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Abstract A novel Inverse Method for the determination of
material parameters characterizing discoidal piezoceramic
actuators is presented. In contrast to the common identifica-
tion method, no specially shaped test samples are required.
The Inverse Method is based on a finite element simulation.
Both the measured mechanical and the electrical behavior of
the actuator serve as input quantities of the new procedure.
The presented results show the efficiency and correctness of
the developed Inverse Method.

PACS 85.50.-n · 77.84.-s · 02.30.Zz · 07.05.Tp · 02.60.Cb

1 Introduction

There exists a variety of applications for piezoelectric de-
vices such as ultrasound transducers for non-destructive
evaluation (NDE) and medical imaging as well as trans-
ducers within smart materials [1–4]. So as to avoid time-
consuming and expensive experiments, numerical simula-
tion tools, namely finite element methods (FE), have been
developed [5]. By means of FE simulations, both, the elec-
trical as well as the mechanical behavior of the piezoelectric
devices can be numerically determined [6, 7]. However, the
correctness of these simulation results relies on appropriate
material parameters, such as elastic moduli, dielectric con-
stants and piezoelectric moduli.
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The commonly used piezoceramic materials for piezo-
electric devices are of material class 6 mm (transversely
isotropic). In the majority of cases, the material parame-
ters for this class are determined according to the IEEE-
or CENELEC-Standard [2, 8–10]. Therefore, various test
samples with different geometries and directions of polar-
ization are mandatory (Fig. 1). Since the test samples offer
nearly monomodal vibrations, the whole parameter set can
be determined. Nevertheless, due to principle shortcomings
within the standard method (non monomodal vibrations of
the test samples), the identified quantities may yield insuf-
ficient simulation results. Furthermore, the standard method
is not applicable for numerous piezoelectric devices (e.g.,
piezoceramic-composites and piezo stack actuators), which
do not allow the fabrication of the mandatory test samples.

In contrast to the common approach, we developed In-
verse Methods, which do not require different test samples,
but also allow the determination of the whole material pa-
rameter set. These methods are based on an adjustment of
simulation to measurement results. So far, we used the fre-
quency resolved electrical impedance of the piezoceramic
device as input quantity of the Inverse Method [11, 12]. Un-
fortunately, several parameters only slightly influence the
electrical impedance. On account of this fact, the identifi-
cation of the complete material parameter set with the aid of
Inverse Methods is hardly possible.

In this work, we additionally consider the spatially and
frequency resolved surface normal velocities, which de-
scribe the local behavior of the actuator. As a matter of fact,
the variation of every parameter causes a remarkable change
of the surface normal velocities, even if the impedance re-
mains unchanged. Thus, the consideration of both, the elec-
trical impedances and velocities facilitates the determination
of the whole material parameter set. In order to demonstrate
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Fig. 1 (a) Thickness
extensional mode; (b) radial
mode; (c) longitudinal length
mode; (d) transverse length
mode; (e) thickness shear mode;
excitation voltage U ;
polarization vector P

the efficiency of the developed Inverse Method, a discoidal
piezoelectric actuator is investigated.

The paper is organized as follows. In Sect. 2, the numeri-
cal modeling of piezoelectric actuators is described. The In-
verse Method, especially applied for discoidal actuators, is
presented in Sect. 3. In Sect. 4, the achieved results are dis-
cussed.

2 Modeling of piezoelectric actuators

For small, electric fields and mechanical deformations, the
piezoelectric effect can be modeled by [13]

T = [
cE

]
S −[e]t E, (1)

D =[e] S + [
εS

]
E. (2)

T and S denote the mechanical stress tensor (Voigt notation)
and the mechanical strain tensor (Voigt notation), respec-
tively. E stands for the electric field intensity and D relates
to the dielectric displacement. The tensors for a 6 mm crystal
of the elasticity coefficients [cE], of the dielectric constants
[εS], and of the piezoelectric coupling coefficients [e] are
given by [1, 6]
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⎛
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⎛

⎝
0 0 0 0 e15 0
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⎞

⎠ .

These tensors show a certain symmetry and sparsity pat-
tern [6]. Overall, the three tensors consist of 10 independent,
non-vanishing entries, which are required in order to calcu-
late the linearized electrical and mechanical behavior of the

piezoceramic actuator. The dissipative losses are considered
according to the Rayleigh damping model, which is com-
mon for the finite element method [11].

By means of Newton’s law and Maxwell’s equations, (1)
and (2) can be transformed into coupled partial differen-
tial equations (PDE). This so-called strong formulation is
adopted to the weak formulation with both, an appropri-
ate test function as well as the necessary boundary condi-
tions [6]. The finite element (FE) discretization scheme fi-
nally yields a linear system of equations.

3 Inverse Method

The Inverse Method is based on the best accordance of sim-
ulation and measurement results. During an iteration pro-
cedure the material parameters are adapted in a convenient
way. The output quantity of the Inverse Method is a new set
of material parameters.

The FE simulation of the electrical and mechanical be-
havior of the actuator yields the frequency resolved elec-
trical impedance Z and frequency as well as spatially re-
solved surface normal velocity v (e.g., in thickness direc-
tion). Briefly, the simulation procedure can be abstractly for-
mulated as so-called parameter-to-solution maps FZ and Fv

for the impedance and velocity, respectively:

FZ : R
npar −→ C

mfreq, FZ(p) = Z, (3)

Fv : R
npar −→ C

nfreq×ox, Fv(p) = v. (4)

R and C denote the set of real and complex numbers, re-
spectively. The parameter vector p is composed of npar = 10
components:

p =
(
cE

11, c
E
12, c

E
13, c

E
33, c

E
44, ε

S
11, ε

S
33, e31, e33, e15

)
. (5)

Note that both, Z = [Z(f1) , . . . ,Z(fmfreq)]t as well as v =
[v(x1, f1) , . . . , v(xox , fnfreq)]t consist of complex-valued
entries (real and imaginary part or magnitude and phase).
The parameters mfreq and nfreq refer to the number of dis-
crete frequencies. ox stands for the number of points on the
surface of the piezoelectric device.
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3.1 Levenberg–Marquardt Method

With a view to determining the parameter set p of the
piezoelectric actuator by means of matching simulation
and measurement results, a modified Levenberg–Marquardt
Method (LMM) is applied [14]. In contrast to the Gauss–
Newton Algorithm, the LMM converges even for poor initial
values. However, the speed of convergence for the LMM is
rather slow. The LMM is based on the functional (iteration
index (i))

∥∥F′(p(i)
)
s(i) + F

(
p(i)

)∥∥2
2 + μ2

∥∥s(i)
∥∥2

2 → min., (6)

which has to be minimized. The value of the parameter μ de-
termines the speed of convergence. The larger μ, the slower
the speed of convergence. The expression F(p(i)) relates to
the deviation of simulation (YS(p(i))) and measurement re-
sults (YM) and is defined as

F
(
p(i)

) = YS
(
p(i)

) − YM. (7)

F′(p(i)) denotes the Jacobian matrix (first order derivative
of F(p(i)) with respect to p) at p(i) and is determined with

F′(p(i)
) = ∂F(p)

∂p

∣∣
∣∣
p=p(i)

= ∂YS(p)

∂p

∣∣
∣∣
p=p(i)

. (8)

The minimum of (6) yields for the parameter correction vec-
tor s(i)

s(i) = [
F′(p(i)

)tF′(p(i)
) + μ2I

]−1

× F′(p(i)
)t(YM − YS

(
p(i)

))
, (9)

where t is the transpose of the respective matrix. I in (9)
stands for the identity matrix. Finally, the parameter vec-
tor p(i+1) for the subsequent iteration step is given by

p(i+1) = p(i) + s(i). (10)

This procedure is continued until an appropriate stop crite-
rion is fulfilled. The value of μ is decreased in subsequent
iteration steps. Moreover, the considerable different magni-
tudes of the impedances and velocities require an appropri-
ate scaling.

3.2 Sensitivity analysis

In order to obtain a feasible iteration procedure which is
accompanied by reliable material parameters and a reason-
able computation time a sensitivity analysis is performed.
Thereby, the effect of parameter variations on the frequency
resolved electrical impedance and on the spatially resolved
surface normal velocity is investigated. The analysis was
done for a piezoceramic discoidal actuator made of Pz27
with D = 25.2 mm in diameter and a height of h = 2.0 mm
(Figs. 1(a) and (b)). Table 2 contains the material parame-
ters for the actuator, which are provided by the manufac-
turer (FERROPERM).

Fig. 2 Effect of the parameter variations for cE
33 (left panels) and e15 (right panels); (top panels) frequency resolved electrical impedances; (bottom

panels) spatially resolved surface normal velocities for thickness resonance (thickness extensional mode; U = 10 Vpp; f = 997.6 kHz)
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Table 1 Iteration sub-steps

Param. set Impedance Impedance Velocity

p radial thickness

Sub-Step 1 � � �
cE

33, εS
33, e33

Sub-Step 2 � – �
cE

11, cE
12, cE

13

Sub-Step 3 – � �
cE

44

Sub-Step 4 – – �
εS

11, e31, e15

Figure 2 shows the calculated frequency resolved electri-
cal impedance and spatially resolved surface normal veloc-
ity (excitation voltage U = 10 Vpp) of the piezoelectric disc
with respect to the parameter variation of cE

33 and e15. The
first and second resonance–antiresonance-pair in the elec-
trical impedance relate to the resonance mode of the dis-
coidal actuator in radial (f ≈ 100 kHz) and thickness direc-
tion (f ≈ 1 MHz), respectively (Figs. 1(a) and (b)). The spa-
tially resolved surface normal velocity was calculated for the
frequency f = 997.6 kHz, where the thickness resonance of
the actuator for the manufacturer’s parameter set occurs. In
contrast to the variation of cE

33, the variation of e15 has no ef-
fect on the impedance. However, the value of e15 influences
the velocity. Hence, the consideration of both, the frequency
resolved electrical impedance and spatially resolved surface
normal velocity, is of utmost importance in order to obtain a
reliable material parameter set for the actuator.

3.3 Iteration algorithm

So as to establish an iteration algorithm, the parameter
analysis presented in the Sect. 3.2 was performed for the
whole material parameter set of the discoidal actuator. The
results clearly show, that a few parameters (cE

33, εS
33, e33)

influence both, the frequency resolved electrical impedance
as well as the spatially resolved surface normal velocity.
However, there exist parameters (εS

11, e31, e15), which do
not cause remarkable deviations of the impedance. Further-
more, the parameters influence different frequency bands of
the impedance, namely the radial and thickness resonance.

The iteration procedure is arranged on the basis of the
sensitivity analysis. As can be seen in Table 1, one iteration
step consists of four sub-steps, whereas the parameter set p
varies for each sub-step.

The vectors YM and YS, which are required for the it-
eration procedure, consist of both, the frequency resolved
electrical impedance as well as the frequency and spatially
resolved surface normal velocity (11). The used frequency

band (fZ1, fZ2, . . . , fZM
) depends on the sub-step of the it-

eration algorithm.

YM =
[

ZLM

vM

]
, YS(p) =

[
ZLS(p)

vS(p)

]
. (11)

Due to the large value range, the absolute value of the
electrical impedance |Z(fZi

)| is logarithmized. The entries
of the vectors for the measured (ZLM) and calculated im-
pedance (ZLS) are defined as (log10 = lg)

ZL{M,S}

= [
lg

(∣∣Z
(
fZ1

) ∣∣), lg
(∣∣Z

(
fZ2

) ∣∣), . . . , lg
(∣∣Z

(
fZM

) ∣∣)]t .

According to the impedance, the vectors for the spatially re-
solved magnitudes of the measured (vM) and calculated ve-
locities (vS) consist of the components

v{M,S}
= [∣∣v

(
x1, fv1

) ∣∣, . . . ,
∣∣v

(
xO,fv1

) ∣∣,
∣∣v

(
x1, fv2

) ∣∣, . . . ,
∣∣v

(
xO,fv2

) ∣∣, . . . ,
∣∣v

(
x1, fvN

) ∣∣, . . . ,
∣∣v

(
xO,fvN

) ∣∣]t .

The vector x denotes the spatial coordinate, namely the po-
sition in radial direction, on the surface of the discoidal ac-
tuator.

Note that for the fourth iteration sub-step, the electrical
impedance is not considered. Hence, the electrical impe-
dance is not part of the vectors YM and YS.

4 Results

The presented Inverse Method was applied for a dis-
coidal actuator (diameter D = 25.2 mm; height h = 2.0 mm)
made of Pz27. The frequency resolved electrical impedance
was measured with an impedance analyzer (HEWLETT
PACKARD HP4194). The spatially resolved surface nor-
mal velocity was determined with a Laser-Scanning-Vibro-
meter (POLYTEC PSV300). As input quantities of the it-
eration algorithm, the electrical impedances in the fre-
quency bands 50 kHz–150 kHz and 0.8 MHz–1.5 MHz were
used. Moreover, the velocities in thickness direction for
850.0 kHz, 900.0 kHz, 950.0 kHz and 982.2 kHz were con-
sidered. The resonance frequency f = 982.2 kHz for the
thickness extensional mode was determined from the lo-
cal minimum of the frequency resolved electrical im-
pedance.

4.1 Results of the Inverse Method

Table 2 shows a comparison of the parameter set pro-
vided by the manufacturer and the result of the Inverse
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Fig. 3 Measured and calculated frequency resolved electrical im-
pedances for the radial mode

Table 2 Comparison of the material parameter set provided by the
manufacturer and the results of the Inverse Method (cE

xy in N/m2; εS
xx

in As/Vm; exy in As/m2); deviations related to manufacturer’s mater-
ial parameters

Param. Manufacturer Inverse Method Deviations

cE
11 1.47×1011 1.34×1011 −8.96%

cE
12 1.05×1011 7.97×1010 −24.11%

cE
13 9.37×1010 8.19×1010 −12.61%

cE
33 1.13×1011 1.12×1011 −1.36%

cE
44 2.30×1010 1.99×1010 −13.66%

εS
11 1.00×10−8 9.31×10−9 −6.88%

εS
33 8.09×10−9 7.40×10−9 −8.47%

e31 −3.09 −3.48 12.71%

e33 16.00 15.84 −0.99%

e15 11.64 10.66 −8.41%

Method. As one can see, the deviations for the parameters
are remarkable. For instance, the deviation for cE

12 is more
than 20 %.

Figure 3 depicts the measured and calculated electrical
impedances for the frequency band, where the radial reso-
nance occurs. In contrast to the result of the Inverse Method,
the material parameters from the manufacturer cause a slight
frequency shift of the impedance.

4.2 Verification of the identified material parameters

In order to prove the results of the Inverse Method, the iden-
tified material parameters were used to calculate the spa-
tially resolved surface normal velocity for f = 1.0 MHz.
Note that the velocities at this frequency were not consid-
ered in the iteration procedure. Figure 4 shows a compari-
son of the measurement and simulation results. In contrast
to the velocities obtained with the identified material para-
meters, the manufacturer’s material parameters yield signif-
icant deviations. Hence, these material parameters are only

Fig. 4 Measured and calculated spatially resolved surface nor-
mal velocities for the thickness extensional mode (U = 10 Vpp;
f = 1.0 MHz)

limited suitable to simulate the electrical and mechanical be-
havior (Fig. 4) of the investigated discoidal actuator.

5 Conclusion

The proposed simulation based Inverse Method provides
suitable material parameters for the investigated discoidal
piezoceramic actuator. In contrast to our previous work,
both, the frequency resolved electrical impedance as well as
the frequency and spatially resolved surface normal veloc-
ity serve as input quantity of the Inverse Method. Thus, the
determination of the complete parameter set for the piezo-
ceramic material is facilitated. The Inverse Method con-
sists of four sub-steps with different parameter sets, which
are composed on the basis of a sensitivity analysis. As the
presented results showed, both, the mechanical as well as
the electrical behavior, can be calculated by means of the
identified material parameters. Further work will be concen-
trated on modified Inverse Methods, which can be applied
for other actuator shapes, e.g., block shaped piezoceramic
actuators.
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