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Abstract

In this paper, we focus on the propagation phenomena of a bistable man—environment
epidemic model with nonlocal dispersals, where there exists a positive feedback inter-
action between the concentration of infectious agent and infectious human population.
The monostable and bistable traveling wave solutions and three-wave entire solu-
tions are studied. First, by applying and developing the known results for monostable
case, we give a summary of the existence and asymptotic behavior of all monos-
table traveling wave solutions in two different monostable intervals and further find
some relationship between them. The existence of bistable traveling wave solutions
is obtained by introducing the results about monotone semiflows with weak com-
pactness. Second, we give twelve types of three-wave entire solutions, which contain
all possibilities of three-wave entire solutions originating from three traveling wave
solutions with different nonzero wave speeds, by constructing new auxiliary functions
and super- and sub-solutions for every type. We also show that these entire solutions
are globally Lipschitz continuous with respect to spatial variable. In addition, the
nonexistence result of entire solutions originating from more than four traveling wave
solutions is obtained.
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1 Introduction

Dispersal, as a common and important phenomenon in ecology and epidemiology,
describes the movement mechanism by which species move into a new area. Mathe-
matically, dispersal can be modeled by the following nonlocal dispersal operator:

u|—>J*u—u=/ J(x —y)u(y)dy —u,
RN

which describes the movements of organisms between not only adjacent but also
nonadjacent spatial locations. Compared with its local counterpart represented by
Laplacian operator (i.e., u — Au), nonlocal dispersal is more effective to study
the long-range dispersal phenomena, such as the rapid spread of infectious disease
across countries or continents by the travel of infected human (see Cannas et al.
2006; Hallatschek and Fisher 2014). Here, the kernel J is a nonnegative function
satisfying fRN J(x)dx = 1, and J(x — y) stands for the probability distribution of
the movement jumping from location y to x. Over the past two decades, the following
nonlocal dispersal equation with a reaction term

u,:J*u—u—i—f(u),xeRN, teR

has attracted extensive attention, and we refer to Bates et al. (1997), Carr and Chmaj
(2004), Coville et al. (2008), and Schumacher (1980) for the works on traveling wave
solutions, and Dong et al. (2021), Li et al. (2010), and Sun et al. (2011) for the works
on entire solutions. We also refer to Andreu-Vaillo et al. (2010), Bates (2006), Fife
(2003), Kao et al. (2010), and Murray (2003) for the works on other problems about
nonlocal dispersals.

In this paper, we focus on an epidemic model where both the dispersals of infectious
agent and infectious human population are nonlocal, and there is a positive feedback
interaction between the concentration of infectious agent and infectious human pop-
ulation, that is, once the human hosts infected, they will promote the growth rate of
bacteria, and in turn, an increase in the concentration of infectious agent can lead to
an increase in the infection rate of human population. This model is written as

u(x,t)y =Jyxulx,t) —ulx,t) —au(x,t) + h(v(x,1)), xeR,teR,
ve(x,t) = Jrxv(x,t) —v(x, 1) — Bolx, 1)+ gux, 1), xeR,relR.
(1.1)

Here, u(x, t) and v(x, t) biologically stand for the spatial densities of infectious agent
and infectious human population at location x and time ¢, respectively; o denotes
the natural death rate of infectious agent; 1/8 is the infectious period of infectious
human population; i (v) means the growth rate of infectious agent due to the infectious
human population; g () stands for the infection rate of the human population under the
assumption that the total susceptible human population is constant during the evolution
of epidemic. In the system (1.1), the dispersals of infectious agent and infectious human
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population are described by

Jiku(x,t) —u(x,t) = / Ji(x = yu(y, )dy —u(x, 1),
R

Jxv(x,t) —v(x, 1) = / JH(x —yyv(y, )dy —v(x, 1),
R

respectively. The nonlocal dispersals describe the long-distance movements of infec-
tious agent and infectious humans across cites or countries by air traffic and other
long-distance transportation. The system (1.1) can model the spread of the epidemic
by fecal—oral transmission such as typhoid fever, cholera, hepatitis A, and poliomyeli-
tis. Fecal—oral transmission occurs when infectious agents in the fecal material from an
infected individual contaminate food or water, which is ingested by a second individ-
ual. Hence, fecal-oral route transmission is classically associated with contamination
of water by human or animal waste. In (1.1), the nonlocal dispersal of infectious agent
can be regarded as the long-distance transportation of infected food and water.

If infectious human do not move during the infectious period (for example, they
are in sickbeds or quarantined probably), (1.1) reduces to the following degenerate
model:

ur(x,t) = Jyxulx,t) —ulx,t) —aulx,t) + h(v(x, 1)), xeR,teR,
ve(x,t) = —poulx,t) + g(u(x, 1)), xeR,t el

(1.2)

In addition, when the movements of infectious agent and infectious human population
happen only between adjacent spatial locations, the local dispersal is more realistic
and the local dispersal model is written as

{ ur(x, 1) = Au(x, 1) —au(x,t) + h(v(x, 1)), xeR, teR, 13

v(x, 1) = Av(x,t) — Buv(x,t) + gu(x, 1)), xeR,teR.

The model (1.3) has been previously considered by Capasso and Maddalena (1981,
1982) to study the spread of cholera in the European Mediterranean region in 1973.
With some suitable modifications, (1.3) was also used by Capasso and Wilson (1997)
to model other epidemics with fecal—oral transmission.

In these epidemic models, the study of the wave propagation phenomena such as
traveling wave solutions and entire solutions has attracted a number of researchers.
A traveling wave solution is a special solution that keeps its shape while moving at
a constant speed, and it can describe the spread of the infectious disease from an
outbreak to an endemic disease. An entire solution means a classical solution defined
in the whole space and at all time ¢ € R. Mathematically, the study of entire solutions
can help us to understand the structures of the global attractors, and biologically,
different entire solutions represent different propagation patterns of disease. Hence, it
is important and interesting to find more entire solutions. Since the pioneering works
on reaction—diffusion (local dispersal) equations by Hamel and Nadirashvili (1999,
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2001) for monostable case and Yagisita Yagisita (2003) for bistable case, there have
been large amounts of research on entire solutions for various models, see, e.g., Chen
and Guo (2005), Chen et al. (2006), Fukao et al. (2004), Li et al. (2008), and Morita
and Ninomiya (2006). Particularly, for the local dispersal model (1.3), we refer to
Hsu and Yang (2013), Volpert et al. (1994), Xu and Zhao (2005), and Zhao and Wang
(2004) for the works on traveling wave solutions, and Wu and Hsu (2016) for the
works on entire solutions. For the nonlocal dispersal model (1.1), we refer to Li et al.
(2017) and Meng et al. (2019) for the works of monostable traveling wave solutions
and entire solutions. We also refer to Hu et al. (2015) for the works of monostable
traveling wave solutions in m-component cooperative systems which contain (1.1) as
a special example.

Note that the aforementioned works for (1.1) have essentially considered only
monostable traveling wave solutions and two-wave entire solutions. To the best of our
knowledge, there is no result about bistable traveling wave solutions or three-wave (or
more) entire solutions of (1.1). Here, we say (u, v) is a N-wave entire solution if it
originates from the N traveling wave solutions (c;, ¢ j)jzl N, in the sense that,

,,,,,

N
lim sup [, v)(x.0) = ;(x+cjt+9))| ] =0, (1.4
——00 ) )
pi()=x=<pj+1(t)

j=1
where {#;};=1,.. n denotes some constant and {0;(#)}j=1,.. ny+1 is some function
satisfying p;(t) < pjy1(t), p1(t) = —o0, and py11(f) = +o0. In fact, even for
(1.2), there are almost no results on bistable traveling wave solutions and N-wave
entire solutions except the works by Zhang et al. (2016) for two-wave entire solutions
and Wu et al. (2018) for three-wave entire solutions. However, the study of (1.1) is
much more difficult than (1.2), since (1.1) is essentially a two-component nonlocal
dispersal (integral) system but (1.2) can be transformed into a scalar nonlocal dispersal
equation by substituting v(x, 1) = e Pv(x,0) + fot P D g(u(x, s))ds (from the
second equation) into the first equation of (1.2). We also refer to Chen et al. (2018)
and Dong et al. (2021) for the three-wave entire solutions of scalar bistable equations,
and Guo and Wu (2019) for Lotka—Volterra diffusion—competition models.

The aim of this paper is to study monostable and bistable traveling wave solutions
and three-wave entire solutions in the system (1.1) with two stable equilibria Ey =
(0,0) and E; € Int(Ri) and an unstable equilibrium E| € (Eq, E>). Throughout this
paper, we always use the standard ordering in R2. That is, for any u = (U1, u2), v =
(v, v),wewriteu >vifu; >v;,i =1,2;u>vifu; >v;,i =1,2;andu > v
if u; > v; withi = 1,2 but u # v. For any r,rp € R2 with r; < rp, we define
[ri,m] ={u e RZ:prm <uc< rp}and (r1,r) = {u € R2:r <u< r2}. For any
v € R2, |lv|| means the Euclidean norm.

First, we study both monostable and bistable traveling wave solutions. Note that
although (1.1) is bistable in the interval [ Eg, E»], it also has two monostable intervals
[Eo, E1] and [E, E>]. In the intervals [Eg, E1] and [E|, E»], we give a summary of
the existence and asymptotic behavior of all monostable traveling wave solutions by
applying and developing the known results for [ Eg, E1] (see Lietal. 2017; Meng et al.
2019) into [E1, E»]. Furthermore, we find some relationship of monostable traveling
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wave solutions between these two monostable intervals, that is, the rightward (or
leftward) traveling wave solution in [Eq, E1] has the same minimal wave speed as
that in [E1, E»], and when their wave speeds are equal, they also have the same
exponential decay rate. In the interval [Ep, E2], we give the existence of bistable
traveling wave solutions by introducing the result given by Fang and Zhao (2015)
for monotone semiflows with weak compactness. The asymptotic behavior of these
bistable traveling wave solutions is also obtained by studying the associated eigenvalue
problems.

Second, we construct twelve types of three-wave entire solutions. In the construc-
tion, we only choose traveling wave solutions with nonzero wave speeds. Under this
consideration, these twelve types contain all possibilities of three-wave entire solu-
tions which originate from three traveling wave solutions (c;, ¢ j ) j=1,2,3 with different
nonzero wave speeds. The sketchy profiles as 1 — —oo of these entire solutions are
depicted by Figs. 1 and 2. In fact, the construction of a N-wave entire solution origi-
nating from (c;, ¢ ;) j=1,... v is essentially a procedure linking the profiles of ¢ ; with
¢ forany j =1,..., N—1.Thetools are a pair of suitable super- and sub-solutions
constructed by some appropriate auxiliary functions. Although the idea of linking two
traveling wave solutions by super- and sub-solutions comes from Chen et al. (2018)
and Morita and Ninomiya (2006), the difficulty is how to construct appropriate auxil-
iary functions and corresponding super- and sub-solutions for different types of entire
solutions and different models. We construct new auxiliary functions and super- and
sub-solutions only for the first six types of three-wave entire solutions (see Fig. 1), and
the last six types (see Fig. 2) can be easily obtained from the first six types by a symmet-
ric transformation on space R. By applying these auxiliary functions and super- and
sub-solutions, the existence of these twelve types of entire solutions is given. Under
some appropriate conditions, we have that these twelve types of entire solutions are
globally Lipschitz continuous with respect to x. In addition, the nonexistence result of
entire solutions originating from more than four traveling wave solutions is obtained.

The rest of this paper is organized as follows. In Sect. 2, we give the existence and
asymptotic behavior of all monostable and bistable traveling wave solutions of (1.1).
In Sect. 3, we focus only on the construction of the three-wave entire solutions. The
nonexistence result of entire solutions originating from more than four traveling wave
solutions is also obtained. The proofs of three important lemmas in Sect. 3 are given
in the Appendix.

2 Traveling Wave Solutions

In this section, we study monostable and bistable traveling wave solutions of (1.1).
We first give the main assumptions. Let g(-) and 4(-) be two functions satisfying

Jd1) g € CHM(@R), h € CH72(R) for some y1,y» € (0,1), g(0) = h(0) = 0,
g'(u) > Oforu > Oand ' (v) > Oforv > 0, and the function f (1) £ h(%)—au
is bistable, in the sense that there exists u] € R and u} € R such that f(u}) =
f@w3) =0, f'(0) = g"(0)h'(0)/p —a <0, f'(u}) > 0,and f'(u3) < 0;
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Fig. 1 The sketchy profiles of the first six entire solutions as t — —oo

2) g'wy) = (gw)—gw?))/(u—uf)foru € [0, ujland A’ (v]) = (h(v)—h(V}))/(v—
vi) for v € [0, vi], where v} £ g(u})/B and v} = g(u3)/B.

By (J1), it is clear that (1.1) admits three nonnegative equilibria: two stable equilibria
Ep = (0,0) and E> = (u3, v3), and an unstable equilibrium E; = (u}, v{). Similar
to the Fisher—KPP assumption (namely f(u) < f’/(0)u) in a monostable reaction—
diffusion equation, the purpose of (J2) is to ensure that the minimal wave speed is
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Fig.2 The sketchy profiles of the last six entire solutions as t — —oo

linearly selected. For example, according to Corollary 3.2 in Xu et al. (2020), we
can obtain that for the monostable traveling wave solution connecting £ and E», the
minimal wave speed ¢, must satisfy cmin > cr, where ¢y, is defined in (2.2) later. If
cmin = CL, then we say that the minimal wave speed is linearly selected; otherwise,
i.e., cmin > CL, We say that the minimal wave speed is nonlinearly selected. Next, we
give an example of g(u) and h(v) as follows:
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gu)y=2¢ [sin (gu — %) + 1] , h(v) = av.

Then, the model (1.1) has three equilibria (0, 0), (1, 1), and (2, 2). Some calculations
show that g’ (0)1/(0) = g’ (2)h’(2) = 0 < afB, which implies that (0, 0) and (2, 2) are
stable, and g’ (1)h'(1) = Fapf > af, which means that (1, 1) is unstable.

Suppose that Ji(-) and J>(-) are two continuous and nonnegative functions satisfy-
ing

(d3) Fori € {1,2}, J; € C!(R), J! € L'(R), [ Ji(x)dx = 1 and J;(x) > O for
x € R. Moreover, there exist x;” € R™ and x;r e RT such that J; (xl.i) > 0;
(J4) J; has compact support and denote m := sup{|y| : y € supp(J;),i = 1,2} > 0.

Note that J; and J; in this paper may be asymmetric on R.

Let (u(x, 1), v(x, 1)) = (@), ¥ (&)) with & = x + ct be a traveling wave solution
of (1.1) connecting E; and E;, where (¢, ¥) € Cl(R, R?). By substituting it into
(1.1), we get that

2.1)

@' (&) = T *9) — (&) —ap®) + h(Y (),
' (€)= L x Y (&) — Y& — BY () + glp®)),

and the asymptotic boundary conditions are
lim (¢(§), ¥ (§)) = Ei, lim (&), ¥ (&) = E;.
§—>—00 &§—+oo

The main results of this section consist of two parts. First, in Sect. 2.1, we summarize
the results about the existence and asymptotic behavior of all monostable traveling
wave solutions in intervals [Eg, E1] and [E, E»], and further find some relationship
between the traveling wave solutions in these two monostable intervals. Second, in
Sect. 2.2, we introduce the theory by Fang and Zhao (2015) about the monotone
semiflows with weak compactness and obtain the existence of bistable traveling wave
solutions. The asymptotic behavior of bistable traveling wave solutions is also given
by studying the corresponding eigenvalue problem.

2.1 Monostable Traveling Wave Solutions

Although the system (1.1) satisfies the bistable assumption (J1), it also admits
some monostable traveling wave solutions, which play a very important role in the
construction of entire solutions in Sect. 3. Indeed, if we restrict (u, v) in the interval
[Eo, E1] or [Eq, E2], then (1.1) can be regarded as a monostable system. Define

c(h) = % |:FL, (0,2) + Fy(0, %) + \/(FM(O, ) — Fy(0,0))2 + 4g/(uT)h/(vT)i| for A # 0,
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where
Fy(c,)) = fR N(@e Mdz —1—ch—a,
Fy(e,2) = ‘/RJZ(Z)e#‘ZdZ —1—cr—8B.
By Theorem 2.1 in Xu et al. (2020), we can define

cp £ inf c(1) and cg £ sup c(}), 2.2)
reR* reR™

and it holds that
CR < CL. (2.3)

The existence of all monostable traveling wave solutions in (1.1) is given by the
following two theorems, which are straightforward consequences of Hu et al. (2015,
Theorem 3.6), Li et al. (2017, Theorem 2.1), and Xu et al. (2020, Corollary 3.2).

Theorem 2.1 Assume (J1)—(J4) hold. Then, for any ¢| < cg, (1.1) admits a nonde-
creasing monostable traveling wave solution ®1(x + c1t) satisfying

®i(—00) = Ey, P1(+00) = Ey. 24

Moreover, (1.1) has no traveling wave solution ®1(x + c1t) with ¢; > cg satisfying
(2.4). Similarly, for any ¢1 > cr, (1.1) admits a nonincreasing monostable traveling
wave solution @ (x + ¢1t) satisfying

dy(—00) = E1, ®1(+00) = Ey. 2.5)

Moreover, (1.1) has no traveling wave solution &)1 (x 4 ¢1t) with ¢| < ¢, satisfying
(2.5).

Theorem 2.2 Assume (J1)—(J4) hold. Then, for any c; > cr, (1.1) admits a nonde-
creasing monostable traveling wave solution ®,(x + ct) satisfying

®y(—00) = E, P2(+00) = Es. (2.6)
Moreover, (1.1) has no traveling wave solution ®,(x + cat) with ¢y < ¢y, satisfying
(2.6). Similarly, for any ¢o < cg, (1.1) admits a nonincreasing monostable traveling
wave solution ®,(x + ¢at) satisfying

®y(—00) = Ea, da(400) = Ej. 2.7)

Moreover, (1.1) has no traveling wave solution &Dz(x + Cat) with ¢y > cg satisfying
2.7).
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Remark 2.3 The traveling wave solution with nonzero wave speed in Theorems 2.1 and
2.2 is unique up to translation. When the wave speed is equal to zero, the continuous
traveling wave solution is unique up to translation. We refer to Coville et al. (2008) for
more details about the uniqueness of traveling wave solutions in a nonlocal dispersal
equation.

Now, we consider the asymptotic behavior of these traveling wave solutions. For ¢
and A € R, define the functions

FO(Cs )‘*) = Fu(cs )") : Fv(cv )") - h/(o)g/(o)v
Ti(e, 2) = Fu(c, 1) - Fy(c, ») — h'(v])g' (u}),
Ta(c, 1) = Fu(c, ) - Fyle, ) — B (v3)g' (u3).

For any fixed ¢ € R, we consider the equation I';(c, ) = 0 with i € {1, 2, 3}. The
following two lemmas study the number of its roots.

Lemma 2.4 Assume (J1), (J3), and (J4) hold. Then, for any fixed c € R, T'i(c,A) =0
with i € {0, 2} has exactly two negative roots and two positive roots.

Proof We only consider the equation 'g(c, A) = 0, since the other case is similar.
Some simple calculations imply that

92F,(c, 1)

F,(c,0) <0, AETOO F,(c,\) = 400, and 912

> (0 forany A € R.

Then, the equation F,(c, A) = 0 has two real roots A, (¢) € (—o0, 0) and )J(c) €
(0, 400) by the continuity of F,(c, A) with respect to A. Similarly, the equation
Fy(c, ) = 0 has two real roots A, (c¢) € (—0o0,0) and Aj(c) e (0, +00). It is
easy to check that

ICo(c, £00) = +oo, To(c,0) = af — 1’ (0)g'(0) > 0,
To(c, ») < 0for A € [min{A,} (c), A (0)}, max{A} (c), A (e)}].

Thus, the equation I'g(c, 1) = 0 has a unique root in (max{; (c), A} ()}, +00) and
at least one root in (0, min{A," (c), ;7 (c)}). Applying a similar method to the proof
of Li et al. (2017, Lemma 2.6), we can obtain that I'g(c, A) = 0 has at most one root
in (0, min{)»;Ir (c), Aj(c)}). Then, the equation I'g(c, A) = 0 has two positive roots.
Similarly, the equation I'g(c, 1) = 0 has two negative roots. It completes the proof. O

Lemma 2.5 Assume (J1)—(J4) hold. For ¢ > ¢y, I'1(c, ») = 0 has and only has three
different positive roots. When ¢ = ¢y, I'1(c, A) = 0 has two different positive roots.
Similarly, for ¢ < cg, T'1(c, X) = 0 has and only has three different negative roots.
When ¢ = cg, I'1(c, M) = 0 has two different negative roots.

Proof For the case ¢ > ¢, the proof can be obtained by a similar method to Li et
al. (2017, Lemma 2.6). For the case ¢ < cg, consider

[(c, ) £ Ti(—c, 1) = Fy(—c, —1) - Fy(—c, —1) — K (v})g'(u})
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with
F,(—c, —}) = / L()e*dz —1—ch —a,
R

Fy(—c, =) = / Jr(z)e*dz — 1 —ex — B.
R

By substituting J; (z) for J; (—z) with i € {1, 2}, we see tl~1at the equation f‘(c, AN =0
has the same property of roots as I'1 (¢, ) = 0. Namely, I'(c, A) = 0 has and only has
three different positive roots for ¢ > ¢y, and two different positive roots for ¢ = ¢,
where

- . 1
L= xlelg+ {ﬁ [Fu(0, =A) + F,(0, =2)

- (Fu(0. 1) = Fy(0. —1) + 4g'(u7)h'(v;‘)“ .

A simple calculation shows that ¢;, = —cg, which completes the proof. O

For ¢ € R, we define

)»a’ (c) = the smallest positive root of I'g(c, A) = 0,
Ay (c) = the largest negative root of I'g(c, 1) = 0, 28)
)»2+ (c) = the smallest positive root of I'2(c, A) =0, '

A, (c) = the largest negative root of I'2(c, A) =0,
and

)LT (c) = the smallest positive root of I'1 (¢, ) = 0 forc > ¢; > 0,

A] (c) = the largest negative root of I'j(c, A) =0forc <cg <0.

The asymptotic behavior of all monostable traveling wave solutions is given by the
following two theorems. Since the calculations for different cases in the proof are
analogous and similar to Li et al. (2017, Theorem 2.2), we omit them.

Theorem 2.6 Assume (J1)—(J4) hold. Let ®|(x + ¢ t) and d, (x + ¢11) be the nonde-
creasing and nonincreasing traveling wave solutions with ¢1 # 0 and ¢1 # 0 in (1.1)
as given in Theorem 2.1. Then, all the following limits exist in RT™ x R™ and

() forer < cp. lim (Ej = @1(6)/ % = = lim ®{(§)/ (A (c)eh V%),
forei=cg, lim (Ey=®1())/ (51" == lim ®}(€)/ Gy enlle’s ),

. + . , +
forer cp. lim @1(5)/e (V8 = lim @)/ (g (cr)e™ ),
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(i) for &y > er, lim (= &)/ = — lim &©)/0f @ %),

A~ . A +a . A A
foréy = er, lim (Ey = ®16)/(§1eM @) = = lim & ©)/(f @]
M @EDEY,
foréy = cp, lim ®1(E) /et @5 = lim & (§)/ (g (61)er0 €.

£—+o00 §—>+00

Theorem 2.7 Assume (J1)—(J4) hold. Let ®,(x + c»t) and <i>2(x + Cat) be the nonde-
creasing and nonincreasing traveling wave solutions with ¢y # 0 and ¢y # 0 in (1.1)
as given in Theorem 2.2. Then, all the following limits exist in R* x R™ and

() forcy > ey, tim (Dy(8) — E) /el (€25 = lim D) (&)/ (O] (ca)eht @),
——00 ——00
forex=cy, lim (P2(6)—E1)/ (€M 28)= Jim @) &)/ (M () |E]eM %),
——00 ——00
forexz e, lim (Ey — @3(8))/e"2 (D% = — lim _®)(§)/(4; (c2)e™2 D%),
E—+o0 E—+4o00
(i) for ¢ < cg, _lim (P2(8) — Ep)/e1 @5 = Tim ®L(&)/(h] (G2)eh DF),
£—+o00 £—+00
forés =cg, lim (®2(&)—Ep)/(|Ele*1 %) = Lim ®,(E)/(A] (E2)]E]eM (©2F),
E—+o0 E—+o00

forés < en Nim (Ey = $2(6)/e3 @6 = — lim &)(6)/(0] (@2)e3 @),

From Theorems 2.1, 2.2, 2.6, and 2.7, we can get some relationship between the
traveling wave solutions in the intervals [Eg, E1] and [E1, E>]. We see that the two
rightward traveling wave solutions ®; and @, have the same minimal wave speed.
And when their wave speeds are equal, they also have the same exponential decay
rate as & — 4-00. The difference is that @ is in the interval [Ey, E], while Ci>2 is in
[E1, E3], and hence the convergence ®| — E| is from below, while the convergence
®, — E| is from above. Similarly, for the two leftward traveling wave solutions dA>1
and ®,, although the convergence Ci>] — Ej is from below, while the convergence
®, — Ej is from above as § — —oo0, they have the same minimal wave speed, and
when their wave speeds are equal, they also have the same exponential decay rate.

2.2 Bistable Traveling Wave Solutions

In this subsection, we introduce the theory developed by Fang and Zhao (2015) about
the monotone semiflows with weak compactness, and study the existence and asymp-
totic behavior of bistable traveling wave solutions in (1.1).

First, we give some notations. Let X be an ordered Banach space with the norm
|l - |l and the cone X, Assume that Int(X") is not empty. Let C denote the set of
all bounded and continuous functions from R to & and let M denote the set of all
nondecreasing functions from R to A. We equip C and M with the compact open
topology and the standard cone consisting of all nonnegative functions. For any u, v €
H with H € {X,C, M)}, wewrite u > vifu—v e H;u > vifu > v but
u # v;and u > vifu —v € Int(H"). For any r1,» € X with r| < rp, we
define Hj, ) = {u € H : r1 < u < r2} and write H|o - as H, for short. We say
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{Q/}:>0 is a semiflow on M}, when it satisfies that Q¢ = I where [ is a identity map,
Q:0 Qs = Qtys forany ¢, 5 > 0, and Qy, [¢,1(y) — O:lel(y) in &} for almost all
y € R whenever t, — ¢ and ¢,, — ¢ in My,

Let Q be a map from My, to My, with two fixed points 0 and b. We denote E by
the set consisting of all fixed points of Q restricted on A}. The following definition
states the stability of fixed points.

Definition 2.8 For Q : M}, — My, a fixed point a € E is said to be strongly stable
from below if there is a constant § > 0 and a unit vector e € Int(X'") such that for any
n € (0, 4],

Ola — nel > a — ne. (2.9)

Strong instability from below is defined by reversing the inequality (2.9). Similarly,
we can define strong stability and strong instability from above.

Now, we give some fundamental assumptions on Q.

(B1) (Translation Invariance) Ty o Q[¢p] = Q o Ty[¢] forall ¢ € Mp and y € R,
where Ty[¢](x) := ¢ (x — y).

(B2) (Continuity) Q : My — My, is continuous in the sense that if ¢, — ¢ in My,
then Q[¢,](x) — Q[¢](x) in A} for almost all x € R.

(B3) (Monotonicity) Q is order preserving in the sense that Q[¢] > Q[¢] whenever
b =0

(B4) (Weak Compactness) For any fixed y € R, the set Q[ My,](y) is precompact in
Xp.

(BS) (Bistability) Fixed points 0 and b are strongly stable from above and below,
respectively, for the map Q : Ay — Ap. The set E \ {0, b} C A} is totally
unordered.

Foreach a € E \ {0, b}, it follows from the assumption (B5) that Q has no other fixed
point in both M[a b7 \ {a, b} and Mg a7 \ {0, a}. In view of the assumption (B5), there
are constants 81, 8, > 0 and unit vectors ej, e; € Int(X™) such that Q[ne;] < ne;
for n € (0,61] and Q[b — ne>] > b — ne; for n € (0, §2]. Denote 6~ = sup{f €
[0,1]: a4+ (1 —0O)b e X[b—(Szez,b]} and 01 = sup{G €[0,1]:0a e X[O,Elel]}- Let
v-=0"a+ (1 —60")band vt = 61 a. Define

c* (a,b) = sup {c €R:  lim 0" 1(x) = b} , (2.10)
(0, a) =sup{ceR: H(Li)m( Q"¢ 1(x) =0}, 2.11)

where the continuous initial functions ¢ € My, satisfy that

¢, (x) =aforx < -1, ¢, (x) =v~ forx >0,

¢ (x) =aforx > 1, ¢ (x) =vT forx <0.

We further assume that
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(B6) (Counter-propagation) For each a € E \ {0, b}, c* (a, b) + ¢7 (0, a) > 0.

As stated in Fang and Zhao (2015), assumption (B6) can ensure that the spatial propa-
gation directions of the two monostable systems restricted on M, ) and Mg a) with
front-like initial data are opposite.

Let C(M, R4 ) denote the set of all continuous functions from the compact metric
space M to the d-dimensional Euclidean space R? with the maximum norm and
the standard cone consisting of all nonnegative functions. The following theorem
shows the existence of nondecreasing bistable traveling wave solutions in monotone
semiflows with weak compactness. It is a key tool to study bistable traveling wave
solutions in (1.1).

Theorem 2.9 (see Fang and Zhao 2015, Theorem 5.3) Let X = C(M, RY). Assume
that {Q,}i>0 is a semiflow on My and for any t > 0, the map Q, satisfies (B1) and
(B3)—(B6). Then, there is a constant ¢ € R and a nondecreasing function ¢ € My
connecting 0 to b such that Q;[¢](x) = ¢(x + ct) for x € R.

In what follows, we apply Theorem 2.9 and prove the existence of bistable traveling
solutions connecting Eg and E; in (1.1). Note that we usually choose X' = C(M, R9)
to study some more complex systems, such as the time-periodic reaction—diffusion
systems and the nonlocal dispersal equations with time delay (see, e.g., Fang and
Zhao 2014, 2015). However, in (1.1), we only need to choose X = R? with the
Euclidean norm | - ||, which means that M is a singleton. Let P(¢) be the solution
semigroup of the following nonlocal dispersal equation:

ur=J*u—u, xeR,t>0,
u(x,0) = p(x), x e R.

As stated in Weng and Zhao (2006), P(¢) can be written as

o0

POIRID) = Y —an@)(), 2.12)

m=0 "

where ag(¢) = ¢ and a,,, (¢) = J *apyu—1(¢) form > 1. Now, we consider the Cauchy
problem of the system (1.1) as follows:

ur(x, 1) = Jyku(x,t) —u(x,t) —au(x,t) +h@wx, 1), (x,1) R xR,
vi(x, 1) = L xv(x,t) —v(x,t) — Bu(x,t) +gu(x, 1), (x,t) e RxRT,
(u(x,0),v(x,0)) = ¢(x), x e R.
(2.13)
Let

—au + h(v)

o=, Fw) = (_ﬁv+g(u)

) and P(¢) = diag (P1 (1), P>(1)),
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where P;(¢) withi € {1, 2} is defined by (2.12) with substituting J; for J. Then, (2.13)
can be written as

t
o(x, 1) =P@)[#](x) +/ Pt —9)[F(o(,s)](x)ds, x €R, 1 =0.
0

By applying the standard contracting mapping theorem or the theory of abstract
functional—differential equations in Martin and Smith (1990), the existence and
uniqueness of the solution of (2.13) can be obtained as follows.

Lemma 2.10 Assume (J1) and (J3) hold. For any ¢ € Mg, (or Cg,) with Ey <
¢ < Ej, the system (1.1) has a unique solution w(x,t; ¢) on R x [0, 00) satisfying
w(x,0; ¢) = ¢p(x), and moreover, Eqg < w(x,t; ¢) < E».

Fort > 0,let Q; : Mg, — Mg, satisty Q;(¢) = w(-, t; ¢). It is easy to check
that Q; satisfies assumptions (B1) and (B4) for any r > 0. Next, we show that {Q;};>0
is a semiflow on Mg, and Q; satisfies assumption (B3) for any ¢ > 0.

Lemma 2.11 Assume (J1) and (J3) hold. Then, {Q;};>0 is a monotone semiflow on
MeEg,.

Proof For any t > 0, we first show the monotonicity of Q; on Mg,. By (J1), the
function F : Xg, — R? is Lipschitz continuous and cooperative. Thus, we can
choose a sufficiently large constant a > 0 such that the function F, (@) := F(®) + aw
is nondecreasing on Xf,. Then, (2.13) can be written as an abstract integral equation
on Mg,, namely

1
o) = e “P(1)[p] + / e U=IP — §)[F,((s))]ds, 1 > 0.
0

By a similar argument to Thieme (1979, Lemma 3.2), we can prove that Q; : Mg, —
M E, is monotone for any ¢ > 0.

It suffices to prove that Q;, is continuous for (¢, ¢) € Rt x M E, With respect
to the compact open topology. For any given ¢ € ME,, it follows from (1.1) that
g—ta)(x, t: ¢) is bounded in R? for any (x,1) € R x RT. Then, there exists a constant
L = L(¢) > 0 such that

lo(x, t1; ¢) —w(x, t2; @)|| < L|t; —t2| forany x € Rand #1,1 > 0.

Therefore, for any ¢ € M,, the function 7 — Q;(¢) = @(-, 1; ¢) from RT to Mg,
is continuous with respect to the compact open topology.
For any ¢1, ¢2 € MEg,, € > 0, and tp > 0, we define

y(x, 1) = (i(x, 1), ya(x, 1) = (ux, 15 1) — ulx, 15 ¢2), v(x, 1; ¢1) —v(x, 15 ¢)),

k= sup yi(x,1), ko= sup ya(x,1),
xeR,t€[0,1] xeR,r€[0,19]

N = max g'(u), N = max i’ (v),
[0,43] [0,v%]
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, 2 €
= , &€= s
2(1 + max{Ny, Na}tg)eN1 M2 2 4 €0 + max{N1, Na}to
Qpz) =[-p+z,pt+zlforp>0,z€eR, lplg,c= sup lpx)|.

x€Q,(2)

€

Then, there exist (x}, ¢{) and (x3, £3) in R x [0, #o] such that
ri(x, ) < yi(xf i) + e ya(x, 1) < (x5, 15) + &, (x,1) € R x [0, 10].

We choose M; with i = 1, 2 sufficiently large such that

I
Jipdy < ———, i =1,2.
/|x;‘—y|zMi l max{ki, k2}

First, we consider the case ¢1 > ¢>. The monotonicity of Q; implies @(x, ¢; ¢1) >
w(x,t; ¢2). It follows that

t
(1) < PO G 010 + /O PL(t — 9)[Naya (-, $)(x)ds,

t
y2(x, 1) = Pa(0)[y2(-, 0)](x) +/0 Pyt = $)[N1y1(:, )] (x)ds.

According to Weng and Zhao (2006, Lemma 3.1), there is a sufficiently large number
M/ in (M;, +o0c) and a small number § > 0 such that P(1)[¢](x]) < (1 4+ )" for
t € [0, ro], provided that ¢ € M satisfies ||¢ (x)|| < § for any x € QM{(xi*)' Choose
M > max{M;, M,} sufficiently large such that QM[/(x;k) C Qu0). If |lp1(x) —
dr(x)|| < 6 for x € Q2)7(0), then

V1C Dleyo <&+ 6T ) < e+ P, 01:7)

p
+ N / LT = )2, )]s
0
.
<&+ (1+ee+ Natfe + Na / 722 9l opds
0

fo
§E’+N2/ [V2(, $)lay©ds.
0

Similarly, we have

to
[y2(, Doy < 6/+N1/ [Y1(5 8]y ©)ds.
0
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For any ¢ € (0, 1), it follows that

0]
[1C, Doy < (1+ Natg)e' + N1N2t0/ ly1(, $)1Q)y ©0)ds,
0
1o
[v2(, Dlau0 < (1+ Nito)e' + N1N2t0/ [v2(-, $)1) ©0)ds.
0

By Gronwall’s inequality, it is easy to check that

2
{ IV1C, Dlay 0 < (14 Natg)e'eM1N2o,

2
172G Dlayo < (1+ Nig)e'eM N2,

We get that
(0, 1; ¢1) —@(0,1; ¢2)|| < € for r € [0, 10].
Then, the spatial translation invariance in (1.1) implies that
lo(z, 15 ¢1) —o(z, 15 ¢2)|| < € forr € [0, 1],

provided ||¢1(x) — ¢2(x)|| < 8 for any x € Qp(2).
Second, we consider the case ¢ # ¢». Define

Vi (x) = max{@;(x), p2(x)}, Wa(x) = min{p;(x), ¢2(x)}.
We have that

Vi (x) = W2 (x) = [91(x) — d2(x)],

o(x,t;¢1) <o(x,t; V), and w(x, t; Vo) < o(x, t; ¢2).
It follows that
lo(x, t; ¢1) —w(x, t; ¢2)|l < lo(x, t; V1) —o(x, t; W)

Then, we have that Q; is continuous in ¢ with respect to the compact open topology,
uniformly for 7 in any bounded interval. It completes the proof. O

Similarly, we have thatthe map Q, : Cg, — Cg, is continuous for (¢, ¢) € Rt xCp,
with respect to the compact open topology. Next, we verify the stability of fixed points
in (B5).

Lemma 2.12 Assume (J1) and (J3) hold. For Q; : Mg, — MEg, witht > 0, we have
that

(1) Eo and E> are strongly stable from above and below, respectively;
(2) Eq is strongly unstable from both above and below.
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Proc_)f We writf_: the restriction of Q; on X, as Q ¢ Let 1\;10, ; be the derivation D Q [ Eo]
of Q;. Then, My is the solution map of the following system:

= —au + 1 (0)v,

du
dr
W ou—p

_— = u— po.
dr &

Consider the following eigenvalue problem:

{ —ag +h O = rp, o

§' 0 — By = Ay

It is obvious that (2.14) admits two negative eigenvalues 1| and A,. Without loss of
generality, we assume that A < A1 < 0. Then, there exists an eigenfunction ey > E
associated with the eigenvalue A, namely Mo‘,[eo] = ¢M'ey. For any ¢ > 0, there is
80(t) > 0 such that

0:[8e0] = Q/[Eol + DO:[Eol[eo] + 0(8%) = 8 Mo ,[eo] + 0(5?)
= 8eMe + 0(5%) = Seg + 8[e™ — 1]eg + 0(52)
K beg, 6 € (0,60(0)].

Similarly, there exist &1(¢), 62(¢), e1, and e, such that
O:i[E> — 8e2] > E» — &2, § € (0,8:(1)]
and
O:lE1 +de1] > Ei +der, Oi[E1 —Se1] < Ey —3er. 6 € (0.81(1)].

It completes the proof. O

Next, we study some propagating properties of the two monostable systems
restricted on Mg, g,1 and Mg, E,], respectively, to verify the assumption (B6).

Lemma 2.13 Assume (J1)-(J4) hold. Then, c* (Ey, E2) + c% (Eo, E1) > 0.
Proof For the rightward propagation dynamics of {Q;};>0, we restrict {Q;};>0 on

Mg, . Define (it(x, 1), U(x, t)) = (u}, v}) — (u(x, 1), v(x, t)) and then the rightward
propagation dynamics is equivalent to that of the following system restricted on Mg,

ou . - ¥ = #
E:J]*u—u—au—h(vl —v) +h(v)),
9% (2.15)
P )k D —0— B0 — gu] — i) + guy).
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Define a family of operators {Qt}tz() on Mg, by 0:(p) = (-, t; ), where @(-, t; p)
is the solution of (2.15) satisfying @(-, 0; ¢) = ¢ € Mg,. We have that 0:(Eo) = Ey
and Q,(E;) = E, forallz > 0. Itis easy to check that 0;: Cg, — Cg, is continuous
and satisfies the assumptions (A1), (A3)—(A5) in Fang and Zhao (2014) with Mg,
replaced by Cg,. According to Fang and Zhao (2014, Remark 3.7), we have that
Ql : Mg, — Mg, admits a rightward spreading speed, which is no more than
c*+(E0, Ey). For (1.1), Theorem 3.1 in Xu et al. (2020) shows that the rightward
spreading speed is equal to —cg, which is defined by (2.2). Then, we have that

Ci(EOa El) 2 —CR.

Similarly, for the leftward propagation dynamics of {Q;};>0, we restrict {Q;};>0
on Mg, E,)- Define (it(x, 1), 0(x , 1)) = (u(x, 1), v(x, 1)) — (u}, v) and consider

o
a_b: = Jy % il — i — ait + h(D+ v}) — h(v]),
o (2.16)
5p = 0= 0= B+ gl +up) — g(u).

Let Ef := E, — E;. We define {Qz}tzo on MET by Q,(d)) = (-, t; ¢), where
®(-, 1; ¢) is the solution of (2.16) satisfying @(-,0; ¢) = ¢ € MET' Then, O, :
M Er = M g admits a leftward spreading speed ¢, defined by (2.2) and it holds
that

c*(Ey, E2) > cL.

Finally, the proof is completed by (2.3). ]

Now, we are ready to give the existence of bistable traveling wave solutions of (1.1).

Theorem 2.14 Assume (J1)—(J4) hold. Then, there is a constant ¢y € R such that (1.1)
admits an increasing traveling wave solution ® (x + cot) satisfying

®(—o0) = Eg and (+00) = Es.
Moreover, () is strictly increasing.

Proof In view of Lemmas 2.11, 2.12, and 2.13 , the existence of traveling wave
solutions in Theorem 2.9 implies that there is cp € R and ® € ME, such that
0:(®)(x) = P (x + cot) for any x € R. Next, we prove that ® is a classical solution
of (1.1). It is easy to verify that

0
3, PO[1x) = —PO[P]x) + T+ (PO[P])(x). 2.17)

@ Springer



67 Page20o0f57 Journal of Nonlinear Science (2022) 32:67

Note that w(x, 1) := ®(x + cot) satisfies the following integral equation:

t
o(x, 1) =P@)[w(, 0)](x) +/ P —9)[F(o(-, s)](x)ds, x €R, 1 =0.
0
(2.18)
Since the right side of (2.18) is differentiable with respect to variable ¢, it follows from
(2.17) that @(x, 1) is a classical solution of (1.1).
It remains to prove that the nondecreasing function ®(-) = (¢, ¥)(-) is strictly
increasing. By a contradiction argument, without loss of generality, we assume that

¢(+) is not strictly increasing; namely, there exist x; < x> such that ¢ (§) = ¢(x7) for
any & € [x1, x2]. It follows that ¢’(&§) = 0 for & € [x1, x2]. By (2.1), we have that

0= fR )@ — y) — 92 — W)y — alpxr) — p(xa))
RO (1) — h( (x2).

It follows that

0> /R N1 — y) — 902 — Yy = alp(xr) — p(x2))
“h D)) + h(Y () = 0,

which implies [ J1(y)(¢(x1 —y) —@(x2 — y))dy = 0. Then, p(x1 — y) = ¢(x2 — )
for any y € supp(J1). Rechoose x1 and x» and repeat the process above, we can obtain
that ¢(-) is a constant function, which contradicts ¢(—00) = 0 and @(4-00) = u3. It
completes the proof. O

Since Jj and J are not required to be symmetric, the corresponding nondecreasing
and nonincreasing traveling wave solutions can be different in shape. The following
theorem gives the existence of nonincreasing traveling wave solution.

Theorem 2.15 Assume (J1)—(J4) hold. Then, there is a constant ¢y € R such that (1.1)
admits a decreasing traveling wave solution ®(x + Cot) satisfying

®(—o0) = Ey and d(+00) = Ej.

Moreover, ®(-) is strictly decreasing.
Proof According to Fang and Zhao (2015, Remark 2.1), when we consider the non-
increasing traveling waves, assumption (B6) should be replaced by

¢t (E1, E2) + ¢* (Eo, E1) > 0. (2.19)

Here, % (E1, E2) and ¢* (Ey, E1) are defined similarly to (2.10) and (2.11), respec-
tively. By the same argument as the proof of Lemma 2.13, we have that ¢% (E1, E3) >
—cg and ¢* (Eg, E1) > cr. Then, (2.19) follows from ¢; — cg > 0. The rest of the
proof is similar to Theorem 2.14. O
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Now, we give the result about the asymptotic behavior of bistable traveling wave
solutions. The proofis omitted since we can use the same techniques as in Theorems 2.6
and 2.7.

Theorem 2.16 Assume (J1)—(J4) hold. Let ® (x + cot) and Ci)(x + ¢ot) be the nonde-
creasing and nonincreasing traveling wave solutions of (1.1) as in Theorems 2.14 and
2.15 with cg # 0 and ¢y # 0O, respectively. Then, all of the following limits exist in
Rt x RT and

lim cp(g)/e).ar(c())s — lim cp/(‘s;:)/()\’(—)i-(Co)e)\:)r(co).{:)7
§——00 £E——00

lim (Ey — ®(&))/e™ % = — lim ®'(§)/(; (co)e> %),
§—+o0 &§—+o0

lim (&)/e" @5 = lim &)/ (o)e™ ©5),
§—>+o0 E—>+o00

lim (B — (€))/e" @F = — lim &'(£)/(] (@o)e™ @F),
E——o00 £——00
where )»?' (c) and A; (c) withi € {0, 2} are defined by (2.3).

3 Entire Solutions

In this section, we focus on the construction of entire solutions of (1.1). As stated in
Sect. 1, we only choose traveling wave solutions with nonzero wave speeds cg, ¢,
ci, and ¢; (i = 1,2). By super- and sub-solutions method, we construct six types
of entire solutions, and each of them originates from three traveling wave solutions.
Figure 1 in Section 1 depicts the sketchy profiles of these entire solutions as t — —oo.
The existence results of these six types of entire solutions are given in Sects. 3.2-3.7,
respectively. Since the construction methods for these six types are similar, we give
details only for the first type. And for the other five types, the main differences are
shown in the corresponding subsections. Moreover, we prove that the entire solutions
established in Sects. 3.2-3.7 are globally Lipschitz continuous with respect to x under
the following assumption:

(J5) sup g'(w)- sup h'(v) < (1+a)(1+p).

uel0,u3] vel0,v3]

Finally, when cg # ¢o, we obtain the nonexistence of entire solutions originating from
more than four traveling wave solutions in Sect. 3.8.

3.1 Preliminaries
This subsection gives some fundamental properties of (1.1), including the comparison

principle, the Lipschitz continuity of solution, and the study of some ordinary dif-
ferential equations. First, we give the definition of super- and sub-solutions of (1.1).
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Definition 3.1 For 7, T € R with t < T, a function @ = (u, v) is called a super-
solution (sub-solution) of (1.1) on R x [z, T), if@ € C*' (R x [z, T), R?) and

u;(x,t) > (S xulx,t) —ulx,t) —au(x,t) + h(v(x,t)),
vr(x, 1) = (S xv(x, 1) —vx, 1) — Bo(x, 1) + gu(x, 1))

for any (x,7) € R x [7, T). Moreover, @ = (u, v) is called a super-solution (sub-
solution) of (1.1)on Rx (—o0, T),if forany t < T, itis a super-solution (sub-solution)
onR x [z, T).

The following lemma states the comparison principle proven in Li et al. (2017, The-
orem 3.6).

Lemma 3.2 Assume (J1) and (J3) hold. Let ™ (x,t) and @™ (x,t) be the super-
and sub-solutions of (1.1) on R x [0, 00), respectively. If ¥ (x,0) > @ (x,0)
for x € Rand Ey < o™ (x,1),0"(x,t) < Ej, then o™ (x,t) < o (x,t) for

t € [0, 00)(x is fixed).

In the study of entire solutions, the Lipschitz continuity of solution as given by the
following lemma is a very important property. We refer to Li et al. (2017, Lemma 3.8)
for its proof.

Lemma 3.3 Assume (J1)—(J5) hold. Let (u(x, t), v(x,t)) be a solution of the corre-
sponding Cauchy problem of (1.1) with bounded initial data. Then, there is a constant
M > 0 (independent of initial data) such that

L O, O, g G, D1 e G, D1 v (6, )] < M forany x € R, > 0.

In addition, if the initial data are globally Lipschitz continuous, namely there is Lo > 0
such that

lu(x +x,0) —u(x,0)] < Lox, |v(x +x,0) —v(x,0)| < Lox foranyx e R, x >0,
then for any t > 0, the solution is also globally Lipschitz continuous and
u(x + %, 1) —u(x, 0, ox +F,0) —v(x, )] < M'F,

ou ou v v
. ~5t - 5. s Dy | — ~7t - 5. , 1 <MN~7
|8t(x+x ) 8t(x )] |8t(x+x ) 8t(x N =M'x

where M’ and M are two positive constants independent of x and x.

The construction of entire solutions also involves the solutions of some ordinary
differential equations. For any real numbers s; < 52 < 53, define

V1= (52 —81)/2 >0, vy :=[253 — (51 +52)]/2 > vy. 3.1
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Consider the following ordinary differential equations: (c.f. Chen et al. 2018)

p1=vi— L, —oco <1t <0, pi(0) = po,

Py=w+ L, —oo <t <0, p0) =ro, 3.2)
rp=vi+ L, —oco <t <0, r(0)=rg, ’
ry=vy— L, —oo <t <0, r(0) = po,
and
ﬁi:vl—l-Le"ﬁ', —oo <t <0, p1(0) = po,
Py=va+LeP, —oo <t <0, p2(0) = po, 33)
Fl=vi — L, —oco <1 <0, 71(0) = ro, '
Py =1 — L™, —o0 <1t <0, 7(0) = ro,
where L, po, and ry are some constants determined later and
vy — Vv vy — Vv
o= min 101, m, (v2 1)711’ (v2 — v . (3.4)
41)1 41)1
We can solve (3.2) and (3.3) explicitly as
_ kvt _ kvpt
p1(t) = vit — lln[ —epo LA )] pa(t) = vat + = L [e‘”’“ - M] + po + ro,
K Vi
1 _ Kult) 1 _ L(l 76}“)1[)
r|(t):v|t—;ln ’”°+ ,rz(t)—vzt-i- In "’°+V7 ~+ po + ro,
1
__ kvt __ kvt
p1(t) = vit — l1n|: —kpo L(l e )] D2(t) = vt — lln |:e”‘P0 + 711(1 <’ )],
K K Vi
ekvit _ kvt
FL(t) = vt — lln|: e 1 )], (1) = vt — lln |:e_”“ _Ld=em) )] .
K K Vi

Now, for any given sufficiently large &, we take the initial values pg and r¢ satisfying

1 —era 2L 1 2L
po=——In|e ™"+ —| < —8andrg < ——1In|e Sy 7 < —s.
K

K V1 V1
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Then, it follows that
lim (r1(t) — p1(¥)) = lim (pa(t) —r2(2)) =0,
t——00 t——00

1 L
lim (pi(t) —vit) = ——1In |:er0 — —} ,
t——00 K V1

. 1 . L
lim (pa(t) —vat) = —In|e 0 — — | + po + ro,
t—>—00 K Vi

1 L
. lim (r1(t) —vit) = ——1In |:e_’”° + —:| ,
——00

* Vi (3.5)

1 1 —KF L

lim (rp(t) —vat) = —In|e "+ — | 4+ po + ro,
t——00 K Vi

lim (p1(t) — 7)) = lim (p2(t) — i2(1)) =0,
11— —00 1——00

. o 1 [ . L
lim (p1(t) —vit) = lim (pa(t) —vat) = ——1Infe PO 4 — ||
t——00 t——00 K V1

. - . - 1 er L
lim (Fi(#) —vit) = lim (F@) —vyt) =——In|e 0 — — .
t——00 t—>—00 K V1

In addition, there exists a positive constant N (dependent on L, pg, and r() such that

0 <ri(t) — p1(t) = pat) — ra(t) < NV fort < 0,
0 < pi1(t) = F1(t) = pa(t) — Fr(t) < N fort <0, (3.6)

and

p1(8), p2(t), r1(t), r2(t), p1(t), p2(8), 71(t), 72(t) < =6 fort < 0.

Remark 3.4 In the next six subsections, the values of v; and v, are different for the six
types of entire solutions, since sy, 52, and s3 will be changed for every type. However,
the above results about the solutions of Egs. (3.2) and (3.3) are always true.

3.2 I-Type Entire Solution

In this subsection, we construct the first type of entire solution, which originates from
one monostable and two bistable traveling wave solutions.

Theorem 3.5 Assume (J1)—(J4) hold and cy > ¢y > c3. Then, (1.1) admits an entire
solution Wy : R* — [0, u3] x [0, v3] satisfying

lim sup [[IWi(x, 1) — Po(x + cot = Pl

1==00 |x=pi(t)

+osup [Wix, 1) — D(x + ot + 9)|
P1)=x=p2(t)
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+ sup [Wi(x,t) — P(x + cot + 192)||} =0, 3.7

p2(t)<x

where ¥ and VU are some constants satisfying

1 L ! L
91 :=——1In [e_’”o + —} , Ur:=—In |:e_"’° + —} + po +ro,
K V1 K Vi

and py, p2 : R — R are defined by

—(c + Co)t o) = —(Co + C())t.

t) = :
o1(1) > , >

Moreover, when (J5) holds, there are two positive constants Dy and Dy such that for
any (x,t) € R2 and n >0,

oW ow
WG + 0. 1) = Wi(x, D]l < Dy, ”#(x +.0) — 71 < Day. (3.8)

The entire solution W (x, ¢) given by Theorem 3.5 can be regarded as a combination
of the traveling wave solutions (c2, ®), (¢, ®), and (co, ®) withco > ¢o > ¢». When
t — —o0, its profile is found in Fig. 1a. Obviously, W (x, ¢) is differentiable with
respect to ¢, and (3.8) further shows that it is globally Lipschitz continuous with respect
to x.

As stated in Sect. 1, the construction of Wj is essentially a procedure that we link
the profile of ®, with ® and link the profile of d with @ successively, and the main
difficulty is to construct appropriate auxiliary functions and a pair of super- and sub-
solutions. For W in Theorem 3.5, the construction procedure is quite complicated and
it will be provided in the rest of this subsection. We first define the auxiliary functions
as follows:

P(x, vy, Z) =Yy
(x —uD) Wi — y)zuh — y) + wh — )y —2) i —y)
* s » Vs D
wh(x —uP)h —y)+ Wl —u)yws —2) (x,y,2) € Dy
3.9)
and
Ox,y,z2) =Yy
(x —v))(W5 —¥)z(v; — y) + (v3 — X)y(V; —2)(V] — )
+ , . Do,
U3 (x — v (WE — ) + (W — vy} —2) (x,,2) € D2
(3.10)
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where

Dy = {(x, v, 2) € [uf, uf] x [0, u3] x [0, u3] | uhx —up)@l — y) + uf — ul)y(u} —2) > 0},
Dy == {(x,y.2) € v, v3] x [0, v3] x [0, v3] | v3(x —v])(v3 — ») + (V3 — v])y(v3 —2) > 0}.

Lemma 3.6 There exists a positive constant C3 such that

[Pex (X, ¥, 2| [Pex(x,y,2)| [Pux(x,y,2)] |Pyy(xvaZ)| |Pyy(xvyvz)| ‘Pyy(xs)’vz)l

[yl o=yl wh—zl T x—ufl T lub—zl T |ub—x| 41z T
‘Pzz(xstZ)l’ IPzz(x,y,Z)I, \Pzz(x,y,z)l’ Iny(x,y,z)Iﬁ [Pyz (6, v, DI Cs.
lx — uil lu3 =yl [yl lu3 —z| lx —uyl  —
[Py (x,y, Z)" [Py (x,y, Z)l’ [Py (x, y, Z)l, [Prz(x,y,2)] <Ci.
lu3 — ¥l [yl |x —uf] lus—zl  —
[Qxx(x, ¥, D 1Qux(x, ¥, D [Qxx(x, ¥, D] [Qyy(x,y, 2| [Qyy(x,y, 2| [Qyy(x,y,2)| -
Iyl B L N L B | R S B [V I o P4
QO (x, y,Z)|7 [Qzz(x,y, Z)l’ [Qzz(x, Y, Z)I7 |Qxy(ana Z)l’ |Qyz(xa ¥, 2)| <G,
lx — vf] vy — ¥l B4 [v; —z| lx—ofl
[Qxz(x, Y, Z)l’ [Qxz(x, Y, Z)l’ [Qxz(x, Y, Z)l’ [Qxz(x, Y, 2)] <Cs.
[v; =l [yl lx —vfl vy —zl 7
Proof Note that P can be rewritten as
Wz — x)

P(x,y,2) =x+ (x —u)(u; —y)

)

wy(x —up) Ul —y) + (i —ul)yWs —z)
W} —upx —2)
wh(x —ud) s — ) + @l —ud)yus —2)

P(x,y,2) =z+ yu5 —2)

Similarly, Q can be rewritten as

v3(z — X)
vi(x — v —y) + W —v)y(vs —2)°
Wy =) —2)

vi(x — v —y) + W —v)y(ws —2)

Qx,y,2) =x+ (x — v —y)

Qx,y,2) =z+y(; —2)

With the help of the above formulas, the calculations of derivatives can be simplified
and we omit the details of calculations in the rest of the proof. O

In order to obtain a pair of suitable super- and sub-solutions, we denote some
notations. As stated in Remark 3.4, throughout this subsection we need to choose that

S1:=cp, §2 = Co, 53 = CQ. (3.11)
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Recall that (co, ®»), (¢o, ®), and (co, ®) are the traveling wave solutions of (1.1). For
convenience, we denote

o1 = (P11, P12) := P2 = (92, ¥2),
by = (¢21, d2) := ® = ($, V),
b3 = (31, P32) =D = (o, V).

Then, ¢; = (¢i1, ¢i2) withi € {1, 2, 3} satisfies

si@i (&) = J1 % ¢i1(8) — ¢i1(§) — adii (§) + h(din(§)),
$iPir (&) = o ¢in(§) — ¢in(§) — Boin(§) + g(i1(§)),

and

(¢1(—00), 1 (+00), $5(—00), $y(+00), $3(—00), ¢3(+00))
= (E\, k2, E2, Ey, Eo, E2).

By a translation if necessary, we may assume

91100) = =2, (621(0), ¢22(0)) = (”12—”2 %) and (31 (0), $32(0))
< (uj, vy). (3.12)

By a transformation (u(x,t), v(x,t)) = (U(,t), V(&,t)) with & := x 4 ¢t and
c .= %, (1.1) becomes

AU, 1) _ 2
Py =N *xU-U)E,t)—cUsE )+ filUE, D, V(E ), E1) eRe,
aV(, 1) _ 2
FYa (oxV=V)E, 1) —cVe, ) + LWUE, D, VE ), ¢, 1) eR,
(3.13)
where
AW, V) =—-aU+h(V), f2(U,V):=-BV+gU). (3.14)

It is easy to check that (3.13) has three traveling wave solutions, namely

&1 (& —vit), ¢ +vi1), and ¢5(§ + va1),

where vy and v; are defined by (3.1) and v; > v; > 0. We define the super- and
sub-solutions of (3.13) similarly to Definition 3.1 for (1.1).
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Now, we construct

U, 1) = P(¢11(E — p1(1)), $21(E + p1(1)), $31(5 + pa(1))), 3.15)

V(E 1) = Q@125 — p1(1)), (& + p1(1)), ¢32(€ + pa(1))) '
and

UE, ) =P —ri@®), ¢21(E +r1(1), $31( +r2(1))), (3.16)

VE. 1) = 0(@126 —r1(2)), p22(§ +r1(1)), ¢32(8 + r2(1))), '

where (p1(t), pa(t), r1(t), r2(t)) is the solution of (3.2). In what follows, our purpose
is to prove that (U (£, 1), V(£,1)) and (U(&, 1), V.(&, 1)) are a pair of super- and sub-
solution of (3.13), and apply it to complete the proof of Theorem 3.5. We accomplish
this purpose (see Lemma 3.15) by showing lots of estimates for some related functions
(see Lemmas 3.7-3.14).

For convenience, we first restate the results in Theorems 2.6, 2.7, and 2.16 about
the asymptotic behavior of ¢, ¢,, and ¢ in a uniform format, and hence, the proof
of the following lemma is omitted.

Lemma 3.7 Assume (J1)—(J4) hold. Let
m = min{A; (c2), A5 (€0), Ag (co)}, m2 = min{i; (c2), &g (€0), A, (co)}-

There are three positive numbers Cy, C1, and Cy such that

(i) forx <m,

|11 (O 19121, 151 (D1, 1622 ()1 51 (0], 195, (x)] < Coe™™, €
lp1, (0 |1, (0] |5 () [P 150 85, (0)]
T () =il Igr2(x) = vfl w5 — 21 ()1 (3 — 220 (31 (D] [d32(x)]

< Cy;

(ii) forx > —m,

1911 (O 1912 (O, 131 ()1, 12 (X1, 185, (0], 35 (x)| < Coe™ ™, Cy

- |7, ()] [0, 15 ()] ()] (g5, (x)] [, ()]
T ul —pr)] vE — ¢ g2 [ ()] [uh — ¢31 ()] [v5 — ¢32(x)]
< Cy,

where m is defined in (J4). Moreover, there is a constant C > 0 such that for any
x € Randy € supp(J),

P +y) —up ¢ +y) —vf u;—¢ur+y) v; —dnph+y _
dpr(x) —uf T g —vi T oui—nx) vy —onpx)

uy —po1(x +y) vy —¢nx+y) dnx+y) ¢nkx+y)
wy—¢o1(x) v —énx) T ¢ux) T ¢n)

’

EC’
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[p31(x + )| [32(x + Y| [u — d31(x + )| [v; — d32(x +y)| -
lp31(0)| T [@32(x)] luy —p31(x)| 7~ [v3 — ()]

Next, we give estimates for some related functions defined below. To increase the
readability of the paper, their proofs are given in the Appendix at the end of the paper.
Suppose that g1 and g : R~ — R™ are two smooth functions satisfying

q2(t) < q1(t) <0 foranyt <O. (3.17)

Define four functions from R x R~ to R as follows:

P&, 1) = P (¢11(E — q1(1)), p215 + 1), $31 (€ + q2(1))), (E,1) eRx R,
PHE, 1) == Pe (116 — q1(D), 216 + q1(D), 316 +q2(1))) . (§.1) e Rx R,
PY(E&, 1) = Py (9116 —q1(D), 216G + q1(1)), 316 + q2(1))) . (§.1) e Rx R,
PiE D) =P (0116 —q1(D), $21(6 + q1(1), $31(6 + q2(1))), (6. 1) e R xR,

Note that all the functions P°, P*, P¥, and P? are dependent on g1, g2, and ¢;1 with
i € {1,2,3}. The next lemma gives some lower bounds of P*, P, and P*.

Lemma 3.8 Assume (J1)—(J4) hold. There are some positive constants (i1, L2, and (43
such that for any t < 0,

PY(&, 1) > 1 when& < —qi(1),
PY(&,1) = o when qi(t) <& < —qa(1),
P&, 1) > u3  when& > —qi(1).

For given § € R™, we further assume that the functions ¢, g2 : R~ — R~ satisfy
q1(t) < =6, q2(t) < —§ foranyr e R™. (3.18)
For (§,1) € R x R™, define

A1E, 1) = PY(E, D (E —qi(1) — PP, D5 (€ +q1(1))
+P(E, 03,6 + q2(1)).

Obviously, A1 is bounded from above. The next lemma shows that under some appro-
priate conditions on ¢ and ¢, the function A also has a positive bound from below.

Lemma 3.9 Assume (J1)—(J4) hold. There exists a sufficiently large constant § > 0
such that if q1 and q2 satisfy (3.18) and q2(t) — q1(t) < —6 for any t < 0, then

A1(§,t) >0 for(§,1) e Rx R,

and for any t < 0, we have that
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(i)when & < qi(t), Ai(§, 1) = P&, DI}, (6 — (1))
(iiwhen q1(1) < § < —q1 (1),

1
A0 =3 [PY(, D11 (E — qi())] + PY(E, Dy (E + qi ()]
(iliwhen —q1(t) < & < —qo(1),
1
A1) > 5 [Py(é, DIps(E +qi()| + PE(E, 1)|ds, (§ + qz(t))l];

(ivivhen & > —qa(t), A5, 1) = SP(E, )|}, (E + q2(1))].
For (&,1) € R x R™, we define

Hi(E, 1) :=(Jy * PO, 1) = PO(E, 1) — PY (&, )(J1 % d11(E — q1(1)) — 115 — q1 (1))
- PYE DU x g1 +q1(1) — ¢21(6 +q1(1)
= P&, 01 x$31¢€ + q2(1) — ¢31(6 + 92(0))).

The following lemma gives some estimates for Hy(£,1)/A1(&, 1).

Lemma 3.10 Assume (J1)—(J4) hold. For the § given by Lemma 3.9, if g1 and q; satisfy
B.18) and q>(t) — q1(t) < —§ for any t € R, then there is a positive constant M
such that for any t < 0,

M (M9 4 eM%2) when § <0,

—q1(t) — q2(0)
— 5
—q1(t) — q2(1)
—

‘H1($,t)

_lm (enqu + em(qz—ql)/2> when 0 < & <
A1, 1)

M (eﬂzlh + enz(qz—ql)/2> when & >
(3.19)
For (&,7) € R x R™, we define

Fi&, 0 =f(P°E 1), 0°E, 1) — PYE D fi(dn(E — qi(0)), ¢p12 — q1 (1))
— PYEDfi(21E +aq1(D), d20(E +q1(1)))
— PYE D) L@z (E +q2(1)), 9326 + q2(1))),

where f] is defined by (3.14), and
Q. 1) == Q0 (P12 — (1), $n(E + q1(1)), P26 + q2(1))), (€, 1) eRxR™,

By a similar argument to Wu et al. (2018, Lemma 4.4), there is some positive constant
Cs such that

Fi(§,1) <Cs(¢11 — uf + ¢12 — v)) (U3 — o1 +v5 — ¢2) (3 — 11 + v3 — d12) + (P31 + ¢32)],
Fi(&,1) <Cs(¢a1 + ¢22)(u5 — $31 + v5 — ¢32)[(u5 — d11 + v5 — ¢12) + (P31 + ¢32)].
(3.20)
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With the help of (3.20), we can obtain the following result similar to Lemma 3.10, and
the details of the proof are omitted.

Lemma3.11 Assume (J1)—(J4) hold. For the § given by Lemma 3.9, if g1 and q3 satisfy
(3.18) and qa2(t) — q1(t) < —6 for any t € R™, then there is a positive constant M
such that for any t < 0,

M (M9 + M%) when & <0,

)

‘Fl(é,t)

_lm (enqu + en.(qrm)/z) when 0 < ¢ < —41(0) = @2(0)
A1, 1)

= 2

M (enqu n enz(qz—m)/z) when & > —611(t)2— 10}

Note that Lemmas 3.9-3.11 provide the estimates for Ai(§,¢), Fi(€,1), and
H, (£, 1), which are related to PO(&, 1), PX(&, 1), PY(£,1), and P*(&,t). For (£,1) €
R x R, we define

A&, 1) == Q¥ (. D1 — q1 (D) — Q¥ (. 5 + q1(1)) + Q°E. & + g2 (D)),
Hy(&.1) = (% Q. 1) — Q°(6. 1) — Q“ (€. ) (2 x 12 — q1(1) — $12(E — q1 (1))
— QV(E (L2 p(E +q1(0) — dnE +q1(1)))
— Q& D2 * 9328 + q2(1) — d32(5 + q2(1)),
FyE. 1) == f(PUE. 1, Q°E. 1) — Q°E.1D) fr(d11(E — q1(1). ¢12(E — q1(1)))
— QY& D (21 G+ q1(1), p22(E + q1(1)))
— Q%G D) H($31E + 2(1)). p32(& + q2(1))).

where f; is defined by (3.14), and

QY E. 1) = 0x (P25 —q1 (1)), p22(E + q1 (1)), P32(5 + q2(1))), (£.1) e R x R™,
0V, 1) =0y (12 —q1()), p2E +q1 (1), 9326 +q2(1))), (. 1) e RxR™,
Q% 1) := O (d12(§ — q1(1)), ¢ (E + q1()), dp32(§ + q2(1))), (5.1) e Rx R™.

The next three lemmas give estimates for Q*(&,1), QY (&,1), Q%(&,1), Ax(&, 1),
F>(&, 1), and H>(&, t). The proofs of these three lemmas, which are omitted, are sim-
ilar to Lemmas 3.8, 3.9, and the combination of Lemmas 3.10 and 3.11, respectively.

Lemma 3.12 Assume (J1)—(J4) hold. There are some positive constants (L1, 2, and
w3 such that for any t < 0,

Q" (&, 1) > 1 when& < —q(t),
QY& 1) = pny whenq(t) <& < —q2(t),
Q%(&,1) = u3  when& > —q(1).

Lemma 3.13 Assume (J1)—(J4) hold. There exists a sufficiently large constant § > 0
such that if q1 and g satisfy (3.18) and q2(t) — q1(t) < —8 for any t < 0, then
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Ax(&,t) >0 for(§,1) e Rx R,

and for any t < 0, we have that

(i)when & < qi(t), A2(§, 1) = 50 (&, DI}, (E — q1())];
(iiwhen q1(1) = § < —q1 (1),

1 )
A€ 1) = 5 [0" (. DI1r(E — ()] + Q7 (€, Dby € +qi1(t)];
(iiiwhen —q1 (1) < § < —q2(1),
1
A€, 0) = 5 [0V (&, Dlp2n(E + g1+ Q7 D5 (E + q2())];

(ivivhen & = —qo(t), Aa(§, 1) = 5O%(E, D)3, (& + g2 ().

Lemma 3.14 Assume (J1)—(J4) hold. For the § given by Lemma 3.13, if q1 and q>
satisfy (3.18) and g2 (t) — q1(t) < —6 for any t < 0, then there is a positive constant
M such that for any t < 0,

M (et 4 eM®) when £ < 0,
—1() —q2(1)
) ,
—q1(t) — q2(r)
> .

Hy(&.1)
A&, 1)

BED| _

M (enqu + em(qzﬂh)/z) when0 < § <
A2, 1)

o (enqu n enz(qz—ql)/2> when & >

Finally, we can give a pair of suitable super- and sub-solutions for the first type of
entire solution and complete the proof of Theorem 3.5 by applying them.

Lemma 3.15 Assume that (J1)—(J4) hold, and co > ¢y > c3. Let (p1(t), p2(2), r1(2),
r2(t)) be the solution of (3.2). Then, the functions defined by (3.15) and (3.16), namely,

!ﬁ(f;ﬁ 1) = P(@1(§ — p1(1), 21§ + p1(1)), $31(§ + p2(1))),
V(E, 1) = Q¢12(5 — p1(1), ¢22( + p1(1), ¢32(6 + pa(1)))

and

U, 1) = P(p11(§ —r1(1)), 9215 +r1(1)), $31(§ + r2(1))),
V(. 1) = 0(p12(§ —r1(1), $22(§ +r1(1)), $32(§ +12()))

are a pair of super- and sub-solutions of (3.13) fort <ty < 0 with some ty < 0, when
the constant L in (3.2) and (3.3) is sufficiently large. Moreover, there exists 1 > 0
such that

UE 1) <UE D, suplUE, 1) —UE D) < pe™ forg e R, t <19, (3.21)
EeR
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VE 1) S VE D, sup{V(E. 1) — V(E D} < ue for§ eR, 1 <1y. (3.22)
EeR

where v| and k are defined by (3.1) and (3.4), respectively.
Proof Let § be a positive constant such that Lemmas 3.9 and 3.13 hold. By (3.2), it

is easy to get that pr(¢) — p1(t) - —oo and r2(t) — ri(t) - —oo ast — —o0. By
(3.4), there exists a constant g < 0 such that

p2(t) — p1(t) < =8, (1) —ri(t) < —8 whent <1,

and

{ m(p2(t) — p1(@)) n2(p2(t) — p1(1))
max > , >

} < kp1(t) <O0whent <1,

(3.23)

{ Mm@ @) —ri(®) n@2(t) —ri())
max

: , 7 } < kri(t) < Owhent < 1.

(3.24)

Recall that 51, 52, and s3 satisfy (3.11). For simplicity, we denote

U

U, V)E 1) === = (1 xU = U) +cUs = /iU, V),
aVv

LU, V)(E, 1) = a3 (2xV —=V)+cVe — LU, V),

where € = x +ct, ¢ = %, and f1, f> are defined by (3.14). To prove the first
conclusion of this lemma, it is sufficient to show that

(U, V)(E,t) >0 and T;(U, V)(E,1) <0, forany & e R, t <19,i = 1, 2.

Next, we only prove I'; (U, V)(?;, t) > 0withi =1,2foré € Randt < 1y, since the
proof of T'; (U, V) (&, t) < 0 is similar. Direct calculations give that

T1(U, V) = =P ¢11(p} — vi) + P by (P} — vi) + Pib3; (py — 1)
— (1 *xU =U)+ P (J1 2 d11 — d11) + PV (J1 % d21 — ¢21)
+ P*(J1 * ¢31 — $31)
— iU, V) + P* fi(11, ¢12) + P fi(¢a1. $22) + P* f1($31, P32),

where vy and v are defined in (3.1). By (3.2) and the definitions of the functions
A&, 1), F1(&,1),and H (&, 1), we get that

DU, V)(E, 1) =Pt — PPy + Pgs)Le "D — Hi(E, 1) — Fi (&, 1)
=A1(&,1)LeP' D) — Hi(g,1) — Fi (£, 1).
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From Lemmas 3.10, 3.11, and (3.23), it follows that
[Hi(6.0) + Fi(5, 0] < A6, )(M + M)e" D, forany § € R, 1 < 1o,
By choosing L > M + M, we have
DU, V)(E, 1) = A€, DL D — (M + M)eP1 D] > 0, forany £ € R, 1 < 1.

By asimilarargumenttoI'; (ﬁ, V) (&, t) (withreplacing Lemmas 3.8, §.9, 3.10,3.11,
and (3.23) by Lemmas 3.12, 3.13, 3.14, and (3.24)), we can take L > M such that

(U, V)(E, 1) = (%1, — O phy + Q7ph) LT D — Hy(E,1) — Fa(E, 1)
> Ay(&, 1) (L — M)eP'D > 0, forany &€ € R, 1 < 1.

Finally, we prove (3.21), and the proof of (3.22) is similar to (3.21). We see that

UE n—-UED
=P1(¢11¢ — p1), $21(6 + p1), 315 + p2)) — Pr(¢11(§ —r1), $21(§ +11), $31(5 +12)).

From Newton-Leibniz formula, it follows that
UEn—-UEn
=(r— 171)/01 Pe(p11(E —0p1 — (1= 0)r1), $21(§ + p1), ¢31(€ + p2))¢ydo
—(r1 = Pl)/ol Py(@11(5 —r1). 215 +60p1 + (1 — 0)r1), 31(5 + p2))epy,d6

1
+(p2 — rz)/o P(¢11(5 —r1), 21§ +711), ¢31(§ + 0 pa + (1 — O)rp)p3,d6.
(3.25)

Obviously, the integral terms in (3.25) are bounded and positive. Then, by (3.6), we
can easily obtain that

Q(és t) =< U(Ev t) and Sup{v(és t) - Q(ss t)} =< /’LeKWts for any g € Rv t <tp.
EeR

It completes the proof. O

Proof of Theorem 3.5 We define (U, V) and (U, V) by the same functions as in Lemma
3.15. Let ¢ = (¢ + €o)/2, and denote

w(x, 1) := @) (x, 1) = U, V)(x +ét, 1),
o, 1) = v, 1) = U, V)x+ct ).
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By Lemma 3.15, @(x, #) and @(x, ) are a pair of super- and sub-solutions of (1.1) for
x € Rand t < ty. Now, we consider the following Cauchy problem

Oup(x,t) = (J1 kup —up)(x, 1) —auy(x, ) + h(vy(x, 1)),
0 vn(x, 1) = (J2 % vy — ) (X, 1) — Buu(x, 1) + gun(x, 1)), (3.26)
(U, V) (x, —n) = @(x, —n), x e R, t > —n.

ByLemma?2.10,(3.26) has aunique solution w,, (x, t) = (u,(x, t), v, (x, t)) satisfying
Ey <w,(x,t) < Ey, foranyx e R, 1t > —n.
Since w(x, ) is also a sub-solution of (3.26), we have
w(x, —n) = w,(x, —n) < w41 (x, —n) < E,, forany x € R, > —n.
It follows from Lemma 3.2 that

Ey<wx,t) <wp(x,t) < wpy1(x, ) <min{Ez, ®(x, )}, forany x e R, > —n.

Therefore, {®,(x,?)};°, is bounded and nondecreasing with respect to n for any

(x,t) € R x (—n, +00). Then, there exists a function w(x, t) = (u(x, 1), v(x,1))
with Ey < w(x,t) < E; such that for any (x, ) € R2,

im0, (e, £), 0 (5, 1) = (uCr 1), v, 1).

Note that for any given 7y € R, there exists n € N such that 7y > —n and

t

w,(x, 1) = PO)[wn (-, 10)](x) +/ Pt — 9)[F(@, (-, 5)](x)ds, x €R, 1 > 1.

0]
By Lebesgue dominated convergence theorem, we have that
t
o(x, 1) = P()[w(-, 10)](x) +/ P(r — 5)[F(e(:, 5))](x)ds.

10

We easily check that w(x, t) is continuous and differentiable with respect to ¢. Thus,
we obtain

ot
+ [—au(x,t) + h(v(x, 1))].

0 ]
u(x,t) = —P1(t)[u(-,to)](x)+/ EPl(t—S)[—au(-,S)+h(v(~,S))](X)ds
0]
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From (2.17), it follows that

ur(x,t) = —=Pr()[u(-, t0)1(x) + J1 * Pr(O)[u(-, 10)](x) + [—au(x, 1) + h(v(x, 1))]
t
+/ {(=Pi(®)[—au(-,s) +h@(, s)]x) + Ji * P(t)
0]

[—ou(,s) +h((,s)](x)}ds
=Jixulx,t) —ulx,t) —au(x,t) + h(v(x,t)).

Similarly, we have that
vi(x, 1) = Jxv(x, f) —v(x, 1) — Bu(x, 1) + gu(x, ).

Thus, w(x, ) = (u(x, t), v(x, t)) is an entire solution of (1.1). The asymptotic behav-
ior and the smooth property of @(x, t) can be obtained by similar arguments to Chen
et al. (2018, Theorem 4.3) and Zhang et al. (2016, Theorem 1.8), respectively, and
we only give an outline of the proof here. According to Lemma 3.7, (3.5), (3.21), and
(3.22), we can prove (3.7). By applying Lemma 3.3, Arzela—Ascoli theorem, a diago-
nal extraction process, and the uniqueness of the solution of (3.26), we can obtain the
last assertion of this theorem. Therefore, the proof is completed. O

3.3 II-Type Entire Solution

In this subsection, we construct the second type of entire solution, which originates
from one monostable and two bistable traveling wave solutions, namely (¢, <i>1),
(co, @), and (&y, D) with & < co < &o. We see Fig. 1D for the profile of this entire
solutionast — —oo. As stated in Sect. 3.2, the difficulty in the study of entire solutions
is how to construct appropriate auxiliary functions and super- and sub-solutions for
different types of entire solutions. Hence, we only provide the construction of auxiliary
functions and super- and sub-solutions and omit the other details, which are similar
to Theorem 3.5. The second type of entire solution is considered in the following
theorem.

Theorem 3.16 Assume (J1)—(J4) hold and ¢y > co > ¢1. Then, (1.1) admits an entire
solution Wh(x, 1) : R* — [0, u3] x [0, v3] satisfying

lim sup  [Wa(x, 1) — 1 (x + é11 — 93)]

== | x<pi(t)

+ sup Wa(x,t) — @(x + cot + 93)|
p1(t)=<x=p2(t)

p2(t)<x

+ sup ||W2(X,t)—<i>(X+5ot+04)||} =0,
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where V3 and 94 are some constants satisfying

1 L 1 L
U3 :=——1In I:e—KPO__:|7 V4 = —1In |:6_Kp0——:|+p()+r(),
K V1 K V1
and p1, p2 : R +— R are defined by
—(C1 +co)t —(co + Co)t
1) == — p2(t) == — s

Moreover, when (J5) holds, there are two positive constants Dy and Dy such that for
any (x,t) € R2 and n >0,

A4Y%
IWa(x 41, 1) = Wh(x, )|l < D, ” 8t2 af

Now, we show the construction of auxiliary functions and super- and sub-solutions
for W,. Throughout this subsection, choose the values of sy, 57, and s3 as follows:

S1 = C1, §2 1= o, 83 = Cp.
For convenience, we denote

$1(8) = D1(8), §y(§) := D), P3(8) := D(&),
and assume that

u* ut 4+ ukX v+ ouX
$1100) = =L, (¢21(0), p22(0)) > | -2, 12
2 2 2
_(uitus vity
- 2 ’ 2 ’

) » and (¢31(0), ¢32(0))

Corresponding to (3.9) and (3.10) for the first type of entire solution, two auxiliary
functions for this case to link traveling wave solutions are defined as follows:

(i — x)yh — 2)(=y) +xu — y)zuf — y)

Px, ,Z) = + 5 X, ¥,2 GD
(x,y,2) =y Wk — )y + 10 — )z (x,y,2) 1
and

v —x)y(vE — ) (—=y) + x(vF — y)z(vF —
Q(x,y,z)=y+(‘ )y (5 — 2)(—y) + x(v5 — y)z(v] y)’ (x..2) € D,

(Wi —x)yu; + 073 —y)z
where

Dy == {(x,y,2) €[0,u}] x [0, u3] x [0, u3]|(u} — x)yu5 + u}(u} — y)z > 0}
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and
Dy = {(x, y.2) € [0, vi] x [0, v3] x [0, v§]|(v’f —x)yus + v (3 —y)z > O}.

The following lemma constructs a pair of super- and sub-solutions, and by this lemma
we can prove Theorem 3.16. We omit the proofs, which are similar to Lemma 3.15
and Theorem 3.5.

Lemma 3.17 Assume (J1)—(J4) hold and ¢y > co > ¢1. Let (p1(t), p2(t), r1(t), r2(t))
be the solution of (3.2), and let ¢ := (C| + cg) /2. Then, the functions defined by

u(x,t) = P(pr1(x +ct —r1(1)), ¢21(x + ct +r1(1)), ¢31(x + ¢t +r2(1))),
v(x,t) = Q(p1a(x +ct —ri(1)), ¢ (x 4 ct +r1(t)), Pp32(x + ¢t + r2(1)))

and

u(x,t) = P(pni(x +ct — p1(1)), pa1(x + ¢t + p1(1)), ¢31(x + ¢t + pa(1))),
v(x, 1) = Q(drax + ¢t — p1(1)), p(x + ¢t + p1(1)), p32(x + ¢t + pa(1)))

are a pair of super- and sub-solutions of (1.1) for (x,t) € R x (—o0, t;] with some
t1 < 0. Moreover, (3.21) and (3.22) hold for (u(x,t),v(x, t)) and (u(x,1t), v(x,t)).

3.4 lll-Type Entire Solution

The third type of entire solution originates from two monostable and one bistable
traveling wave solutions, namely (c1, ®1), (¢1, ®1), and (cg, ®) with ¢ < ¢1 < ¢p.
We see Fig. 1c for the profile of this entire solution as t — —o0.

Theorem 3.18 Assume (J1)—(J4) hold and cy > ¢1 > c1. Then, (1.1) admits an entire
solution Wi(x, 1) : R* — [0, u3] x [0, v3] satisfying

lim sup [Ws(x, 1) — ®1(x + c1t — D)

1==00 |x<pi(t)

+  sup IW3(x, 1) — &1 (x + é11 4 91|
p1H)=x=p2(1)

+ sup ||W3(x,t)—d>(x—|—c0t+192)||}=0,

p2(t)=<x

where ¥ and ¥ are some constants satisfying

1 L ! L
P :=——1In [e”o + —} , V2i=—In |:e”° + —:| + po + 1o,
K V1 K V1
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and p1, p2 : R +— R are defined by

—(c1+ ¢t —(¢1 + co)t
p1(t) = ————,  po(t) == ————.

2 2
Moreover, when (J5) holds, there are two positive constants D and D; such that for
any (x,t) € R2 and n >0,

oW ow
IWs(x + 0. 1) = Ws(x, )|l < Dy, ”f(x 1) — 73 < Don.

Similar to the case of WW,, we only provide the construction of auxiliary functions and
super- and sub-solutions for /3 and omit the other details in the proof of Theorem
3.18. Throughout this subsection, we choose the values of sy, 57, and s3 as follows:

S1:i=c1, §2:=Cq1, 83 = CQ.
Denote

$1(5) = P1(§), (&) 1= D1(8), p3(5) := D(&),

and assume that

u v

(911(0), ¢21(0)) > ( , ) ¢21(0) = %‘ and (¢31(0), ¢32(0))

The two auxiliary functions are defined as follows:

X — Yz — ) + W — )yl —2)(—y)

P(x,y,0)=y+ (x,y,2) € Dy
x(ui — y)us +ujys —z)
and
x(vf =)z —y) + @ )y — (=)
X, y,2)=y+ , (x,y,2) € Dy,
Q(x,y,2) =y @ — )0+ Py (o — 2) (x.y.2) € Dy
where

Dy == {(x.y,2) € [0, u}] x [0, u]] x [0, u§]|x(sz — y)ujs +uiys —z) > 0}
and
Dy :={(x,y,2) €[0,v{] x [0, v{] x [0, v3]]x (v} — y)v3 + v}y (V3 —2) > 0}.

The super- and sub-solutions are given by the following lemma.
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Lemma 3.19 Assume (J1)—(J4) hold and cy > ¢1 > cy. Let (p1(t), p2(t), r1(t), ra(t))
be the solution of (3.2), and ¢ := (c1 + ¢1)/2. Then, the functions defined by

u(x,t) = P(gp11(x + ct — p1(1)), ¢21(x + ¢t + p1(1)), d31(x + ¢t + p2(1))),
v(x, 1) = Q(@d12(x +ct — p1(1), ¢p2(x +ct + p1(1)), p32(x + ¢t + pa(1)))

and

u(x,t) = P(pr1(x +ct —ri(1), ¢21(x + ct +r1(1)), ¢31(x + ¢t +r2(1))),
v(x, 1) = Q(p12(x +ct —r1(1)), g2 (x + ct +r1(2)), Pp32(x + ¢t +1r2(1)))

are a pair of super- and sub-solutions of (1.1) for (x,t) € R x (—o0, 2] with some
ty < 0. Moreover, (3.21) and (3.22) hold for (u(x,t),v(x, t)) and (u(x, 1), v(x, t)).

3.5 IV-Type Entire Solution

The fourth type of entire solution originates from two monostable and one bistable
traveling wave solutions, namely (¢2, ®»2), (¢1, @1), and (cp, @) with é&; < ¢ < co.
We see Fig. 1d for the profile of this entire solution as t — —oo0.

Theorem 3.20 Assume (J1)—(J4) hold and cy > ¢| > ¢. Then (1.1) admits an entire
solution Wy (x, 1) : R — [0, u3] x [0, v}] satisfying

lim 1 sup [Wi(x, 1) — ®a(x + &t — 95)||

== | x<pi (1)
+osup [Wax, 1) — dp(x +éir + 95) |
p1(1)=<x=pa(t)

+ sup ||W4(x,t)—<I>(X+Cot+l95)ll}=0,

p2(t)=<x

where U5 is a constant satisfying

1 L
5 == ——1In [e"‘r" — —i| ,
K

and p1, p2 : R +— R are defined by

—(Er 4+t —(¢1 +co)t
—_— p(t) i= —————.

1) = :
p1(1) > , >

Moreover, when (J5) holds, there are two positive constants Dy and Dy such that for
any (x,t) € R2 and n >0,

oW, D4Y
||W4(-x+nvt)_w4(xat)” fDlﬁa "74(-)6+771t)_T4 SDZ’?
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Now, we give the construction of auxiliary functions and super- and sub-solutions
for Wy, which is the main difficulty, and the other details in the proof of Theorem 3.20
are omitted. Throughout this subsection, we choose the values of si, s2, and s3 as
follows:

S1 :=52§5§ <0, 5 2=51 ZéT>O, §3 1= Cg.
Denote

$1(8) = D2(E), hr(§) := D1(E), P3(&) := D(&)
and assume that

u* ut 4+ ukX v+ uX
$1100) = =L, (¢21(0), p22(0)) > | -2, 12
2 2 2
ui +us vi 43
2 ’ 2 ’

) , and (¢31(0), ¢32(0))

The two auxiliary functions are defined as follows:

W5 —x)y —y)z+ & —u))yW; —z)

P = g , Y, D
(¥, 2) =y + (U3 —y) W — ) — )i+ G — uh)y(udh — 2) (x,y.2) € D

and

00x,y.2) = y+ (v; —y) (Uz _x)(v] —-yz+x - U])Y(UQ —2) (x,y.2) € Da,

05 — ) — Yv3 + 5 — vy —2)’
where

Dy :={(x,y,2) € [uf, u3] x [0, uf] x [0, u3]|x(u} — y)ub + uyus —z) > 0}
and

Dy := {(x,y.2) € [v], v3] x [0, v{] x [0, v3]|x (v} — y)v5 + v]y(v5 —2) > O} .

The super- and sub-solutions are given by the following lemma.

Lemma 3.21 Assume (J1)—~(J4) hold and co > ¢1 > ¢3. Let (p1(t), p2(2), F1 (1), F2(2))
be the solution of (3.3). Then, the functions defined by

u(x, 1) = P(g11(x +ct — pi1(1)), g21(x + ¢t +71(1)), ¢31(x + ¢t + pa(1))),
v(x, 1) = Q(d12(x + ¢t — p1(1), doa(x + ¢t +11(1)), p32(x + ¢t + pa(1)))
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and

u(x,t) = P(p11(x +ct —71(1)), 21 (x +ct + p1(1), ¢p31(x + ¢t + 72(1))),
v(x, 1) = Q(12(x +ct — 71 (1), ¢ (x + ¢t + p1(1)), p32(x + ¢t + 72(1)))

are a pair of super- and sub-solutions of (1.1) for (x,t) € R x (—o0, t3] with some
t3 < 0. Moreover, (3.21) and (3.22) hold for (u(x,t),v(x, t)) and (u(x,t), v(x,t)).

3.6 V-Type Entire Solution

The fifth type of entire solution originates from two monostable and one bistable
traveling wave solutions, namely (c1, ®1), (c2, ®2), and (¢o, @) with c; < ¢ < Co.
We see Fig. le for the profile of this entire solution as t — —o0.

Theorem 3.22 Assume (J1)—(J4) hold and ¢y > c¢2 > c1. Then, (1.1) admits an entire
solution Ws(x, 1) : R* — [0, u3] x [0, v3] satisfying

== | x<pi(0)

+  sup Ws(x,t) — ®2(x + c2t + ¥s)]|
p1()<x=py(t)

lim { sup || Ws(x,t) — @1(x + c1t — J¢)||

+ sup ||W5(x,t)—‘i>(x+50t+l96)ll} =0,

p2(t)<x

where VU5 and 5 are some constants satisfying

1 L 1 L
Y5 := ——1In |:e_’“° — —] , U6:=——1In |:e_’(p° + —i| ,
K V1

and p1, p2 : R — R are defined by

—(c1 + )t or(1) = —(c2 + 50)1‘-

'Ol(t) = 2 ’ L 2

Moreover, when (J5) holds, there are two positive constants Dy and Dy such that for
any (x,t) € R2 and n >0,

oW oW

Similar to other types of entire solutions, we focus only on the construction of auxiliary
functions and super- and sub-solutions for WWs and omit the other details in the proof
of Theorem 3.22. Throughout this subsection, we choose the values of s, 52, and 53
as follows:

S1i=cp, §2 =, 53 = Cp.
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Denote

$1(5) = D1(5), $2(8) 1= D2(E), $3() := (&)

and assume that

u

—_%

$11(0) = 2. and (¢31(0), ¢32(0)) > (u], v}).

, $2100) = IT

N

The two auxiliary functions are defined as follows:

x(y —uDi —2) + W —x)3 — y)z

Px,y,2)=y+(— x,y,2) €D
(X, y,2) =y+(=y) (= 0+ — )z (x,y,2) € D
and
x(y —vP)(Ws —2) + (v —x)(v3 — )z
X, y,2) =y+(— X,y,2) € Dy,
Q(x,y,2) =y+(-y) = )0k + oF (0 — )z (x.y.2) € Dy
where

Dy == {(x,y,2) € [0, u}] x [u}, ub] x [0, ub]|x(y — ul)uj + uj(} — y)z > 0}
and
Dy == {(x,y,2) €0, vf] x [v}, v3] x [0, v}]|x(y — v])v} + v} (vs — y)z > O}.

The super- and sub-solutions are given by the following lemma.

Lemma 3.23 Assume (J1)—(J4) hold and ¢y > ca > c1. Let (p1(t), pa(t), F1(t), F2(2))
be the solution of (3.3), and ¢ := (c1 + ¢2) /2. Then, the functions defined by

u(x,t) = P(gp11(x + ¢t —71(1)), p21(x + ¢t + p1(1)), dp31(x + ct + 72(1))),
v(x,t) = Q(¢ra(x +ct =71 (1)), paa(x + ct + p1(1)), p32(x + ct +72(1)))

and

u(x, 1) = P(g11(x +ct — pi1(1)), ¢21(x + ¢t +71(1)), ¢31(x + ¢t + pa(1))),
v(x, 1) = Q(d12(x + ¢t — pi1(1), doa(x + ¢t +711(1)), p32(x + ¢t + pa(1)))

are a pair of super- and sub-solutions of (1.1) for (x,t) € R x (—o0, t4] with some
t4 < 0. Moreover, (3.21) and (3.22) hold for (u(x,t),v(x, t)) and (u(x,1t), v(x,t)).
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3.7 VI-Type Entire Solution

The sixth type of entire solution originates from two monostable and one bistable
traveling wave solutions, namely (¢, ®3), (c2, ®3), and (Cg, ®) with ¢, < ¢z < Co.
We see Fig. 1f for the profile of this entire solution as t — —oo.

Theorem 3.24 Assume (J1)—(J4) hold and ¢y > co > ¢». Then, (1.1) admits an entire
solution We(x, 1) : R2 — [0, u3] x [0, v3] satisfying

lim | sup [We(x, 1) — Pa(x + éxt — 93)||

1==00 |\x<pi(t)

+  sup [We(x, 1) — @2(x + cat + 93)||
p1(t)=x=p2(t)

+ sup ||W6(x,f)—<i>(x+5ol+l94)ll} =0,

p(t)<x

where V3 and ¥4 are some constants satisfying

1 L ! L
W3 = ——ln[e_"po——i|, ¥4 :=—In |:e_'(p°——i|+l70+"0a
K V| V1

and p1, p2 : R — R are defined by

— (62 + )t or(t) = —(c2 + 50)t-

,Ol(t) = 2 ’ L 2

Moreover, when (J5) holds, there are two positive constants Dy and Dy such that for
any (x,t) € R2 and n >0,

oW, oW,

Now, the construction of auxiliary functions and super- and sub-solutions for W is
provided, and the other details in the proof of Theorem 3.24, which are similar to
other types of entire solutions, are omitted. Throughout this subsection, we choose the
values of 51, s, and s3 as follows:

S1:=Cp, §2:=0Cp, 53 := Cp.
Denote

$1(8) == D2(8), hy(§) = D2(E), P3(&) := D(E)

and assume that
ui +uj
2

* k k *
uptu, vi+u,
2 ’ 2

(#11(0), ¢12(0)) < ( ) $21(0) = » (931(0), ¢32(0))
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* * * *
- (“1 +ul vj +v2>

272

The two auxiliary functions are defined as follows:

P(xv*yr Z) = y B " * * *

R X)((yu;flx))(?yz__zj’;bjﬁyltu(;__ubifl))((uuiz—_y);)zz(uz -2 (x,y,2) € Dy
and

O, y,2) =y

LW DO vDE; — DN+ E DTN =)

(V3 =00 = vPv3 + 03 = V)3 = )z

where

Dy = {(x, y,2) € [u}, u3] x [u}, uz] x [0, u3]|(uj — x)(y — u})u}
+(uh — ul)(wh — y)z > 0}

and

Dy = {(x,y,2) € [v}, v3] x [V}, v3] x [0, v31| (V5 — )y — v})v}
+@3 — o)) (W3 — y)z > 0}.

The super- and sub-solutions are given by the following lemma.

Lemma 3.25 Assume (J1)—(J4) hold and ¢y > ¢ > ¢3. Let (p1(t), p2(2), r1(t), ra(t))
be the solution of (3.2), and ¢ := (Cy + ¢2)/2. Then, the functions defined by

u(x,t) = P(p11(x +ct —ri(@)), g1 (x +ct +r1(1)), p31(x +ct +r2(2))),
v(x, 1) = Q (p12(x +ct —r1(1)), p(x +ct +r1(1)), Pp32(x + ¢t + r2(1)))

and

u(x, 1) = P(¢11(x +ct — p1(1), p21(x + ¢t + p1(1)), ¢31(x + ¢t + p2(1)))
v, 1) = Q (@r2(x + ¢t — p1(1)), 22 (x + ¢t + p1(1)), p32(x + ¢t + p2(1)))

are a pair of super- and sub-solutions of (1.1) for (x,t) € R x (—o0, t5] with some
ts < 0. Moreover, (3.21) and (3.22) hold for (u(x,t),v(x, t)) and (u(x,t), v(x,t)).
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3.8 Nonexistence of N-Wave Entire Solutions for N > 5

In this subsection, we show that when cg # ¢, there is no entire solution originating
from more than four traveling wave solutions. When we say ¢y = ¢, it means that
the nondecreasing bistable traveling wave solution ® (x + cot) and the nonincreasing
bistable traveling wave solution ®(x 4 ¢ot) have the same propagating direction and
the same speed. For the special case where the nondecreasing bistable traveling wave
solution and the nonincreasing bistable traveling wave solution are symmetric, we
write not ¢g = &g, but ¢g = —¢y. Obviously, the assumption ¢y # ¢o covers most
cases of bistable spreading speeds. However, when ¢y = ¢y, we cannot prove whether
or not there exists N-wave entire solution with N > 5.

We first introduce some definitions. Let (c;, ¢ j) with j = 1,2,..., N be N trav-
eling wave solutions of (1.1). We say that Sy = {(c1, @), (c2,93), ..., (cn, dy)}
is a generative sequence, if there is an entire solution (u, v) of (1.1) originating from
Sn, in the sense that, (1, v) and Sy satisfy that

€] =C=...=CnN, (3.27)

and there exist constants #; with j = 1,2, ..., N such that (1.4) holds. For example,
the sequences corresponding to WW;—W; in Sects. 3.2-3.7 are generative, which are
given by

{(c2, ®2), (G0, D), (co, )}, {(E1, D1), (co, D), (G0, D)}, {(c1, D), (1, 1), (co, D)},
{(é2, ®2), (€1, 1), (co, @)}, {(c1, D1), (c2, P2), (G0, D)}, {(E2, D2), (2, D2), (0, D))

Forany j =1,2,..., N — 1, when x = p;(¢), it follows from (1.4) that

i, 0)(pj1 (0,0 = Mm@ (041 (D) + et + )

= t_l)if_floo¢j+1(0j+l(t) +cjr1t +3j41),
namely,

(cj —cjyt
J Jj+ +

i ¢, <f 1’/‘) = 1im ¢ (f + ﬁj+1> :
By (3.27), we have that
¢;(+00) = (—o0) forany j =1,2,..., N — L. (3.28)

Therefore, (3.27) and (3.28) are necessary for that Sy is a generative sequence. By
(3.28), when Sy is a generative sequence, we can denote a sequence

Py ={po, p1,..., PN},
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where

P02 $i(—00), pj £ ¢;(+00) = 1(—00), j€{l,....N —1}, and py £ ¢ (+00).

We say that Sy = {(c1, ¢1), (c2, §3), ..., (cnN, §p)} is a non-generative sequence,
if there is no entire solution originating from Sy. Obviously, Sy is non-generative
if ¢;(+00) # @ (—00) for some j € {I,2,..., N — 1} or there exist i, j €
{1,2,..., N}suchthat¢; > cjandi < j.

Lemma 3.26 In the following two cases, the sequence Sy = {(c1, ¢1), (c2, $2), ...,
(cn, @ y)} is non-generative.

(1) When ¢y # ¢y, there existi, j € {1,2,..., N} withi < j such that
(i 9) = (cj. b)) = (co,®) or (ci.¢;) = (cj. ;)= (0. D).
(ii) There existi, j € {1,2,..., N} withi < j such that
$:(—00) = ¢ ;(+00) = E|.

Proof (i) We only consider the case where there exist i, j € {1,2,..., N} with
i < j such that (¢;,¢;) = (cj,qu) = (cp, ), and the proof for the case
(ci, @) =(cj, ¢ j) = (Co, CiD) is similar. Suppose, by contradiction, that Sy is gener-
ative. Obviously, itholds thati < j —1; otherwise, ¢;(+00) = E2 # ¢ ;(—00) = Ep
withi = j —1. Note that p; = ¢;(+00) = Eyand pj_| = ¢ ;(—00) = Ey. Consider

the sequence {p;, ..., pj—1}, and choose ip withi < iy < j satisfying that p;, is the
last E7 in {p;, ..., pj—1}. Next, consider the sequence {p;,, ..., pj—1} and choose
Jo with ig < jo < j satisfying that p;,— is the first Eg in {p;,, ..., pj—1}. Let

S ={piy>---, Pjo—1}- Then, we have either
S =A{piy, Pjo—1} = {E2, Eo} with ip = jo — 2. (3.29)
or
S = {piy> Pip+1 = Pjo—2, Pjo—1} = {E2, E1, Eo} withig = jo —3.  (3.30)

When (3.29) holds, we have that ¢50+1 = & and Cig+1 = Co. Then, (3.27) and
¢; = ¢j = co imply that ¢ji41 = co = Co. It is a contradiction with c¢o # Co.
When (3.30) holds, we have that ¢;,,, = ®> and ¢;,,, = @1 with ¢j41 = & and
Cig+2 = ¢1. From (3.27) and ¢; = ¢; = cy, it follows that ¢; = ¢; = ¢o, which is a
contradiction with ¢, < cg < ¢ < ¢1 in (2.3).

(i1) By Theorems 2.1 and 2.2 , ¢; must be <i>1 or @, (which implies that ¢; > cr),
and ¢ j must be ®; or 432 (which implies that ¢; < cg). From (2.3), it follows that
¢i > c¢L > cg > ¢;. Hence, Sy is non-generative. O

Theorem 3.27 When co # ¢o, any sequence Sy = {(c1, 1), (c2, ¢2), ..., (cn, dn)}
with N > 5 is non-generative.
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Proof Let Sy be a generative sequence. Obviously, there are at most two bistable
traveling wave solutions in Sy (otherwise, Lemma 3.26 (i) happens). Now, we prove
that there are at most two monostable traveling wave solutions in Sy. We claim that
E appears at most one time in Py . Indeed suppose, by contradiction, that £ appears
at least two times in Py . Then, any two E| in Py must be nonadjacent since there is no
traveling wave solution (c, ¢,.) satisfying that¢.(+oo) = E;.Leti, j € {0, 1,..., N}
satisfy p; = pj = Eyandi + 1 < j. Then, we have that

$ip1(—00) =pi = E1, ¢;(+00) =p;=E.

From Lemma 3.26 (ii), we get that Sy is non-generative, which is a contradiction.
Therefore, E1 appears at most one time in Py, which implies that there are at most two
monostable traveling wave solutions in Sy . Finally, we get that if Sy be a generative
sequence, then N < 4, namely, there exist at most two monostable and two bistable
traveling wave solutions in Sy. O

Discussions. These twelve types of three-wave entire solutions in Figs. 1 and 2 contain
all possibilities of entire solutions originating from three traveling wave solutions
(cj, ¢j)j=1,2,3. By (3.28) in Sect. 3.8, the profiles must satisfy ¢j(+oo) = ¢j+1 (—00)
for j = 1, 2. The twelve types in Figs. 1 and 2 show all possibilities of (c;, ¢ ;) j=1,2,3
satisfying this condition. Moreover, the wave speeds {c;};=1,23 also satisfy ¢; <
¢2 < c3, and otherwise, the two adjacent traveling wave solutions with ¢; > ¢4 for
some j € {1, 2} must intersect at some negative time. When the speeds of bistable
and monostable traveling wave solutions are nonzero, the existence results in Sect. 3
show all possibilities of three-wave entire solutions satisfying ¢; < ¢2 < c¢3. But for
the case c; = ¢ or ¢ = c3, it remains open whether or not the entire solution of (1.1)
originating from (c;, ¢j)j:1,2,3 exists.

Note that four-wave entire solutions have not been considered in this paper, and it
is interesting to show whether or not there exist four-wave entire solutions of (1.1).
The main difficulty in the proof of the existence is how to construct some appropriate
auxiliary functions. We will consider this problem in future research.
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Appendix A. Proofs of Some Lemmas in Section 3.2
A.1 Proof of Lemma 3.8
We denote

$11(0) ¢12(0)

* ’ *
uy vy

€] := min

}, € = max{

$11(0) ¢12(0)}
o ;

*
u U2
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o = min {¢>21(0) ¢>22(0)} — ¢>22(0)}
3= i G i I
o min{¢31(0) ¢32(0)} o max[¢31(0) ¢32(0)}
5 .= ],[T ) UT ) 6 -— u; ’ v>2k .

It follows that €1, €3 > 1, €3, €4, €5, €6 € (0, 1) and

E1 <€aE <¢,0) ek K E,
Ey < 63E1 < ¢,(0) < e4Fr K En,
Ey < esE1 < ¢3(0) < e6Er K En.

In what follows, we give the upper and lower bounds of ¢{(§ — q1), $,(§ + g2), and

¢3(& + g2) in four cases. The calculations are not complicated and we omit them.
First, when & < g1 (¢), it holds that

E1 =¢1¢ —q1) SeEr, &3E1 < ¢(5 +q2) < Ea, Eo < ¢3(5 + q2) < €6En.
Second, when ¢q1(t) < & < —q1(t), we have

€1Er =¢1(§ —q1) = Ez, 3E1 < ¢2(§ +q2) < Ez, Eo < ¢3(§ +q2) < €6En.
Third, when —q;(t) < & < —q»(t), it follows that

€1Er =¢1(§ —q1) = Ez, Eo < ¢2(§ +q2) < €4E>, Eo < ¢3(§ +q2) < €6En.
Fourth, when & > —g»(#), we can get

€1E1 <16 —q1) < Ea, Eo <6 +q2) <eaEn, esE1 < @3(5 +q2) < En.
Some calculations imply that

0 < ujus min{e3(1 — €6)(ui — u?), (1 — (1 — €a)u’}
< u5[p11(E — q1) — uillus — ¢21(€ + q1)]
+ (w5 — u)P21 (€ + qDlu; — ¢31(€ + q2)]

< 2u§2(u§ —uy)
and

0 < vivs min{e3(1 — €6) (v5 — v}), (€1 — 1)(1 — €4)v5}
<5 (9126 — q1) — vf][v3 — ¢ (& +q1)]
+ (v —v))P22E +q1)lv; — ¢32(5 + q2)]

< 21)’2k2(v3k —v})
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for any £ € R and ¢, g; satisfying (3.17). Then, the second and third inequalities
in Lemma 3.8 can be easily obtained. For the first inequality, we get from (3.12) and
¢, < 0 that

* * * *
uy+uy vy +v;

(@21 +q1), $22(6 +q1)) = (¢21(0), 22(0)) > ( I ) when & < g1 ().

It follows that

us 9315 + q2) — uillus — ¢21(5 + g1+ 216 + q)us — ¢31(5 + q2)1(u5 — u?)

*+ * *+ *
> 13[p31 (€ + q2) — u}] (u; -4 : “2) + 4 : 2 s — 31 € + g1 — u)

uj 2
= 7(”3 - MT) ,

and then
Wl —uP)uh (P31 — u)) W} — ¢21) + pa1(uh — P31) (i — up)]
[wh (P11 — ul) (Ul — 1) + (5 — uf)o1 (uf — ¢31)]?

u*
_ el —eouius g —up)F (@l — uh)? el — eq)u(uh —ut)

PY(&, 1) = ¢o1(u5 — $31)

- [2u§2(u§ —uf)? - 8u§2

It completes the proof.

A.2 Proof of Lemma 3.9

When & < —q/(t), we have that
$31E +q2) < $31(0) <uj < o116 —q1), and PY(§,1) = 0.
By P%, ¢1,, %, = 0 and ¢, < 0, we have that when & < ¢ (1),
AVED = PXE 0B — PYEDgh + PR 00k 2 PUE 00, 2 1 PUE DI
and when § < —q (1),
AVE D) = 5 [PUE DI+ PYE DIgh].

When —q;(t) < & < —q»(t), we have that PY, P* > 0. Then, we compute that

1
A1E, D) = 5 [PYE D15 (¢ +qDl + PUE, D103 (¢ +92)]
2

1 1 | . ,
= P*(E Dy + EPVV@J)W&H + EPZ(5,1)¢§1 > PY(E D), + EP)@J)WZ”
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- b1 (U5 — p31) (w5 — uD) s (P31 — uf) (U5 — ¢21) + da1 (w5 — ¢31) (U5 — ui)]
- [} (P11 — ul) (Ul — p21) + (5 — uf) o1 (u — ¢31)1?
po21 (P11 — up) (uh — g3)us” (wh — up)(pi1 — ¢31)
2[ud (P11 — ul) (U — ¢o1) + (uy — ul) o1 (uh — ¢31)1?
G upuiuy’
[2u3 (u; — u*f)]2

’
¢)11

[~Coe™8 + Ze1 = (1 = £6) (§11(0) = 6310))| = 0

for § sufficiently large. When & > —g» (), we have that P? > 0. Similarly, we obtain
that

1 )
A, 1) — EPZ(S, D1$31E + q2)| = PX(E, )¢}y + P (E, )¢y |

u; — ¢31

1. ,
+§P &, D3 > W

(=3 = upufus’Coe>m
@3 — ) us”Coe™ + Li(er — Duj (1 — equs” P} = 0

for § sufficiently large. It completes the proof.

A.3 Proof of Lemma 3.10

For given (£,7) € RxR™ and s € R, when there is no confusion, we simply write

$11(0) := Pp11(& — q1(1) — 65), $21(6) := 21 (€ + q1(t) — Os), and 31 (0)
= ¢31(& + qa(t) — 05),

where 6 € [0, 1]. Then, H; (€, t) can be represented as follows:

Hy (&, 1) =/Rh(s)[P<qSu<1), $21(1), $31(1)) — P($11(0), $21(0), $31(0))1ds
— Pe($11(0), $21(0), $31(0)) /R Ji()[p11(1) — p11(0)1ds
— Py($11(0), $21(0), $31(0)) /R J1()[ha1 (1) — o1 (0)1ds
— P.(¢11(0), $21(0), $31(0)) [R J1($)[d31(1) — ¢31(0)]1ds.
We denote

Zi = Pe($11(0), $21(0), $31(0)[11(1) — h11(0)],
Tr = Py($11(0), $21(0), $31(0)[21 (1) — $21 (0)],
T3 = P.(¢11(0), 21 (0), $31(0))[h31 (1) — 31 (0)].
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By mean value theorem, there exist 81, 6>, and 83 in (0, 1) such that

P(p11(1), da1(1), $31(1)) — P(¢11(0), $21(0), $31(0)) = Ly + Ts + L,
where

Ty = Pe(61d11(1) + (1 — 61)¢11(0), g1 (1), p31(1D))[11(1) — 11 (0)],
Ts = Py(¢11(0), 6221 (1) + (1 — 62)¢21(0), p31(1)[h21 (1) — 21 (0],
To = P.($11(0), $21(0), 63631 (1) + (1 — 63)h31 (0))[31(1) — 31 (0)].

Then, we can get that
HiE 1) = / JTs +Ts + T — T — T — Ts]ds.
R

Also by mean value theorem, there exist 6y, 65, and 6¢ in (0, 1) such that

Ty — Ty = Pex(Oar1 (1) + (1 — 011 (0), da1 (1), $31(1)01[h11(1) — $11(0)]
+ Pry(¢11(0). B5¢h21 (1) + (1 = 05)p1 (0), $31 (1)1 (1) — 21 ()11 (1) — 11 (0)]
+ Pz ($11(0), $21(0), 31 (1) + (1 — 06)31(0))[h31 (1) — 31(0)1[b11(1) — 11 (0)]
=01G1(&,t,5,04) + Go(&,1,5;05) + G3(§, 1,5 0),

where

G1(E.1.5:04) = Pex (0211 (1) + (1 — 04)11(0). b1 (1), p31 (1) 11 (1) — 11 (0],
Ga(E. 1, 5:05) = Pey(@11(0), 0521 (1) + (1 — 05)¢21(0), p31 (1))
[p21(1) — b21 O)1[d11 (1) — p11(0)],
G3(£.1.5:06) = Pez(11(0), $21(0), Osp31 (1) + (1 — 06)$31 (0)[h31 (1) — 31 (0)]
[b11(1) — p11(0)].

There exist 67 and 6g in (0, 1) such that
Ts — Tr = Pyy($11(0), 67¢21 (1) + (1 — 67)$21(0), 31 (1))6a2[da1 (1) — $21(0)1?
— Py (¢11(0), $21(0), Osh31 (1) 4 (1 — 63)h31(0))

[$31(1) — $31(0)1[h21 (1) — 21 (0)]
=0Ga(E, t,5;07) + Gs(&, 1,55 0%),

where

Ga(&, 1,5:07) = Pyy($11(0), 6721 (1) + (1 — 67)21(0), 31 (1) 21 (1) — $a1 (0%,
Gs(,1,5:08) = Py (611(0), ¢21(0), B6h31 (1) + (1 — 86)h31 (0)[31(1) — $31(0)]
[$21(1) — $21(0)].
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There is a constant 69 € (0, 1) such that

To — T3 = Poo(611(0), $21(0), Bod31 (1) + (1 — 69)h31(0))63[h31 (1) — $31 (0)]
=03Ge(&,1,5; 69),

where

Ge(£, 1, 53 09) := P (¢11(0), $21(0), Gop31 (1) + (1 — 69)p31(0)[h31 (1) — 31 (0)1%.

Based on the above formulas, we can get that

HiE 1) = /RJ1<s)[91G1<s,r,s;04> 4 Gae, 1, 5 05) + G3(E. 1, 5: 0)

+0,Ga(§,t,5;07) + Gs5(&,t,5;03) +03Ge(&, t, 55 Og)]ds.

(3.31)

In what follows, we provide the detailed estimations only for |G (&, 1, s; 64)/ A1
(&, 1), and for |G; (&, ¢, s; 0,43)/A1(€, 1) withi = 2, ..., 6, the methods are similar.
We get from the mean value theorem that

1611(1) — @11 (0)] = |p11(E — g1 — 5) — P11(E — q)| = |}, (E — g1 — 6105)s]
= |p};(B10)s],

where 01 is some constant in [0, 1]. In addition, for the C3 given by Lemma 3.6, there
is a sufficiently large constant C4 such that

Cilp11(6 —g1 — ) —d11(E —q1)| < C4 forany (§,1) e Rx R, 5 € R.

Now, we consider the following six cases. Recall that the constant m, which appears
below, is defined in assumption (J4).

Case 1: When & < ¢(#), based on Lemmas 3.6, 3.7, 3.8, and 3.9 (i), we have that
for s € supp(Ji), there exists a positive constant M 1 such that

_ 2Calu3 = (D] - |d11(1) — 11(0)]
- PX(&,1)|#), (& —q1)
2C4|uy — pa1 (V)] - 191, (Br0)s| _ 2Cam
=T G-l S o PaEra ol
s = n Gt =9 19}, — a1 — 6i09)]
195, (& +q1 — )| [p11(5 — g1 — O105) — uil
P16 — g1 —b108) —ujl 1P —q1) —ujl
116 — q1) — ujl 191, —q1)l

2C4m COem(SJrql*S)iCZCL < Mlemql.
M Ci Ci —

'Gl(é, t,s;04)
A1(¢, 1)

IA
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Case 2: When ¢ (¢) < & < 0, based on Lemmas 3.6~, 3.7,3.8, and 3.9 (ii), we have
that for s € supp(Jp), there exists a positive constant M5 such that

2C4lus — da1(D)] - 11(1) — ¢11(0)]
= PXE DI E — gDl + PYE DIy E +q1)l
2C4|u} — o1 (V)] - 18], (Bro)s| _ 2Cam
ST GE—al Tl
Jus =G +a =9 6], —q1 = 6i09)]
95 +q1— )| |ub—¢11(E — g1 — 105
u3 — @11 — g1 —6i0s)| [u5 — € —q1)l
s — d11(E — q) 611 — g1

2Cq4m Coem(éJrql*S)iCZCi < Mzemql_
M Ci Ci —

'Gl(é?, t,s;04)
A1¢, 1)

Case 3: When 0 < § < —q(¢), based on Lemmas 3.6, 3.7, 3.8, and 3.9 (ii), we
have that for s € supp(J1), there exists a positive constant M3 such that

2C4lul — a1 (D] - |11 (1) — ¢11(0)]
= PY(E,0IB],(E — ql + PY(E, D¢y, (E + q1)
2C4lul — a1 (D] - 1), B10)s| _ 2Cam
—q1—0
PR RCET D] =7 oG m = 6s)l
Juy — ¢ +q1 =8| uz — ¢ +q)l
[u3 — 21 (€ + q1)] |5, (& + gl

2C4m Coe—nz(é—th—@loS)CL < M3enzq1_
w2 Cr —

‘Gl(é, t,s;04)
A1, 1)

Case 4: When —q (1)v < § < (—qi1(t) —q2(7))/2, based on Lemma 3.6, 3.7, 3.8,
and 3.9(iii), we have that for s € supp(/Jj), there exists a positive constant M4 such

that

- 2C4l¢a1 (D] - 11 (1) — 11 (0)|
= PY(E, DI#h,(E + q| + PAE DI (E + g0
2C4la1 (D] - 19}, (Br0)s] _ 2Cam
—q1—6
S T LGt - @ afos)l
.|¢21($ +q1—5)| [¢21(5 + q1)]
[p21 (5 + q1)] |5, (& + g1l

2C4m Coe—nz(&—ql—ﬁm)ci < M4en2q1_
w2 Ci

‘Gl(é,hS; 04)
A€, 1)

Case 5: When (—q1 (1) — q2(1)) /2 < § < —q»(t), based on Lemmas 3.6, 3.7, 3.8,
and 3.9 (iii), we have that for s € supp(J1), there exists a positive constant Ms such

that
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- 2C4l¢a1 (D] - 11 (1) — 11 (O)|
= PY(E, DI#h, (& + ql + PAE DI, (E + g0
2C4la1 (D] - 19}, (Br0)s] _ 2Cam
—q1—6
S T LGt - @@ fos)l
.|¢21($ +q1—5)| [¢21(5 + q1)]
[p21 (5 + q1)] |5, (& + g1l

< 2C4m Coe—’n(é—‘h—elos)ci < Mseﬂqu_
w2 Ci

'Gl(é,hS; 04)
A€, 1)

Case 6: When § > —g»(7), based on Lemmas 3.6, 3.7, 3.8, and 3.9 (iv), we have
that for s € supp(J1), there exists a positive constant Mg such that

_ 2Calu — 31D - [dn (1) = du1 (O)]
= P&, D)|¢h, E + g2
2Cslul — 31 (V)] - |9, (B10)s| _ 2Cam
—q1—0
= 13185 E + q)| = s 1PuE @Ol
Juy =31+ g2 —8)| |uz — P31 + g2
s — d31 (€ + ) 165, + @)

< 260am o me—a—oone L _ g mar
Hu3 Gy

‘Gl(é,t,S;l%)
A€, 1)

With the above estimates, we can get (3.19) from (3.31) and fR Jix)dx =1,
immediately. It completes the proof.
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