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Abstract In this paper, the small-scale effects on the flex-
ural wave in the nanoplate are studied. Based on the nonlo-
cal continuum theory, the equation of wave motion is de-
rived and the dispersion relation is presented. Numerical
simulations are performed to investigate the influences of
the scale coefficient, the surrounding elastic matrix and the
initial stress on the wave propagation properties. The re-
sults show that the nonlocal model provides an appropriate
method to investigate the characteristics of the flexural wave
in the nanoplate. Furthermore, the direction and amplitude
of the biaxial load, the stiffness of the shearing layer and the
Winkler foundation can change the wave properties, signifi-
cantly.

1 Introduction

Compared to the standard structural materials, carbon nano
materials can present excellent electronic, chemical and me-
chanical characteristics. As a result, these structures hold
significant promise for potential applications and have re-
ceived a lot of attention [1–3]. With the difficulty and high
cost to perform the controlled experiments at the nano scale
and the molecular dynamics (MD) simulation for large size
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structures, the nonlocal continuum models have been ap-
plied to study the mechanical properties of nanostructures
widely and efficiently [4, 5]. The results have shown that
the dynamic properties of nanostructures are different from
those of the problems with the classical continuum theory
[6, 7]. Therefore, it has been considered a useful method to
illustrate the small-scale effects in nanotechnology.

The carbon nanotube, which holds a hollow cylindrical
geometry, is a typical nanostructure and is usually consid-
ered a beam model in numerical simulation. In order to
give a better understanding and a deep insight into the dy-
namical properties of carbon nanotubes, some works have
been carried out on the characteristics of the vibration [8, 9]
and elastic wave propagation [10, 11] in nanotubes. The
nanoplate is another typical structure system with the nano
scale and its mechanical behavior has been the subject of nu-
merous researches. Different from the nanotube, researches
on the nanoplate are limited, which are mainly focused on
the properties of the bending [12], buckling [13, 14] and
vibration [15–18]. Furthermore, few works have addressed
wave propagation in the nanoplate. In order to illustrate the
dynamical behaviors, more attention should be paid.

It should be noted that in practical applications, due to
the mismatch of the material properties and external intro-
duced load, the initial stress in the nano devices always ex-
ists. Wang and Cai investigated the effects of the initial stress
on the characteristics of vibration and wave propagation in
carbon nanotubes [19, 20]. It has been shown that the initial
stress can lead to significant change not only for the vibra-
tion behaviors, but also for the wave propagation character-
istics of nanostructures.

In our recent work, the elastic wave properties in nan-
otubes with fluid have been investigated by the nonlocal con-
tinuum method [21]. The additional terms and the boundary
conditions of the nanotube in the dynamic equation depend
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on the considered problem, which are different from those
of the nanoplate. In order to get more information about the
nanotubes with the nonlocal continuum theory, one can refer
to some related papers [22–24]. For the purpose mentioned
above, the flexural wave propagation in the nanoplate em-
bedded in elastic matrix with the initial stress is studied in
this analysis. The nonlocal continuum theory is applied and
the small-scale effect is discussed. Furthermore, the influ-
ences of the Winkler foundation and the initial stress on the
wave propagation properties are also discussed.

2 Equations of wave motion

The nanoplate embedded in the elastic matrix with the ini-
tial stress is shown in Fig. 1. The steady flexural wave prop-
agates along the x direction. Suppose that the initial stresses
along the x and y directions are equal. Based on the non-
local elastic theory [25, 26], which accounts for the small-
scale effect by assuming the stress at a reference point as a
function of the strain at every point in the body, the constitu-
tive relation can be presented as the following integral form:

σkl,k − ρül = 0, (1a)

σkl(x) =
∫

V

α(x,x′)τkl(x
′) dV (x′), (1b)

εkl = 1

2
(uk,l + ul,k), (1c)

where σkl is the nonlocal stress tensor, εkl the strain tensor,
ρ the mass density, ul the displacement vector, τkl(x

′) the
classical (i.e. local) stress tensor, α(x,x′) the kernel func-
tion which describes the influence of the strains at various
location x′ on the stress at a given location x and V the
entire body considered. From (1b), we can observe that the
spatial integrals are involved in the nonlocal constitutive re-
lation which results in the difficulty for solving the nonlocal
problem. However, these integral equations can be reduced
to the partial differential forms under certain conditions with
physical admissible kernels [25, 27, 28], and the nonlocal
constitutive relation can be employed conveniently. For fur-
ther information about the integral kernels of the nonlocal
relation, one can refer to the work by Picu [29] and the re-
lated references. As a result, the nonlocal constitutive rela-
tion of the nanoplate embedded in elastic matrix with equal
biaxial initial stress can be expressed as the following form:

σx − (e0a)2∇2σx = E

1 − ν2
(εx + νεy), (2a)

σy − (e0a)2∇2σy = E

1 − ν2
(εy + νεx), (2b)

τxy − (e0a)2∇2τxy = Gγxy, (2c)

where E is the Young’s modulus, ν the Poisson’s ratio, G

the shear modulus, e0 the material constant to be determined
from experiments or other methods, a the internal charac-
teristic length (e.g. the length of the C–C bond, the lattice
spacing and granular distance) and e0a the scale coefficient
which denotes the small-scale effect. Furthermore, the accu-
rate value of e0 has not been reported and is still considered
as a problem [5].

The stress bending moment can be given as

Mx =
∫ h

2

− h
2

zσx dz, My =
∫ h

2

− h
2

zσy dz,

Mxy =
∫ h

2

− h
2

zτxy dz.

(3)

Based on (2) and (3), the following relation can be obtained:

Mx − (e0a)2
(

∂2Mx

∂x2
+ ∂2Mx

∂y2

)
= −D

(
∂2w

∂x2
+ ν

∂2w

∂y2

)
,

(4a)

My − (e0a)2
(

∂2My

∂x2
+ ∂2My

∂y2

)
= −D

(
∂2w

∂y2
+ ν

∂2w

∂x2

)
,

(4b)

Mxy − (e0a)2
(

∂2Mxy

∂x2
+ ∂2Mxy

∂y2

)
= −D(1 − ν)

∂2w

∂x∂y
,

(4c)

where D = Eh3/[12(1 − ν2)] is the bending stiffness of the
nanoplate and w the displacement in the z-direction.

According to the mechanical model for the nanoplate
[30], the governing equation can be expressed as the fol-
lowing form:

∂2Mx

∂x2
+ 2

∂2Mxy

∂x∂y
+ ∂2My

∂y2
+ N0

(
∂2w

∂x2
+ 2

∂2w

∂x∂y
+ ∂2w

∂y2

)

= ρh
∂2w

∂t2
+ kww − Gb∇2w, (5)

where h is the thickness of the nanoplate, kw the Win-
kler foundation modulus, Gb the stiffness of the shearing
layer, t the time, ∇2 = ∂2/∂x2 + ∂2/∂y2 the Laplace op-
erator, N0 = hσ0 the initial load and σ0 the initial stress. It
should be noted that the positive initial stress denotes the
tension load and the negative one means the compressive
case. Moreover, e0a = 0 corresponds to the classical contin-
uum model and σ0 = 0 denotes the nanoplate without initial
stress.
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Fig. 1 Flexural wave
propagation in the carbon
nanoplate embedded in elastic
matrix with initial stress

Substituting (4) into (5), we can obtain the equation of
wave motion as

D∇2∇2w − (e0a)2
[
ρh

∂2

∂t2
∇2w + kw∇2w − Gb∇2∇2w

]

+ kww − Gb∇2w + ρh
∂2w

∂t2
+ N0(e0a)2∇2∇2w

− N0∇2w = 0. (6)

The harmonic solution for the flexural wave in the
nanoplate can be expressed as [31]

w = W exp
[
i(k · r − ωt)

]
, (7)

where W is the amplitude, k = kxi + kyj the wave number,
r = xi + yj the radius vector, ω the circular frequency and
k = |k| = √

kx + ky the absolute value of k.
Substituting (7) into (6) and finding the non-trivial solu-

tions for W , we can obtain the dispersion relation between
the wave number and the circular frequency as

ω =
√

Dk4 + (e0a)2[kwk2 + Gbk4 + N0k4] + kw + Gbk2 + N0k2

[(e0a)2k2 + 1]ρh
.

(8)

Thus, the cut-off frequency for the nanoplate can be derived
by setting k = 0 and expressed as the following form:

ωc =
√

kw

ρh
. (9)

From (9) we can observe that the cut-off frequency is in-
dependent of the scale effect. This phenomenon is similar
to the flexural wave in nanotubes embedded in the elastic
medium [32].

3 Numerical examples and discussions

In the following, numerical simulations are carried out to in-
vestigate the scale effect on the characteristics of the wave

Fig. 2 Dispersion relation for flexural wave in carbon nanoplate by
the nonlocal and classical models without the initial stress

propagation. The material constants used in the calcula-
tion are the Young’s modulus E = 1.06 TPa, the thick-
ness h = 0.34 nm, the mass density ρ = 2.25 g/cm3, the
Poisson’s ratio ν = 0.25, the Winkler foundation modulus
kw = 1.13 × 1018 Pa/m, the stiffness of the shearing layer
Gb = 2 N/m and the scale coefficient e0a = 0 to 2 nm.

In order to investigate the small-scale effect on the char-
acteristics of the wave propagating in the nanoplate, Fig. 2
illustrates the dispersion relation between the wave num-
ber and the frequency (f = ω/2π ) for different scale co-
efficients without the initial stress. It can be observed that
when kw �= 0, the results based on the classical model
and the nonlocal continuum theory are in good agree-
ment for small wave numbers. The difference becomes
more obvious with the wave number increasing, in which
the nonlocal model exhibits a lower estimation. For a
fixed wave number, the larger the scale coefficient is, the
smaller the frequency becomes. Furthermore, the critical
frequency is reduced to zero when the Winkler founda-
tion modulus (kw) is neglected, which can also be seen
from (9).

The relation between the scale coefficients and the fre-
quency with the tension and compression loads are pre-
sented in Figs. 3(a) and 3(b), respectively. The most notable
feature is that the frequency increases with the increase of
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Fig. 3 Frequency f vs. scale coefficient e0a under different biaxial loads for the wave number k = 7 × 108 1/m. (a) Tension load and (b) com-
pression load

Fig. 4 Frequency f vs. scale coefficient e0a with the effects of the Winkler foundation modulus and the stiffness of the shearing layer for the
wave number k = 7 × 108 1/m. (a) Influence of the Winkler foundation modulus and (b) influence of the stiffness of the shearing layer

the initial stress for the tension load. However, this phenom-
enon is just the opposite for the compression load. It means
that the direction of the initial stress is an important factor
to affect the characteristics of the wave propagation in the
nanoplate. Moreover, the frequency becomes smaller with
the scale coefficient increasing for both tension and com-
pression initial stress.

Figures 4(a) and 4(b) show the effects of the Winkler
foundation modulus and the stiffness of the shearing layer
on the relation between the scale coefficient and the fre-
quency. The initial stress is assumed to be the tension one
and σ0 = 0.005E. It can be seen that the frequency in-
creases with the Winkler foundation modulus becoming
larger, which is similar to the result of the stiffness of the
shearing layer. Further investigation shows that the influ-
ences of the kw and Gb for the initial tension stress in
Figs. 4(a) and 4(b) can also be found for the initial com-
pressive stress. It implies that the characteristics of the wave

propagation can be tuned by choosing the appropriate values
of the two coefficients.

4 Conclusions

In this paper, the characteristics of the flexural wave propa-
gating in the nanoplate are investigated by the nonlocal con-
tinuum model. We can observe that the small-scale effect
plays an important role in the dispersion behaviors for larger
wave numbers. It shows that the frequency becomes larger
with the initial tension stress increasing, which is just the op-
posite for the initial compressive case. Furthermore, larger
values of the Winkler foundation modulus and the stiffness
of the shearing layer will result in the frequency increasing.
This work is expected to be helpful in designing the nano
structures in small scale physical devices.
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