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Abstract

In this paper, we study a three-dimensional stochastic vegetation—water model in
arid ecosystems, where the soil water and the surface water are considered. First,
for the deterministic model, the possible equilibria and the related local asymptotic
stability are studied. Then, for the stochastic model, by constructing some suitable
stochastic Lyapunov functions, we establish sufficient conditions for the existence and
uniqueness of an ergodic stationary distribution @ (-). In a biological interpretation, the
existence of the distribution = (-) implies the long-term persistence of vegetation under
certain conditions. Taking the stochasticity into account, a quasi-positive equilibrium
D" related to the vegetation-positive equilibrium of the deterministic model is defined.
By solving the relevant Fokker—Planck equation, we obtain the approximate expression
of the distribution @ (-) around the equilibrium D" . In addition, we obtain sufficient
condition %(‘)E < 1 for vegetation extinction. For practical application, we further
estimate the probability of vegetation extinction at a given time. Finally, based on some
actual vegetation data from Wuwei in China and Sahel, some numerical simulations
are provided to verify our theoretical results and study the impact of stochastic noise
on vegetation dynamics.
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1 Introduction

Desertification, as a process of land degradation, is formed by human activity struc-
ture and irregular climatic variations under the condition of arid and semi-arid areas
(London and Unep 1994). In recent few decades, land desertification has been one
of the worldwide ecological environmental issues and become increasingly serious
(Hautier et al. 2015). According to statistics reported by the United Nation’s Division
for Sustainable Development (UNDSD), land desertification has led to a decline in
living standards of approximately 25% of the world’s population (Chen et al. 2021,
Dai 2013). Worse yet, the area of semi-arid regions in recent years is at least 7% larger
than that in 1960s (Huang et al. 2016). In particular, the total area of arid and semi-arid
land accounts for about 24.6% of China (Li et al. 2004). Thus, an urgent task is to
provide effective strategies to prevent land desertification and prompt the restoration
of degraded ecosystems.

Theoretically, mathematical modeling is an important tool for studying the mech-
anism of desertification formation and providing some dynamical schemes to curb
land desertification (Chen et al. 2021; Shnerb et al. 2003; May 1977; Marinov et al.
2013; Gilad et al. 2007; Saco et al. 2007; Kefi et al. 2008, 2010; Sun et al. 2013). Tak-
ing the evaporation of water and the consumption of herbivores into account, Shnerb
etal. (2003) initially proposed a two-dimensional vegetation—water model, namely the
52003 model. Marinov et al. (2013) further studied the global stability of the possible
equilibria of the S2003 model and obtained the existence of non-trivial periodic vege-
tation states when the rainfall rate maintains at an appropriate level. But in fact, most
of the rain first falls on the soil surface and become soil water through the infiltration,
then being absorbed by the plants through the capillary action of plant roots (Gilad
et al. 2007). In this sense, Saco et al. (2007) introduced two monotonically increasing
concave functions to describe the water infiltration and the capillary action of plant
roots, respectively. Considering the additional root-augmentation feedback, Kefi et al.
(2008, 2010) further established a three-variable vegetation—water model that distin-
guishes between soil water and surface water, which is usually named as K2008 model.
Moreover, they analyzed the possible mechanism and bistability of desertification for-
mation under three future climatic scenarios predicted by the Hadley Center Cox et al.
(2000). Recently, Chen et al. (2021) applied the K2008 model to study the influences
of temperature and precipitation change on the vegetation patterns of Wuwei (37.4N,
103.1E) in China. Moreover, it was numerically proved that the K2008 model can well
describe the local vegetation state according to the local image of Wuwei taken from
Google Earth.

However, the majority of the research results obtained by these models above are
mainly experimental results, and there is a lack of quantitative analysis of the deserti-
fication restoration problem. That is to say, some theoretical dynamical behavior of a
vegetation—water model should be analyzed for better practical application in arid and
semi-arid ecosystems, such as long-term persistence of vegetation, vegetation extinc-
tion and the related mean extinction time. Thus, in this paper, we will show some
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dynamical analysis for the existing vegetation—water models with good applicability
(K2008 model as a case). Motivated by the idea of K2008 model mentioned in Chen
et al. (2021), Kefi et al. (2008), Kefi et al. (2010), let P(z), W(¢) and S(¢) be the
vegetation density (g/ m?), soil water volume (mm) and surface water volume (mm)
at time ¢, respectively. A deterministic vegetation—water model with non-runoff then
takes the following form:

dP(1) _ cazgeo, W) P (1)

- RespP(t),
dt W(t) + ki
dW(@) _ a(P(1) +kwo)SE)  qgoagn,oW () P(1) W) (1)
dr P(t) +ky W(t) + ki v ’ ‘
ds(t) o a(P(t) + kowg)S(r)
dt P(t) + ky ’

where Regp is the average loss rate including consumption of herbivores and autotrophic
respiration in plants. ry, denotes the average loss rate of soil water due to drainage
and evaporation. R is the average rainfall rate. The infiltration capacity I; of water is
denoted by the term %—ZIJ;O)S with the maximum infiltration rate « and the infiltration
saturation constant k». Moreover, wg € (0, 1) is the measure of the infiltration contrast
between vegetated and bare soils. The term % denotes the water conductance
capacity T, which results from the difference between saturated and actual specific
humidity. « is the conversion rate of roots, g denotes the positive humidity difference,
and kj is the half-saturated constant of water uptake. g, and gn,0 separately denotes
the leaf conductance to CO; and H,O, which satisfy gn,0 = ¥ gco, With y denoting

the conversion coefficient for the molecular diffusivities of CO, and H,O Kefi et al.

WP . . . . .
(2008). The term % describes the carbon gain capacity of vegetation biomass,
where c is the carbon gain rate. In addition, the units of the above parameters are

presented in Table 1, and the relevant schematic diagram of system (1.1) is shown in
Fig. 1.

In this paper, we define a critical value by Zy = %. By a standard
argument (Chen et al. 2021; Kefi et al. 2008), system (1.1) has a vegetation-free
equilibrium Doy = (Po, Wp, Sp) = (0 R L), which always exists. In addition to

Qg

the equilibrium Dy, a unique vegetation-positive equilibrium D* = (P*, W*, §*) =
c (R _ rwki k1 Resp R(P*+kp) . L
(37 (Resp ngcoz_Resp), P “PTany) Will exist in system (1.1) when
rwklResp

caz8co, > Resp and R > , which are equivalent to %y > 1.

Cangeoy — Res

It should be noted that theg S}zlstens (1.1) is established under a constant ecological
environment. However, due to a continuous spectrum of disturbances in the actual
situation (Beddington and May 1977), many of the main parameters in vegetation
evolution, such as the rainfall rate, the intensity of grazing and the photosynthetic
capacity, are not constants but rather fluctuate around some average values (Guttal
and Jayaprakash 2007). Thus, it is important to study randomly perturbed vegetation—
water models (Pan et al. 2022). So far, only a few stochastic vegetation—water models
have been formulated to analyze the impact of stochastic noise on vegetation dynamics
(Guttal and Jayaprakash 2008; Zhang et al. 2019; Han et al. 2014; Pan et al. 2020;
Zhang et al. 2020). Specifically, Guttal and Jayaprakash (2008) established a two-
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Fig.1 The schematic diagram of deterministic vegetation—water system (1.1)

dimensional stochastic vegetation—water model with density-dependent effect, which
is usually named as G2008 model. Recently, considering the random perturbations of
the density-dependent effect and the rainfall rate, Zhang et al. (2019) developed a mod-
ified version of the G2008 model, and studied the transient dynamic properties of the
stochastic system in terms of two important indexes including the first escape proba-
bility (FEP) and the mean first exit time (MFET). Moreover, it was numerically proved
that the increase of noise intensity decreases basin stability of the vegetation—water
system. Considering adding two factors, the pulse control strategy and the random per-
turbation of the growth response function of vegetation, in the G2008 model, Zhang
et al. (2020) obtained the sufficient conditions for vegetation persistence and extinc-
tion in the mean sense. Based on the ecological model with runoff mentioned in Liu
et al. (2019) and the linear perturbation approach proposed by Imhof and Walcher
(2005), Pan et al. (2020) established a two-dimensional stochastic vegetation—water
system with runoff, and theoretically obtained the sufficient and necessary conditions
for the system’s near-optimal control problem (i.e., higher vegetation density and water
density can be obtained at the lowest cost). Clearly, all the dimensions of the above
stochastic vegetation—water models are no more than two dimensions.

As far as we know, no relevant investigations concerning the impact of stochastic
noise on three-dimensional system (1.1) have been published yet, which is possibly
resulted from the complexity of the system. Thus, in this paper, we will examine a
stochastic version of system (1.1) from both transient and stationary dynamics perspec-
tives. In practice, the loss rate Regp of vegetation, the loss rate ry, of soil water and the
rainfall rate R are three key parameters of vegetation evolution. In this sense, Resp, r'w
and R should be regarded as three random variables Resp, 7w and R respectively. Cur-
rently, the linear and second-order perturbation approaches are two well-established
ways of introducing stochastic noise into biologically realistic dynamic models (Zhang
and Zhang 2020; Liu et al. 2020; Cai et al. 2017; Zu et al. 2018; Han eLal. 2020; Lig
and Jiang 2018; Liu et al. 2018). Inspired by the fact, we assume that Regp, 7y and R
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separately fluctuate around the average values Resp, 7w and R, and satisfy

(i — ﬁespdt = _Respdt + o1d By (1),
(il) — Fwdt = —rydt + o2d B2 (1), (iii). Rdt = Rdt + 03S(t)dB3(1),

where B;(t) (i = 1, 2, 3) are three independent Brownian motions with ; > 0 denot-
ing their intensities. The expressions (i)—(ii) can be derived by the linear perturbation
approach (Liu et al. 2020; Cai et al. 2017), and the form of (iii) is based on the second-
order perturbation approach (Zu et al. 2018; Liu and Jiang 2018). From (i), for any time
interval [f,f 4+ 1), — espt is normally distributed with mean [E(— Regpr) = —RespT
and variance Var(— Respr) = 01 7. Hence, the stochastic term — Rep7 will fluctuate
around an average value — Res, T for some small 7, and its variance (i.e., the fluctuation
intensity) will tend to zero if T — 0, implying that (i) is a biologically reasonable
assumption involved in the stochasticity. The analysis of (ii) can be completely analo-
gous to (i). Moreover, the relevant biological explanation of (iii) can be obtained from
Zu et al. (2018), Han et al. (2020) and is omitted here.

Thus we replace —Respdt, —rwdt and Rdt in system (1.1) with — Respdt —Fwdt
and Rdr, respectively. Combined with (i)—(iii), the stochastic version of system (1.1)
then takes the following form:

_ | co28c, W) P (1)
dP(t) = W+ Resp P (1) |dt + 01 P(t)dB1(2),
aWi = | QPO FRU)SO _ qayg WOPO (t)] s
P(t) + ky W(t) + ki v (1.2)
+oo W(t)d Ba(1),
dS(t) = [R — “(P(g(;]ji"]:g)sm}dt 1 03S(1)d By (1),

where B;(t) and 0; (i = 1, 2, 3) are the same as above. Moreover, B;(t) (i = 1,2, 3)
are all defined on a complete probability space {2, %, {.%;};>0, P} with an increasing
and right continuous o -field filtration {.%;};>0 (Mao 1997).

The primary purpose of this paper is to investigate system (1.2) from both long-term
and transient dynamics perspectives. In the study of long-term dynamics of vegetation,
on the one hand, the stability of the positive equilibrium state, which means that the
vegetation in the deterministic model can stably coexist with other environmental
variables (Marinov et al. 2013), is a very important topic in ecological protection. On
the other hand, when stochastic noise is taken into account, the positive equilibrium
states of most stochastic ecological models will no longer exist. Hence, there is a need
to investigate the stability of the “stochastic positive equilibrium state” of stochastic
vegetation—water models, namely the existence of a stationary distribution of their
stochastic solutions (Pan et al. 2022). However, to the best of our knowledge, no
relevant theoretical analysis has been reported yet in terms of the stability of the
equilibria Dy and D* in the deterministic system (1.1) and the existence of a stationary
distribution of the stochastic system (1.2). To this end, in this paper, we will try to fill the
gap. Furthermore, to better predict the statistical characteristics of vegetation dynamics
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in arid ecosystems, such as the index FEP (Zhang et al. 2020a) of basin stability, the
probability density function of the stationary distribution should be studied. In fact, the
density function is determined by the Fokker—Planck equation, but the equation will
often be difficult to solve for complex stochastic models. Thus, some new techniques
should be developed to overcome the difficulty.

In the study of transient dynamics of vegetation, an interesting but challenging
problem is to estimate the average residence time of the solution trajectory escaping
from high vegetation state to low vegetation state even bare vegetation state (i.e.,
extinction) (Zhang et al. 2019), which can provide an early warning to make people
take some effective measures such as artificial rainfall, to suppress the emergence
of land desertification. So far, very few studies have directly analyzed the impact
of stochastic noise on the average residence time of the state shifts of vegetation,
and these analysis are only established under the stationary state shifts of several
one-dimensional vegetation model (Zhang et al. 2020a,b). For example, Zhang et al.
(2020a) first used a new signal, the maximum of the stationary probability density
function (SPDF), to derive the analytical expression of the MFET escaping from high
vegetation state to low vegetation state. In the present paper, we will generalize these
results above to obtain the probability of vegetation extinction of system (1.2) at any
given time, which is a new mathematical attempt in the study of transient dynamics
of vegetation.

In comparison with the existing results, our main innovations and contributions are
as follows. To better study the impact of stochastic noise on vegetation dynamics, we
first use the Routh—Hurwitz criterion (Ma et al. 2015) to obtain the local stability of the
equilibria Dy and D* of system (1.1). Using Assumption (B) in Khasminskii (2011)
and the strong law of large numbers (Lipster 1980), we construct some appropriate
stochastic Lyapunov functions to obtain a critical value %51 and prove that system (1.2)
has a unique ergodic stationary distribution if %OH > 1. Using novel techniques (i.e.,
combining Lemma 2.6 in Zhou et al. (2021) and the transformation theory of matrix
algebra), we further derive an approximate expression of a local density function of the
stationary distribution and combine a number of numerical examples to illustrate that
the approximate local density function has a good global fitting effect for the realistic
probability density function under some small stochastic noises. Another critical value
9?(1)5 is defined, and it is theoretically proved that the vegetation will be exponentially
extinct for any positive initial conditions when %’g < 1. Furthermore, the exact
expression of the probability of vegetation extinction of system (1.2) at any given time
is derived based on the stochastic comparison theorem (Ikeda and Watanade 1977).
Under the precise condition that required in practical need, we estimate the maximal
extinction time of vegetation.

The rest of our paper is organized as follows. We introduce some necessary math-
ematical notations and lemmas in Sect. 2. In Sect. 3, the existence and uniqueness
of an ergodic stationary distribution @ (-) of the solution of system (1.2) is studied.
By defining a quasi-positive equilibrium D" related to D*, Sect. 4 shows that the sta-
tionary distribution around the equilibrium D" can be approximated by a log-normal
distribution. Moreover, the explicit form of its log-normal density function is obtained.
In Sect. 5, we establish sufficient criterion %’g < 1 for vegetation extinction, and the
probability of extinction at a given time is calculated. Using some actual data from
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Sahel, Yushu and Wuwei, Sect. 6 shows some numerical simulations to verify our
theoretical results, and the impact of stochastic noise on the vegetation stability is
investigated. Conclusion and further discussion are shown in Sect. 7. The local stabil-
ity of deterministic system (1.1) is discussed in “Appendix A.”

2 Preliminary

Throughout this paper, unless otherwise specified, let R/ and || - || be the /-dimensional
Euclidean space and the Euclidean norm, respectively. We define R = {(x1,....,x1) €
R! |x; > 0,1 < j <I}.1f Ais vector or matrix, its transpose is denoted by AT If A s
a square matrix, let A~ and ¢4 (-) be its inverse matrix and characteristic polynomial,
respectively. If A is a real symmetric matrix, we define

A > 0: Ais apositive definite matrix,

A > 0: Ais atleast a positive semi-definite matrix.

For any (a1, az, ..., a;) € Rl leta; Vay Vv...va, = maxi<i<pf{ai}anday Aax A ... A
a, = minj<;<,{a;}. The one-dimensional standard normal distribution function is
2

denoted by ®(-), namely ®(x) = \/427 ffoo e_[Tdt, where x € R. Let @‘1()() =,
be the x-quantile of ®(-), suchas ®g 975 = 1.96and &g g; = —2.326. P{-} denotes the
probability measure of the complete probability space {2, .#, {-%;};>0, P}. Moreover,
we define Q(¢) = (P (1), W(r), S(1))T as the solution of system (1.2) with the initial
value (P (0), W(0), S(0))T = Q(0).

By a standard argument (Zhou et al. 2021) and the Routh—-Hurwitz criterion (Ma
et al. 2015), we obtain the following:

Definition 2.1 (Ma et al. 2015) A is called a three-dimensional Hurwitz matrix if and
only if A has all negative real part eigenvalues, thatis,a; > 0,a3 > Oandajar —a3 >
0, where a; (i =1, 2, 3) are the coefficients of ¢4 (1) = MBrard+ - +ar+a;.
In this case, we write A € RH (3).

Lemma 2.1 (Zhou et al. 2021) For any three-dimensional real matrices A = (a;j)3x3,

Ay = diag{52, 8%, 8%}, where 8 # 0 (k = 1,2, 3). If X is a symmetric matrix, for
the three-dimensional algebraic equation

Ao+ ATy + AT = 0. 2.1

If A € RH(3), then Xq is unique and % > 0.

Let Z(¢) be a homogeneous Markov process satisfying the following stochastic dif-
ferential equation (SDE):

dZ(t) = b(Z(t))dt + f(Z(t))dB(t), (2.2)
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where the drift term 5(Z) : R! — R/ and the diffusion term f(Z) = (f/.(i)(Z))lxl :
R! — R*! are both Borel measurable. f j(i) (Z) denotes the ith element of the jth col-

umn of the diffusion term f (). B(¢) denotes a /-dimensional Brownian motion defined
on the probability space {2, .%, {%#;};>0, P}. By a standard argument (Khasminskii
2011; Gard 1988), system (2.2) has a diffusion matrix Fp(Z) = f(Z)fT(Z) =

Wijixt, where iy = Y0 102y £ (2).

Lemma 2.2 (Khasminskii 2011; Zhu and Yin 2007; Gard 1988) If there exists a
bounded domain Gy C R! with a regular boundary Iy satisfying the following con-
ditions:

(e). There is a non-negative C%-Lyapunov function V(z) such that £V (z) is
negative for any z € R\ Gy,

(o). There is a positive number mq such that Z§’j=1 Yij(2)¢i¢; = moll¢] |2, Vze
Go; ¢ = &1y s &) € RL
then the Markov process Z(t) of system (2.2) is ergodic and has a unique stationary
distribution ¥ (-) on R, or rather Z(t) has a unique ergodic stationary distribution
9 (-) on RL. In addition, by the ergodicity theorem Nguyen et al. (2020) and the strong
law of large numbers, one has

t
IP’{ lim 1/ r(Z(t))dt =/ r(z)l?(dz)} =1,
t—oo t 0 Rr!

where r(-) be an integrable function with respect to the distribution ¥ (-).

In practical terms, P, W and S represent the numbers of different kinds of subpop-
ulations, which means that the solution Q(¢) of system (1.2) should be global and
non-negative. Hence, we must first give the existence and uniqueness of global solu-
tion to systems (1.2). Since the proof is similar to that of Theorem 2.1 in Gao et al.
(2021), we omit it here and only state the related result.

Lemma 2.3 For any initial value Q(0) € R3, system (1.2) has a unique solution
Q) ont > 0 and the solution will remain in Ri with probability 1, namely
(P(t), W(t), S(1)) € Rifor any t > 0 almost surely (a.s.).

From now on, unless specifically stated, we always assume that Q(0) e Ri for system
(1.2).

3 Existence of Ergodic Stationary Distribution

In this section, we will investigate the stability of stochastic positive equilibrium state
of system (1.2), i.e., the existence of an ergodic stationary distribution of system (1.2).
First, we define

Ca 8oy FwtWo R

2 2 2\
(R + rwk1) (rw + %) (Olw() + %) (Resp + %)

Ay =
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Theorem 3.1 If%’éq > 1, then the solution Q(t) of system (1.2) has a unique ergodic
stationary distribution w (-) on Ri.

Proof By Lemma 2.3, we determine that system (1.2) has a unique global positive
solution Q(¢) € ]Ri. Hence, all of the descriptions of the space R’ of Lemma 2.2 should
be modified as Ri in the following proof. We divide the proof of Theorem 3.1 into
three steps. The first step is to construct a suitable C2-Lyapunov function V (P, W, S).
The second is to use the function V (P, W, S) to verify condition (.<7}) in Lemma 2.2,
and the third is to prove condition (%) in Lemma 2.2.

Step 1. We define a C2-Lyapunov function V(P, W, S) : ]Ri — R by

VP, W,S) =MO[—1nP S by(W+S)—bylnW —b3lnS]
1 cW  2c¢S
(et 28

0+1
+—(p ) —InW—InS
qv ' qv

0+1
=MoVi(P, W, 8) + Va(P, W, S) + V3(W, S),

where Vi(P,W,S) = —InP +bi(W+S) —bpInW — b3InS, Vhr(P,W,S) =
ﬁ(P + % + %)G‘H and V3(W,S) = —InW — In S. The positive constants
b i =1, 3, 3) are determined in (3.5), and My > 0 is a sufficiently large constant
satisfying the inequality (3.8). In addition, 6 > 0 satisfies the following condition:

o
Bo = (RCSPMWA%) —S(otvaival)>o. 3.1)

Note that the function V(P, W, S) tends to co as (P, W, S) approaches the boundary
of R3 oras|[|(P, W, S)|| — oo. Thus, there exists a point (P*, W?, $9) in the interior
of Ri, at which V(P, W, S) will be minimized. A non-negative C 2-Lyapunov function
V (P, W, S) can then be constructed as follows:

V(P,W,S)=V(P,W,S) — VP’ wo s%.

Applying the Itd’s formula (cf. Mao 1997) to —In W, —In S and W + S, we calculate
that

a(P +kowo)S | qo2ygeo, P o3
L(—InW) =— %
(=lnW) P + k)W Wik TS
akowoS qa2y 8eo, P o3
- 2. 3.2
=T P i)W K TwT (3-2)
R a(P+kwy) oF R o\  aP
LS =——p— 3 o ( —) —. (33
(=In$) st Pk » =g Tlewot )+ (3
_ q02y 8o, WP

LW+ S) =R —ryW < (R +ryk1) — ra(W +kp). (3.4)

W + k;
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Combining (3.2)—(3.4), we have

2

car8co, W of
RA% <(—— R —)
1= Wtk + esp+ B
akywoS qoy 8o, P
BIL(R + ruky) — r/(W + k b[—
+ b1[(R + ryky) — ry(W + k)] + b2 P+ k)W k
+ +022]+b[ R+( +G32)+°‘P]
r —= —— + (awy + = —
YT s °T2) Tk
— by(P + k2) + ba(P + k2)
car8co, W brakywyS bsR
=—|——+b W+k ——— + — + b4y (P + k
[W+k] + birw( +l)+(P+k2)W+ g thaP+k)

0,2
+ (Resp + 71) +bl(R +rwk])

02 02
+ bz(rw 1 72) T b3<awo 4 73) + biks

b b
+(b4+3_a+ 2qazygcoz>P
ko ki

cor8co, W brakowoS b3R
< _ 5§38 Ty W4+ki) —=" 20 pa(P+k
< \/ Wk 1rw(W + k1) PriOWw s 4 (P + k2)

0.2
+ (Resp + 71) + bl(R + Vwkl)

o3 o3
+b2(rw + ) ) +b3(aw0+ ) ) + baky

bsza  brga
+(b4+3—+ 29 ZVgcoz>P
ko kq

=— 5\S/Cazgcozrwak2w0Rblb2b3b4

0,2
+ (Resp + 5 ) + b1 (R+rokr)

2 2
[oF [oF
+ bz(rw + 72) + b3(awo + 7‘) + baky

bsa  brga
n (b4 n o300 n 24 2Vgcoz>P.
ko ky
Let
o3 o3
by (R + kal) = b2<rw + 7) = b3(ozw0 + 7) = byky
CA 8oy F'wWo R

- 2 2 "
(R + rykn) (rw + %) (@wo + %)
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The solution of the above equations is unique, and it is

cageoy rwawo R cageop rwawo R
by = , by =

2 2
(R + rwk)2(rw + 3 ) (@wo + )

0'2 0’2 ’
(R + rwk) (rw + )% (@wo + )
cageop rwowo R
b3y =

ca8eop Fwadwo R
by =

2 2 ’ 2 2 :
(R + rwk1)(rw + 3)(@wg + 52 (R + rwk1)(rw + ) (@wo + 5k

3.5)
Then, we obtain

2

+ (R + 01)
esp B

PV < CO8eor F'wWo R
— 2 2
(R + rwk) (ry + F) (@wo + 5)

b b
+(b4+3_01+ 261052)/&02)])
k2 ki

; b b
=_(Re§p+0 )l 1)+ (b4+k3—:+%z/g“’2>ﬂ (3.6)

Let f1(W) = C";ng,glw and fo(P) = “EHRY0 it can be noticed that f(P) is
monotonically increasing function defined on [0, 00). Thus, f>(P) > f2(0) = awog

By defining B; = (Resp A 1w A orTwO) and B = 1 A (f;)e“, we combine the Itd’s
formula and (3.1) to obtain

cW  2¢S\?

2V =(P+ Pt W) {[AW)P = RepP]

2
+ o [pms =T AnE - W]+ TR - es]]
qavy ¢ ay

0 W 2c8\0-1 c? 4c2
+3(P+=+=) (ofP?+ 02 W2 4 i > s%)
92

qvy  qv y? q%y?
cW  2c¢§ 2cR Ccry
§(P+—+—) (=5 = RepP = 2w
v qv qy y
caw 0 cW 2¢S\0+1
— OS]+—(012\/022\/032)<P+—+—)
qy 2 av  qv
cW  2¢S\1r2cR
(P+=+22) [
v qv qy
cW 2¢S 6 5 2 cW 2¢S\0+1
—,31(13+—+—)]+ (02 v o3 \/03)<P+— —)
qav  qv 2 qy  qy
Bo cW  2c¢8\0+1
<0y —F(P+=+=—)
qar  qv

<0 — —’3‘)2’32 (PO 4 WO 4 5041, 3.7)
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where

2cR cW  2¢85\? Po cW  2¢85\0+1
{—(P+—+—) ——(P+—+—) ]<oo.

O = sup
qy qy  qy 2 qy  qy

3
(P,W,$)eR3

2(Op+rw+awg)+oi+oi+4

CReproh @l - - Ihat

We choose My > 0, which satisfies the condition My >

is,

2 2 +0o
- Mo(ReSp n )(,%’0 — 1)+ O + 1y + awo + T <2 (398
According to (3.2)—(3.3) and (3.6)—(3.8), we then obtain that

2
b3 b
Zv =- M()<Resp + )(%0 — 1) + M0<b4 “+ ka _2qa;ng02)P
1

+ 6y — %(PGH + wo+1 + S9+1)

akowyS qa2y 8cop 2 R 2
_ P = - 5 P
(P + k)W i Trut g towot +k2
akowoS R BoB2 ;o1 0+1 0+1
iy Rt i — P——=(P w S , 39
= Frrpw s TP ST (P AWTAST). G

baqary g qom/g
where B3 := My(bs + b3"‘ + T 2y “’2 + 2 5> 0.

Step 2. We define the bounded closed set

G ={om eRY|P®) €e é] W e e, E%] s € e, é]]

where € € (0, 1) is a sufficiently small constant satisfying the following inequalities:

BoPa (1\0+!
—2+0 - 22 (Z> <1, (3.10)
3(6+1)
i __ﬂ02ﬁ2 (2) <1, (3.11)
—24 Bze < —1, (3.12)
R A (akrwq)
240 - ———= <, 3.13
o (1 +ke)e — (-13)

where @1 = SupPGR_l'_{:B?’P _ %P9+l} < oo,

Next, we need to divide Ri \ G into the following six subsets:

Gre = {Q(;) c Ri]P > é}
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G26={Q(t)eR3‘S>é], G3,6={Q(r)eRi‘W>€i3},
Gae = {00) e R3|P < €},
Gse={0) e R[S <€), GG,E={Q(t)eR3+‘W<e3,sze,P5%}.

Clearly, R3 \ Ge = Ul 1 Gi.c. Below we verity that £V (Q(t)) < —1 for any
0@ e R3 \ Ge, the relevant proof can be divided into five cases.

Case 1.If Q(¢) € Ul=1 Gi ¢, combining (3.9)—(3.10), we have

LV <=2+ (,33P - @P“l) - %(Pf’+1 + 501

0+1
<—2+@1—%<—> < -1
€

Case 2. If O(t) € Gz, by (3.9) and (3.11), we have

,30/32

$V§—2+(/33P——ﬂ0'32P9+]> POP2 o+
3(041)
<_2+@1_@<_> < —
2 \e

Case 3. If O(t) € G4, by (3.9) and (3.12), we obtain
LV <=2+ B3P < -2+ Bze < —1.
Case 4. If O(t) € G5, combining (3.9) and (3.13), we obtain

R R
zVs—z——+(ﬁ3P—@P9“)§—2+@1——
S 4 €

<246 _M<_]
- ! (1 4+kpe)e —

Case 5. If O(t) € Gg.c, in view of (3.9) and (3.13), we obtain

kowoS k
PV <240 - =20 < Hye - 20
(P + k)W (¢ +kp)e?
< 21  Rnlekw)
(1 4+ koe)e

In summary, for a sufficiently small € satisfying the inequalities (3.10)—(3.13), we
determine that

LVQ@) < -1, VO R} \Ge.
This implies that the condition (<7]) in Lemma 2.2 holds when %g{ > 1.
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Step 3. For any given Q(¢) € G, the diffusion matrix of system (1.2) is as follows:

olP? 0 0
Fo( Q)= 0 ofW2 0 |:=Wijsxs
0 0 o}s?

Obviously, Fo(Q(t)) > 0 for any + > 0, which means that the smallest eigenvalue
of Fp(Q(¢)) is bounded away from zero. Thus, we can determine a positive number
Ko :=infg)ec. {olzP2 A 022 W2 A 033S2} satisfying

3 3
DD Vikic = of P+ oW

i=1 j=1
+035%¢3 > KollZlI>, Y Q@) €Ge, ¢ = (1,0, 83) € R,

Thus, the condition (%) in Lemma 2.2 is verified.
According to the above three steps, if %’6’ > 1, the solution Q(¢) is ergodic and
has a unique stationary distribution z (-). This completes the proof of Theorem 3.1. O

Remark 3.1 Clearly, %’g < %9, and the sign holds if and only if oy = 02 = 03 = 0.
As shown before in Section 1, by Theorems 3.1 and the local stability of the positive
equilibrium D* (i.e., Theorem A.2), %g can be regarded as the unified critical value
for determining the persistence of vegetation of systems (1.1) and (1.2).

4 Probability Density Function

By Theorem 3.1, we obtain that the solution Q(¢) has an ergodic stationary distribution
w(-) if %61 > 1. In this section, we will employ the similar method as in Zhou et al.
(2021), Han et al. (2020) to study the approximate expression of the probability density
function of the stationary distribution z (-). Before this, we define

c_ co8eo, AW R
e@o _—

2 2 2 0
[ewoR + ki(ro + F)(@wo + 5)1(Resp + )

2 2
¢ _ VR Rep+ H)@wo+3) o}
! caR(1 — wg) 27

Moreover, two main transformations of system (1.2) should be first presented.
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4.1 Logarithmic Transformation of System (1.2)

Letz; =In P,z =In W and z3 = In S. Applying the It6’s formulato z;,i = 1,2, 3,
we have

2
_ COlchozeZ2
dzy —[m—( esp T )]dt—i—o]dBl(t)

a(e? + kowp)eB ™2 qazygcozez' o3
dzp = [ -

- ( Fu + )]dt + 02d Ba (1),

el + ky 6222—{- ki
B a(e® +kowy) 03
— 73 —_
dzz = [Re Tk > ]dt + 03d B3(1).

“4.1

Similar to the vegetation-positive equilibrium D* of deterministic system (1.1), we
define a quasi-positive equilibrium D" = (P*, W, S*)T, which satisfies the follow-
ing:

COézg
002 ( esp + ) = Oy

W +k1 _, 5
a(P* + kow)S” qazygcozP -~ (rw n 0_2) _o. (4.2)

P* + k)W W+ ki 2

R _a(P thwy) of
s Ptk 2 '

02
kl(Resp+Tl) <F_ 2R(P +k2)

By direct calculation, we obtain that W=

o? ’ 20402 P 4k (2
Cazgcoz—(Resp-i-Tl) T ato3) P +ka( ozwo+a3)

and P is the root of the nonlinear equation

_kl(rw 2)(Resp+ 2) qy(Resp+ 2)P
C

ca8co; — (Resp + 7)
IR(P" + k)

== 5o 4.3)
Qa +07)P + ka(Rawo + 03)
of
. q7(Respt—>)p R(]"HCZ) C
Let F(p) := a + o )p+k2(2aw()+02 where p > 0. If Z; > 0, we
have
O.Z
F/(p) _qy(Resp + 71) _ 20(0'3 sz(l — wo)
c [Qa +05)p + kaQawg + 0)1?

2
_ayRep+F) _ 2007R(—wo) _ 4aR( —wo)#f _
- c ka (2awg + o7 22 ko Qawg + 032)2 -
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This implies that F(p) is a monotonically increasing function on [0, co). Thus, Eq.
(4.3) has at most one positive root. Clearly, %g’ < %’g < %, which means that %’g >

2
1if %51 > 1. Moreover, if %61 > 1, we easily obtain that cazgco, > (Resp + 071),

2 2
ki(rw + Z) (Resp + 3)
2

@i R-— — F(0)

C028coy — (Resp + 071)

2 2 2
lewoR + ki (ry + %) (@wo + 5)1(Resp + )

C
o2 o2 (‘%0 - 1) >0,
(orwo + %)[Cazgcoz — (Resp + 71)]

02 0'2
kl(’”w“'Tz)(Resp"'Tl)
2

and (ii)) R — — F(00) = —o00.

c08coy —(Respt 071)
In summary, if %’é’ > land %lc > 0, the solution of Eq. (4.3) is unique and D e Rﬁ_.
In this sense, we define D= (eZT, e, e e, i =1In 2 75 = In W" and
3 =1In s*.
If there is no environmental noise, D" coincides with D* in deterministic system
(1.1).In addition, the conditions %(I)q > 1 and %f > Oareequivalentto %y > 1. Thus,
D" and %’1‘: > 0 are biologically reasonable assumptions involved in the stochasticity.

4.2 Linearized Transformation of System (4.1)

We define B(t) = (Bi(t), B2(t), B3())T and X (1) = (x1,x2,x3)T, where x; =
zi—z;,i = 1,2, 3. Then, the linearized equation of system (4.1) around the equilibrium
(2}, 25, 27 is as follows:

0 an 0 o1 0 0
dX(t)=| —ay1 —axn a3 | X@)dt+| 0 o2 0 |dB(@)
—az1 0 —as3 0 0 o3
:=AoX(1)dt + AdB(t), 4.4)
= —Cazgcozklw* _ 4%2¥80, P aky(1—wg)P’S" —
where ajp = (W*+k1l2*7*> 0, a1 = T Ll an =
(P +kowp)S” _ qo2ygeco, P W ay = @ (P +hywg)S" o 0y = wly(1—wg) " .
(P ko) W* W k2 7 (P +hk)W* ’ (P" +kn)?

and a3z = % > 0.

4.3 Local Density Function of Stationary Distribution w(-)

By the theory of Gardiner (1983), for any time ¢, the transient density function
W (X (), t) of the solution X (¢) of system (4.4) is determined by the following Fokker—
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Planck equation Jordan et al. (1998):

3
8\1!(X(t) H_ Zi \IJ(X(t) )

3
5 AP XOWXO.0]+ Y 7’
j=1 XJ Jj=1 J

, (45)

where A(()’ ) denotes the ith row vector of Ap, i = 1,2,3. By the standard argument
of Mao (1997) and Roozen (1989), system (4.4) with the initial value X (0) has a
unique explicit solution X () = e40 X (0) 4+ fot eAO(’_g)AdB(g). Note that A is a
constant matrix, thus fot e0=9) AdB(¢) follows a Gaussian distribution, implying
that system (4.4) has a unique invariant (or stationary) Gaussian distribution IF(-) and
the distribution of the solution X (#) will approach F(-) as t — o0o. For simplicity,
let ¥*(X(¢)) = xge’%XTLX be the density function of F'(-), where yq satisfies the
normalization condition and L is a real symmetric matrix. In this sense, the transient
density function W (X (¢), ¢) will converge to the invariant density function W*(X (¢)),
that is, lim;_, o fR3 [W(X(t),1) — W*(X())|dX = 0 (Liu et al. 2020; Lin and Jiang
2014). Combining 2" X@) — 0 and Eq. (4.5), the invariant density function W* (X (1))
satisfies the following equation:

o} 32\1:* 3 3
Z — (a2 V™) + —[(—az21x1 — axnxs + ayx3) V]
o j 8x1 dx2

9 *
+ [(—a31x1 — azzx3)V ] =0. (4.6)
0x3

Substituting the expression of W*(X (¢)) into Eq. (4.6), L satisfies the following real
algebraic equation:

LA’L + LA+ AlL =0.
We consider the following auxiliary algebraic equation:
A’ + AT + TAL =0. .7

If we can prove that ¥ in (4.7) is unique and positive definite, then L = X —1'»0.By
Lemma 2.1, we determine that Ay € RH (3) is the necessary condition for ¥ > 0. By
direct calculation, we have

Day(¥) = ¥> 4+ 21y% + hay + A3,

where A1 = ax + az3, A2 = axnazz + appaz and A3 = ajp(axaz + a21a33).
Combined with Definition 2.1, we get that Ag € RH(3) ifand only if .1 > 0, A3 > 0
and A1A2 — A3 > 0. In view of the second equality of Eq. (4.2), one can see that

(X(F* + kzw())g*

ay =z —— —
(P" + k) W"
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P* o?
_q(xi):gcoz =1y + % 0,
W +k 2

which implies that A1 = azs +a33 > 0. We consider the following necessary assump-
tion:

Assumption4.1 %€ > 0,43 > 0 and A1A2 — A3 > 0.

It is evident that Ag € RH(3) if Assumption 4.1 holds. Moreover, we define an

important critical value by A = %ﬁm_“”)

Theorem 4.1 Under Assumption 4.1, if f%’(fl > 1, then the stationary distribution

w (-) around the equilibrium D" approximately has a log-normal probability density
Sfunction (P, W, S) which take form of

—1(n %,m %,m %)E"(ln £ %,m %)T

P, W, S) = 2m) 2B 2(PWS) e > ,
(4.8)

where ¥ > 0, and the special form of ¥ is given as follows.
(i) If A =0, then

Y = 81(J1H) [ HD) T 4 82 (Do Hy) T T [(Jo H) 7T
+83(J3H3) " o[(J3H) 7',

(ii) If A # 0, then

T =8 A2(J Hy) " ol (T HD) ™ + 82 (o Hy) ™ o [(Jo Hy) 1T
+85(J3H3) "' Mo[(J3H) ™"

with
A 1
10 0 Z(Alkzz—ks) ? T2 A—23)
H = 0 0 1 s HO = 0 =) 0 ,
0o 1 -4 _ 0 A
a3l 2(A1A2—A3) 203(A1A2—23)
1
2a33 (]) 0
m = 0 2a1paz1a33 ’
0

01 0 00 1
H=|10 0], B3=|0 1 0},

00 1 1 00

2

N —az1A  —(axn +ayx)A  ay
JI = 0 A —an |,
0 0 1
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—az; —azz 0 —apa3z azaz  ai
J1 = 0 1 0, hL= 0 —as] —az3 |,
0 0 1 0 0 1
apa;  —apap —apa)
J3 = 0 an 0
0 0 1

2 2 2
and 81 = (az101)%, & = (a2az102)*, 83 = (a1a303)”~.

Proof Notethat A> = diag{o}, 07, 07}, whereo? > 0 (Vi = 1, 2, 3). Combined with
Lemma 2.1, we obtain that ¥ is unique and positive definite under Assumption 4.1,
implying that L > 0. Thus, we compute that xo = (2n)7%|2|’%. Moreover, the
solution X (¢) of system (4.4) has a stationary normal distribution F(-). By Theorem 3.1,
the solution (P (1), W(t), S(t))T of system (1.2) has a unique stationary distribution
@ (-) when %H > 1. In view of the transformation X (¢) = (In I;i) ,In = W(t) ,In S(t))T
and the relationship between systems (1.2) and (4.4), we determine that the statlonary
distribution @ (-) around the equilibrium D" can be approximated by a log- normal
distribution. That is to say, the stationary distribution z (-) around the equilibrium D"
approximately has a log-normal density function (P, W, S) and it is

—1(n l’* 1nl"* In ,*)2 1(1n JIn f* ,In *)T

_3 _1 _1
WP, W, S) =Q2r) 2|27 2(PWS)
To prove Theorem 4.1, we only need to obtain the explicit form of ¥ in Eq. (4.7). Using

the finite independent superposition principle, let X; (i = 1, 2, 3) be the solutions of
the following algebraic equations, respectively:

Aj+ AT + A0 =0,
where Al diag{1, 0, 0}, A, = diag{0, 1, 0} and A3 = diag{0, O, 1}. Obviously,
T = 0{ X + 07 % + 0 X3. The explicit form of X is derived by the following three
steps.
Step 1. Consider the algebraic equation

AL+ ApXy +21A(1; =0. 4.9)

For the following first elimination matrix Hj, by letting Cy = HiAoH, 1, we obtain

10 0 0 2l oap
H =0 0 1 , Cir =\ —az1 —asz;3 0 )
0 1 _ZT: 0 A —an

where A is the same as that in Theorem 4.1. We consider the following two cases of
A

(%1). A=0, (%). A#0.
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Case 1. If A = 0, i.e., axzaz; = az1(axn — az3), then Az = ajzazjaz. By Assump-
tion 4.1, we determine that ajpa; > 0. Let C; = J1C1J171, where the standardized
transformation matrix J; and C; are obtained by

—a31 —azz 0 ~ —a33y  —apax  —a2as
h=| o 1 o], &= 1 0 0 . (4.10)
0 0 | 0 A —an

According to Zhou et al. (2021), C 1 is a standard R, matrix. In view of (J; Hl)A%
(1H)T = a%lAl, Eq. (4.9) can then be equivalently transformed into

~r1 1 1 ~
A1+ C [aT(JlHl)El(JlHl)T] + [aT(Jl H)X(J H])T:IC; =0.
31 31

Using Lemma 5 of Han et al. (2020), we obtain

e 0 0
1 T a33 .
aT(JlHl)El(JlHl) =1l = 0 Yarsanian 0] >=0. 4.11)
31 0 0 0

Thus, £y = a3, (Ji1 H) "' IL{[(J1H) ™" = 0.
Case 2. If A # 0, we iieﬁne C 1= .ﬂC 1 fl_l, where C 1 and the new standardized
transformation matrix J; are derived by

R —a31A  —(an +ap)A a3, R —Al —A2 —A3
7= 0 A —an |, =l 0o 1 o], @12
0 0 1 0 0 1

where A; (i = 1, 2, 3) are the same as those in TheoreQ 4.1.By Hanet al. (2020), 61 isa
standard R matrix. A direct calculation shows that (J; H1)A%(J1 H)T = (a3 A)2A;.
Then, Eq. (4.9) can be equivalently transformed into

M+ G [ HDE G D + [ e GiHD = G [T =0,

1
(az1A)? (az1A)?

(4.13)

As shown in Lemma 2.3 of Zhou et al. (2021), we can determine that m (71 H)Z,
(J1H)T := Iy > 0 and

%) 0 _ 1
2(hA2—A3) | 2(AA2—A3)
D S Al
2(A1A2—23) 0 2x3(A1A2—A3)

Thus, =1 = (a21 A)2(Jy Hy) ™ o[ (T H) 1T > 0.
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Step 2. Consider the following algebraic equation:
Ay + AgXo + EzAg =0. (4.15)
Let C; = HyAoH, 1, where the second elimination matrix H, and C; are

0 1 0 —azy —az; a4
H=|1 0 0], C= arn 0 0
0 0 1 0 —az;  —as3

By a method similar to that shown in Case 2 of Step 1, we construct a standardized
transformation matrix J; as follows:

—dajzdasz)  azlass a§3
J2 = 0 —da3] —das3 . (4.16)
0 0 1

Let 52 = J2C2J;1, a direct calculation shows that 52 = 61, that is, 52 is also a
standard R; matrix. Combined with (J» H2) A2(J2 H2)T = (ajpa31)* A1, we can then
transform Eq. (4.15) into

~ 1 1
M+ Gl 5 (B SR + | ——— (R H) E1 (2 H)T|CT = 0.
(a12a31) (ar2as1)
(4.17)
Combining (4.13)—(4.14), the solution of Eq. (4.17) is unique and it is
1 T
——— (L) X1 (2 Hy)" =TI > 0.
(ar2as1)
Thus, 2 = (a2a3)? (2 Hy) " Mo[(J2Hy) 71T > 0.
Step 3. Consider the following algebraic equation:
A3+ AgTs + Z3A0 = 0. (4.18)

Similarly, we define C3 = (J3H3)Ao(J3 H3)~!, where the third elimination H3 and
standardized transformation matrix J3 are

0 0 1 apazs  —apay —dpa]
H=|10 1 0}, /= 0 an 0
1 0 0 0 0 1

By direct calculation, we obtain that C3 = Ciand (3H3) A3 (J3H3)T = (apan)?Ay.
Thus, Eq. (4.18) can be equivalently rewritten as

1 -~
(3 Hy T (3 Ha)T|CT =0,
3)?

~ 1
A+ C [—2(J3H3)21(J3H3)T] + [
(arpaz3z) (arpaz
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By Egs. (4.13) and (4.17), we easily get that

W(JsHyzlqua)T = Iy,

implying that £3 = (a12a23)*(J3H3) " o[ (J3H3) 1T > 0.

According to the above three steps, the explicit form of ¥ shown in Theorem 4.1
can be obtained by the definitions of §; (i = 1, 2, 3).

In summary, the stationary distribution @ (-) around the equilibrium D" approxi-
mately has a three-dimensional log-normal density function T1(P, W, S) which shown
in (4.8). This completes the proof of Theorem 4.1. O

Remark 4.1 If %gl > 1, Theorem 3.1 shows that all of the distributions of the subpop-
ulations P (t), W(t) and S(¢) will separately converge to the corresponding stationary
marginal distributions 1(P), u2(W) and u3(S) of @ (-) as t — oo. By letting
Y = (pi ])3X3, we then combine Theorem 4.1 to obtain that the distribution 1 (P)
around P approximately h has alog-normal density function £1 (P). Moreover, the dis-
tribution o (W) around W approx1mately has a log-normal density function £, (W)
and the distribution 43(S) around " approximately has a log-normal density function
£3(S), where

1 _(n P;ln?)2 1 _(n ngnW*)z
L1(P) = ———=¢ e (W) = ————e 22
P/ 2mp1 W/2mp20
1 (I 52—1n§*)2
03(S) = ———e £33
Sy/27p33

5 Vegetation Extinction

As is well known, a major concern of ecological protection is how to prevent vegetation
extinction in arid ecosystems. In this section, we will first establish sufficient conditions
for the exponential extinction of vegetation of system (1.2).

Theorem 5.1 IfﬁéE = Caz—g“;zz < 1, then the vegetation of system (1.2) will die out
Resp+—+
with probability 1, namely lim;_, o P(t) = 0 a.s. Moreover,

) 1
lim sup

—0o0

n P(t)
- s(egp+ )(%0—1)<0as (5.1)

which means that the exponential decay rate of vegetation is at least (Resp + %‘) (%’65 -
1) in the long term.

Proof Applying the Itd’s formula to In P (¢), we have

2

cangeo, W (1) _( esp + )]dz—|—a]dBl(f)

d1n P(t) =[ o,
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S[cangOZ - (Resp + 2>]dt +01dBi (1) (5.2)

Integrating from O to # and dividing by ¢ on both sides of (5.2), we obtain

InP(t) PO 1 (! ol fy o1dBi(s)
"o1dB
( esp )(%0 1)+ L o dBi©) Ult 16) (5.3)

Using the strong law of large numbers for the local martingale (Lipster 1980), we
have

t
o1dB
o Jo 01dB1(3)

1—>00

=0 a.s. 5.4)

Taking the superior limit of # — oo on both sides of (5.3), (5.1) can then be proved
by (5.4), which implies that lim,_, o, P(¢) = 0 a. s and the exponential decay rate of

vegetation P () of system (1.2) is at least (Resp +4 5 )(% E _1)inthe long term. Thus,
the proof of Theorem 5.1 is completed. O

Remark 5.1 Clearly, %’é‘l < %(‘)E. By Theorems 3.1 and 5.1, we can determine that
the impact of stochastic noise on long-time stability of vegetation system is generally
negative. Specifically, for some stochastic noises satisfying the condition (%’é’ <
)%(f < 1 < %, the vegetation P (¢) of deterministic system (1.1) may be persistent,
but it will go to extinction in the stochastic system (1.2).

Theorem 5.1 presents a criterion %g < 1 for the extinction of vegetation in system
(1.2). However, if the average extinction time is large, then this criterion may be not
useful in practice. In this sense, when ,%’(‘)5 < 1, we need to estimate the probability
of vegetation extinction at a given time. In practical terms, we usually select a critical
value € as an index of the extinction of vegetation in an arid ecosystem. That is, we
think that the vegetation P (¢) is extinct if P(¢) < € for any ¢t > fy(€).

Theorem 5.2 For any € > 0, if%’g < 1, then the vegetation P(t) (t > 0) of system
(1.2) follows:

Bt +1Ine —1n P(0)
PiP(t) <e; >
(P =cj= ( o1/t )
2
where B = (Resp + %‘)(1 — ,%’(f) > 0. In particular, if € < P(0), then for some
sufficiently small § € (0, 1), one has

(01P1-5 + \'/crlzdﬁ_(S +4B1n LO)2
[P’{P(l)<e}> 1—8. Vi> .
<e€}=> , > o
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Proof We consider the following auxiliary one-dimensional SDE:

2
91

dU([) = (Resp + )

) — 1)t + o1dBi () (5.5)

with the initial value U (0) = In P(0). Let U (¢) be the solution of Eq. (5.5), by direct
calculation, Eq. (5.5) has a unique explicit solution

t
Ult)=—-pt+U(Q0) +/ 01dB1 ().
0

Since Bj(t) is a standard Brownian motion, we obtain that B;(0) = 0 and B (t) ~
N(0, 7) for any ¢ > 0, which means that fot 01dB1(¢) = B1(t) and % ~ N(0, 1).
Thus,

IP’{U([) < lne} :P{—ﬁt +U@©)+01B1(t) < lne}
=[P’{ B (1) - Bt +1Ine —lnP(O)}
Vi o1/t
Bt +1Ine —1In P(0)
=d .
Applying the comparison theorem of one-dimensional SDE (Ikeda and Watanade

1977), we then obtain from Egs. (5.2) and (5.5) thatIn P(t) < U(¢) for any ¢t > 0 a.s.
Combining (5.6), one can see that

(5.6)

Bt +1Ine —In P(O)) .7)

o1/t

In particular, if € < P(0), we define ¢(t) = %}?Pm)
that ¢(#) and @ (¢(¢)) are both monotonically increasing functions on (0, co). Note

that lim;— o @ (¢(¢)) = ®(c0) = 1. Combined with (5.7), we determine that for any

(1-8) (01®1—s+/0}®?_s+4B1n @)2
p = such

small § € (0, 1), there exists a constant 7 e

that (¢! ™) = &, _s and

P{P(1) <e} =P{ln P(t) <Ine} > CD(

(t > 0). It is clear to see

PlP(1) <€} = @ N=1-6, Vi=>:t1 as. (5.8)
Hence, this completes the proof of Theorem 5.2. O

Remark 5.2 By (5.8), te(lfé) is an increasing function with respect to P(0), which
implies that the initial value P(0) has a negative influence on the extinction of
vegetation in system (1.2). In practice, the initial state of the vegetation in an arid
ecosystem is not usually considered an extinction state. Thus, we need to choose
the index e satisfying € < P(0). Combining Theorem 5.2 and ®¢999 = 3.09, we
can determine that the probability of vegetation extinction is at least 99.9% when
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(0.999) _ (3.0901+,/9.548107 +4p1n LL0)2

=1 2
4p
as the maximal extinction time of vegetation if the probability of error does not exceed

. This implies that te(0'999) can be regarded

0.1%. In summary, we call te(l_a) the maximum vegetation extinction time in the sense
of at least probability 1 — §.

6 Numerical Simulations

In this section, we will introduce Milstein’s higher-order method (Higham 2001) to
verify our theoretical results. For any finite time interval [0, Tp], the corresponding
discretization equation of system (1.2) on ¢ € [0, Tp] is obtained as follows:

o .
1 pi g (C%28e WP ) . L otPi o,
it = pi 4 ( W~ RenP!) At o1 PIVATE + S (6] — 1)
J J jpi
With — wi [ot(P —szwo)S B qazyg_coZW P/ rwa]At
Pl +ky Wi+ k;
, 0'22W]
+o WA + =—(n] — 1)Ar,
j j a (P’ + kowo) S/ , o28i
St = 814 [R— T2 A 4 0y ST VAL + T (67 - 1) A
+ P +k2 + 03 é‘] + 3 ({/ )

where &, n; and {; (j = 1,2, ..., n) are three independent random variables which
follow the Gaussian distribution N(0, 1). # is the total number of iterations, At is the
length of one iteration step. Moreover, (Pj S WIS )T is the value of the jth iteration
of the discretized equation. Based on some actual experimental data from Wuwei in
China (from 2001 to 2019) (Chen et al. 2021), Yushu in China (from 1951 to 2008)
(Yang et al. 2016) and Sahel (from 2002 to 2007) (Kefi et al. 2008), the corresponding
average physiological parameters in system (1.2) are shown in Table 1.

Throughout the remainder of this section, we choose Ar = 0.001 days. By a
standard argument (Chen et al. 2021; Kefi et al. 2008, 2010), we obtain that Regp and
q are both monotonically increasing functions of the air temperature 7. In addition, ¢
is a monotonically increasing function with respect to the air CO, concentration (C,).
They satisfy:

e 10 175027,
Resp = R Q" . q =0.00482(1 — Rh)eTet28097, ¢ = mCy, 6.1)

where Ry, is the respiration per unit of vegetation biomass (day '), Q¢ is a Michaelis
function and m is the coefficient of conversion of photosynthesis (m0/) into vegetation
biomass (g). Rh is the air relative humidity. According to Chen et al. (2021), Kefi et al.
(2008), the values of these parameters are given by R, = 0.1, Q19 = 1.6, Rh = 40%
and mo = 4.8. Using (6.1), the corresponding climatic parameters in Wuwei, Yushu
and Sahel are obtained and shown in Table 2. To better study the mechanism of
desertification formation, some future climatic scenarios in arid ecosystems should
be introduced. Thus, Table 2 also presents two future climatic scenarios RCP4.5 and
RCP8.5 of Wuwei.
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By means of different combinations of stochastic noise and climatic parameters,
we will numerically focus on the following four aspects:
(i) The equilibria and related stability of deterministic system (1.1).
(ii) The impact of stochastic noise and rainfall rate on vegetation dynamics of system
(1.2).
(iii) The existence of the ergodic stationary distribution @ (-) of system (1.2) under
%gl > 1, and the explicit expression and the local fitting effect of the approximate
probability density function of the stationary distribution @ (-).
(iv) Vegetation extinction and the expected extinction time of system (1.2) under
%’g < 1.

Remark 6.1 As is well known, the unique stationary distribution @ (-) under ,%’éq > 1
denotes a long-time, stochastic, positive steady state of the vegetation of system (1.2)
and is a distribution function defined in infinite time. The existence of the distribution
@ (-) cannot be directly verified due to the finite number of iterations of the computer
simulation. According to Zhou et al. (2021), for any finite time interval [0, Tp], if
%(')q > 1, system (1.2) will have a transient distribution function @ (-, Tp) that relies
on the variable Ty, and the function @ (-, Tp) can reflect most of the dynamic behavior
of @ (-). In addition, for some sufficiently large Ty, @ (-, Tp) will fluctuate around
w () and satisfies limgy— 0 @ (-, To) = @ (-) Zhou et al. (2021). Hence, we will use
the transient distribution function @ (-, Tp) with a large enough time interval and a
sufficient number of iterations to indirectly examine the existence of the distribution
@ (-) of system (1.2) under ,@6{ > 1.

6.1 Equilibria and Related Stability of Deterministic System (1.1)

In this section, we select the initial value of deterministic system (1.1) and the total time
of iterations as (P (0), W(0), S(0))” = (500, 40, 5)7 and T, = 400 days, respectively.
Next, we will use system (1.1) to describe the vegetation dynamics of Wuwei, Yushu
and Sahel.

Example 6.1 According to the relevant climatic parameters of Sahel in Table 2, we
compute that 2y = 0.8033. By Theorem A.1, system (1.1) has an LAS vegetation-
free equilibrium Dy, which implies that the vegetation P in Sahel will go to extinction
(i.e., P(t) — 0 ast — oo) without human intervention. Figure 2a—c can illustrate
it. Using the climatic parameters of Wuwei in Table 2, a direct calculation shows that
Ko = 3.5883 and #; = 7.5494 x 10'°. According to Theorem A.2, system (1.1) has
an LAS vegetation-positive equilibrium D*. This means that the vegetation in Yushu
will be persistent, which is supported in Fig. 2d—f. For the climatic parameters of
Wuwei, we have %y = 2.5196 and %, = 1.0023 x 10'®. Figure 2g—i shows that the
vegetation in Wuwei will have a stable positive equilibrium state, which is consistent
with Theorem A.2.
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Fig.2 a—c The solution of system (1.1) with the climatic parameters of Sahel; d—f the solution of system
(1.1) with the climatic parameters of Yushu; g—i: the solution of system (1.1) with the climatic parameters
of Wuwei. All the observation interval are [0, 400] (day), and the number of observations in the interval
[0, 400] is 400,000

6.2 Impact of Rainfall Rate R

It is well known that semi-arid area refers to climate type area with average annual
precipitation between 200 and 500 mm (i.e., 0.5479 < R < 1.3699). Similar to Sect
6.1, we will use stochastic system (1.2) to describe the vegetation dynamics of Sahel.
Moreover, let (P(0), W(0), S(0)T = (500, 40, 5)T be the initial value of system
(1.2).

Example 6.2 We fix Ty = 1600 days and consider three cases of the noise intensity:

(i) (01,02, 03) = (0.01,0.01,0.01), (ii) (o1, 02, 03) = (0.04,0.04, 0.04),
(i) (01,02, 03) = (0.1,0.1,0.1).

Using the variable-controlling approach, we will fix the values of the CO; concentra-
tion and air temperature in Sahel. Thatis, Resp = 0.23303, ¢ = 1440 and ¢ = 0.0179.
Figure 3 presents the variation trends of %’6{ with different R € [0.4, 3]. According
to Theorem 3.1, we can determine that the rainfall rate is helpful for the persistence
of vegetation in Sahel for all cases (i)—(iii). In particular, under case (i), we can take
some effective measures such as artificial rainfall, to make R > 1.656 (mm day_l)
to maintain vegetation persistence in Sahel. Moreover, we consider the following four
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Fig. 3 The variation trends of %61 with different rainfall rates R € [0.4, 3] and different cases of noise
intensity, where case (i): (01, 02, 03) = (0.01, 0.01, 0.01), case (ii): (o1, 02, 03) = (0.04, 0.04, 0.04) and
case (iii): (o1, 02,03) = (0.1, 0.1, 0.1). Other fixed parameters: (Resp, ¢, ¢) = (0.23303, 1440, 0.0179)
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Fig. 4 The diagram tracks variation trends of vegetation P(r) and soil water W (¢) of system (1.2) with
different rainfall rates R = 2.6, 2.2, 1.8 and 1.4. Other parameters are the same as in Fig. 3. The observation
interval is [0, 1600] (day), and the number of observations in the interval [0, 1600] is 1,600,000

cases of R under case (i):
(¢1) R=26, (62) R=2.2, (¢3) R=138, (%3) R=1.4.

Figure 4 shows the corresponding variation trends of the vegetation P (¢) and soil water
W (t) of system (1.2) under case (i). Clearly, we obtain from Fig. 4a that the vegetation
of system (1.2) will shift from a dense state to a sparse state or even desertification as
the value of R decreases.

Based on the expression of 748 Figs. 3 and 4, we conclude that the rainfall rate
has a positive influence on prompting the persistence of vegetation. Furthermore, the
critical value R satisfying %’éf > 1 will increase as the noise intensity increases.
This implies that the impact of the holistic noise intensity (o1, 02, 03) on vegetation
persistence is negative.
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Fig. 5 The color phase diagrams for the variation trends of ﬁgl and WOE with different noise intensities
(01, 02) € [0, 1] x [0, 1] (Color figure online)

6.3 Impact of Noise Intensities 0; (i = 1, 2, 3)

According to Sect. 6.2, we will separately study the impacts of o, 02 and o3 on
vegetation dynamics. Note that the values of %’5’ and %’5 are both affected by the
noise intensity oy; thus, the impact of o should be emphatically analyzed.

6.3.1 Impact of 0,

In this subsection, we will study the dynamical behavior of system (1.2) based on
the climatic data from Wuwei. For simplicity, we assume that oo = o3. Figure 5
shows the color phase diagrams for the variation trends of %’5’ and %g with different
stochastic noises (o1, 02) C [0, 1] x [0, 1]. Combined with Theorems 3.1 and 5.1, for
any initial value (P (0), W(0), YO RS Ri, the vegetation will be coexistent with
the water environment in the long term if (o1, 02) € [0, 0.2] x [0, 0.2], but it will go
to extinction when o1 > 0.92.

Example 6.3 We select the initial value (P(0), W(0), S(0)" = (1250, 2,3)” and
oy = 0.001. As shown in Fig. 5, we consider the following five cases of o7;:

(i) o1 =0.01, (i) o1 =0.1, (ii) o1 =0.6, (iv) o1 =0.8, (v) o1 =1.

For case (i), a direct calculation shows that Z = 2.5182. On the one hand, according
to Theorem 3.1, the solution Q(¢) of system (1.2) has a unique stationary distribution
@ (). Based on Remark 6.1, we select the observation interval as [0, 50,000] (day),
i.e., Tp = 50,000 days. The corresponding marginal frequency histograms of P, W
and S with respect to the transient distribution @ (-, 50,000) are shown in the right-
hand column of Fig. 6. This indirectly verifies the existence of the distribution @ (-).
Furthermore, the left-hand column of Fig. 6 presents the corresponding solutions
of systems (1.1) and (1 2) within 5000 days. On the other hand, we compute that
%’f = 5.2596 x 107°, = (100036023.45, 1.1158, 4.2500)7, A3 = 0.0084 and

Ay — A3 = 0.1409. By Theorem 4.1, the distribution @ (-) around D" approximately
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has a three-dimensional log-normal density function (P, W, §). Combined with
A = —3.2260 x 107, we obtain that

0.0008652  —0.0006715 0.0000007
¥ = [ —0.0006715  0.000575  0.0000018
0.0000007 0.0000018  0.0000025

Then, it follows from Remark r4.1 that 7(P, W, S) has the following three marginal
density functions:

0,(P) = @6—577.901@ o) gy (W) = @6—869.565&1 Tss)’
P w
252.313
£3(S) = g o —200000(In 755)*

To verify the correctness of Theorem 4.1 and study the local fitting effect of
(P, W,S), based on the command “ksdensity(-, -)” in MATLAB (MathWorks,
R2019b), we plot the frequency histogram fitting curves of P, W and S at the iteration
time equals to 10,000, 20,000 and 40,000 days, each in a different color. Clearly,
the above functions £1(P), £,(W) and £3(S) all almost coincide with the corre-
sponding three fitting curves, see Fig. 7. To conceptualize this more intuitively, we
assume the three fitting curves of (P, W, S) as (h1(P, j), ha(W, j), h3(S, j)) (j =
10,000, 20,000, 40,000). In the observation interval of the value of (P, W S) in
Fig. 7, by selecting 5000 equidistant observation points, we further define ea )(P i),

ea(P,1) and e;(P, i) as the maximum and average absolute errors, and the average
relative error between the functions €1 (P) and hy(P, i), respectively, i = 10,000,
20,000, 40,000. The relevant notations for the variables W and S can be similarly
defined. Table 3 shows the corresponding error values of (P, W, §) at different itera-
tion times. Evidently, all the average relative errors inspected are less than 5%. This
together with Fig. 7 means that the fitting effect of £1(P), £>2(W) and £3(S) for the
corresponding theoretical marginal densities of the distribution @ (-) is not only local
but also global. That is to say, the global density function of the distribution @ (-) can
be greatly approximated by (P, W, S). Thus, Theorem 4.1 and (P, W, §) are well
verified. Additionally, we plot the functions £1(P), £2(W) and £3(S) in the right-hand
column of Fig. 6. They also have a good approximation for the marginal frequency
histograms of the transient distribution @ (-, 50,000).

For case (ii), we obtain that 2 = 2.3884, D" = (92606371.95, 1.1909, 4.2501)7,
%’f =5.5721 x 107°, A3 = 0.008 and A1y — A3 = 0.1247. Thus, by Theorems 3.1
and 4.1, the solution Q(7) of system (1 2) still has a unique stationary distribution @ (-),
and @ (-) around the equilibrium D" approximately has a log-normal density function
(P, W, S). Inthis example, we still select Ty = 50,000 days. Then by calculation, we
have A = —2.4673 x 107 # 0, and the marginal densities of the function (P, W, S)
are obtained by ¢1(P) = 138658617 o50637155)” | 0 (W) = L7184 ¢ =9.2764(In o)’
and £5(S) = 252$3]3e_200000(ln %)
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Fig.6 The left-hand column shows the solutions of deterministic system (1.1) and of stochastic system (1.2)
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Fig. 7 The blue, green and black lines separately represent the frequency histogram fitting curves of the
subpopulations P, W and S with the iteration time equals to 10,000, 20,000 and 40,000 days of the total time
Tp. The red lines denote the corresponding marginal densities £1(P), €2 (W) and £3(S) of the approximate
density function (P, W, S). All of the parameter values are the same as in Fig. 6 (Color figure online)

Analogous to case (i), we first plot the frequency histograms of P, W and S with
respect to the transient distribution @ (-, 50,000), see the right-hand column of Fig. 8.
Evidently, the existence of the distribution @ (-) are indirectly verified. Compared
with the above functions £1(P), £2(W) and £3(S), Fig. 9 presents the frequency his-
togram fitting curves of the subpopulations P, W and § at the iteration time equals
to 10,000, 20,000 and 40,000 days of the total time 7p, each in a different color.
Moreover, we still select 5000 equidistant observation points in the observation inter-
val of the value of (P, W, S) in Fig. 9, and the corresponding errors ef,m) (-, ), ea(-, ")
and e; (-, -) of (P, W, S) at different iteration times are presented in Table 4. It can be
easily noticed from Fig. 9 and Table 4 that the functions £1(P), £2(W) and £3(S) all
almost coincide with the corresponding three fitting curves. Thus, the local approxi-
mate density function (P, W, S) has a good global fitting effect for the theoretical
density function of the distribution z (-). These verify (P, W, S) and Theorem 4.1
again.
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Fig. 8 The left-hand column shows the solutions of deterministic system (1.1) and of stochastic system

(1.2) on ¢ € [0, 5000] (day). The right-hand column presents the frequency histograms with the iteration

time 7o = 50,000 days, and the marginal densities £1(P), £2(W) and £3(S) of the approximate density

function T1(P, W, S). A fixed parameter: o1 = 0.1. The other fixed parameter values and the observation

interval are the same as Fig. 6
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Fig. 9 The blue, green and black lines separately denote the frequency histogram fitting curves of the
subpopulations P, W and S with the iteration time equals to 10,000, 20,000 and 40,000 days of the total
time 7. The red lines represent the marginal densities £1 (P), £2 (W) and £3(S) of the approximate density
function (P, W, S). All of the parameter values are the same as in Fig. 8
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Fig. 10 Computer simulations for variation trends of vegetation P (z) of system (1.2) with different noise
intensities o1 = 0.6, 0.8 and 1. The observation interval is [0, 200] (day), and the number of observations
in the interval [0, 200] is 200,000. The other fixed parameter values and the observation interval are the
same as Fig. 6

For cases (iii)—(v), Fig. 10 presents the corresponding variation trends of the veg-
etation P(t) of system (1.2). It is clear that the vegetation of system (1.2) will go
to extinction for all cases (iii)—(v). Moreover, as the noise intensity o increases, the
extinction time decreases. In particular, we compute %’51 = 0.3881 and %(f = 0.8446
under case (v). Combined with the green line in Fig. 10, Theorem 5.1 is well verified.
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(0.90) (0.99)
le

Table5 List of values of ﬁf N and t¢ under different cases (i)—(viii) of the parameters (P (0), o)

(P(0), 01) 1) (ii) (iii) (iv) v) (vi) (vii) (viii)

109 (qay) 32827 31591 29933 28657 10036 95.11 88.05 8261

109 (day) 78528 77145 75301 73892  203.8a5  197.81 18972  183.51
#E 0.8446  0.8446  0.8446 08446 07172 07172 07172 07172

In summary, we obtain that the impact of noise intensity o on vegetation stability
of system (1.2) is generally negative. Specifically, based on cases (i)—(ii), Figs. 7 and 9,
it has numerically shown that for some small o1, the vegetation P (¢) will be persistent
and the solution Q(#) of system (1.2) has a unique stationary distribution. As the
value of o7 increases, the marginal distribution of the vegetation P (¢) will become
more scattered (see the right-hand columns of Figs. 6, 8), and even the vegetation will
die out exponentially for some large o; (see Fig. 10). Below we will further study
the impacts of the initial value P (0) and noise intensity o on the extinction time of
vegetation when %g < 1.

Example 6.4 We fix (W(0), S(0), 03, 03) = (40, 5,0.01, 0.01) and consider the fol-
lowing eight cases of the parameters (P(0), o1), which include: (i) (10,000, 1),
(i) (5000, 1), (iii) (2000, 1), (iv) (1000, 1), (v) (10,000, 1.1), (vi) (5000, 1.1), (vii)
(2000, 1.1) and (viii) (1000, 1.1).

According to Theorem 5.2, we choose the index of vegetation extinction as € =

10 (g/m?). Combined with the expression of the maximum extinction time te(l_a) of
(0.99)

vegetation in (5.8), Table 5 presents the corresponding values of %’g , 15(0‘90) and z¢
under different cases (i)—(viii).

For cases (i)—(iv), Fig. 11 presents the corresponding variation trends of vegetation
P(t) of system (1.2) with the iteration time Tp = 800 days. Similarly, for cases
(v)—(viii), the corresponding variation trends of vegetation P (r) with the iteration
time Ty = 300 days are shown in Fig. 12. Combining Table 5, Figs. 11 and 12, we
determine that the impacts of initial value P (0) and noise intensity o7 have negative
and positive effects on the extinction time of vegetation, respectively. That is to say, the

vegetation P (¢) of system (1.2) will die out faster as P (0) decreases or o increases.

Furthermore, it is clear that the vegetation P (¢) will go to extinction when t > te(o‘gg)

for all cases (i)—(viii). This means that t€(0.99) can be used as a vegetation extinction
time index applied in practice for some large oy. In this sense, Theorem 5.2 is well

verified.

6.3.2 Impact of 0; and 03

In this subsection, we will analyze the vegetation dynamics of system (1.2) based on
the climatic data from Yushu.
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Fig.11 Thesolid blue, red, green and purple lines separately represent the variation trends of vegetation P (¢)
of system (1.2) with the initial values P (0) = 10,000, 5000, 2000 and 1000 (g/mz). The dotted blue line
is the measure of vegetation extinction. The dotted black and pink lines denotes the maximum extinction
time of vegetation in the sense of at least probabilities 90% and 99%, respectively. Fixed parameters:
(W(0), S(0), 01,07,03) = (40,5, 1,0.01,0.01). All the observation interval is [0, 800] (day), and the
number of observations in the interval [0, 800] is 800,000 (Color figure online)
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Fig. 12 The solid blue, red, green and purple lines separately represent the variation trends of vegetation
P (1) of system (1.2) with the initial values P (0) = 10,000, 5000, 2000 and 1000 (g/mz). The dotted blue
line is the measure of vegetation extinction. The dotted black and pink lines denote the maximum extinction
time of vegetation in the sense of at least probabilities 90% and 99%, respectively. A fixed parameter:
o1 = 1.1. The other fixed parameter values are the same as Fig. 11. All the observation interval is [0, 300]
(day), and the number of observations in the interval [0, 300] is 300,000 (Color figure online)

Example 6.5 Using the variable-controlling approach, we fix Q(0) = (200, 20, 5HT
and Tp = 400 days and consider the following seven cases of (03, 03):

(i) (02, 03) = (0.001, 0.001), (ii) (02, 03) = (0.05,0.001),
(iii) (02, 03) = (0.2, 0.001), (iv) (02, 03) = (0.35, 0.001),
V) (02, 03) = (0.001,0.05), (vi) (02, 03) = (0.001,0.2),
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Fig. 13 The diagram (a): Computer simulations for variation trends of vegetation P(¢) of system (1.2)
with different op = 0.001 0.05, 0.2 and 0.35 under (o1, 03) = (0.05, 0.001); The diagram (b): Computer
simulations for variation trends of vegetation P (¢) of system (1.2) with different o3 = 0.001 0.05, 0.2
and 0.35 under (o1, 02) = (0.05,0.001); The diagram (c¢): Computer simulations for variation trends of
vegetation P (¢) of system (1.2) with different oo = 0.001 0.05, 0.2 and 0.35 under (o1, 03) = (0.1, 0.001);
The diagram (d): Computer simulations for variation trends of vegetation P () of system (1.2) with different
03 = 0.001 0.05, 0.2 and 0.35 under (o1, 02) = (0.1, 0.001). Fixed parameters: Q(0) = (200, 20, S)T.
All the observation interval are [0, 400] (day)

(vii) (02, 03) = (0.001, 0.35).

Moreover, we select two special values of o1, which includes: (I) o1 = 0.05 and (IT)
o1 = 0.1. Figure 13 shows the corresponding variation trends of vegetation P (¢) of
system (1.2) under different cases (i)—(vii). Note that %gl will decrease as the noise
intensity o; increases, i = 1, 2, 3. Combined with %’61 = 1.0178 when (o1, 02, 03) =
(0.1, 0.35, 0.35), we obtain that the vegetation P (¢) of system (1.2) will be persistent
for all cases (i)—(vii), which is supported in Fig. 13. On the one hand, it follows from
Fig. 13a, c that the vegetation biomass will decrease slightly as the noise intensity oa
increases. This implies that o, has a minor negative effect on vegetation growth. On
the other hand, it can be noticed from Fig. 13b, d that the larger noise intensity o3 is,
the larger fluctuation (i.e., the larger variance) of the vegetation P (¢) of system (1.2)
is. Thus, the increase of noise intensity o3 decreases the stability of stochastic positive
equilibrium state of the vegetation of system (1.2).

6.4 Dynamical Analysis of Vegetation Under Future Climatic Scenarios

To better get a view of the trend of vegetation evolution, in this section, the dynamical
behavior of vegetation P () of system (1.2) is investigated based on two future climatic
scenarios RCP4.5 and RCP8.5 of Wuwei.

Example 6.6 We select (P(0), W(0), S(0)T = (1250,20,3)7, (o1,02,03) =
(0.05,0.001, 0.001) and Ty = 50,000 days. A direct calculation shows that %(')q =
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Fig. 14 Figure 14a shows simulation of vegetation P (¢) in deterministic system (1.1) and stochastic system
(1.2) on t € [0,4000] (day) and under the scenario RCP4.5; Fig. 14b presents the frequency histogram
with the iteration time 7 = 50,000 days, and the approximate density function £1(P) of vegetation
under the scenario RCP4.5; Fig. 14c shows simulation of vegetation P(¢) in deterministic system (1.1)
and stochastic system (1.2) on ¢ € [0, 4000] (day) and under the scenario RCP8.5; Fig. 14d presents the
frequency histogram with the iteration time 7T = 50,000 days, and the approximate density function
£1(P) of vegetation under the scenario RCP8.5. Fixed parameters: (o1, 02, 03) = (0.05, 0.001, 0.001) and
0(0) = (1250, 2, 3)T

3.0013 and ¢;(P) = @6_26'1780“}’_18‘5418)2 under the scenario RCP4.5, and

Z{! = 2.4434 and €, (P) = &1?536727'624(IHP717'9229)2 under the scenario RCP8.5.
According to Remark r4.1 and Theorems 3.1, the vegetation P(¢) of system (1.2) will
be persistent and has a unique stationary marginal distribution w1 (P) under both the
scenarios RCP4.5 and RCP8.5. Then, by Theorem 4.1, the corresponding density func-
tion of the distribution w1 (P) around P canbe approximated by £ (P). Figure 14a, b
presents the variation trends of vegetation P(¢) of system (1.2) on# € [0, 4000] (day),
the frequency histogram of vegetation with the iteration time 7o = 50,000 days, and
the function £ (P) under the scenario RCP4.5. The corresponding simulations under
the scenario RCP8.5 are shown in Fig. 14c, d. Analogous to Example 6.3, Fig. 15
shows the frequency histogram fitting curves of vegetation P at the iteration time
equals to 10,000, 20,000 and 40,000 days of the total time Tp, each in a different
color. By selecting 5000 equidistant observation points in the observation interval of
the vegetation value in Fig. 15, Table 6 provides the corresponding values of some
error types between the functions £; (P) and A (P, -). In this example, it is clear to see
that the local approximate marginal density £1(P) has a good global fitting effect for
the density function of the distribution w1 (P). Furthermore, the vegetation state under
the scenario RCP4.5 is more dense than that under the scenario RCP8.5, which implies
that RCP4.5 may be a suitable climatic condition for vegetation growth than RCP8.5.
Combining Figs. 3 and 4, one further obtains that as the global CO, concentration
rise, the climate conditions in Wuwei can be improved by implementing measures to
increase annual precipitation, such as artificial rainfall, to improve the luxuriance and
stability of vegetation in the future.
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Fig.15 Theblue, green and black lines separately denote the frequency histogram fitting curves of vegetation
P with the iteration time equals to 10,000, 20,000 and 40,000 days of the total time 7p. The red lines
represent the corresponding approximate density curve £1(P) of vegetation P. All of the parameter values
are the same as in Fig. 14

Table 6 List of the errors egm) (P,-),ea(P,-)and e (P, -) of vegetation P at different iteration times (Fix

parameters: o7 = 0.05, 0o = 03 = 0.001

Time interval [0, Tp] (day) [0, 10,000] [0, 20,000] [0, 40,000]
™ (P, ) (RCP4.5) 6.374 x 10~10 7.892 x 10~10 1.166 x 1079
™ (P, ) (RCPS.5) 1.581 x 1072 1.423 x 1072 2.537 x 1079
2a(P, ) (RCP4.5) 2.478 x 10710 3.054 x 10710 6.142 x 10710
2a(P, ) (RCP8.5) 4251 x 10710 5.626 x 1010 7.865 x 10710
& (P, ) (RCP4.5) 1.14% 1.36% 1.97%

& (P, ) (RCPS.5) 1.32% 1.78% 2.57%

The observation interval: [0.4, 2.4] x 108 (RCP4.5) and [0.2, 1.2] x 103 (RCP8.5))

7 Discussions

In this paper, we investigate the interactions between the vegetation and two kinds of
water environments including surface water and soil water. Taking the stochastic noise
into account, a three-dimensional stochastic vegetation—water system (i.e., system
(1.2)) is the first to be proposed and investigated, providing a mathematical feasible
way for ecology research.

First, for its deterministic system (1.1), the local asymptotic stability of equilibria
are obtained. Then for the stochastic system (1.2), we characterize the vegetation
stability from both long-term and transient behavior perspectives. For the long-term
behavior of vegetation, we obtain sufficient condition %’61 > 1 for the existence and
uniqueness of an ergodic stationary distribution @ (-). This implies that the vegetation
will be persistent when %’61 > 1. Moreover, we define a quasi-endemic equilibrium D"
of system (1.2). A novelty of this paper is that it theoretically derives an approximate
expression (4.8) of the probability density function of the distribution @ (-) around
the equilibrium D", and it has numerically shown that the local approximate density
function 71(-) in (4.8) has a good global fitting effect for the density function of the
distribution @ (-) under some small stochastic noises (see Figs. 7, 9, 15). For the
transient behavior of vegetation, we establish sufficient condition %’5 < 1 for the
exponential extinction of vegetation. Another novelty of this paper is that it derives
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the exact expression of the probability of vegetation extinction at any given time
under %’(f < 1. Moreover, the maximum vegetation extinction time te(lfa) in the
sense of at least probability 1 — § is obtained, and its rationality is verified based
on some actual data from semi-arid ecosystems. Finally, both the theoretical results
and numerical simulations show that the stochastic noises have a negative effect on
vegetation density and stability, and may even lead to vegetation extinction. Thus, in
practical terms, it is necessary to measure the environmental noise intensity to better
monitor vegetation state and provide some effective strategies to maintain vegetation
stability (via Theorems 3.1, 4.1, 5.1).

Several remaining interesting but challenging issues deserve further consideration.
First, a value gap exists between the parameters 9?5’ and %’g. In other words, for
some sets of parameters satisfying neither Theorem 3.1 (%{;’ > 1) nor Theorem 5.1
(%g < 1), the dynamical behavior of vegetation of system (1.2) is unknown. Thus,
we need to explore other effective ways to close this value gap in the future. Second,
the numerical simulations show a good global fitting effect of the local approximate
density function (P, W, S) for some small stochastic noises. For better practical
application, we need to investigate the continuous dependence on small stochastic
noises of solution for Fokker—Planck equation, to obtain the global approximation
error between T1(P, W, S) and the realistic density function of the distribution @ (-)
for the same initial distribution. This work is currently underway. Certainly, for some
large stochastic noises, the corresponding approximate density function with good
fitting effect should also be investigated and constructed. Furthermore, it is interesting
to introduce other types of stochastic noise, such as impulsive perturbations (Zhang
et al. 2020a; Wang et al. 2014), mean-reverting Ornstein—Uhlenbeck processes (Pan
etal. 2022; Zhang and Yuan 2021; Zhao et al. 2015), colored noises (Zhang et al. 2020;
Zhou et al. 2021), into system (1.2). The motivation is that the dynamics of vegetation
may encounter sudden environmental changes and human interventions (Pan et al.
2020). To this end, based on the actual situation of different arid ecosystems, the
corresponding vegetation—water system with suitable type of stochastic noise should
be established and analyzed, and that is one of our future research directions.
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Appendix A. (Local stability of system (1.1))

In this section, we will focus on the local stability of the equilibria Dy and D* of
system (1.1).
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Theorem A.1 If Zy < 1, the vegetation-free equilibrium Dy of system (1.1) is locally
asymptotically stable (LAS), but it is unstable when %o > 1.

Proof The Jacobi matrix of system (1.1) at the equilibrium Dy is

Resp(Z0 — 1)j 0 0
1— Resp
J(D()) = R(kzwlé)()) - Cp 0 —rIw awo
R(1—wp)
T 0 —awp

By direct calculation, the characteristic polynomial of Dy is

¢J(Do)(Y) =[y— Resp(ﬁo — DIy + ruw)(y + awop).

Clearly, J(Dy) has three real eigenvalues y; = Resp(#o — 1), yo = —ry < 0 and
y3 = —awqy < 0.1f %y < 1,then J(Dg) € RH (3). Combining Definition 2.1 and the
Routh—-Hurwitz criterion (Ma et al. 2015), we obtain that Eq is LAS when %, < 1.
Conversely, if Zy > 1, we get that y; = Resp(#o — 1) > 0, implying that Dy is
unstable. This completes the proof of Theorem A.1. O

Next, we define a critical value by

R k1) (%o — 1 2 koR(1 —
%l:[c( + rwk1)(Zo )+k2w0] _ CkaR{ — wo)

qy(cageo, — ResP) quy

Theorem A.2 If %y > 1 and %, > O, the vegetation-positive equilibrium D* is LAS.

Proof Similar to Theorem A.1, the Jacobi matrix of system (1.1) at the equilibrium
D* is

ca2gco, k1 P*

0 . (W*+k))2 0
J(D*) — aky(1—wp)S* 992780 W _ qo2ygecyk1 PT ’ a(P*+krywp)
(P*+hky)? W*+ki (W*+k)2 w P*+k;
_akz(l—wo)S* 0 _a(P*+k2w0)
(PF+k2)? Ptk
0 an 0
=|an —axn a3 |,
asy 0 —an3
_ CachozklP* _ akp(1—wp)S*  9%2Y 8coy w* _ qOZZVgcozklP*
where ai2 = T > Ovaxn = TGy Witk 192 ek T
* — * . .
rw > 0, a3 = ‘M)P*;flfzw > 0 and a3; = %TZ;O))ZS > 0. A direct calculation

shows that

b1 () =y + 0y +hy +1,

where I} = ax + az3 > 0, lr = axpazz — ajpaz; and I3 = ajpazz(azr — azy).
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c(R+ryk)(Zo—1) . g2y 8eo, W*
qy (ca28cop — Resp) andaz; —a1 = WH+ky >0,
* *
which means that I3 > 0. Moreover, if | > 0, by the equality R = %,

we have

If %y > 1, we determine that P* =

a(P* + kowo) [ g2y §eo k1 P
axnaxz — apazy = [

Ptk L (We k)2 +r]
B cageork1ko R(1 — wo) P*
(W* + k1)2(P* + k2) (P* + kawo)
- qaaZVgcozkIP*
T (W* +k1)2(P* + k2) (P* + kawo)
[(P* n k2w0)2 _ ckpR(1 — wo)]
qaey
_ qoany geo, ki P* %1 ~0
(W* 4+ k1)2(P* + ko) (P* + kawo) —

Combined withap; < a3y, we obtainthatly, = ay a3 —ajraz; > apay3—apaz; > 0
and

Ly — I3 = axnly + ax3(axaz — aixasr) > axply > 0.

According to the Routh—Hurwitz criterion, we determine that J (D*) € RH(3). Thus,
D* is LAS when Zy > 1 and %) > 0. This completes the proof of Theorem A.2. 0O
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