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ABSTRACT This paper describes a structural mechanics ap-
proach to modelling the mechanical properties of carbon nano-
tubes (CNTs). Based on a model of truss structures linked by
inter-atomic potentials, a closed-form elastic solution is ob-
tained to predict the mechanical properties of single-walled
carbon nanotubes (SWNTs). Moreover, the elastic modulus of
multi-walled carbon nanotubes (MWNTs) is also predicted for
a group of the above mentioned SWNTs with uniform inter-
val spacing. Following the structural mechanics approach, the
elastic modulus, Poisson’s ratio, and the deformation behav-
iors of SWNTs were investigated as a function of the nanotube
size and structure. Poisson’s ratio of SWNTs shows a chirality
dependence, while the elastic modulus is insensitive to the chi-
rality. The disposition of the strain energy of bonds shows quite
a difference between the zigzag and armchair tubes subjected
to axial loading. A zigzag tube is predicted to have a lower
elongation property than an armchair tube.

PACS 62.20-x; 62.20.Dc; 62.25+g

1 Introduction

Carbon nanotubes (CNTs) have attracted growing
interest due to their exceptional mechanical, thermal, and
electrical properties [1–6]. One potential application of CNTs
is in the development of CNT-based composites since the
inclusion of CNTs within various matrices can obviously im-
prove their physical properties. Qian et al. [7] have reported
that the addition of just 1 wt. % CNTs to polystyrene results
in an increases of elastic modulus and strength by approxi-
mately 35%–42% and 25%, respectively. In general, an ac-
curate assessment of the properties of individual CNTs is
essential for the development of CNT-based reinforced com-
posites. Hence, the mechanical properties of CNTs have been
the subject of a number of experimental [8–12] and theoret-
ical studies [13–29, 31–33] since their discovery in 1991.

Experiment methods for measuring the mechanical prop-
erties of CNTs are mainly based on the techniques of trans-
mission electron microscopy (TEM) and atomic force mi-
croscopy (AFM). Treacy et al. [8] have been the first to
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perform an experimental measurement of the elastic mod-
ulus in multi-walled carbon nanotubes (MWNTs). They
have obtained a value of 1.8± 0.9 TPa by measuring ther-
mal vibration using TEM. Later, a slightly lower value of
1.28±0.59 TPa with little dependence of nanotube diameter
was obtained by Wong et al. [9] using the AFM tip to bend
anchored MWNTs. Yu et al. [10] have measured the tensile
strength and modulus of MWNTs to be in the range from
11 to 63 GPa and 0.27 to 0.95 TPa, respectively. Krishnan et
al. [11] have reported a study on single-walled carbon nano-
tubes (SWNTs) using the TEM technique. The SWNTs had
a diameter range of 1.0–1.5 nm, and the elastic modulus was
measured to be the mean value of 1.25–0.35/+0.45 TPa.
Yu et al. [12] have also obtained the mechanical responses
of SWNT bundles under tensile loading. The values of elas-
tic modulus ranged from 0.32 to 1.47 TPa with a mean value
of 1.02 TPa, and a tensile strength from 13 to 53 GPa. These
experiments have contributed to confirming that CNTs have
exceptional mechanical properties. However, the experimen-
tal error bars are too large to state the characteristics of CNTs
of different sizes and structures.

Computational simulation for predicting mechanical
properties of CNTs has been regarded as a powerful tool rela-
tive to the experimental difficulty. The classical molecular
dynamics (MD) and ab initio methods [13–21] have been
used quite extensively. Yakobson and co-workers [13–16]
have used the MD method for simulating the elasticity and
plasticity properties, mechanism of strain release, and insta-
bilities beyond a linear response. They have used a many-body
interatomic potential with a continuum shell model and pre-
dicted an elastic modulus of about 5.5 TPa [13]. Hernandez et
al. [17, 18] have predicted the elastic modulus and Poisson’s
ratio of SWNTs with different chiral vectors. Using a tight-
binding method, they have reported a surface modulus of
0.42 TPa−nm. In general, ab initio methods gives more accu-
rate results than MD simulation. Lier et al. [19] have obtained
an elastic modulus of higher than 1 TPa by using the ab ini-
tio method. Lu [20, 21] has investigated the elastic properties
of nanotubes and nanoropes using an empirical force-constant
model. He has reported that Young’s modulus and the shear
modulus are less than 1.0 and 0.45 TPa, respectively. Odegard
et al. [22] have proposed modelling the CNT as a continuum
by equating the potential energy with that of the representative
volume element (RVE). They have also applied RVE methods
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to the constitutive model of CNT composite systems [23].
Ruoff and Lorents [24] have suggested the use of the elastic
modulus of graphite by neglecting the change in the atomic
structure when a piece of graphene sheet is rolled into a nano-
tube. For the mechanical properties of MWNTs, however, the
theoretical work is relatively sparse [25, 26]. Tu et al. [26]
have revealed the effective elastic modulus of MWNTs to be
dependent on their layer number and to have a large varying
range.

Molecular and solid mechanics have been highly de-
veloped to describe material properties with micro- and
macro-structures, respectively. However, an available com-
putational power is demanded for the MD method. A well
established continuum mechanics model on a nanoscale is
a challenging task for computational simulation. In this paper,
we present a closed-form expression for modelling the elastic
moduli of both SWNTs and MWNTs based on a truss struc-
ture model. The effects of tube curvature on the mechanical
properties of SWNTs are considered in the closed-form so-
lution. The elastic properties of CNTs, including the elastic
modulus, Poisson’s ratio, and the strain energy are discussed
as a function of nanotube size and structure.

2 The structure of carbon nanotubes

A SWNT is formed by folding a single graphene
sheet to form a hollow tube composed of carbon hexagons.
The fundamental carbon nanotube is classified into three cat-
egories in terms of their helicity [27]: zigzag, armchair, and
chiral. The atomic structure of carbon nanotubes can be in-
dexed by a pair of integers (n, m), corresponding to a lattice
vector Ch = na1 +ma2 on the graphite plane, where a1 and a2
are unit vectors of the two-dimensional graphene sheet. The
symmetry groups of carbon nanotubes are denoted by zigzag
(m = 0) and armchair (n = m) tubes. The integers (n, m)
uniquely determine the size of the SWNT. The radius, �n , of
nanotubes can be determined by using the rolling graphene
sheer model:

�n =
√

3b

2π

√(
n2 +m2 +mn

)
, (1)

where b is the carbon–carbon bond length.
Considering the effective wall thickness of SWNT, t, the

effective radius, �na, is defined as

�na =
√

3b

2π

√(
n2 +m2 +mn

)+ t

2
. (2)

For a MWNT, the number of layers, N, and the effective cross-
sectional area, Aeff, can be given as

N = 1 + (�o −�i)

h
,

Ae f f = 2πt

{
N�i +

N∑
i=1

(i −1)h

}
, (3)

where h is the distance between layers of the MWNT. �i and
�o are the innermost and outermost radii, respectively.

3 Theoretical approach
3.1 Molecular potential energy

The mechanical properties of solid materials must
ultimately depend on the strength of their interaction bonds.
The bonded and non-bonded interactions of the atoms in a mo-
lecular structure can be described by using molecular me-
chanics. The forces that exist for each bond are described by
the force field so that these forces contribute to the total mo-
lecular potential energy of a molecular system. In general, the
total potential energy of the force field can be expressed as the
sum of bonding and nonbonding energies:

Em =
∑

E� +
∑

Eθ +
∑

Eτ +
∑

Enb (4)

where E� , Eθ , and Eτ , are the bonding energy associated
with bond stretching, angle variation, and torsion, respec-
tively. Enb is the nonbonding energy that consists of van der
Waals forces and electrostatic interaction (see Fig. 1).

FIGURE 1 Molecular mechanics and frame structure model

In small strain conditions, harmonic energy functions are
generally used when the bond length of molecular systems is
near its equilibrium position. For the CNTs subjected to axial
loading, torsion and weakly nonbonding interactions can be
regarded as negligible. Therefore, the system potential energy
of the nanotube with carbon-to-carbon bonds can be simpli-
fied as [22]

Em = 1

2

∑
i

K�

i (∆bi)
2 + 1

2

∑
i

K θ
i (∆θj)

2, (5)

where ∆bi is the elongation of bond i , and ∆θj is the variance
of bond angle j . K�

i and K θ
i are the force constants associated

with the bond stretching and bending, respectively.
For the truss structure as shown in Fig. 1 (right), K� can

be used for modelling the axial deformation of the carbon-
to-carbon bond, and K θ for the angular distortion between
the bonds. The stretching and bending bonds are strongly
coupled. In the molecular force field of nano-structured mate-
rials subjected to lower load, the stretching and bending forces
can be given as

F = K�∆b,

M = K θ∆θ. (6)

3.2 Elastic properties for SWNTs

Figure 2 shows the schematic illustration of the
(5, 5) armchair tube subjected to axial tension. The molecular
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FIGURE 2 Schematic illustration of the (5, 5) armchair tube subjected to
axial tensile

mechanics model is substituted with a frame structure so as to
form an equivalent-continuum body with the truss structures.
Figure 3 shows the three-dimensional schematic illustration
of the force and moment acting on a bond, and the geometrical
relationship among the atoms. Ω is the plane perpendicular to

FIGURE 3 Analysis of forces and
geometrical relations for an armchair
tube

the axes of the nanotube, and n −n′ is a line of intersection
between the Ω plane and BAC plane. In CNTs with small cur-
vature, the atoms of the hexagonal lattice are no longer con-
fined to a plane when the graphene sheet is rolled. The angle γ ,
related to the curvature effect, is equal to π/2n (Fig. 3).

We now consider the force and moment exerted on a bond.
The stretch and angular deformations of the bond are caused
by the axial force and bending moment, respectively. For an
armchair tube subjected to the tension stress, σa, the force and
the moment acting on the AB bond can be given by

Q = σatb(1 + cos θ),

M = MA + MB = Qb cos θ. (7)

According to the elastic relations given by (6), we obtain the
equilibrium equations about the bond extension and angle
variation, given by

Q sin θ = K�δ
�

AB,

Mj = K θ(2∆θ)+ K θ|∆α| cos ϕ,

j = A, B, (8)

where δ
�

AB are the extension of the A–B bond. ϕ is the torsion
angle between planes containing C–A–B and B–A–D bonds.
Each bond connects with four other bonds and associates with
four bond angles. 2∆θ and ∆α in (8) are the two angle varia-
tions between the A–B bond and its adjacent bonds connected
with atom A (or atom B). According to the geometrical rela-
tion shown in Fig. 3 (right), we obtain

cos(π −α) = cos θ cos γ,

cos ϕ = tgθ

tg(π −α)
. (9)

Differentiating both sides of the first part of (9), we obtain the
relation between the neighbor bond angle variances as

∆α = − sin θ cos γ

sin(π −α)
∆θ. (10)
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The axial strain (εa) and the hoop strain (εh) of the arm-
chair tube can be given as

εa = δ cos θ + δ
�

AB sin θ

b sin θ
,

εh = δ
�

AB cos θ − δ sin θ

b(1 + cos θ)
. (11)

For an SWNT with an effective radius of, �na, the elastic mod-
ulus of an armchair tube is defined as

Ea = 2�nt

�2
na

(
σa

εa

)
. (12)

Substituting (7)–(11) into (12), we obtain the elastic mod-
ulus of an armchair tube:

Ea = 2�n

�2
na

(
sin θ

1 + cos θ

)
λa K θ K�

b2K� cos2 θ +λa K θ sin2 θ
, (13)

where

λa = 4 + 2 sin2 θ

sin α cos θ

cos γ

tg(π −α)
(14)

Poisson’s ratio of the armchair tube can be defined as the ratio
between the circumferential and the axial strains, so we have

νa = −εh

εa

= (b2K� −λa K θ ) sin2 θ cos θ

(b2K� cos2 θ +λa K θ sin2 θ)(1 + cos θ)
. (15)

The angle θ is regard as an almost unchanged constant when
a planar graphene sheet is rolled into a nanotube. Putting θ =
π/3 into eqns. (13), (14) and (15), gives the simplified elastic
modulus and Poisson’s ratio as follows:

Ea = λa K θ K�

3b2K� +9λa K θ

(
8
√

3�n

�2
na

)
,

νa = b2K� −λa K θ

b2K� +3λa K θ
, (16)

FIGURE 4 Analysis of forces and
geometrical relations for a zigzag tube

where

λa = 16 +2 cos2 γ

4 − cos2 γ
(17)

The variations of the bond length and angle with axial strain
are given by

δ
�

AB = 3bλa K θεa

b2K� +3λaK θ
, (18)

∆θ =
√

3b2 K�εa

b2K� +3λaK θ
,

∆α =
√

3 cos γ√
4 − cos2 γ

∆θ. (19)

The following theoretical approach for a zigzag tube is simi-
lar to that for the armchair tube. According to the geometrical
relation of the armchair tube shown in Fig. 4, we get

sin
α

2
= sin θ cos

( π

2n

)
,

tg
α

2
= cos ϕtgθ. (20)

When a SWNT is subjected to an applied stress, σz , the force
and the moment are given as

P = σz tb sin θ,

M = MA + MB = Pb sin θ. (21)

The equilibrium equations are

P cos θ = K�δ
�

AB,

2P = K�δ
�

AB, (22)

Mj = K θ∆θ + K θ |∆α| cos ϕ,

j = A,B. (23)
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The axial and hoop strains of the zigzag tube are given respec-
tively as

εz = δ sin θ + δ
�

AB cos θ + δ
�

BC

b(1 + cosθ)
,

εh = δ
�

AB sin θ − δ cos θ

b sin θ
(24)

Putting θ = π/3, we obtain the elastic modulus and Poisson’s
ratio of a zigzag tube, given as follows:

Ez = λz K θ K�

3b2K� +9λz K θ

(
8
√

3�n

�2
na

)
,

νa = b2K� −λz K θ

b2K� +3λz K θ
, (25)

where

λz = 8 −2 cos2 γ

4 −3 cos2 γ
(26)

The variation of the bond length and angle are given by

δ
�

AB = 3bλz K θεz

b2 K� +3λz K θ
,

δ
�

BC = δ
�

AB (27)

∆θ =
√

3b2 K�εz

b2K� +3λz K θ
,

∆α = 2 cos γ√
4 −3 sin2 γ

∆θ. (28)

Substitution of (18),(19), (27), and (28) into (5) can yield the
variation of the strain energy of CNTs with axial strain.

According to the condition of the continuum body, the ro-
tational shear modulus is easily given as

G = �4
na − (�na − t)4

t�4
na

(√
3

3

λi K θ K�

b2K� +λi K θ

)
, (29)

where the parameter λi (i = a, b) is taken by λa for an arm-
chair tube, and λz for a zigzag tube.

3.3 Elastic properties for MCNTs

MWNTs can be considered as a group of co-axial
SWNTs packed together with a uniform interval layer [5, 26].
We assume that all co-axial tubes of shells have the same
axial strain after loading on the two ends. The interactions be-
tween the neighboring tubes can be neglected since van der
Waals force is considered to be relatively weak. Therefore,
each individual tube has a structural feature with a mono-
layer of atoms. Based on classical elastic theory, the elastic
modulus can be estimated by the effective radius and cross-
sectional area of MWNTs. We yield the elastic modulus for
the MWNTs with an ignorable curvature effect:

Em = Aeff

πt
[
(�0 + t/2)2 − (�i − t/2)2

] 8
√

3K θ K�

b2 K� +18K θ
(30)

After substituting (3) into the above equation, the elastic mod-
ulus of the MWNT as a function of the number of layers, N, is
given by

Em = 8
√

3N

[(N −1)h +1]

K θ K�

b2K� +18K θ
, 1 < N ≤ 1 +2�o/h.

(31)

4 Results and discussions

In this computational simulation, the two main
types of carbon nanotubes, namely, the armchair and zigzag
tubes were discussed. The initial carbon–carbon bond length
was taken as 0.142 nm [27]. The predicted values of the elas-
tic properties were affected largely by the assumption of the
wall thickness of CNTs [28–30]. The assumptions of different
wall thickness, such as 0.066 nm [13], 0.69, and 0.57 nm [22],
have been reported in other publications. It should be pointed
out that the concept of the wall thickness of SWNTs does not
make any true sense since it is only given as a continuum as-
sumption. The wall thickness of SWNTs composed of atomic
structures should be regarded as quite thin. In the present
simulation, the effective wall thickness of the SWNTs’ layers
can be assumed to be zero. In the force field of CNTs, the force
constants of the stretching and bending were taken as those of
the graphene sheet [31]

K�/2 = 46 900 kcal/mole/nm2,

K θ/2 = 63 kcal/mole/rad2. (32)

The force constants of the graphene sheet will change slightly
in a rolled sheet. The simulation was valid only for the CNTs
whose radii are not very small since the model neglects the
effects of curvature on the force constants.

4.1 Elastic modulus

Comparing (16) and (17) with (25) and (26), we
find that the expressions for predicting an armchair tube have
the same forms as those for a zigzag tube except for the
difference in λa and λz . Based on the closed expressions,
Fig. 5 shows the variation of elastic modulus of SWNTs with
diameter. Both axial and shear moduli increase rapidly with
a decrease in nanotube diameter. For smaller tubes, the elas-
tic modulus of the armchair tube is slightly larger than that
of the zigzag tube. As the tube diameter increases, the elas-
tic modulus of the armchair and zigzag tubes begin to have
the same value. This result has been also obtained and dis-
cussed by an earlier MD simulation [2, 32]. A SWNT’s diam-
eter is usually in the range of 1.0–1.5 nm [11]. Based on
the present theory, we calculate the axial modulus of the
SWNTs to be 1.1–0.73 TPa, and the shear modulus to be
0.86–0.55 TPa. The maximum elastic modulus is estimated to
be about 2.2 TPa in the thinnest SWNT with a 0.43 nm diam-
eter. Figure 6 shows the comparison of the present theory with
the MD simulation. It can be seen that the predicted values ob-
tained from the nanoscale continuum model agree well with
those reported in the literature [28, 29].

MWNT’s diameters are usually in the range of 5.0–50 nm.
The distance between layers of the MWNTs is 0.34 nm [1, 3].
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FIGURE 5 Variation of elastic modulus with nanotube diameter for the
armchair and zigzag tubes

FIGURE 6 Comparison of the present theory with the existing MD simula-
tions

According to equation (31), the elastic modulus of MWNTs is
independence of the tube diameter. Figure 7 shows the varia-
tion of the elastic modulus of MWNTs with layer number. It
can be found that the elastic modulus of the MWNTs is depen-
dent on the number of shells and has a varying range of 1.6 to
0.8 TPa. However, the elastic modulus becomes insensitive to
the layer number when N ≥ 8 . Tu et al. [26] have reported that
the elastic modulus of MWNTs varied from 1.7 to 1.05 TPa up
to infinity for the double-walled nanotube.

4.2 Poisson’s ratio

Figure 8 shows Poisson’s ratio as a function of the
tube diameter for the armchair and zigzag tubes. Poisson’s
ratio of the zigzag tube exhibits more sensitivity to the diam-
eter than that of the armchair tube. As the diameter of the
SWNTs increases, Poisson’s ratio approaches a steady value
of 0.27, corresponding to that of the flat graphence, calcu-
lated by minimizing the strain energy [20, 21]. SWNTs are
predicted to have a Poisson’s ratio ranging from 0.27 to 0.33.

FIGURE 7 Variation of modulus with the layer number of WMCNTs

FIGURE 8 Variation of Poisson’s ratio with nanotube diameter for the arm-
chair and zigzag tubes

4.3 Strain energy

Based on the molecular potential energy given
by (5), the strain energy of armchair and zigzag tubes as
a function of the axial strain is shown in Fig. 9. The cal-
culated strain energy within elastic limits shows reasonably
agreement with that obtained from classical MD simula-
tions [28, 33]. The (10, 10) armchair and (17, 0) zigzag tubes
have a nearly equal diameter of 1.33 nm. It is found that the
strain energy of SWNTs is independent of the chirality but
depends slightly on the tube diameter. Comparing with the
(17, 0) nanotube, the (8, 0) nanotube shows a slightly lower
variation of strain energy with axial strain. For narrow diam-
eter nanotubes, the carbon-to-carbon bonds can be weakened
by the high curvature of the surface of the nanotubes.

Figures 10 and 11 show the strain energy of the bond
stretching and bending for the (10, 10) armchair and (17, 0)
zigzag tubes, respectively. According to the calculation, the
dispositions of the strain energy are quite different in the
zigzag and armchair tubes although their total strain energy
is almost the same. The strain energy subjected to axial load-
ing is mainly that of the bond stretching in atom structures.
The strain energy of the B−C bonds aligned along the axis of
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FIGURE 9 Strain energy per atom for nanotubes as a function of the axial
strain

FIGURE 10 Dispersion of the strain energy of bond stretching and bending
in an armchair tube

zigzag tubes is much higher than other bonds and bond an-
gles. From the atom deformation mechanics, the failure mode
of chemical bonds depends mainly on their bond elongation.
Due to the elongation of the B−C bond, the fracture of the
zigzag tube occurs at a lower strain when compared with the
armchair tube. The armchair tube has higher elongation and
strength properties than the zigzag tube.

5 Conclusions

Based on a link between molecular and solid me-
chanics, we present a simple approach to predicting the elastic
properties of CNTs. The closed-form elastic solution is able
to serve as a good approximation for the mechanical proper-
ties. The elastic modulus, Poisson’s ratio, and strain energy
are investigated as a function of the nanotube size and struc-
ture. According to the present model, we calculate the elastic
modulus to be 1.1–0.73 TPa for SWNTs, and 1.6–0.8 TPa for
MWNTs. Poisson’s ratio is predicted to be 0.27–0.33, which
shows the chirality dependence. Compared with the armchair
tube, the fracture of the zigzag tube is predicted to occur
at a lower strain since the bonds parallel to the axis of the

FIGURE 11 Dispersion of the strain energy of bond stretching and bending
in a zigzag tube

tubes are easily subjected to larger strain energy under tensile
loading.
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