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Abstract In this paper, the invisibility of a metamaterial
cloak illuminated by spherical electromagnetic wave is ana-
lytically investigated based on the full wave Mie scattering
model. It is shown that for a cloak with ideal parameters
the scattered field intensity is zero, but for a cloak with a
loss, only the backscattering is exactly zero. Moreover, in
the loss case, the scattered field intensity increases as the
loss increases, which is very different from that in the con-
ventional stealth case, where the scattered field intensity de-
creases as the loss of coated material increases. In addition,
it is shown that scattering cross-section of the cloak with
perturbed parameters decreases as the thickness of the cloak
decreases, which means that thinner cloak can exhibit more
stable invisibility.

PACS 78.70.Gq · 81.05.Zx · 84.40.Ba

1 Introduction

In recent years, the use of abnormal refraction of metamate-
rial to achieve invisibility has attracted a lot of attention in
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the physics and engineering communities [1–10]. Different
from absorbing screens and antireflection coatings to dimin-
ish the scattering or the reflection from objects, the meta-
material cloak can bend electromagnetic waves around ob-
jects, and incident wave to the cloak will render the inte-
rior effectively invisible to the outside [11–16]. To synthe-
size such an invisible metamaterial cloak, coordinate trans-
formation method, which today’s synthesis process of the
cloak is mostly based on, and optical conformal mapping
method have been proposed by Pendry et al. [1] and Leon-
hardt [14], respectively. Alù et al. [8, 10] have designed
electrically small homogeneous metamaterial cloak based
on Mie scattering theory. In analyzing the scattering char-
acteristics of the metamaterial cloak, there are many simula-
tion results reported on cloaking. For example, a full-wave
simulation has been performed by Cummer et al. [12] to see
how the material perturbation affects the invisibility. In fact,
purely numerical calculations cannot provide as much in-
sight into the physics as an analytical approach. From this
point, Chen et al. [6] has established analytically the inter-
actions of a plane wave with a spherical cloak based on Mie
scattering model. However, there are still not enough ana-
lytical solutions to investigate scattering characteristics of
the cloaks, especially those cloaks with perturbed material
parameters under illumination of nonplanar electromagnetic
wave (spherical wave, cylindrical wave, and so on).

In this paper, the scattered and transmitted fields of spher-
ical electromagnetic wave incident onto spherical cloaks are
analytically solved based on the full wave Mie scattering
model. It is shown that for a cloak with ideal constitutive
parameters its scattered field intensity is zero. The loss case
is also investigated. Results show that the backscattering is
still zero, but scattered field intensity in the other direction
increases as the loss increases, which is very different from
that in the conventional stealth case where the scattered field
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intensity decreases as the loss of coated material increases.
In addition, the effect of constitutive parameters perturba-
tion on scattering cross-section of the cloaks with different
thickness is analyzed. It is shown that for a constant pertur-
bation quantity, the normalized scattering cross-section of
the cloak decreases as the thickness of the cloak decreases,
which means that thinner cloak can bring more stable invis-
ibility performance.

2 Exact analytical solutions for the electromagnetic
model

The model configuration of interest is depicted in Fig. 1. It
consists of a horizontal dipole, the spherical cloak (Region
II) and the inner sphere (Region I) in free space (Region III).
We assume the model in a spherical coordinates. The dipole
is put at (0, 0, b) horizontally. The inner sphere has a permit-
tivity of ε1 and a permeability of μ1. The spherical cloak has
the thickness of R2 − R1, and is a kind of inhomogeneous
anisotropic metamaterial. The constitutive parameter of the
cloak has the following second order tensor form

ε(r) =
⎧
⎨

⎩

εr 0 0
0 εt 0
0 0 εt

⎫
⎬

⎭
,

μ(r) =
⎧
⎨

⎩

μr 0 0
0 μt 0
0 0 μt

⎫
⎬

⎭
,

(1)

where εr , μr are the permittivity and permeability in the
r-direction, and εt , μt are permittivity and permeability in

Fig. 1 Configuration of the model

the θ -direction and φ-direction. To solve the scattering prob-
lem shown in Fig. 1, fist we should establish the wave equa-
tions in each region to get general solutions.

To solve the problem, the general solution in each re-
gion should be solved. In the regions I (r < R1) and II
(r > R2), where homogeneous isotropic materials are lo-
cated, the wave equations and general solutions have been
given by classic Mie method. But in the region III (R1 <

r < R2), we must do some special manipulations because of
the inhomogeneous anisotropic metamaterial.

According to Mie theory, the electromagnetic fields can
be decomposed into TM and TE modes with respect to the
r-direction. Moreover, TM and TE modes can be repre-
sented by vector potentials �A = Ar �er , �F = Fr �er as follows

�BTM = ∇ × �A,

�DTE = −∇ × �F,

�BTE = 1

j�
∇ × (

ε
−1∇ × �F,

)

�DTM = 1

j�
∇ × (

μ
−1∇ × �A)

.

(2)

Therefore, the electromagnetic fields can be expressed as

�B = ∇ × �A + 1

j�
∇ × (

ε
−1∇ × �F )

,

�D = −∇ × �F + 1

j�
∇ × (

μ
−1∇ × �A)

.

(3)

At the same time, �A and �F must satisfy following Debye
condition

∂Ar

∂r
= −j�εtμtΦa,

∂Fr

∂r
= −j�εtμtΦf

(4)

and

−∇ · Φa = �E + j� �A,

−∇ · Φf = �H + j� �F .
(5)

Substituting (4) into (2), wave equations in the cloak region
are obtained by

∇ × (
μ

−1∇ × �A) − � 2ε �A = −j�ε∇ · Φa,

∇ × (
ε
−1∇ × �F ) − � 2μ �F = −j�μ∇ · Φf .

(6)

Obviously, if �A and �F is solved from (6), all fields can be
obtained through (3). Applying Debye condition, the wave
equations for �A and �F are expressed as

εr

εt

∂2Ar

∂r2
− j� 2μtεrAr + 1

r2 sin2 θ

∂2Ar

∂φ2
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+ 1

r2

1

sin θ

∂

∂θ

(

sin θ
∂Ar

∂θ

)

= 0, (7)

μr

μt

∂2Fr

∂r2
− j� 2μrεtFr + 1

r2 sin2 θ

∂2Fr

∂φ2

+ 1

r2

1

sin θ

∂

∂θ

(

sin θ
∂Fr

∂θ

)

= 0. (8)

To solve the wave equation for �A, the variable separation
method is applied. Assuming Ar(r, θ,φ) = R(r)Θ(θ)Φ(φ),
from (7) we obtain

{
∂2

∂r2
+

[

k2
t − εt

εr

n(n + 1)

r2

]}

R(r) = 0,

kt = ω
√

εtμt , (9)

1

Θ(θ) sin θ

d

dθ

(

sin θ
dΘ(θ)

dθ

)

− m2

sin2 θ
= −n(n + 1), (10)

d2Φ

dφ
+ m2Φ = 0, 0 ≤ |m| ≤ n. (11)

Equation (10) is the associated Legendre equation, its solu-
tion is the associated Legendre function Θ(θ) = P m

n (cos θ).
For (11), its solution is well known as Φ(φ) = A cos(mφ)+
B sin(mφ), i.e., harmonic functions. For (9), if we assume
that εt

εr
= r2

(r−R1)
2 , r − R1 = r ′ and R(r) = R′(r ′), then (9)

can be changed into

{
∂2

∂(r ′)2
+

[

k2
t − n(n + 1)

(r ′)2

]}

R′(r ′) = 0. (12)

Its solution is R′(r ′) = kt r
′bn(kt r

′), so R(r) = kt (r −R1)×
bn(kt (r − R1)). Here, bn(z) is the Spherical Bessel func-
tion, including the Spherical Bessel function of the first
kind, jn(z), the Spherical Neumann function, nn(z), and the
Spherical Hankel function of the first kind, h

(1)
n (z), and the

second Spherical Hankel function, h
(2)
n (z). The functions

jn(z) and nn(z) represent the stationary wave, while h
(1)
n (z)

and h
(2)
n (z) represent the traveling waves. Therefore, the so-

lution of (7) is

Ac
r =

∞∑

m=0

∞∑

n=m

kt (r − R1)bn

(
kt (r − R1)

)
P m

n (cos θ)

× [A2,nm cosmφ + B2,nm sinmφ], (13)

where A2,nm and B2,nm are the expansion coefficients. Ac-

cording to the principle of duality, when μt

μr
= r2

(r−R1)
2 , the

general solution of �F in cloak is:

Fc
r =

∞∑

m=0

∞∑

n=m

kt (r − R1)bn

(
kt (r − R1)

)
P m

n (cos θ)

× [
A′

2,nm cosmφ + B ′
2,nm sinmφ

]
, (14)

where A′
2,nm and B ′

2,nm are the expansion coefficients. In
this case, the general solution of electric fields and magnetic
field can be obtained by substituting (13) and (14) into (3).

In the dielectric sphere and the free space regions, the
general solutions of vector potentials can be easily obtained
by a similar argument as in (2)–(14). In the dielectric sphere,

Aint
r =

∞∑

m=0

∞∑

n=m

k1rbn(k1r)P
m
n (cos θ)

× [A1,nm cosmφ + B1,nm sinmφ],

F int
r =

∞∑

m=0

∞∑

n=m

k1rbn(k1r)P
m
n (cos θ)

× [
A′

1,nm cosmφ + B ′
1,nm sinmφ

]
,

(15)

where k1 = ω
√

ε1μ1 is the propagation constant in the di-
electric sphere, A1,nm, B1,nm, A′

1,nm, B ′
1,nm are expansion

coefficients. And in free space,

As
r =

∞∑

m=0

∞∑

n=m

k0rbn(k0r)P
m
n (cos θ)

× [A3,nm cosmφ + B3,nm sinmφ],

F s
r =

∞∑

m=0

∞∑

n=m

k0rbn(k0r)P
m
n (cos θ)

× [
A′

3,nm cosmφ + B ′
3,nm sinmφ

]
,

(16)

where k0 = ω
√

ε0μ0 is the propagation constant in free
space, A3,nm, B3,nm, A′

3,nm, B ′
3,nm are expansion coeffi-

cients.
At the same time, the exact expression of incident wave

radiated by the horizontal electric dipole is needed. The ra-
diated wave of the dipole can be calculated by the Green
function method as

�Ei(r) = −j�μ

∫

V

G0(�r|�r ′) · �J (�r ′) dV ′, (17)

where

�J (�r ′) = I l
δ(r ′ − b)δ(θ ′ − 0)δ(φ′ − 0)

b2 sin θ ′ �ux. (18)

In (18), �ux is the unit vector in the x-direction, it can be
rewritten in the spherical coordinates as �ux = sin θ cosφ �μr +
cos θ cosφ �μθ + sinφ �μφ . By some algebraic manipulations
with (17), the Ampere’s Law of Maxwell equation and the
following relationship derived from Debye condition

Ar = j�ε0μ0r
2

n(n + 1)
Er,

Fr = j�ε0μ0r
2

n(n + 1)
Hr,

(19)

vector potentials of the horizontal dipole can be calculated
as
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Ai
r = cosφ

∑

n

ank0rjn(k0r)P
1
n (cos θ),

F i
r = sinφ

∑

n

bnk0rjn(k0r)

× {[
n + 3 + (n + 1) cos(2θ)P 1

n (cos θ)
]

(20)

+ 2
[
(−2n − 3) cos θP 1

n+1(cos θ)
]

+ (n + 1)P 1
n+2(cos θ)

}

where

an = j
(2n + 1)μ0

8n(n + 1)bk0π
h(2)′

n (k0b),

bn = (2n + 1)�k0ε0μ0

16πn(n + 1)2
h(2)

n (k0b) cos2 θ.

(21)

At r = R1 and r = R2, the boundary conditions are given by

Ain
r (R1)

μ1
= Ac

r(R1)

μt

,
Ai

r (R2) + As
r(R2)

μ0
= Ac

r(R2)

μt

,

F in
r (R1)

ε1
= Fc

r (R1)

εt

,
F i

r (R2) + F s
r (R2)

ε0
= Fc

r (R2)

εt

,

Ain′
r (R1)

ε1μ1
= Ac′

r (R1)

εtμt

,
Ai′

r (R2) + As′
r (R2)

ε0μ0
= Ac′

r (R2)

εtμt

,

F in′
r (R1)

ε1μ1
= Fc′

r (R1)

εtμt

,
F i′

r (R2) + F s′
r (R2)

ε0μ0
= Fc′

r (R2)

εtμt

.

(22)

Substituting (13), (14), (15), (16), and (20) into (22), the
vector potentials of scattered and transmitted fields are ob-

tained as

As
r = cosφ

∑

n

A3,nk0rh
(2)
n (k0r)P

1
n (cos θ),

F s
r = sinφ

∑

n

B ′
3,nk0rh

(2)
n (k0r)

× {[
n + 3 + (n + 1) cos(2θ)P 1

n (cos θ)
]

(23)

+ 2
[
(−2n − 3) cos θP 1

n+1(cos θ)
]

× + (n + 1)P 1
n+2(cos θ)

}
,

Ac
r = cosφ

∑

n

A2,nkt (r − R1)jn

(
kt (r − R1)

)
P 1

n (cos θ),

F c
r = sinφ

∑

n

B ′
2,nkt (r − R1)jn

(
kt (r − R1)

)

× {[
n + 3 + (n + 1) cos(2θ)P 1

n (cos θ)
]

(24)

+ 2
[
(−2n − 3) cos θP 1

n+1(cos θ)
]

+(n + 1)P 1
n+2(cos θ)

}
,

Ain
r = cosφ

∑

n

A1,nk1rjn(k1r)P
1
n (cos θ),

F in
r = sinφ

∑

n

B ′
1,nk1rjn(k1r)

× {[
n + 3 + (n + 1) cos(2θ)P 1

n (cos θ)
]

(25)

+ 2
[
(−2n − 3) cos θP 1

n+1(cos θ)
]

+(n + 1)P 1
n+2(cos θ)

}
,

where

A1,n = μt

μ0
an,

B ′
1,n = εt

ε0
bn,

A2,n = −jn(kt (R2 − R1))j
′
n(k0R2) + (εt /ε0)jn(k0R2)j

′
n(kt (R2 − R1))

jn(kt (R2 − R1))h
(2)′
n (k0R2) + (εt /ε0)jn(k0R2)h

(2)′
n (kt (R2 − R1))

an,

B ′
2,n = −jn(kt (R2 − R1))j

′
n(k0R2) + (μt/μ0)jn(k0R2)j

′
n(kt (R2 − R1))

jn(kt (R2 − R1))h
(2)′
n (k0R2) + (μt/μ0)jn(k0R2)h

(2)′
n (kt (R2 − R1))

bn,

A1,n = 0,

B ′
1,n = 0.

(26)

If substituting

εt = ε0
R2

R2 − R1
, εr = εt

(r − R1)
2

r2

and

μt = μ0
R2

R2 − R1
, μr = μt

(r − R1)
2

r2

into (26), one can obtain that A2,n = 0 and B ′
2,n = 0. It

means that the scattered field intensity of the cloak is ex-
actly zero.

3 Calculation results

Although (26) shows that the scattering factors are zero, we
are interested in observing how the wave propagates in or-
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Fig. 2 Electric fields
distribution (H-plane) near the
cloak with R1 = 0.5λ0, R2 = λ0

Fig. 3 Electric field distribution
(H-plane) near the cloak when
R1 = 0.5λ0, R2 = 0.8λ0

der to understand the invisibility principle. Figure 2 shows
the calculated electric fields due to an spherical wave inci-
dence onto a cloak with R1 = 0.5λ0 and R2 = λ0(λ0 de-
notes the wavelength in free space). From Fig. 2, it can
be seen that the wave is guided around the spherical ob-
ject as if nothing were there after the wave comes into
the cloak without any reflection. Therefore, in this case,
there are two important points to realize invisibility. The
first is the impedance match between the cloak and the
free space, which makes the wave come in and come out
freely between the cloak and the free space without any re-
flection. The second is the specific refraction characteris-
tics of electromagnetic waves in the cloak, which makes the

wave propagate on a specific track. Figure 3 shows the elec-
tric field distribution near the cloak when R1 = 0.5λ0 and
R2 = 0.8λ0. Figure 4 shows the electric field distribution
when R1 = 0.5λ0 and R2 = 0.6λ0. Comparing Fig. 3 with
Fig. 4, it can be seen that the refraction angle at the inter-
face between the cloak and free space increases as the cloak
thins, while the hidden object keeps completely hidden from
waves.

The most interesting thing is that (26) gives further in-
formation. For example, the loss is often an important is-
sue. When the electric and magnetic loss tangents are intro-
duced, the scattering coefficients become nonzero. Define

the normalized far field (NFF) as NFF = 20 log | W̄ s+W̄ i

W̄ i | =
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Fig. 4 Electric field distribution
(H-plane) near the cloak when
R1 = 0.5λ0, R2 = 0.6λ0

Fig. 5 Normalized electrical far
field (H-plane) with cloak of for
different loss tangent

20 log |1 + W̄ s

W̄ i |, where W̄ s is the scattered electric field Ēs

or the magnetic field H̄ s , and W̄ i is the incident electric Ēi

or the magnetic field H̄ i . Figure 5 shows the normalized far
field pattern (electric field in H-plane) of cloaks with loss
tangent of 0.001, 0.005. From Fig. 5, it can be seen that the
backscattering (θ = 0o) is still zero, but scattered field in-
tensity in the other direction increases as the loss increases,
which is very different from that in the conventional stealth
case, where the scattered field intensity decreases as the loss
of coated material increases.

Since it is known that the constitutive parameters for a
perfect cloak are very difficult to realize, non-ideal mate-
rial parameters are more often used in the measurements.
Hence, it is necessary to study how the constitutive para-
meters’ perturbation quantitatively affects the performance
of the cloak. Figure 6 shows the calculated normalized
radar cross-section Qsca = 2

(k0R2)
2

∑
n(2n + 1)(|A2,n|2 +

|B ′
2,n|2) as a function of the normalized permittivity εt (R2 −

R1)/ε0R2 for R2 − R1 = 0.1λ0,0.3λ0, and 0.5λ0 when
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Fig. 6 Normalized scattering cross section of cloaks of different thick-
ness R2 −R1 as a function of εt (R2 −R1)/ε0R2 for R2 −R1 = 0.1λ0,
0.3λ0, and 0.5λ0 when μt = μ0R2/(R2 − R1) and R1 = 0.5λ0

μt = μ0R2/(R2 − R1) and R1 = 0.5λ0. From Fig. 6, it can
be seen that Qsca increases as εt changes from the ideal
parameter. Moreover, for a constant perturbation quantity,
Qsca decreases as R2 − R1 decreases, which means that a
thinner cloak can bring more stable invisibility characteris-
tics. Figure 7 shows the Qsca as a function of εt (R2 − R1)/

ε0R2 for R2 −R1 = 0.1λ0,0.3λ0, and 0.5λ0 when μt = η2
0εt

and R1 = 0.5λ0. In this case, the characteristic impedance of
the cloak is constant. From Fig. 7, it can be seen that Qsca

increases more rapidly than that shown in Fig. 6. The rea-
son is that μt in the case of Fig. 7 changes in direction ratio
with εt , which leads to a more rapid change in the refractive
index than that in the case of Fig. 6, where μt is constant. It
can be also seen from Fig. 7 that Qsca decreases as R2 − R1

decreases, which is in good agreement with that shown in
Fig. 6.

4 Conclusions

A metamaterial cloak illuminated by spherical electromag-
netic wave is rigorously analyzed. It is demonstrated that
metamaterial cloak with ideal parameters can be absolutely
invisible to a spherical incident wave. The field distribution
near the cloak is calculated and plotted. It is shown that
metamaterial cloak bends the electromagnetic wave around
the inner sphere. The scattering characteristics of the imper-
fect cloak with loss and perturbed parameters are also ana-
lytically established. The normalized far field patterns of the
cloak with different loss are calculated and compared. It is
shown that the scattered field intensity increases as the loss
increases. The normalized radar cross-section of the cloak
with perturbed parameters of different thickness are calcu-
lated and compared. It is shown that scattering cross-section

Fig. 7 Normalized scattering cross section of cloaks of different thick-
ness R2 −R1 as a function of εt (R2 −R1)/ε0R2 for R2 −R1 = 0.1λ0,
0.3λ0, and 0.5λ0 when μt = η2

0εt and R1 = 0.5λ0

of the cloak decreases as the cloak thins, which means that
a thinner cloak can exhibit more stable invisibility.
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