p

fw
þ 1

di

� �
De� fvqiDe� Xifxqi�i crð ÞDe

qi � qcr

ð27Þ

The stress increment (Dri) caused by dislocation evo-

lution is given by,

Dri ¼
dri
dqi

Dqi ¼
1

2
aMlbq�1=2

i

� �
Dqi ð28Þ

The stress increment (Drg) induced by grain size evo-

lution can be expressed as,

Drg ¼
org
oXi

oXi

oe
þ org

odi

odi

oe

� �
De

¼ �fgd
�1=2
i

dXi

de
Deþ 1

2
Xifgd

�3=2
i

od~i

oe
De ð29Þ

The difference forms of grain size evolution equation

and DRX kinetic equation (Eqs. 9 and 10) are given by,

DXi ¼ ln 2
fd

e0:5

e� ec
e0:5 � ec

� �fd�1

exp � ln 2
e� ec
e0:5 � ec

� �fd
 !

De

ð30Þ
Ddi ¼ � d0 � ddrxð ÞDXi ð31Þ

From Eqs. (28–31), the stress increment in DRX period

can be summarized as,

Dr ¼ Dri þ Drg

¼ 1

2
aMlbq�1=2

i

� �
Dqi

� fg 1þ 1

2
Xi d0 � ddrxð Þ

�
di

� �
d
�1=2
i DXi ð32Þ
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The critical dislocation density can be directly evaluated

by Eqs. (14)–(17). Due to a one-to-one correspondence

between strain and dislocation density, the critical strain

can be easily determined by integrating Eq. (26),

qcr ¼
Z ec

0

_qide ¼
Z ec

0

M

b

ffiffiffiffi
qi

p

fw
þ 1

d0

� �
� fvqi

� �
de ð33Þ

The strain for 50 % DRX volume fraction (e0.5) is

another key in the developed model. Generally, the DRX

volume fraction (Xi) also can be evaluated by [41].

Xi ¼
rrec � r
rsat � rss

ð34Þ

where rrec is recovery stress, r is predicted true stress, rsat
is saturation stress, andrss is steady stress.

The recovery stress (rrec) is obtained under the condi-

tion that DRX is unavailable, and the main deformation

mechanism is WH and DRV. So, the recovery stress (rrec)
can be directly determined by Eqs. (1), (2), (3), and (26). If

the balance between WH and DRV is obtained, the accu-

mulation rate of dislocation density approaches zero, then

the saturation stress (rsat) appears. Combining Eqs. (1), (2),

(3), and (24), the saturation stress (rsat) can be expressed

as,

rsat ¼ lim
e!1

rrec ¼ ry þ
Malb
2fv

M

bfw
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M

bfw

� �2

þ 4fvM

bd0

s0
@

1
A

ð35Þ

Then, the DRX takes place with the critical dislocation

density arriving. The DRX degree quickly increases with

further straining. When the balance between WH, DRV,

and DRX is reached, the flow stress (r) gradually reaches

to a steady state (rss). Combining Eqs. (1), (2), (3), (18),

and (25), the steady stress (rss) can be expressed as,

rss ¼ lim
e!1

r

¼ ry þ
Malb

2 fv þ fxð Þ
M

bfw
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M

bfw

� �2

þ 4 fv þ fxð ÞM
bddrx

s0
@

1
A

� fgffiffiffiffiffiffiffiffi
ddrx

p ð36Þ

Substituting Eqs. (35–36) into Eq. (34), the strain for

50 % DRX volume fraction (e0.5) is determined by the

iterative procedure.

In this investigation, the established state evolution

equations are programmed in MATLAB software by uti-

lizing implicit iterative procedures. Twenty material

parameters (Aw, Av, Ax, Ag, Ad, mw, mv, mx, mg, md, nw, nv,

nx, ng, nd, Qw, Qv, Qx, Qg, and Qd) are optimized and

calibrated by a derivative-free method in MATLAB tool-

box. Figure 2 illustrates the algorithmic idea and flow

chart of the developed unified dislocation density-based

model. A group of initial values of material parameters

need to be input into the program for trial. In the first

iterative loop, the critical strain for initiating DRX (ec) is
determined by comparing the predicted dislocation density

with the critical dislocation density in theory. By substi-

tuting the critical strain and initial values of material

parameters into the second iterative loop, the strain (e0.5)
for 50 % DRX volume fraction is obtained. The material

parameters in the developed model are all determined, and

the predicted true stress (r) can be obtained. By comparing

the predicted (r) and experimental true stresses (rm), the
initial values of material parameters can be optimized by

derivative-free method again and again. When the output

of material parameter tolerance or the function tolerance is

lower than 10-4, the optimization process is stop, and a

group of optimal material parameters can be obtained.

Then, the developed model is determined. The optimal

material parameters are presented in Table 1.

5 Discussion

In Sect. 4, all the necessary material parameters are cali-

brated and determined. Substituting the material parame-

ters into the program developed by MATLAB software, the

hot deformation behavior and dynamic recrystallization

kinetics in the studied superalloy are easily reproduced.

Figures 3, 4, and 5 show the experimental and predicted

flow stress curves at all experimental conditions. The

predicted flow stress curves start from the short-range

stress (ry). The predicted true stresses (r) nicely coincide

with the measured data (rm). So, the developed unified

dislocation density-based model well characterizes the hot

deformation behaviors in the studied superalloy. In Figs. 3,

4, and 5, it can be found that the dynamic softening

behavior proceeds fast with the initial grain size decreas-

ing. Based on authors’ previous study [38], discontinuous

dynamic recrystallization (DDRX) is the dominant

dynamic recrystallization mechanism for the studied

superalloy. New grains preferentially nucleate on the

original grain boundaries for discontinuous dynamic

recrystallization. The initial microstructure with fine grains

provides numerous nucleation sites and further promotes

the progress of DRX, compared to that with coarse grains.

Therefore, the dynamic softening behavior proceeds fast

for the studied superalloy with the decrease of initial grain

size.

Figures 6, 7, and 8 show the variations in the predicted

DRX volume fraction (Xi) and average grain size with true

strain under all experiment conditions. The DRX volume

fraction is dramatically influenced by initial grain size, true

strain, deformation temperature, and strain rate. The
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variation trend in DRX volume fraction with true strain

well coincides with the basic hot deformation mechanisms.

Under fine initial grain sizes, low strain rates or high

deformation temperatures, the hot deformation behavior

easily reaches to steady state. It is indicated that the

dynamic recrystallization proceeds quickly, and the

complete dynamic recrystallization easily occurs. Under

fine initial grain size, high deformation temperature or low

strain rate, dynamic recrystallization proceeds quickly, and

then the corresponding average grain size easily reaches

the steady state. However, the average grain size decreases

continuously due to the incomplete dynamic

Fig. 2 Algorithmic idea and

flow chart

Table 1 Optimized values of

material parameters
Material parameters Values Material parameters Values

Aw 1.092 9 104 nx -0.028

mw 0.316 Qx (kJ/mol) 1394.140

nw -0.160 Ag 1.169 9 10-4

Qw (kJ/mol) 455.296 mg -0.622

Av 1.307 9 105 ng 0.081

mv -1.211 Qg (kJ/mol) 1236.647

nv -0.108 Ad 1.261 9 105

Qv (kJ/mol) 467.553 md 0.036

Ax 2526.560 nd -0.029

mx -0.266 Qd (kJ/mol) 4227.075
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recrystallization at high strain rate/low deformation tem-

perature. Under full dynamic recrystallization conditions,

the averaged grain size decreases with decreasing defor-

mation temperature or increasing strain rate.

The deformed microstructure of the studied superalloy is

observed and quantitatively evaluated for assessing the

accuracy of the developed unified dislocation density-

based model. Figure 9 shows the typical deformed

microstructures at the tested deformation temperatures and

strain rates. The true strain of the deformated specimen

reaches 1.2, and the initial grain size of the deformed

microstructures is 75 lm. From Fig. 9, it is easily detected

that DRX behavior of the studied superalloy highly related

to deformation parameters. The DRX degree and DRX

grain size significantly increase with decreasing strain rates

or increasing deformation temperatures. On the one hand,

as a thermally activated process, DRX occurs slowly at low

deformation temperatures due to the insufficient energy for
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volume fraction and average

grain size with true strain at the

initial grain size of 75 lm and

deformation temperatures of:
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grain boundary migration. However, the deformation per-

iod is too short at high strain rates, and the nucleation and

growth of DRX grain hardly takes place. This well coin-

cides with the predictions by the developed unified dislo-

cation density-based model, as shown in Figs. 6, 7, and 8.

Also, it can be found from Fig. 9 that there are some large

grains. The main reason for this phenomenon is that the

samples were compressed with the deformation degree of

70 %. Some original gains would be significantly elon-

gated perpendicular to the compression direction. There-

fore, some elongated gains seem so large, and even larger

than the initial ones.

For further validating the developed unified dislocation

density-based model, the correlation coefficient (R)

between the predicted and experimental results is

calculated.

R ¼
PN

i¼1 ðEi � �EÞðPi � �PÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1 ðEi � �EÞ2

PN
i¼1 ðPi � �PÞ2

q ð37Þ

where Ei is the experimental values. Pi is the predicted

values. N is the amount of samples. �E is the mean value of

Ei. �P is the mean value of Pi.

The comparisons between predicted and experimental

true stresses at all the experiment conditions are shown in

Fig. 10. The correlation coefficient between predicted and

experimental true stresses reaches to 0.965. Moreover, the

majority of the predicted results are closely within

±50 MPa. Figure 11 shows the comparisons between the

predicted and experimental DRX volume fractions at true

strain of 1.2. The correlation coefficient between the pre-

dicted and experimental DRX volume fractions is 0.908.

Thus, it is easily concluded from the above analyses that

the developed unified dislocation density-based model has

an excellent capability to reproduce WH, DRV, and DRX

behaviors in the studied superalloy over wide scope of

initial grain size, strain rate, and deformation temperature.

In industrial hot forming processes, the variations in

deformation temperature and strain rate are inevitable due

to the switch of processing routes. However, seldom con-

stitutive models are capable of characterizing the hot

deformation behavior at time-variant conditions, especially

for the case with the complicated microstructural evolu-

tion. However, in this study, the developed unified dislo-

cation density-based model can be successfully applied for

describing the hot deformation and DRX behaviors at the

time-variant conditions. Strain rate or deformation tem-

perature can be freely updated in every strain increment by

the designed iterative procedures during the whole hot

forming. Meanwhile, the material parameters (short-range

stress ry, WH coefficient fw, DRV coefficient fv, DRX

exponent fd, DRX coefficient fx, and grain size evolution

coefficient fg, etc.) can also be updated in every strain

increment. In order to further illustrate this point, time-

variant isothermal compression tests are conducted. Two

loading routes are given at deformation temperature of

1253 K (980 �C), and the experimental true stress is shown

in Figs. 12 and 13. In the first loading route, strain rate is

suddenly changed from 0.001 to 0.1 s-1 at the strain of

0.35 (Fig. 12a). The opposite change of strain rate is
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presented in the second loading route (Fig. 13a). It can be

easily detected from Figs. 12a and 13a that the predicted

true stresses nicely coincide with the experimental data.

When true strains exceed the abrupt points, the preset strain

rates are suddenly updated as the new strain rate, and the

corresponding material parameters are also updated.

Meanwhile, the deformed microstructure in the former

loading processing (composed of original grain and

dynamically recrystallized grain or one of them) is served

as the initial microstructure in the subsequent loading

processing.

The corresponding variations of DRX volume fraction

and average grain size with strain in both loading cases are

presented in Figs. 12b and 13b. The DRX volume fraction

Fig. 9 Deformed

microstructures of the studied

superalloy at: a 1193 K

(920 �C) 0.01 s-1; b 1253 K

(980 �C) 0.001 s-1; c 1253 K

(980 �C) 0.01 s-1; d 1253 K

(980 �C) 0.1 s-1; e 1313 K

(1040 �C) 0.01 s-1
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can be determined by the iterative procedures of the

Avrami model in difference form (Eq. 30). From Fig. 12b,

it is easily detected that DRX volume fraction is almost

approximate to 0.7 in the ending of the first stage. When

strain rate is changed from 0.001 to 0.1 s-1, the rate of

dislocation multiplication rapidly increases, resulting in the

increased true stress (Fig. 12a). When dislocation density

exceeds the critical value for DRX at the new experiment

condition, the dynamic recrystallization takes place. The

deformed microstructures obtained from the first stage are

recorded as the initial state of the second stage. So, the

DRX volume fraction restarts from zero in the second

stage. Figure 13b shows that the DRX volume fraction is

less than 0.5 in the ending of the first stage. When strain

rate is changed from 0.1 to 0.001 s-1, the dynamic

recrystallization proceeds quickly. This is because the high

stored strain energy plays as the main driving force for

DRX in the high strain rate stage. Therefore, DRX pro-

ceeds quickly when strain rate is rapidly decreased. With

the further straining, the DRX volume fraction is almost

approximate to 1, and the full dynamic recrystallization

occurs. Then, the dynamic balance between WH, DRV,

and DRX is obtained. Due to interactions between the

microstructural evolution and hot deformation behavior,

the variation of average grain size with true strain is very

complicated, and the grain size evolution can be deter-

mined by Eqs. (30–31). The grain size evolutions corre-

sponding to two loading routes are presented in Figs. 12b

and 13b, respectively.

6 Conclusions

The hot deformation behavior in a nickel-based superalloy

under dynamic recrystallization conditions is investigated

by isothermal compressive experiments in the wide scope

of initial grain size, strain rate, and deformation temper-

ature. In order to comprehensively consider the impacts of

WH, DRV, and DRX on hot deformation behavior, the

dynamic recrystallization mechanism is introduced into

the dislocation density theory. A novel physically based

model is presented for characterizing hot deformation and

dynamic recrystallization behaviors. The synthetic

impacts of fine recrystallized grains on work hardening

and dynamic softening are well settled. Synthesizing the

coupled impacts of hot working parameters on hot

deformation behaviors, short-range stress, dynamically

recrystallized grain size, and several material parameters

are determined by functions of initial grain size, strain

rate, and deformation temperature. For characterizing the

time-variant conditions, the implicit iterative procedures
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are proposed in the developed model, which allows the

updates of temperature and strain rate in every strain

increment. The nice agreements between the predicted

and experimental results confirm that the developed

model is capable to characterize hot deformation and

dynamic recrystallization behaviors. Moreover, the

developed unified dislocation density-based model is well

applied in the time-variant processes.
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Appendix

According to previous literatures [41], the DRX grain size

is not only highly related to hot deformation parameters

(strain rate, strain, and deformation temperature), but also

to initial grain size. Thus, it is assumed that DRX grain size

is represented as functions of deformation temperature,

strain rate, as well as initial grain size [54],

ddrx ¼ Ard
mr

0 _e exp
Qr

RT

� �� �nr

ð38Þ

where Qr is experimental activation energy. Ar, mr, and nr
are material constants.

The values of DRX grain size (ddrx) had been directly

evaluated from the metallographic observations by the

linear intercept method at selected experiment conditions.

Substituting the experimental data into Eq. (37), the values

of material parameters Ar, mr, nr and Qr can be determined

by ln ddrx � ln _e, ln ddrx � 1=T , and ln ddrx � ln d0 plots, as

shown in Fig. 14. Then, the averaged values of Ad, md, nd,
and Qd are calculated as 737.151, 0.329, -0.139, and

474,000 J/mol, respectively. Therefore, the model for DRX

grain size is expressed as,

ddrx ¼ 737:151d0:3290 _e exp
474000

RT

� �� ��0:139

ð39Þ

The comparisons between the predicted and experi-

mental DRX grain sizes are shown in Fig. 15. The corre-

lation coefficient is 0.993, which confirms that the

presented model can precisely reproduce the DRX grain

size during hot deformation.
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