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Abstract An experimental analysis is presented to correlate
the secondary dendrite arm spacing λ2 and dendrite tip ra-
dius R with growth rate V and Mg content C0-Mg of Al–Cu–
Mg ternary alloys. Under constant temperature gradient G

(4.84 ± 0.13 K mm−1), a series of directional solidification
experiments were performed at five different growth rates
V (16.7–83.3 µm/s) and five different Mg contents C0-Mg in
Al–5 wt.% Cu–(0.5–5) wt.% Mg alloys. Solid–liquid inter-
face was investigated from the longitudinal sections of the
quenched samples, and λ2 and R were measured on the den-
drite tips. The dependencies of λ2 and R on V and C0-Mg

were determined. The experimental results showed that the
values of λ2 and R decrease as V and C0-Mg increase at a
constant G. The present exponent values related to V are
found to be slightly lower than the values of the theoretical
models and previous experimental works; however, C0-Mg

exponent values are found to be much lower than the theo-
retical models and previous experimental works. The ratio of
the secondary dendrite arm spacing to the dendrite tip radius
is 2.09 ± 0.15, in good agreement with the scaling law. At
a constant C0-Mg, the values of V R2 were found to slightly
increase with the ascending V . However, as C0-Mg increases,
the values of V R2 decrease.
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1 Introduction

How any substance—metal, plastic, water, or anything
else—changes from a disordered liquid state to an ordered
solid state determines many of its physical and mechanical
properties and thus its usefulness in manufacture or con-
struction. The microstructures formed during the solidifica-
tion of materials are almost permanent and often very diffi-
cult to modify completely even during the post fabrication
procedures [1]. Controlling solidification is a fundamental
goal of material scientists and physicists. If we understand
the process in detail, we can control it to accentuate de-
sired properties. Solidification is important in an enormous
number of industrial processes, since any metal or plastic
product is usually melted and resolidified at some stage of
its fabrication.

Dendritic structures evolve under two different growth
conditions according to transport of latent heat of fusion
away from the solid–liquid interface [2–4]. First, during
the free growth (FG) from an undercooled melt, generally
equiaxed dendrites form. In this case, the temperature gra-
dient in the liquid at the solid–liquid interface is negative,
whereas the one in the solid is nearly zero. Second, in direc-
tional solidification (DS) where a positive temperature gra-
dient in the liquid is imposed, columnar dendrites develop.
The dendrite growth direction and the heat flow direction are
parallel for FG process, whereas they are antiparallel for DS
process.

Directional solidification technique has been utilized to
study the microstructure evolution and pattern formation
since it provides an accurate and independent control of tem-
perature gradient G, growth velocity V , and alloy composi-
tion C0. During the directional solidification of alloys, the
structure of the solid–liquid interface can be planar, cellu-
lar, or dendritic, depending on G, V and C0. A majority of
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Fig. 1 (a) A schematic illustration of the dendritic morphology of the solid–liquid interface. Definitions of (a) primary dendrite arm spacing λ1
and mushy zone depth d ; (b) secondary dendrite arm spacing λ2 and (c) dendrite tip radius R. (L: liquid, S: solid)

alloys grow under conditions which give rise to dendritic
interfaces. The morphology of the dendritic solidification
front ensures a high interface area-to-volume ratio that is
more favorable for heat and mass redistribution compared to
cellular and planar interface [5]. The formation of dendritic
morphology has been explained by using heat and mass dif-
fusion theories and including the effect of solid–liquid in-
terface energy [6–11]. Recently, the anisotropy of the solid–
liquid interface energy has been proven to be highly impor-
tant for the morphology of the dendrite [12, 13].

Dendritic morphology is characterized with a single den-
drite tip’s microstructure parameters (secondary dendrite
arm spacing λ2 and dendrite tip radius R) and surrounding
microstructure parameters (primary dendrite arm spacing λ1

and mushy zone depth d) (Fig. 1). Most of the work devoted
to obtain the dependency of dendritic microstructure para-
meters on solidification processing parameters (V,G,C0)
has been focused on the usage of binary metallic alloys or
transparent organic alloys, and on obtaining the dependency
of λ1 on V and G [14–21]. However, the usage of ternary
or multicomponent metallic alloys and, in particular, the ob-
servation of the effect of composition and growth rate on the
secondary dendrite arm spacing and dendrite tip radius have
been scarcely studied [22–27].

In this study, we consider the effect of V and C0-Mg on the
single dendrite tip’s microstructure parameters, namely on
the secondary dendrite arm spacing λ2 and dendrite tip ra-
dius R in the columnar dendritic growth as shown schemati-
cally in Fig. 1(a–c). The secondary dendrite arm spacing λ2

determines the solute segregation profiles in a solidified ma-
terial which can significantly influence the properties of the
solidified alloys. The dendrite tip radius R is the most im-
portant length scale which governs various microstructural
parameters of the dendritic structure. All other characteristic
lengths of the dendritic structure are not only related to R,
but also their evolution is controlled by R [28]. A literature
survey shows several theoretical models [29–35] and exper-
imental studies [22–27, 36–39] examining the influence of

solidification processing parameters (G, V , C0) on λ2 and
R. Results showed that λ2 and R decrease with the increase
of V and C0.

Al–Cu–Mg alloys were among the first heat-treatable,
high-strength Al alloys developed for structural applications
and are widely used in automotive and aerospace because
of their strength, ductility and superior creep strength at el-
evated temperatures [40–43]. Adding Mg to Al–Cu alloys
increases strength without unduly decreasing the ductility.
Alloy development and the control of the original solidifica-
tion microstructure are important to achieve desired proper-
ties.

The aim of this work is to investigate the effect of V and
C0-Mg on λ2 and R in Al–Cu–Mg ternary alloys under well-
controlled experimental conditions, and to compare the re-
sults with the current theoretical models [29–35] and previ-
ous experimental results [18, 44–62].

2 Background

2.1 The secondary dendrite arm spacing models

The initial secondary dendrite arm spacing λ2, which devel-
ops immediately behind the primary dendrite tip, has a uni-
form spacing, whereas it increases with distance away from
tip, or time because of the coarsening process [63, 64].

Langer and Müller-Krumbhaar [29] have carried out a de-
tailed numerical analysis of the wavelength of instabilities
along the sides of a dendrite and predicted scaling law

λ2/R = 2.1 ± 0.03. (1)

Using this scaling law, the variation in λ2 for small Peclet
number conditions is given by Trivedi and Somboonsuk [30]
as

λ2 = (8Γ DL/kV �T0)
1/2, (2)
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where Γ is the Gibbs–Thomson coefficient, D is the solute
diffusion coefficient in the liquid, k is partition coefficient,
�T0 is undercooling and L = 1/2(l+1)(l+2) for the spher-
ical approximation of dendrite where l is the harmonic of
perturbation. Huang and Glicksman [62] found l = 6 to be
operative for cubic materials. For both steady- and unsteady-
state heat flow conditions, Bouchard and Kirkaldy [31] de-
rived an expression relating λ2 and tip growth rate V , inde-
pendent of temperature gradient G and is given by

λ2 = 2πa2

(
4σ

C0(1 − k)2�H

(
D

V

)2)1/3

, (3)

where a2 is the secondary dendrite calibrating factor, σ is
solid–liquid surface energy, and �H is latent heat of fusion.

2.2 The dendrite tip radius models

Hunt [32], Kurz and Fisher [33], and Trivedi [34] have pro-
posed the theoretical models to characterize dendrite tip ra-
dius R as a function of C0 and V during steady-state growth
conditions. According to Hunt Model [32]:

R = [
2Γ D/m(k − 1)

]0.5
C−0.5

0 V −0.5, (4)

whereas the Kurz and Fisher Model [33] indicates that:

R = 2π
[
Γ D/m(k − 1)

]0.5
C−0.5

0 V −0.5, (5)

and according to Trivedi Model [34]:

R = [
2Γ DL/m(k − 1)

]0.5
C−0.5

0 V −0.5. (6)

As can be seen from (4)–(6), the theoretical models for R

are very similar and differ only by a constant. Langer and
Müller-Krumbhaar [35] carried out a linear stability analy-
sis of the tip region and obtained an expression for the mar-
ginally stable tip radius R

V R2 = Γ D/σ ∗k�To, (7)

where σ ∗ is stability constant which has a value of approxi-
mately 0.025. The above equation predicts that V R2 is con-
stant for a given composition. The composition dependence
of (7) comes through �T0 which is dictated by the phase
diagram.

3 Experimental procedure

3.1 Sample preparation and solidification

Five different compositions of master alloys [Al–5 wt.%Cu–
(0.5, 1, 2 3 5) wt.% Mg] were prepared by melting weighed
quantities of (≥99.99 wt.%) Al, (≥99.99 wt.%) Cu and

(≥99.99 wt.%) Mg in a graphite pot inserted in the vacuum
melting furnace. After allowing time for melt homogeniza-
tion, the molten master alloy was stirred and quickly poured
into the holes drilled on the graphite rod, and then lowered
to the cold region of the furnace. The molten master alloy
was directionally frozen from bottom to top under vacuum.
Afterwards, the sufficient amount of master alloy was placed
in a funnel on top of the empty graphite crucible (200 mm in
length, 4 mm ID and 6.35 mm OD) which was positioned in
a Bridgman type furnace. The system was heated under ar-
gon atmosphere. Then the alloy was melted, stirred, and the
crucible was filled with the alloy. After about 60 minutes to
achieve the steady state thermal conditions in the furnace,
the sample was withdrawn downward about 90–100 mm
with a known pulling rate by means of a synchronous motor
and then the sample rapidly quenched. The block diagram
of the experimental set up is shown in Fig. 2. In order to see
the C0-Mg and V effect on λ2 an R, directional solidification
experiments were repeated for five different alloy compo-
sitions [Al–5 wt.% Cu–(0.5, 1, 2 3 5) wt.% Mg] and five
different growth rates (16.67–83.33 µm/s).

3.2 Measurement of temperature gradient G and growth
rate V

The temperature of the Bridgman type furnace was con-
trolled with a Eurotherm 905S type controller to an accuracy
of ±0.1 K during the run. The experimental details are given
in [65]. Three insulated K-type 0.25 mm diameter thermo-
couples with known distances were placed into a capillary
alumina tube (0.8 mm ID, 1.2 mm OD) which was parallel
to the heat flow direction inside the crucible. Temperature
distribution in the sample was monitored via the output of
three thermocouples positioned approximately 5 mm apart.
All of the thermocouple leads were taken to an ice–water
cold junction and to the data logger interfaced with a PC,
and the temperatures were recorded simultaneously. When
the third thermocouple was at the solid–liquid interface and
the first and second thermocouples were in the liquid, their
temperatures were used to obtain temperature gradient G.

It was found that the pulling speed was similar to the
growth rate V ; this may be due to the higher rate of atom
attachment kinetics of metallic alloys and/or the graphite
crucible which has good thermal conductivity. The growth
rate was calculated with two different methods. In the first
method, the values for the growth rate were calculated from
the measurements of the time taken for the solid–liquid in-
terface to pass the thermocouples separated by a known dis-
tance. In the second method, solidification time and the so-
lidification distance (on the longitudinal section of the pol-
ished sample) were measured and the ratio of them gives
the growth rate. The V values which are obtained from both
methods were found to be similar with the pulling speed.



876 A. Berkdemir, M. Gündüz

Fig. 2 Block diagram of the
experimental set-up

Fig. 3 Dendritic structures of directionally solidified Al–5 wt.% Cu–0.5 wt.% Mg alloys for different V at a constant G = 4.84 ± 0.13 K mm−1:
(a) V = 16.67 µm/s; (b) V = 26.67 µm/s; (c) V = 41.67 µm/s; (d) V = 66.67 µm/s; (e) V = 83.33 µm/s

3.3 Metallographic examination

The directionally grown quenched specimen was removed
from the graphite crucible, and then it was ground to ob-
serve the solid–liquid interface. The longitudinal section of
the sample (10 mm) which included the quenched solid–
liquid interface was separated from the sample and set in the
mounting resin. The longitudinal sections of this part were
ground, polished using diamond paste to a 1 µm finish and
etched within the Keller’s reagent to reveal the dendritic mi-

crostructure. The photographs of microstructures were taken
with a CCD digital camera placed on the top of an Olympus
BH-2 optical microscopy, (Figs. 3, 4).

3.4 Measurement of secondary dendrite arm spacing λ2

and dendrite tip radius R

The secondary dendrite arm spacing λ2 was measured
from initial adjacent side branches of primary dendrite, see
Fig. 1(b). Each of the side-branch spacing data reported here



Effect of growth rate and Mg content on dendrite tip characteristics of Al–Cu–Mg ternary alloys 877

Fig. 4 Dendritic structures of directionally solidified Al–Cu–Mg al-
loys for different C0-Mg at a constant V = 41.47 µm/s and G =
4.84 ± 0.13 K mm−1. (a) Al–5 wt.% Cu–0.5 wt.% Mg; (b) Al–5 wt.%

Cu–1 wt.% Mg; (c) Al–5 wt.% Cu–2 wt.% Mg; (d) Al–5 wt.% Cu–3
wt.% Mg; (e) Al–5 wt.% Cu–5 wt.% Mg

was averaged over the 25–50 λ2 measurements, depending
on the growth conditions. As shown in Fig. 1(c), the tip ra-
dius R was measured by fitting a suitable circle on the den-
drite tip side. These R measurements were repeated at least
10 times on dendrites for each specimen. For metallic sys-
tems, it is difficult to measure R. To get exact shape of den-
drite tip region, several grindings and polishings were made
in the longitudinal section of the specimen. Photographs of
each layer were taken from the same dendrite, and the best
one which possesses the biggest R was chosen to be datum
of R. The measured λ2 and R values are given in Table 1.
We tried to use parabola fitting method [66, 67], which is
commonly used at transparent alloys, to measure R, but the
results of the parabola fitting method were found to be rather
scattered.

4 Results and discussion

4.1 Experimental results

A series of directional solidification experiments were car-
ried out with five different compositions of [Al–5 wt.%Cu–
(0.5, 1, 2 3 5) wt.% Mg] and five different growth rates
(16.67–83.33 µm/s) at a constant G = 4.84 ± 0.13 K mm−1.
Figures 3 and 4 show the typical longitudinal views of mi-
crostructures studied to examine the effect of V and C0-Mg

on the λ2 and R. The measured λ2 and R values with stan-
dard deviations are given in Table 1. The variation of λ2 and

R with V and C0-Mg was plotted in Figs. 5 and 6. From each
line on these graphs, linear regression analysis was carried
out to find experimental power law expressions and propor-
tionality constants. The results are given in Table 2 and the
power law dependencies of λ2 and R on V and C0-Mg were
obtained from Figs. 5 and 6.

4.2 Effect of V on λ2 and R

As can be seen from Tables 1, 2 and Figs. 3, 5, an increase
in the growth rate, V , leads to a decrease in λ2 and R for a
given constant initial Mg content for directionally solidified
Al–Cu–Mg ternary alloys. From Fig. 5, the dependencies of
λ2 and R on V are obtained by the linear regression analysis
and yield the relations in the following form:

λ2 = k1V
−a, (8)

R = k2V
−b, (9)

where k1 and k2 are proportionality constants, a and b are
the growth rate exponent values of λ2 and R, respectively.
The values of exponents a and b were obtained as 0.32 and
0.41, respectively. The theoretical models predict the growth
rate exponent values of λ2 as 1/2 and 2/3 [30, 31] and the
growth rate exponent values of R as 1/2 [32–35], respec-
tively. Therefore, our experimental results of the growth rate
exponent values of λ2 and R were lower than the values of
the theoretical models. As can be seen from Table 2(a, b)
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Fig. 5 (a) Variation of λ2 with
growth rate V for five different
C0-Mg at a constant G.
(b) Variation of R with growth
rate V for five different C0-Mg
at a constant G

growth rate exponents of λ2 and R do not change with the in-
creasing C0-Mg, but proportionality constants decrease with
the increasing C0-Mg. So λ2 and R decrease not only with
the increasing V , but also with C0-Mg values. This might be
due to the dependency of proportionality constants which
include material properties such as Γ , D, k, m, �H , σ

(see (2)–(6)).

4.3 Effect of C0-Mg on λ2 and R

As can be seen from Tables 1, 2 and Figs. 4, 6, both λ2 and
R are found to decrease with the Mg content C0-Mg. From
Fig. 6, the dependencies of λ2 and R on C0-Mg are obtained
by the linear regression analysis and yield the relations in
the following form:

λ2 = k3C
−m
0−Mg, (10)

R = k4C
−n
0−Mg, (11)

where k3 and k4 are proportionality constants, m and n are
the Mg content exponent values of λ2 and R, respectively.
The values of exponents m and n were found to be 0.22
and 0.27, respectively. The theoretical models predict the
composition exponent values of λ2 as 1/2 and 2/3 [30, 31]
and the composition exponent values of R as 1/2 [32–35],
respectively. Therefore, the experimental results of the ex-
ponent values related to the composition of λ2 and R were
lower than the values of the theoretical models. As can be
seen from Table 2(c, d) the Mg content exponents of λ2 and
R do not change with the increasing V , but proportionality
constants decrease with the increasing V . Here again, the
change in the proportionality constants might be due to the
dependency of proportionality constants, which include ma-
terial properties such as Γ , D, k, m, �H , σ (see (2)–(6)).
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Fig. 6 (a) Variation of λ2 with
Mg content C0-Mg for five
different V at a constant G.
(b) Variation of R with Mg
content C0-Mg for five different
V at a constant G

4.4 Comparison of the experimental results with the
models and previous works

Thermophysical data for Al-rich Al–Cu–Mg alloys used in
the model calculations are given in Appendix A. Since the
partition coefficient k and the melting range of the alloy �T0

depend on alloy composition, k and �T0 cannot be taken as
constant at a wide range of Mg content of Al–5 wt.% Cu–
(0.5, 1, 2 3 5) wt.% Mg alloy. Therefore, at each different
C0-Mg, relevant k and �T0 used in the model calculations
were found from 5 wt.% Cu vertical section of Al–Cu–Mg
phase diagram (Appendices A, B) [68]. Most of the theoret-
ical models for the prediction of solidification microstruc-
tures have been developed essentially for the limiting case
of dilute alloys, leading the assumption of constant k. Sev-
eral researchers [69, 70] investigated the influence of parti-

tion coefficient k on dendrite tip radius R, and found that the
effect of the phase diagram on R is significant when k is not
constant.

The experimental results of this work were compared
with the results of the theoretical calculations from (2)
and (3) for λ2 and are shown in Fig. 7. The theoretical pre-
diction of exponent values of solidification processing pa-
rameters (V and C0-Mg) for λ2 are given as C

−1/2
0-Mg V −1/2 in

Trivedi and Somboonsuk Model [30] and C
−1/3
0-Mg V −2/3 in

Bouchard–Kirkaldy Model [31]. In Fig. 7(a, b), it is seen
that the collapse of experimental data on a single curve is
achieved for two different abscissas. Hence, λ2 was plot-
ted as functions of the solidification processing parameters’
dependencies, and it was found that the experimental expo-
nent values of λ2 have weaker dependencies on solidifica-
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Fig. 7 (a) Comparison of the experimental and prediction of
Trivedi–Somboonsuk Model [30] of λ2 values as a function of
C

−1/2
0−MgV −1/2. (b) Comparison of the experimental and prediction

of Bouchard–Kirkaldy Model [31] of λ2 values as a function of
C

−1/3
0-MgV −2/3

tion processing parameters as expected in both models. As
the slope of the line formed by the experimental points is
obviously different from the slope of the theoretical mod-
els, it can be concluded that both theoretical models are in-
valid for predicting the size of the secondary arms for the
metallic alloy systems. So, metallic alloy systems need more
accurate theoretical models for forecasting the value of sec-
ondary dendrite arm spacing. Our experimental results agree
quite well with the Trivedi–Somboonsuk Model’s results for
the higher values of C

−1/2
0-Mg V −1/2, whereas discrepancies in-

crease for smaller values of C
−1/2
0-Mg V −1/2 value (Fig. 7(a)).

Bouchard–Kirkaldy Model’s results agree well with the ex-
perimental results for C

−1/3
0-Mg V −2/3 values between 0.06–
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Fig. 8 Comparison of the
existing theories of R with the
experimental data in the
Al–Cu–Mg system at a
constant G

0.15. Outside of these values, discrepancies are increased
(Fig. 7(b)).

Predictions of dendrite tip radius R by Hunt [32], Kurz–
Fisher [33] and Trivedi [34] Models are shown in Fig. 8 with
relevant experimental data. As can be seen from (4)–(6), the
theoretical models for R are very similar and differ only
by a constant. From Fig. 8, our experimental results for R

are slightly higher than the predictions of Trivedi and Kurz–
Fisher Models; however, the R value from the Hunt Model
is several orders of magnitude lower than our results. It was
seen that, as the Mg content of the alloy increases, the dis-
crepancy between the experimental values and the theoreti-
cal predictions of R is increased. This might be due to the
theoretical models which were developed for dilute alloy
systems.

A number of experimental studies have been reported in
the literature to characterize the variation in the λ2 and R

as functions of V and C0, and it is given in Table 3. If one
compares the present exponent values of λ2 and R with the
previous works, one can see that our experimental growth
rate exponent values of λ2 are slightly lower than some of
previously reported ones [44, 48–51] and similar to some
of previous results [45–48]; the present exponent values of
R are slightly lower than the most of the previous results
[48, 49, 51, 53, 55, 58–61] and are similar to some of them
[50, 56, 57]. However, composition exponent values of λ2

and R were found to be much lower than the other experi-
mental results [52–54, 57, 61].

The variation of the λ2/R values with V for Al–5 wt.%
Cu–(0.5, 1, 2 3 5) wt.% Mg alloys for constant G are given
in Table 1 and Fig. 9. In this study, the average value of

Fig. 9 Variation of λ2/R with V for five different magnesium content
C0-Mg at a constant G

λ2/R is found to be 2.09±0.15, which is in excellent agree-
ment with the theoretical prediction of λ2/R = 2.1 ± 0.3 for
undercooled dendrites [29]. A comparison of the values of
λ2/R obtained in the present work and the previous exper-
imental works [18, 48–53, 55, 58, 60, 62] is also given in
Table 4. It can be seen that the scaling constant increases
with the degree of anisotropy of the system. Consequently,
such a scaling law between λ2 and R would seem to be
a fundamental characteristic of the dendritic structure, al-
though the value of the constant appears to depend slightly
upon the initial composition C0, anisotropy of the system,
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Table 3 Some experimental
results for λ2 and R related to V

and C0 in the literature

aSCN: succinonitrile; ETH:
ethanol; ACE: acetone, PVA:
pivalic acid, CTB: carbon
tetrabromide

Alloy G (K mm−1) V (µm s−1) Relationships Ref.

Al–[5 Cu–(0.5–5) Mg] wt.% 4.84 16.67–83.33 λ2 = kV −0.32 This work

Fe–(1.48 C–1.14 Mn) wt.% 5.3 8–210 λ2 = kV −0.45 [44]

Zn–(1.54–2.79) wt.% Mg 15–95 10–21800 λ2 = kV −0.33 [45]

Zn–(0.54–3.06) wt.% Mg 15 1–8000 λ2 = kV −0.33 [46]

Al–(5.7–20) wt.% Cu 90 8–360 λ2 = kV −0.29 [47]

Al–(3–24) wt.% Cu 6.3 8–490 λ2 = kV −(0.27−0.46) [48]

SCN–5.5 mol% ACEa 6.7 0.4–100 λ2 = kV −0.56 [49]

SCN–(5–40) wt.% CTB 7.5 6.5–103.5 λ2 = kV −0.46 [50]

PVA–0.91 wt.% ETH 1.5 0.3–80 λ2 = kV −0.58 [51]

Al–[5 Cu–(0.5–5) Mg] wt.% 4.84 16.67–83.33 λ2 = kC−0.22
0 This work

Cd–(20–60) wt.% Pb 4.3 8.3–16.7 λ2 = kC−0.36
0 [52]

SCN–(5–40) wt.% CTB 7.5 6.5–103.5 λ2 = kC−0.36
0 [53]

SCN–(0.55–4) wt.% ACE 6.7 5.8 λ2 = kC−0.43
0 [54]

Al–[5 Cu–(0.5–5) Mg] wt.% 4.84 16.67–83.33 R = kV −0.41 This work

Al–4.1 wt.% Cu 4 0.2–70 R = kV −0.54 [53]

Al–(3–24) wt.% Cu 6.3 8–490 R = kV −(0.39−0.60) [48]

NiAl3 5.4 2.7–32.0 R = kV −0.62 [55]

SCN–(5–40) wt.% CTB 7.5 6.5–103.5 R = kV −0.45 [50]

SCN–5.5 mol% ACEa 6.7 0.4–100 R = kV −0.53 [49]

SCN–2wt.% Salol 2.5 – R = kV −0.37 [56]

SCN–(5–20) wt.% Salol 4.5 6.7–112.4 R = kV −(0.42−0.49) [57]

SCN–1.3 wt.% ACEa 1.6–9.7 1.6–250 R = kV −0.53 [58]

SCN–2 wt.% water 2.4–3.3 0.76–105 R = kV −0.53 [59]

CBr4–10.5 wt. C2Cl6 3 0.1–100 R = kV −0.53 [60]

CBr4–7.9 wt. C2Cl6 3 0.1–100 R = kV −0.47 [60]

PVA–0.91 wt.% ETH 1.5 0.3–80 R = kV −0.54 [51]

Al–[5 Cu–(0.5–5) Mg] wt.% 4.84 16.67–83.33 R = kC−0.27
0 This work

Cd–(20–60) wt.% Pb 4.3 8.3–16.7 R = kC−0.49
0 [52]

SCN–(0.55–4) wt.% ACE 6.7 5.8 R = kC−0.48
0 [54]

SCN–(5–40) wt.% CTB 7.5 6.5–103.5 R = kC−0.34
0 [53]

SCN–(5–20) wt.% Salol 4.5 6.7–112.4 R = kC
−(0.39−0.59)
0 [57]

Al–(2–20) wt.% Cu 7.5–16 6–33 R = k(CV )−0.50 [61]

and the experimental conditions which affect the dendritic
structures.

According to the theoretical model [35], the value of
V R2 is expected to be constant for a given composition.
If we look at the V R2 values in Table 1, for solidification
velocities in the range of 16.67 to 83.33 µm/s, the values
of V R2 slightly increase with the ascending V value for a
given composition; however, as C0-Mg increases the values
of V R2 decrease since in (4)–(7) the undercooling, �T0,
depends on composition. The mean value and standard de-
viations of V R2 for the corresponding compositions of Al–
Cu–Mg alloy are given in Table 1(b). From Fig. 10, the de-
pendence of V R2 on C0-Mg can be expressed by an expres-
sion of V R2 = k5C

−0.54
0-Mg , where k5 is a proportionality con-

stant.

5 Conclusions

Directional solidification experiments have been carried out
with Al–5 wt.%Cu–(0.5, 1, 2 3 5) wt.% Mg alloys in or-
der to see the effect of growth rate V and Mg content C0-Mg

on secondary dendrite arm spacing λ2 and dendrite tip ra-
dius R. Solid–liquid interfaces were investigated from the
longitudinal sections of the quenched specimens and λ2 and
R were measured on the dendrite tips.

Our experimental observations showed that the values of
λ2 and R decrease as V and C0-Mg increase for five differ-
ent V (16.7–83.3 µm/s) and five different C0-Mg (0.5–5wt.%
Mg) for a constant G = 4.84 ± 0.13 K mm−1.

The mathematical relationships for λ2 and R related to
V and C0-Mg have been obtained to be λ2 = kiV

−0.32, R =
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Fig. 10 Variation of V R2 with
C0-Mg for five different V at a
constant G

Table 4 A comparison of λ2/R values obtained in the present work
with the theoretical and previous experimental works

System λ2/R values Ref.

(theoretical value) 2.1 ± 0.03 [29]

Al–5 wt.%Cu–(0.5–5)wt.% Mg 2.09 ± 0.15 This work

Cd–(20–60) wt.% Pb 2.27 ± 0.14 [52]

Al–(3–24) wt.% Cu 2.8 ± 0.4 [48]

Al–4.1 wt.% Cu 2.7 [53]

Ni3Al 3.0 [55]

SCN–1.3 wt.% ACEa 2.09 ± 0.15 [58]

SCN–(5–40) wt.% CTB 2.08 [50]

CBr4 − −10.5 wt. C2Cl6 3.18 [60]

CBr4 − −7.9 wt. C2Cl6 3.47 [60]

PVA–0.91 wt.% ETH 3.8 [51]

SCN–5.5 mol % ACE 2.2 ± 0.03 [49]

SCN 3.0 [62]

SCN 2.5 [18]

NH4Cl–70 wt.% H2O 3.7 [18]

SCN–5.6 wt.% H2O 3.0 [18]

aSCN: succinonitrile; ETH: ethanol; ACE: acetone, PVA: pivalic acid,
CTB: carbon tetrabromide

kjV
−0.41, λ2 = kkC

−0.22
0-Mg , and R = klC

−0.27
0 . The V and

C0-Mg exponents of λ2 and R were found to be constant, but
proportionality constants of λ2 and R (ki, kj , kk, kl) were
found to be decreasing with both increasing V and C0-Mg

values.
The present exponent values related to V were found to

be slightly lower than the values of the theoretical models

and previous experimental works; however, C0-Mg exponent
values were found to be much lower than in the theoretical
models and previous experimental works.

The ratio of the secondary dendrite arm spacing to the
dendrite tip radius was 2.09 ± 0.15, in good agreement with
the scaling law [29].

At a constant C0-Mg, the values of V R2 were found to
slightly increase with the ascending V . However, as C0-Mg

increases the values of V R2 decrease.

Acknowledgements This work is supported by the Scientific Re-
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Appendix A

Fig. 11 5 wt.% Cu vertical
section in Al-rich corner of
Al–Cu–Mg ternary phase
diagram [68]

Appendix B

Table 5 Thermophysical data
for Al-rich Al–Cu–Mg alloys
used in the model calculations

aFor Al–Mg alloy

Property Unit V alue Ref.

Liquidus slope (m) K (wt.% Mg)−1 −5.07 [68]

Freezing range (�T0) of

Al–5 wt.% Cu–0.5 wt.% Mg alloy K 89.70 [68]

Al–5 wt.% Cu–1 wt.% Mg alloy K 111.77 [68]

Al–5 wt.% Cu–2 wt.% Mg alloy K 127.22 [68]

Al–5 wt.% Cu–3 wt.% Mg alloy K 112.37 [68]

Al–5 wt.% Cu–5 wt.% Mg alloy K 104.95 [68]

Equilibrium partition coefficient (k) of

Al–5 wt.% Cu–0.5 wt.% Mg alloy – 0.03 [68]

Al–5 wt.% Cu–1 wt.% Mg alloy – 0.06 [68]

Al–5 wt.% Cu–2 wt.% Mg alloy – 0.10 [68]

Al–5 wt.% Cu–3 wt.% Mg alloy – 0.14 [68]

Al–5 wt.% Cu–5 wt.% Mg alloy – 0.23 [68]

Harmonic perturbations (L) – 28 [49]

Secondary dendrite calibrating factor (a2) – 2.5 –

Solid-liquid surface energy (σ )a J m2 1.49×10−1 [71]

Gibbs-Thomson coefficient (Γ )a K m 1.30×10−5 [71]

Liquid diffusion coefficient of Mg (D
Mg
L ) m2 s−1 3 × 10−9 [72]

Latent heat of fusion (�H) J m−3 9.5 × 108 [73]
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