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Abstract

We consider a restricted four-body problem, with a precise hierarchy between the
bodies: two larger bodies and a smaller one, all three of oblate shape, and a fourth,
infinitesimal body, in the neighborhood of the smaller of the three bodies. The three
heavy bodies are assumed to move in a plane under their mutual gravity, and the fourth
body to move in the three-dimensional space under the gravitational influence of the
three heavy bodies, but without affecting them. We first find that the triangular central
configuration of the three heavy oblate bodies is a scalene triangle (rather than an
equilateral triangle as in the point mass case). Then, assuming that these three bodies
are in such a central configuration, we perform a Hill approximation of the equations
of motion describing the dynamics of the infinitesimal body in a neighborhood of
the smaller body. Through the use of Hill’s variables and a limiting procedure, this
approximation amounts to sending the two larger bodies to infinity. Finally, for the
Hill approximation, we find the equilibrium points for the motion of the infinitesimal
body and determine their stability. As a motivating example, we identify the three
heavy bodies with the Sun, Jupiter, and the Jupiter’s Trojan asteroid Hektor, which are
assumed to move in a triangular central configuration. Then, we consider the dynamics
of Hektor’s moonlet Skamandrios.
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1 Introduction

The discovery of binary asteroids has led to considering dynamical models formed by
four bodies, the other two bodies being typically the Sun and Jupiter. Among possible
four-body models (see also Howell and Spencer 1986; Scheeres 1998; Gabern and
Jorba 2003; Scheeres and Bellerose 2005; Alvarez-Ramirez and Vidal 2009; Burgos-
Garcia and Delgado 2013a, b; Burgos-Garcia 2016; Kepley and Mireles James 2019),
a relevant role is played by those in which three bodies lie on a triangular central
configuration. Given that asteroids have often a (very) irregular shape, it is useful to
assume in our model that the smaller body is oblate. For a more complete study, we
also assume that the larger bodies are oblate as well. Among the different questions
that this model may rise, we concentrate on the existence of equilibrium points and
the corresponding linear stability analysis.

We focus on the specific example of the Trojan asteroid 624 Hektor, which is
located close to the Lagrangian point L4 of the Sun—Jupiter system, and its small
moonlet Skamandrios. Hektor is the largest Jupiter Trojan and has one of the most
elongated shapes among the bodies of its size in the Solar system. Its moonlet appears
to have a complicated orbit, which is close to 1:10 and 2:21 orbit/spin resonances; a
small change could potentially eject the moonlet or make it collide with the asteroid
(Marchis et al. 2014).

Another example of a four-body problem is the Patroclus—Menoetius system. This
is a binary system in the proximity of the Lagrangian point Ls, whose components
are roughly of similar size; see, e.g., Noll et al. (2017).

Of related interest is the study of Earth’s trojans. See, e.g., Dvorak et al. (2012)
for stability regions of trojans around the Earth, and Lhotka and Celletti (2015) for
dissipative effects around the triangular Lagrangian points.

Besides the interest from the aspect of planetary dynamics, another motivation to
study the motion of an infinitesimal body near a Trojan asteroid comes from astro-
dynamics. NASA prepares the first mission, Lucy, to the Jupiter’s Trojans, which is
planned to be launched in October 2021 and visit seven different asteroids: a Main
Belt asteroid and at least five Trojans, including the Patroclus—Menoetius system.

As our model for the Sun—Jupiter—Hektor, we consider a system of three bodies
of masses m| > my > m3, which move in circular orbits under mutual gravity, and
form a triangular central configuration. We refer to these bodies as the primary, the
secondary, and the tertiary, respectively. We assume that all three bodies are oblate. We
describe their gravitational potential in terms of the second-order zonal harmonic. We
show the existence of a corresponding triangular central configuration, which turns
out to be a scalene triangle. We note that triangles corresponding to different values
of the moment of inertia are in general not similar to one another.

If the oblateness of all three bodies is made to be zero, the central configuration
becomes the well-known equilateral triangle Lagrangian central configuration. We
stress that when the bodies are oblate, the central configuration is not the same as
in the non-oblate case, since the overall gravitational field is no longer Newtonian.
It is well known that central configurations depend on the nature of the gravitational
field (see, e.g., Corbera et al. 2004; Arredondo and Perez-Chavela 2013; Diacu et al.
2018; Martinez and Sim6 2017). We note that there are papers in the literature (e.g.,
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Asique etal. 2016), which consider systems of three bodies, with one of the bodies non-
spherical, which are assumed to form an equilateral triangle central configuration. Such
assumption, while it may lead to very good approximations, is not physically correct.

The moonlet Skamandrios is represented by a fourth body, of infinitesimal mass,
which moves in a vicinity of m3 under the gravitational influence of m, m>, m3, but
without affecting their motion. We consider the motion of the infinitesimal mass taking
place in the three-dimensional space, not confined to the plane of motion of the three
heavy bodies. This situation is referred to as the spatial circular restricted four-body
problem and can be described by an autonomous Hamiltonian system of 3 degrees of
freedom.

We ‘zoom-in’ on the dynamics in a small neighborhood of m3 by performing a
Hill’s approximation of the restricted four-body problem. This is done by rescaling

the distances by a factor of mé/ 3, writing the associated Hamiltonian in the rescaled

coordinates as a power series in mé/ 3, and neglecting all the terms of order O (m é/ 3)
in the expansion, since such terms are small when m3 is small. This yields an approx-
imation of the motion of the infinitesimal mass in an O(m;/ 3)-neighborhood of the
tertiary, while the primary and the secondary are ‘sent to infinity’ through the rescaling.

The resulting model is an extension of the classical lunar Hill problem (Hill 1878),
as well as of Hill’s approximation of the restricted four-body problem derived in
Burgos-Garcia and Gidea (2015). The novelty of our model is that it assumes that the
heavy bodies have oblate shapes.

The main advantage of the Hill approximation is that it yields a much simpler
Hamiltonian then the one for the circular restricted four-body problem, since in the
former the contribution of the primary and the secondary to the gravitational potential
is given by a quadratic polynomial, while in the latter is given by singular terms; see
Sect. 5.1. Having a simpler Hamiltonian also allows us to compute analytically the
equilibrium points of the system and determine their stability; see Sect. 6. The Hill
approximation is also more advantageous for numerical computations with realistic
parameters. In the restricted four-body problem, there is a large difference of scales
among the relevant parameters, i.e., the mass of Hektor is much smaller than the masses
of the other two heavy bodies. The rescaling involved in the Hill approximation reduces
the difference of scales to more manageable quantities. More precisely, in normalized
units the oblateness effect in the restricted four-body problem is of the order O (10~19),
while in the Hill approximation is of the order O (1077); see Sect. 5.2 for details.

Once we have established the model, we study the equilibrium points and their
linear stability. Relative to a coordinate system with the origin at the center of mass of
m3, we find that there are 2 pairs of symmetric equilibrium points on each of the x-, y-,
and z-coordinate axes, respectively. The equilibrium points on the x- and y-coordinate
axes are a continuation of the corresponding ones for the Hill four-body problem with
spherical bodies (Burgos-Garcia and Gidea 2015). The equilibrium points on the z-
coordinate axis are a novel feature of the model that does not appear in Burgos-Garcia
and Gidea (2015). They are a continuation of the corresponding ones that appear in
the J, problem (see Sect. 2.2).

We remark that for certain shapes, e.g., for rotational ellipsoids, ‘out-of-plane’
equilibrium points are not physically possible, as there is no other force that can
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balance the gravitation in the vertical direction; see Nan et al. (2018). However, certain
non-convex shapes can have true ‘out-of-plane’ equilibrium points. For this reason,
we consider the presence of equilibrium points of the z-coordinate axis (very close to
the barycenter of m3) as an interesting feature of our model.

This work is organized as follows: In Sect. 2 we provide data on the Sun—Jupiter—
Hektor system, and also describe the gravitational potential of a non-spherical body.
We determine triangular central configurations formed by three oblate bodies in Sect. 3.
The equations of motion of the restricted four-body problem when the three heavy
bodies are oblate are given in Sect. 4. The Hill’s approximation is derived in Sect. 5.
The corresponding equilibria and their stability are given in Sect. 6. We summarize our
results in Sect. 7. The existence of ‘out-of-plane’ equilibria is discussed in “Appendix
B.”

2 Preliminaries

We provide orbital and physical values for the Sun, Jupiter, the asteroid Hektor, and
its moon Skamandrios, in Sect. 2.1. We give the equations of the gravitational field of
a non-spherical body that we will use in our model, in Sect. 2.2.

2.1 Data on the Sun-Jupiter-Hektor-Skamandrios System

The models which we will develop below will be illustrated in the case of the Sun—
Jupiter—Hektor—Skamandrios system. We extract the data for this system from JPL
Solar System Dynamics (2018), Lunar and Planetary Science (2020), Marchis et al.
(2014) and Descamps (2015).

Hektor is approximately located at the Lagrangian point L4 of the Sun—Jupiter sys-
tem. According to Descamps (2015), Hektor is approximately 416 x 131 x 120km in
size, and its shape can be approximated by a dumb-bell figure; the equivalent radius
(i.e., the radius of a sphere with the same volume as the asteroid) is Ry = 92 km.!

We also note that the inclination of Hektor is approximately 18.17° (see JPL Solar
System Dynamics 2018). Although a more refined model should include a nonzero
inclination, we will assume that Sun—Jupiter—Hektor move in the same plane. We will
further assume that the axis of rotation of Hektor is perpendicular to the plane of
motion.

The moonlet Skamandrios orbits around Hektor are at a distance of approximately
957.5km, with an orbital period of 2.965079 days; see Descamps (2015). Its orbit
is highly inclined, at approximately 50.1° with respect to the orbit of Hektor, which
justifies choosing as a model the spatial restricted four-body problem rather than the
planar one; see Marchis et al. (2014).

For the masses of Sun, Jupiter, and Hektor, we use the values of M| = 1.989 x
1030kg, M> = 1.898 x 10?7, and M3 = 7.91 x 10'8 kg, respectively. For the average
distance Sun—Jupiter, we use the value 778.5 x 10® km.

! Note that Descamps (2015) claims that there are some typos in the values reported in Marchis et al.
(2014).
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Fig.1 Order of magnitude of the different perturbations acting on the moonlet as a function of its distance
from Hektor. The terms GM, Sun and Jupiter denote, respectively, the monopole terms of the gravitational
influence of Hektor, the attraction of the Sun and that of Jupiter. J, represents the perturbation due to the
non-spherical shape of Hektor. The actual distance of the moonlet is indicated by a vertical line

In Fig. 1 we provide a comparison between the strength of the different forces
acting on the moonlet: the Newtonian gravitational attraction of Hektor, Sun, Jupiter,
and the effect of the non-spherical shape of the asteroid, limited to the second-order
zonal harmonic of the spherical harmonic expansion, which will be given in Sect. 2.2.

2.2 The Gravitational Field of a Non-spherical Body

It is well known that the gravitational potential of a general (non-spherical) shape can
be expanded in terms of spherical harmonics (see, e.g., Celletti and Gales 2018). In this
paper, we will only use the truncation up to second-order zonal harmonic. This amounts
to approximating the body by an an oblate shape (i.e., an ellipsoid of revolution
obtained by rotating an ellipse about its minor axis). Relative to a reference frame
centered at the barycenter of the body, this potential is given in spherical coordinates

(r,¢,2) by

2
Vm¢JJ:%z+gﬁ(5>(%?)@gm&—ly 2.1)

r r

where G is the gravitational constant, m is the mass of the body, R is its average radius,
and Cyo is a dimensionless quantity representing the coefficient of the second-order
zonal harmonic. For an oblate body C» is a negative number. The positive quantity
—Cy is often denoted by J», and the study of the motion of particle relative to the
gravitational field (2.1) is referred to as the J problem.

In the case of an ellipsoid of semi-axes a > b > ¢, we have the following explicit
formula (Boyce 1997):

2_d_ B
Cao = z_ 2 22
20 5 R12L1 (2.2)
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For Hektor, taking a = 208km, b = 65.5km, ¢ = 60km, Ry = 92km, as in
Descamps (2015) (see Sect. 2.1), we obtain

C3p = —0.476775.

Note that the value of C;O computed above is different from the corresponding
value of 0.15 reported in Marchis et al. (2014). The reason is that we use different
estimates for the size of Hektor, following Descamps (2015) (see Sect. 2.1).

For the oblateness coefficient of Sun, we use Czlo = —5.00 x 107°. The oblateness
of the Sun is a subject of active debate, and several different values can be found in
the literature. Here we use the measurements from Kuhn et al. (2012).

For Jupiter’s oblateness coefficient, we use the value C%O = —14,736 x 1079,

3 Central Configurations for the Three-Body Problem with Three
Oblate Bodies

In this section, we show the existence and uniqueness of triangular central configu-
rations of three oblate bodies, and we compute the positions of the bodies in such a
central configuration relative to some rotating frame.

3.1 Existence and Uniqueness of Triangular Central Configurations of Three
Oblate Bodies

We now consider only the three heavy, oblate bodies, of normalized masses m| >
my > m3,thatism|+moy+m3 = 1. For each body m; we denote by Céo the oblateness
coefficient in the expression of the potential (2.1). The corresponding gravitational
potential in Cartesian coordinates is:

i i (Ri\"(Ch 2
V,~(x,y,z)=m7+m7<7> (%) (3(%) —1) 3.1

where m; is the normalized mass of the i-th body, R; is its average radius in normalized
units, and the gravitational constant is also normalized G = 1.

We want to find the triangular central configurations formed by m, m>, m3; we
will follow the approach in Arredondo and Perez-Chavela (2013). Since for a central
configuration the three bodies lie in the same plane, we choose an inertial frame
centered at the barycenter of the three bodies, and in the gravitational field (3.1) we
let z = 0, obtaining

m;  m;C;
Vilg) = — — —, (3.2)
r r
where g = (x, y) is the position vector of an arbitrary point in the plane, r = ||g|| is
the distance from m;, and we denote
C; = R?Cy/2 < 0. (3.3)
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Combining the gravitational potentials (3.2), the equations of motion of the three
bodies are

. 1 Cij
mii =Zmimj<q,»—q,~)[ — - 5} (34)
e g — qill llgj —qill

where ¢; is the position vector of the mass m;, fori = 1,2, 3, and
Cij=Ci+Cjfori #je{l,2,3}. 3.5
Denote r;; = |lg; — q;|l, fori # j,q = (g1, q2, q3), and
M = diag(m, m1, ma, mo, m3, m3)

the 6 x 6 matrix with 2 copies of each mass along the diagonal. Then, (3.4) can be
written as

Mg = VU(q), (3.6)

where

1 Cij
U@ =) mim; (; - —3’) 3.7)

i%] A
is the potential for the three-body problem with oblate masses.

Let us assume that the center of mass is fixed at the origin, i.e.,

3
Mq = Zmiqi =0. (3.8)

i=1

We are interested in relative equilibrium solutions for the motion of the three bodies,
which are characterized by the fact they become equilibrium points in a uniformly
rotating frame.

Denote by R(9) the 6 x 6 block diagonal matrix consisting of 3 diagonal blocks
the form

(cos(e) —sin()

) ) e SOQ2).
sin(@) cos(f)

Substituting q(¢) = R(wt)z(t) for some w € R in (3.6), where z = (z1, 22, 23) € RO,
we obtain

M (z Y a)2z) — VU (2),

where J is the block diagonal matrix consisting of 3 diagonal blocks the form

01
J=<_10>. (3.9)
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The condition for an equilibrium point of (3.1) yields the algebraic equation
VU (z) + w*Mz = 0. (3.10)

A solution z of the three-body problem satisfying (3.10) is referred to as a central
configuration. This is equivalent to 7; = —a)zzi, for i = 1,2, 3, meaning that the
accelerations of the masses are proportional to the corresponding position vectors,
and all accelerations are pointing toward the center of mass. Thus, the solution q(z)
is a relative equilibrium solution if and only if q(#) = R(wt)z(t) with z(¢) being a
central configuration solution, and the rotation R(wt) being a circular solution of the
Kepler problem.

LetI(z) =z' Mz = Yo imillzi % be the moment of inertia. It is easy to see that this
is a conserved quantity for the motion, that is, 7(z(¢)) = I for some I at all z. Using
Lagrange’s second identity (see, e.g., Gidea and Niculescu 2012), and that Mz = O,

normalizing the masses so that Z?: 1 m; = 1, the moment of inertia can be written
as:
2 2
I@= Y mmjlz—zI>= Y mmjr}. (3.11)
1<i<j<3 1<i<j<3

Thus, central configurations correspond to critical points of the potential U on the
sphere z Mz = 1, which can be obtained by solving the Lagrange multiplier problem

Vf@) =0, I@z)—1=0, (3.12)

where f(z) = U(z)+ %wz(l (z)—1I).In the above, we used the fact that VI (z) = 2Mz.

We solve this problem in the variables r;; = |lz; — z;| for 1 <i < j < 3, since
both U and I can be written in terms of these variables. This reduces the dimension
of the system (3.12) from 7 equations to 4 equations. Denote r = (r12, 13, 723), and
let f(r) be the function f expressed in the variable r, that is fr@) = f(). By the
chain rule, V, f - (%) = V,f(z). It is easy to see that the rank of the matrix (%)
is maximal provided that z1, z2, z3 are not collinear (for details, see Corbera et al.
2004; Arredondo and Perez-Chavela 2013). As we are looking for triangular central
configurations, this condition is satisfied.

Thus, V, f (r) = 0if and only if V, f(z) = 0. This is equivalent to the following
system of equations:

1 3Ci2 5
N
T2 "2
1 3C13 5
3 T 5 T@,
13 i3 (3.13)
1 3Cx3 2
3T 5 Tw,
3 3
2 2 2 _I_
mimari, +mymsaryz + momsaryy = I.
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Note that the function

1 3C
hr) = = — = — o (3.14)
r r
has negative derivative
W) 3 n 15C 0
r=——+—<
4 76

forr > 0and C < 0; hence, 4 is injective as a function of r. Also, lim,_.o h(r) = +00
and lim, o, = —w? < 0. Thus, for each of the first three equations (3.13), and for a
fixed w, there is a unique solution r;; = r;; ().

From the first equation of the system (3.13), implicit differentiation with respect to
w yields

3 di’lz 15C12 drlz o

—2w, 1implying

ri‘z dw r162 do
dr12 N —2w (3'15)
do ~ 3 _15Cn°

rf2 ’162

For ri > 0 and Cq2 < 0, we have % < 0, provided w > 0. Similarly, we obtain

dri3 dry3
T < 0, and T < 0.

The right-hand side of the last equation of the system (3.13) as a function of w is
F(@) = mimarfy (@) + mam3rys (@) + mimsris(@) (3.16)

and its derivative with respect to w is

d d d
Fl(w) = 2mymariy 2 4 2m1m3r13£ + 2m2m3r23£ (3.17)
dw dw dw
Since dr—’aj < 0,wehave F'(w) < 0.Hence, there exists a unique w such that F (@) = I.

Now we study the dependence on the unique solution r;; on C;;. If r is the unique
solution of

1 3Cc
AT

implicit differentiation with respect to C yields

dr r

Lo~ <o,
diC~ P2-s5C "

thus 7 is a decreasing function in C. If the C;’s satisfy some ordering, e.g., C; < C; <
C3, then Cy < Cp3 < Cy3; hence, r13 <123 < r2.
Thus, we have proved the following result:
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Proposition 3.1 In the three-body problem with all bodies oblate, for every fixed value
I of the moment of inertia, there exists a unique central configuration, which is in
general a scalene triangle.

Moreover, the body with the larger C; is opposite to the longer side of the triangle.

The last statement of Proposition 3.1 is similar to the elementary geometry theorem
saying that in a triangle, the largest angle is opposite the longest side.

Surprisingly, the masses of the bodies do not play a role in the ordering of the sides.

Note that in the special case when C1 = C, wehave C13 = C1+C3 = C,+C3 =
C»3. In this case, the second and third equations of the system (3.13) are identical,
and, since the function 4 defined in (3.14) is injective as a function of r, it follows that
r13 = 123, so the central configuration is an isosceles triangle. This situation occurs,
for example, if we assume that only the body m3 is oblate, i.e., C%O = C%O =0. We
have thus obtained the following:

Corollary 3.2 In the three-body problem with one oblate body m3, for every fixed value
I of the moment of inertia, there exists a unique central configuration, which is an
isosceles triangle with r13 = r»3.

Remark 3.3 The triangular central configurations corresponding to different values
of w are not similar to one another, as shown by the following counterexample. Let
Cip = —0.1, C;3 = —0.2, and C3 = —0.3. For o = 1, solving (3.13) yields
ri2 = 1.07937, ri3 = 1.13577, ro3 = 1.18063. For @ = 2, solving (3.13) yields
r12 = 0.730867, r13 = 0.788914, 13 = 0.831688. We have

12 _ 147683, 13 = 143967, 22 = 1.41956.
ri2 ri3 3

This situation is very different from the case of point masses (no oblateness), when
all triangular central configurations are equilateral triangles.

Remark 3.4 If the unit of distance is rescaled by a factor of «, that is, the quantities
rij and R; get rescaled by a factor of «, then C; and C;; get rescaled by a factor of
o? due to (3.3) and (3.5). Therefore, @ gets rescaled by a factor of a 32 and T gets
rescaled by a factor of o? due to (3.13).

3.2 Location of the Bodies in the Triangular Central Configuration

We now compute the locations of the three bodies in the triangular central configura-
tion, relative to a synodic frame that rotates together with the bodies with the center
of mass fixed at the origin, with m on the negative x-semi-axis. We assume that the
masses lie in the z = 0 plane. Instead of fixing the value I of the moment of inertia,
we fix rjp = 1, and let r13 = u, and r»3 = v, where u and v are uniquely determined
by (3.13). For convenience, denote w = 1 + u? — v%. Then, we obtain the following
result:
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Proposition 3.5 In the synodic reference frame, the coordinates of the three bodies in
the triangular central configuration, satisfying the constraints

2 —x)2+ G —y)? =1,
(3 — x4 (33 — y1)? = u?
(3 —x2) + (33 — y2)? = v?

’

’

mixy + moxo +maxz =0,
miy1 +may; +m3y3 =0,
mp+my+m3=1,

y1 =0,
are given by

X1 = —\/m% + wmoms + u?m3,
y1 =0,
Xy =

—Zm% — 2u2m% — 2wmoms + 2mo + wms

2\/m% + wmoms + u?m?

l\/ (4u? — w2ym3
2 = —z

m3 + wmoms3 + u?m3’

x3

—ng — 2u2m§ —2wmoms + wmy + 2u2m3
2\/m% + wmoms + u2m§
1 (4u? — w2)ym?
y3 = —l——\/ 2

2\ m3 + wmaoms + utm3

3

(3.18)
(3.19)
(3.20)

(3.21)
(3.22)
(3.23)

(3.24)

(3.25)
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Proof Denote x;—x; = Aandxz—x; = B. Alsodenotem;/m3 = m.From (3.24) and
(3.22), we have y3 = —my,. From (3.18) and (3.19) we have x, — x| = /1 — y3 = A

and x3—x1 = ,/u? — m2y3 = B.So, by subtracting we obtain x3 —x = —,/1 — y3+
Ju? — m2y2. From (3.20) we have x3 —x» = £,/v% — (1 4+ m)2y3. Equating the two

expressions of x3 — x and solving for y% yield the value of

2 (4u? — w2)m§
Y2

N 4(m3 + wmoms + u?m3)’

Solving for y> and choosing the negative solution to be in agreement with the conven-
tion in Fig. 2 yield the formula for y; as in (3.25). Since y3 = —(m2/m3)y;, we obtain
the formula for y3 as in (3.25). Note that the sign of y3 agrees with the convention in
Fig. 2. Now we can substitute y; in A and B obtaining

2m + w wm + 2u?

_ . B= .
2vm? + wm + u? 2v/m? + wm + u?

Substituting x; = x1 + A and x3 = x1 + B in (3.21) and using (3.23), we obtain

A

x1 = —mpA — m3B = m3(—mA — B). After simplification, we obtain the formula
for x1 from (3.25). Then by substituting x; in x, = x1 + A and x3 = x1 + B, we
obtain the formulas for x; and x3 from (3.25). O

Remark 3.6 For future reference, we note that if we let m3 — 0 in (3.25), we obtain

X] = —my, y1 =0,
xp=—-my+1, y, =0, (3.26)
X3_—m2+2,y3=% 4u? — w2,

Remark 3.7 In the case when only the mass m3 is oblate, by Corollary 3.2 we have
F3=u=rn3=uv,s0w=1+u?— v? =1, so the formulas (3.25) become

X1 = —\/m% + moms + uzmg,

y1=0,

o= —Zm% — 2u2m% —2moms3 + 2my + m3’
2\/m% + mom3 + u?m3

1/ (42 — 1ym?
o =—-z

2\ m3 + moms + ulm3’

—2m% — Zuzm% —2moms3 + my + 2u2m3
X3 = = s

2\/m% + moms + u2m§
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b 1 (4u? — 1ym3 3.27)
2\ m3 4+ mams + ulm3 )

Remark 3.8 In the case when none of the bodies are oblate we have u = v = 1 and
w = 1, soin (3.27) we obtain the Lagrangian equilateral triangle central configuration
ri2 = r23 = r13 = 1. The position given (3.27) is equivalent to the following formulas
(see, e.g., Baltagiannis and Papadakis 2013):

—IKl\/m% + mam3 4 m3
'xl == K

K

y1 =0,
L= IK|[(my — m3)m3 + mi(2my + m3)]

’

2K\/m% + moms + m%

yo = — V/3ms , (3.28)
2\/m% + moms + m%
v = |K| ’
2\/m% + moms + m%
V3m;
V3 ,

2\/m% + moms + m%

where K = my(m3 — my) + mi(mo + 2m3).

Notice that the equations (3.28) are expressed in terms of m |, mo, m3, while (3.25)
are expressed in terms of m,, m3; we obtain corresponding expressions that are equiv-
alent when we substitute m; = 1 — my — m3 in (3.28). One minor difference is that
in (3.28) the position of x; is not constrained to be on the negative x-semi-axis, as
we assumed for (3.25); the position of x; in (3.28) depends on the quantity sign(K);
when sign(K) > 0, we have |K|/K = 1, and the equations (3.25) become equivalent
with the equation (3.28).

We remark that when m3 — 0, the limiting position of the three masses in (3.28)
is given by:

X1 = —ma, y1 = Ov 1 = 0,
xp=1—my, y2 =0, z0=0, (3.29)
xy=A=2m o =B,

with (x1, y1) and (x2, y2) representing the position of the masses m and m,, respec-
tively, and (x3, y3) representing the position of the equilibrium point L4 in the planar
circular restricted three-body problem.
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4 eqnarrays of Motion for the Restricted Four-Body Problem with
Three Oblate Bodies

In this section, we consider the dynamics of an infinitesimal mass under the influence
of the three heavy bodies. For example, this fourth body represents the moonlet Ska-
mandrios orbiting around Hektor. We model the dynamics of the fourth body by the
spatial, circular, restricted four-body problem, meaning that the moonlet is moving
under the gravitational attraction of Hektor, Jupiter, and the Sun, without affecting their
motion which remains on circular orbits and forming a triangular central configuration
as in Sect. 3.

The equations of motion of the infinitesimal mass relative to a synodic frame of
reference that rotates together with the three heavy bodies are given by

. .0
X —2wy =— = Q;
0x
I -
V+2wx = — =Q 4.1)
Yy +2wx o y
L_ 99 _ o
CT R T

where the effective potential Q = Q(x, y, z) is given by

3 2 i

~ 1 m; m; (R; C
O = —w?(x? 2 E AR el Z20 ) 3sin2 o — 1
2a)()c +y9) + (Vi+i’i - > (3 sin” ¢; )

i=1

with (x;, y;, z;) representing the (x, y, z)-coordinates in the synodic reference frame

of the body of mass m;, ri = ((x —x;)> + (v — y))* + zz)% is the distance from the
infinitesimal body to the mass m;, sin ¢; = z/r;, w is the angular velocity of the system
of three bodies around the center of mass, and C éo is the oblateness coefficient of mass
mj, fori =1, 2, 3. Note that w depends on the oblateness parameters. Since rj» = 1,
r13 = u and rp3 = v, from (3.13) we have that the angular velocity is given by

o =+1-3C2, 4.2)

where we recall that Cj = Cy + C, = RIC),/2 + R3C3,/2.
We rescale the time t = s/w so that relative to the new time s the mean motion is
normalized to 1, obtaining

. . 0
X = 2y = LT = Q)C7
0x
. . 0Q
V+2U = — =Q,, 4.3)
dy
Q2
= —_—— QZ’
0z

@ Springer



Journal of Nonlinear Science (2020) 30:2925-2970 2939

with the effective potential 2 = Q(x, y, z) given by

3 2 (i
1 1 m; m; (R; C

Q=-2+yH)+— 2= (22 ) @sintgi 1)) . (44
S +y)+w2i§_1<r,-+ri - 2| Gsin?gi — 1)) @44

We switch to the Hamiltonian setting via the transformation X = p,+y,y = py—x
and z = p;, thus passing to the symplectic coordinates (x, y, z, px, py, p;) relative
to the symplectic form @ = x A py +y A py + 2 A p;. We obtain:

1 1
H =2 ((pe + W2+ (py — x)* + pd) — 5<x2 + %)

3 2 (i

1 j i [ Ri C
-— ﬂ_i_ﬁ(_l) =20 ) 3sin®¢; — 1)

"\ i ri \ 1 2

_1(2+ 24 52y 4 _
=5t py p7) + ypx — xpy

3
1 m;  m; .
- E E <r_,l + r—;Ci(3sm2¢,~ — 1)) s
i=1

1

4.5)

where C; = R,'ZCEO /2. Thus, the equations of motion (4.1) are equivalent to Hamil-
ton’s equations for the Hamiltonian given by (4.5).

Remark 4.1 In the special case when only the body m is oblate and m3 = 0, we have

3R3C3
w=,/1-3C3 :,/1—%.

The resulting model is the circular restricted three-body problem with one oblate body,
and the above formula agrees with the one in McCuskey (1963), Sharma and Subba
Rao (1976) and Arredondo et al. (2012). Further, if m, has no oblateness, i.e., C220 =0,
we have w = 1, and the resulting model is the classical circular restricted three-body
problem.

Other models of the restricted three-body problems which involve oblate primaries,
relativistic and radiation effects are studied in Bello and Singh (2016) and Bello and
Umar (2018).

5 Hill Four-Body Problem with Three Oblate Bodies

In this section, we derive the Hill approximation of the spatial, circular, restricted
four-body problem with oblate bodies. Through the use of rescaled variables and a
limiting procedure, the masses m| and mj are ‘sent to infinite distance’, so that a
neighborhood of m3 can be studied in detail.
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5.1 Hill's Approximation

The main result is the following:

Theorem 5.1 Transform the Hamiltonian (4.5) as follows:

(i) shift the origin of the reference frame so that it coincides with mz;
(ii) perform a conformal symplectic scaling given by

1/3
(x,y,z,px,py,pz)—+1n3/(x,y,z,px,py,pzﬁ

(iii) rescale the average radius of each heavy body as R; = m§/3p,~ fori=1,2,3;
(iv) expand the resulting Hamiltonian as a power series in mé/ 3, and

(v) neglect all the terms of order O(ml/ 3) in the expansion.
3

Then, we obtain the following Hamiltonian describing the Hill four-body problem with
three oblate bodies:

1
H =203+ py + pD) +3pe = xpy

2 a2
[(a-w(F-1) w352 -1)) |
-3 S + 5 X

(1— )ﬁw 4u2 —w? ~ M6(27w)«/44u27w2

Xy

v
3(4u —w 3 1) " (3(4.,24_1,]2) B 1)
2
+
V3 Y
S

;3#) N %) 2
[ <1-“>“)<3<§>2—1>+<%> (Cr-)

3 372
+ + 3 2 2 s
(x2+y2+12)7 (2 y2 4202 XYL

3

5.1)

where 1, u, v represent the sides of the triangular central conﬁguration asin Sect. 3.2,

w=1+u?—1}pu= and ¢; := p; czo/z_m3*R’c20/2z_123

m1+m2

Proof We start by shifting the origin of the coordinate system (x, y, z) to the location
of the mass m3 (representing Hektor), via the change of coordinates

§=x—x3, n=y—y, ¢(=z,
Pe = Px + Y3, Py = Py — X3, Pr = Pz

@ Springer



Journal of Nonlinear Science (2020) 30:2925-2970 2941

The Hamiltonian corresponding to (4.5) becomes

1
H=> ((ps =337+ (g +x3)* + p?)
+ M+ y3)(pe — y3) — (& +x3)(py + x3)

1 > m; m; R,‘ 2 CéO )
- ; <E + 7 (E) (T (Bsin“¢; — 1) 52)

_l 2 2 2 . _ _l 2 2
=g+ py+ P npe = Epy — (Ex3+my3) — S (5 +3)
3 2 i
- @+@<_—’) —20) 3sin?¢; — 1)),
ot =\ i i \ 7 2

where 77 = (§ —%)* + (0 = 31> +¢% = (€ +x3 —x)* + (0 + y3 — y1)> + £, with
Xi = xj —x3, yi = yi — 3. Note that 73 = r3. Since —%()632 + y%) is a constant term,
it plays no role in the Hamiltonian equations and it will be dropped in the following
calculation.

Since sin ¢; = r% for each mass m;, we have

1
H =2 (0 + py + p2) +nps = Epy — (Ex3 + 0y3)
3 2/ i 2 (5.3)
| me mi (RN (€ (A
wz;[fi T <fi) <2 ><3<fi) 1)]

1 I, . - .
We expand the terms — and — in Taylor series around the new origin of coordinates,
ri mn
obtaining

1

fl===> P&Eno,
o
1

[P===) PEnD,
2 =0

where ij (&, n, ¢) is a homogeneous polynomial of degree k, for j = 1, 2.
Straightforward computations yield

i — _o -1
Py= (i + 372 =g,
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. 1 3x 1 1 3 1 1 1
z% Ti3 i3 Ti3
3x;
+ < ’y’)sn, (5.4)
rl3

2y1/2

fori = 1,2, where ri3 = ((x1 — x3)% + (y1 — y3) =u,and r33 = ((x2 — x3)2 +
(2 —y)H)'? =

We note that P1 and PO2 are constant terms and play no role in the Hamiltonian
equations, so they will be dropped from (5.3) in the following calculations.

We now perform the following conformal symplectic scaling with multiplier 725 2/3 ,

given by

1 1
3
X, m=m3zy, {=m3z,

§

1
pe =m3px,  pp=m3ipy,  Pc=m;pz,

W ol—

m
(5.5)

where, with an abuse of notation, we call again the new variables x, y, z, px, py, p;.
Consistently with this scale change, we also introduce the scaling transformation
of the average radius of the three bodies

R? = my’pi)? = m3p?, with p = m3 PR, fori=1,2,3.  (5.6)

The choice of the power of m3 is motivated by the fact that in this way the gravi-
tational force becomes of the same order of the centrifugal and Coriolis forces (see,
e.g., Meyer and Schmidt 1982).

Due to the conformal symplectic scaling with multiplier m
in the new variables, which we still denote by H, is given by

2/3 , the Hamiltonian

1 1 1 1 1 1
-2/3 3 3 3 3 3 3
H(x,y,2, px, Py, pz) =my ' "H(m3x,m3y, m3z,m3 px,m3 py, m3 p;).
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The resulting Hamiltonian H takes the form

_l 2 2 2 _ _ _% _ _%
H—Q(px+py+pz)+ypx Xpy —my XxX3—my”yy3

1 _1 _1
— 7 (m3 3m1P11 (x,y,2) +my 3m2P12(x, v, 2)

k=2 k=2

+) my® miPl(x,y, z)+Zm T maP(x,y,2)

SE@)
)
()

my (pz)z (Cgo) ( z
+— = — -
r \r 2 7
1 C
r3 T3 r3
The purpose of the subsequent calculation is that after the above substitutions, we
expand the resulting Hamiltonian as a power series in m é/ 3, Then, we will neglect all
the terms of order O(mé/ 3) in the expansion, as in the classical Hill theory of lunar
motion (Meyer and Schmidt 1982).

We now compute the contribution of the different terms in (5.7). Using (5.4) and
(3.13) we obtain

%ll,\,

1
3

w2

_ir mixX; = max m myy
— (m_’_ LI 22) +<y+ 1,f1+ 2y2>y:|

2ud3 Wl w?v3

[ _ 3C13 3C23
:—m3 X3 4+ mxy 1+ + maxs 1+ —5))x
L v (5.8)
_ 3C13 3C
+(y3+m1y1 <1+ & )+m2y2<1+—j3))y:|

T

-1 3Ci3 _ 3Cyx3
=—my" X3 +mix1 +maXxy +mixX1—— +myxr——< | x
2ud w213

m P1 mzP2
1 + 1:|

w\'—‘

_ _ _ 3C13 _ 3Ca
T\ y3tmiyr+may2 +miy1—5—5 +my2——< 1y
w*u w?v
Using (3.21) and (3.23) we have

x3 +mix; +mpxy = x3+my(x; —x3) +mo(xy —x3) =0 (5.9
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and similarly, using (3.22) and (3.23) we have

3 +miyr +may, =0.

Thus, (5.8) becomes

_1 _ 3C13 _ 3Cx _ 3Ci3 _ 3Cx
3|:< +mafa =z |x+ |miyi 5= +myr—=|y|-
w’u w?v w?u w?v

—m3 nmixi 5 3
(5.10)
Recalling the C;; notation, we obtain
R2CI R2CI 2 [ p2ci. p3CE
Cijzci+cj= 1_20_|_]_20 Zmé; u_,_f_m
2 2 2 2 (5.11)
2
=m; K;j
fori # j.
2
From (3.13), w®> = 1 —3Cj» = 1 — mj K»; hence,
1 1 2 4
—2——2=1+m33K12+0(m33). (5.12)
w 3
1— ms Ki»
Neglecting the higher-order terms in (5.12), (5.10) becomes
3 3 3 3
_1 3m; K 3m; K 3m; K 3m; K
my 3 mix| Rl £ + moXxo m3 223 x4+ | miy My +moyn M3 223 yI.
3 ud V3 wd 03
(5.13)

Since in the Hill approximation we are neglecting all terms of order of mé/ 3, it follows

that the above expression and hence the one (5.8), get neglected. _
Now we combine the corresponding terms for the second-degree polynomials P,

in the Hamiltonian (5.7). Using (5.12), we obtain

b (m Pl +m P2)
w2 17 217

U my (332 1\ , m (357 1)\ ,
[2 (__T SRR Uy B

@ Springer



Journal of Nonlinear Science (2020) 30:2925-2970 2945

my (3%% 1 my (352 1
+72(%_T>x2+72<%_7)y2
T3 T3 3 T3

3miy2: 3may:  m m
+< 1y1+ 2Yy 1 2 y2

MS vs MS US
6mix1y 6moyxyy m m
+< LI 252y2>xy+ (__31 _ _32) ZZ]_ (5.14)
u v u v

This is a quadratic polynomial in which the quantities X1, X2, ¥1, y depend on m3. We

use (3.26) to evaluate the corresponding quantities when the terms of order of m;/ 3

are neglected,

V=0 = —3 4u? — w2, (5.15)

where we recall that w = 1 + u? — v2.

Thus, the quadratic polynomial (5.14) becomes

2 _ a2
[(mE-) mCE=Eo

X
2 u’ vd

m (3(414247102) _ 1) "y (3(4u247w2) _ 1)

+ < + < y? (5.16)
u v
— 2 _w?

m 6wv4zz—w2 mo 6(2 w)«/44u w m may

+ 5 B 5 e (_3 + _3) <
u v u v

The Taylor expressions of f,i = 1,2, of order k > 3 in the Hamiltonian are of
the form

k=2 k=2
1 3 2
> my® miPL(x.y. D)+ Y my® myPR(x.y. 2),
k>3 k>3

and they can be written in terms of positive powers of mé/ 3

the Hill approximation.

, so they are neglected in

@ Springer



2946 Journal of Nonlinear Science (2020) 30:2925-2970

The rest of the terms in the Hamiltonian (5.7) become

CF)E)EE)-CHAE)E )
#EE)E) )

The terms ] and 7 also depend on m3. When we let m3 — 0, we obtain 71 — u and

(5.17)

F» — v.Recall 73 = r3 = (x% 4+ y> + zz)% which we now denote by r.
1

Therefore, when we neglect all terms of order m3 in (5.7), we obtain the following
Hamiltonian:

H=s(p2 4 p2 4 pD) + yps —
=5 Py + Py + P +ype —3py

(- (3% —1) w82 1)) 2
B ud + V3 2
(1_,“)(@_1) M(M_l) 32
+ ud + vd 2
(1 _ M) 6wv4zsz2 M6(2*w) V44u2*w2 xy (518)
+ ud B V3 2

_((1—#) %> |
(£52) () ) ) (6 )
(0 )]

where we denote u = ma/(m1 + m»), r = (x% + y* + 22)%’ and ¢; := Pizcéo/z =
2
my > RCh /2. |

:|N N|N

We refer to the Hamiltonian (5.18) as the Hill’s approximation. It can be thought of
as the limiting Hamiltonian, when the primary and the secondary are sent at an infinite
distance. It provides an approximation of the motion of the infinitesimal particle in
an O (m3/ ) neighborhood of m3. Remarkably, the angular velocity w associated with
the triangular central configuration does not appear in the limiting Hamiltonian.
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We introduce the gravitational potential as

2 a2
A= (% -1) w( 1)) 2

0 b b =
*..2) u’ + V3 2
(1 )(3(4u24—w2) l) M(3(4u24—w2) 1) )
+ + L
ud vd 2
(1 —M)WW Mﬁ(sz)im Xy
— - . 5 (5.19)
(A=w w2
ul vi) 2
(= e 7\2 pe2 2\2
+( P (G -+ EE) -
1 c3 7\2
+;+(73)(3(;) —1)
and the effective potential as
~ 1 ~
Q(x,y,2) = E(x2 +y) + U, y,2). (5.20)

The equations of motion associated with (5.18) can thus be written as:

¥ -2y = Q.
¥4+ 2% =Q,,
P=Q..

Remark 5.2 One of the main advantages of the Hill approximation is that it yields a
much simpler Hamiltonian than for the circular restricted four-body problem. In the
latter, the effective potential (4.4) has three singularities, corresponding to the positions
of the three heavy bodies. In the former, there is only one singularity, corresponding
to the position of the tertiary, while the effect of the primary and the secondary in the
effective potential (5.20) is represented by a quadratic polynomial in x, y, z.

Remark 5.3 In the case when Ch = Ofori = 1,2, 3, wehave thatu = v = w = l and
the Hamiltonian in (5.18) is the same as the one obtained in Burgos-Garcia and Gidea
(2015). Also, its quadratic part coincides with the quadratic part of the expansion of the
Hamiltonian of the restricted three-body problem centered at the Lagrange libration
point L4. If, in addition, we make u = 0, we obtain the classical lunar Hill problem,
after some rotation of the coordinate axes as in Sect. 5.2.
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Remark 5.4 Our model is an extension of the classical Hill’s approximation of the
restricted three-body problem, with the major differences that we consider a four-
body problem which takes into account the effect of the oblateness coefficients Céo,
i = 1,2, 3; compare with Hill (1878), Meyer and Schmidt (1982) and Burgos-Garcia
and Gidea (2015).

We remark that an approach similar to ours was adopted in Markellos et al. (2001),
where a Hill’s three body problem with oblate primaries has been considered.

5.2 Hill's Approximation Applied to the Sun-Jupiter-Hektor System

In the case of the Sun—Jupiter—Hektor system, we have the following data (see
Sect. 2.1):

Cho Average radius (km) Mass (kg)
Sun %0 = —5.00 x 107° R = 695,700 M = 1.989 x 1030
Jupiter %0 = —14,736 x 1070 Ry = 69,911 M, = 1.898 x 10?7
Hektor Csy = —0.476775 Ry =92 Mz =791 x 1018

In the normalized units, where we use the average distance Sun—Jupiter 778.5 x
10° km as the unit of distance, and the mass of Sun—Jupiter—Hektor 1.990898 x 1030 kg
as the unit of mass, we have R| = 8.936416 x 1074, Ry, = 8.980218 x 1079, R3 =
1.18176 x 1077, my = 0.9990467, m» = 9.533386 x 1074, m3 = 3.97308 x 10~ 2.

If we set r12 = 1, from (3.13) we obtain 13 = u = 1 — 5.94154 x 10~ and
ry=v=1-—199318 x 1012, In terms of the unit distance r1» = 1 (the Sun—Jupiter
distance is 778.5 x 100 km), the distance r;3 differs from r1> by 0.0462549 km, and
the distance ro3 differs from rj2 by 0.00155169 km, Practically, the scalene triangle
central configuration is almost an equilateral triangle.

The parameters that appear in the Hamiltonian (5.18) are

_2
¢l =m3  RiCly/2 = —7.958816 x 107>,
_2
2 =my  R3C3/2 = —2.368673 x 1072, (5.21)

_2
c3 =my R3C3/2 = —1.327161 x 107,

The mass ratio that appears in the Hill approximation is u© = ma/(m + mp) =
0.0009533386.

We remark that if we consider the restricted four-body problem (without the Hill
approximation) described by the Hamiltonian (4.5), the oblateness effect is given by
the coefficients
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C) = R}Cyy/2 = —1.996488 x 10712,
C2 = R3C3/2 = —5.941874 x 10711, (5.22)
C3 = R3C3/2 = —3.32921544 x 10713,
which are much smaller than the corresponding normalized values ¢;, i = 1,2, 3 in
(5.21). As the numerical values of the parameters involved are relatively larger, the
Hill approximation is more convenient to use for numerical computations.
We also note that we have the ordering
Cr < Cy) <Gy,
and the corresponding ordering

rm=u<rya=v<rp=1.

The matching between these two orderings is in agreement with Proposition 3.1.

5.3 Hill's Approximation in Rotated Coordinates

In this section we write the Hamiltonian of the Hill approximation in a reference frame
that is rotated, so that the quadratic part of the effective potential (5.20) is diagonalized.

Corollary 5.5 The Hamiltonian (5.1) is equivalent, via a rotation of the coordinate
axes that diagonalizes the quadratic part of the effective potential, to the Hamiltonian

1
H = (03 + Py + pD) + 30 = xpy
1—22 =2 Lid—pw) n
(52) e () e ()
(5.23)
(I — ey 7\2 Hea 7\2
‘(—us )(3 () ”)‘(Tz) (3 (;) —1>

1 Cc3 322 1
(x2 + y2 + Z2)1/2 (x2 + y2 + Z2)3/2 x2 + y2 + Z2 ’

where Ay and A1 are the eigenvalues corresponding to the rotation transformation in
the xy-plane, given by (5.26).

Proof We perform a rotation on the xy-plane and rewrite the Hamiltonian in (5.1) in
the rotated coordinates, which are more suitable for the subsequent analysis. We adopt
the following notation

3w? 32 — w)? 3(4u? — w?)
U="—-1, Vv="2""0 4 z=2" "7 4,
4 4 4 (5.24)
W 6w~/4u? — w? W 6(2 — w)vViu? — w?
1 =, 2 = .
4 4
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The planar effective potential restricted to the xy-plane (i.e., z = 0) is given by

_ 2 _ 2
ﬁ(x,y):<1+<1u_g>lf+ﬂ>%+(l+m+£)y_

V3 ud v ) 2
n A—wWi  uWa\ xy
ud vd 2

() L (3)

which can be written in matrix notation as

~ 1 (I — ey e 1 3
pe g (128) (1) 1o
2 u gl gl

where ¢ = (x, y)T and

1— WU 4 1— )W, W
14+ 4wy ’5” + —lf,s % (—( ,iLs) L — _MU52>
A—W W (1-wZ z (525
2 ( MS : MU52> 1 - u/; l:)S

We find the eigenvalues of M by solving the characteristic equation: det(M —Al) =
0, which gives

<2+(1—u)(U+Z) (V+Z))A

5
v
1—wU %4 1—w2z VA
+(1+( " +”5><1+#+“—5>
v u v
L= wW a2
! _ —0, 5.26
4< ud v5> :20)
1 2= 2u 30— 3u 3
PR P L N T
! 2< u’d vd + ul + v3 u3v3\/_
1 2(1 — 2 3(1 — 3
jo= (a2 —“+M+—+ VA,
2 ud vd ul

where
= (pcu3 + (1 — ,ud)v3)2 — u(l — wuv (—u4 — vt 2u? + 207 + 2uP? — 1) .

When u and v are close to 1, which is the case when ¢y, ¢3, ¢3 are close to 0, we have
that A1, A2 > O and A # .

Since the matrix M is symmetric, its eigenvalues A; and A, are real, and the
corresponding eigenvectors are orthogonal. Let vy be an eigenvector for Aj, i.e.,
Mvy = Ajvy, such that ||vr || = 1, and v, be an eigenvector for Ao, i.e., Mvy = Apvy,
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such that ||v2]| = 1. The expressions of these eigenvalues are given in “Appendix A.”
The associated matrix C = col(vy, v1) is orthogonal, i.e., CT = C~1, 50 C defines a
rotation in the xy-plane.

The equations of motion for the planar case can be written as

_ 4 34
[PTERNTETES

- (01)

Consider the linear change of variable ¢ = Cg with § = (x, y)”. By substituting the
new variable and multiplying C~! from the left, we obtain

G—20G=M

where

c'cqg 3c3¢7'cq
13 13

clcg-207'ycg=c""'Mcq -

Notice that D = C~!MC is the diagonal matrix D = diag(},, A1), that is 1cql?® =
17 113. Therefore, the equation becomes

. . q 3cag
§-207'CG=pg - I 4 5L

lgll® gl

Recall that v; = (v11, v12)T, v2 = (va1, v22)T and C = col(vy, v;). Since C is
unitary, we have C~! = CT and moreover

0 V12V21 — V11022
clyic= )
—(vi2v21 — V11V22) 0

A direct computation shows that viov21 — vijv22 = 1, which implies clyc=1.
Since C~'JC = CTJC = J, the matrix C is symplectic by definition. Therefore, the
change of coordinates is symplectic. Thus, the equations of motion can be written as

= - _ q 3c3q
q—2Jg=Dg— —— —.
>~ g’
For 1 € [0, %), we obtain the equations
X —2y=Q;
.o (5.27)
y+2x = Q5
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with

(I—wer  per 1 c3

—_ - —. (5.28)
u? A 7 R

Q. P ENE
X, ) —E(sz +A1y9)

From the expressions for Q; and S_Zy, we notice the symmetry properties:
Q:(F, —9) = %@ 7. QBE - = -Q:E ).
Using these properties, we see that the equations (5.27) are invariant under the trans-

formations x — X,y - —y, X —> —x,y - y, ¥ -> xand y — —y.
If we now go back to the spatial problem, we need to replace 2 by

S D T O R A

4Lz (5(2 " +(&) N
u3 u v3 v (5.29)
1 c3 Z 2
+;+(r—3)<3<;> —1).
We can write Q(%, 7, 2) = $%% + 132 + U(&, 7, 7), with U given by
=1\, (=N 1(d—p  w\_,
U = LI - Lad
(x,y,2) ( 5 )x +< 5 )y 2( 3 +v3)z

+ (“;#) (3 (_'>2 _ 1) +(2) (3 (%)2 - 1) (5.30)

1 ¢ 3c372

roor3 rs

NS

In conclusion, the Hamiltonian in these new coordinates is given by the following
expression (we omit the bars for x, y and z to simplify the notation):

1
H(x,y,z, px, Py, P2) = E(pﬁ + pi + pf) + ypx — Xpy
1= 2 1—2 ), 1/ —=p W 2
+< 2 )x —l—( ) )y +2 3 +v3 2z
1— 2 2
(e GEY 1) - (M) (3 (Y
u3 u v3 v

1 c3 3cz.z2

roor3 rd

Substituting r = (x2 4 y2 + z2)2, we obtain (5.23). O
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Remark 5.6 If we let Céo =0fori = 1,2,3 and u = 0 in (5.23), we obtain the
Hamiltonian for the classical lunar Hill problem, see, e.g., Meyer and Schmidt (1982).

6 Linear Stability Analysis of the Hill Four-Body Problem with Oblate
Bodies

In this section we determine the equilibrium points associated with the potential in
(5.29) and we analyze their linear stability.

6.1 The Equilibrium Points of the System

To find the equilibrium points of (5.23), we have to solve the system:

1 3c¢3  15¢372
hy— — 42 T V= Ax =0
( 2703 + 5 7 X X

1 3 15¢372
= (M—r—3+ﬁ—ﬂ>y:=8y:0

rd r7

0 0B
Il
S o o

ol
Il

1 9¢ 15¢372
<V——3 > r; >Z:=CZ=O

r I"S

where €2 is the effective potential (5.29) (again we omit the bars), and

6.1)

. (IT=p u 6(1 —u)cr . 6uc
y = |: p +v3+ 03 +U5-

In the above expressions A and B cannot simultaneously equal to 0 since
A—B =M — A
and A1 # Ag. Also, A and C, or B and C, cannot simultaneously equal to 0, since

1— 6(1 — 6 6
A_C:AZJF(_SM) B 6 —per  bupey  6e3
u

03 uw 03 5

because ¢; < Ofori =1, 2,3,and A, A2 > 0. A similar argument holds for B and C.
This implies that for example, if A =0, then B #0and C # 0,s0y =z =0 and x
is given by the equation A = 0; the same reasoning applies for the other combinations
of variables. Thus, all equilibrium points must lie on the x-, y-, z-coordinate axes.
Precisely, we have the following results.

(1) Equilibrium points on the x-axis: In the case A = 0, B # 0, C # 0, we must have
y =z =0.From A = 0 and z = 0 we infer

1 3c
ha(r) i=ia — — + =2 =0.
r
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We have ', (r) = % — %
lim,— o0 ha(r) = Az > 0. Hence, the equation 2 4(r) = 0 has a unique solution
r¥ > 0, yielding the equilibrium points (£}, 0, 0).

(i1) Equilibrium points on the y-axis: In the case B = 0, A # 0, C # 0, we must
have x = z = 0. From B = 0 and z = 0 we infer

> 0, since ¢3 < 0; also, lim,_,gh(r) = —o0 and

1 36‘3

hp(r) :Z)»l—r—?’-i-r—szo.
3 15
We have h/B (r) = - = % > 0, since ¢3 < 0; also, lim, _,ghp(r) = —o0 and
r r

lim,_ hp(r) = A1 > 0. Hence, the equation 4 p(r) = 0 has a unique solution
ry > 0, yielding the equilibrium points (0, £r7, 0).

(iii) Equilibrium points on the z-axis: In the case C = 0, A # 0, B # 0, we must
have x = y = 0, so z = £r. Hence, C = 0 implies

Since c¢1, c2 < 0 we have that y < 0. Let hc(r) = yr5 — r? — 6¢3. We have
h’c(r) = 5yr* —2r < 0;also, lim,_.0 hc(r) = —6¢3 > Oand lim,— 40 he(r) =
—o0. Hence, the equation /¢ (r) = 0 has a unique solution r} > 0, yielding the
equilibrium points (0, 0, £r}).

In the case of the Sun—Jupiter—Hektor system, in normalized units, we obtain
A1 = 0.002144499689960222, 1, = 2.9978555002506795 and the equilibrium
points location are given as follows:

x y b4
x-equilibria +0.6935267570 0 0
y-equilibria 0 +7.7545750772 0
z-equilibria 0 0 +0.0008923544

We remark that in the case of the Hill’s four-body problem with non-oblate bodies
(i..e., point masses), the x-equilibria and the y-equilibria also exist, see Burgos-Garcia
and Gidea (2015); their locations, in the case of Hektor, are very close to the ones in
the case of an oblate tertiary. Precisely, we have the following

x y z
x-equilibria +0.6935265657 0 0
y-equilibria 0 +7.7545747024 0
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This result leads us to conclude that the x-equilibria and the y-equilibria for the
Hill’s problem with oblate bodies are continuations of the ones for the Hill problem
with non-oblate bodies.

On the other hand, the z-equilibria do not exist for the Hill’s problem with non-
oblate bodies. However, these z-equilibria are a continuation of the equilibria that
appear in the J>-problem; see Sect. 2.2. From the J>-problem it can be derived that the
distance from the z-equilibrium points to the center is given by 7, = R3(=3Ca0) /2.
When we apply this formula in the case of Hektor, the numerical result is very close
to the one found above.

To summarize, the Hill three-body problem has 2 equilibrium points, Hill’s four-
body problem has 4 equilibrium points, and the Hill four-body problem with oblate
bodies has 6 equilibrium points.

To convert to real units, the distances from the equilibrium points to the center need
to be multiplied by m;/ 3 __duetothe rescaling involved in the Hill procedure—, and by
the unit of distance which in this case is the distance Sun—Jupiter. It follows that the x-
equilibrium points are at a distance of 85,512.774 km from the barycenter of Hektor,
the y-equilibrium points are at 956,149.451 km and the z-equilibrium points are at
110.028 km. As the smallest semi-minor axis of Hektor is 60 km, the z-equilibrium
points are outside but very close to the body of the asteroid. The above computation
uses the value of CSO = —0.476775 from Sect. 2.2 Instead, if we use CSO = —0.15,
as provided by Marchis et al. (2014), we obtain that the z-equilibrium points are at
62 km from the barycenter, basically at the surface of the asteroid.

Since the shape of an asteroid and its oblateness are difficult to determine precisely,
it is worth studying a range of values of the oblateness parameter. In Fig. 3 we plot the
dependence on the CSO of the distance from the z-equilibrium point to the barycenter
(in km). The corresponding parameter Cgo ranges between — 0.001 and — 0.95. Note
that for some values, the z-equilibrium points are outside the Brillouin sphere (which
is the smallest sphere that contains the body), while for some others they are inside.
The z-equilibria that are outside are an artifact of the model, as they do not make
physical sense. However, the z-equilibria that are inside the Brillouin sphere of the
asteroid are physically possible. See “Appendix B.”

6.2 Linear Stability of the Equilibrium Points
We study the linear stability of the equilibrium points in the case of Hektor.

The Hamiltonian (5.23) yields the following system of equations

X = vy, Uy =20y + Q,,
Y =y, Uy = =y + Qy,

=g, U; = g,

where €2 is the effective potential given by (5.29) (again, we omit the overline bar on
the variables).
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160
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Fig.3 The dependence of the z-equilibrium point distance on C %0
The second-order derivatives of €2 are given by
L 3x2  3c3 15c3x®  15c3z>  105¢37°x?
= 2 —_ = —_— - - -
3 5 5 77 7 79
R 3y2 3¢z 15c3y2  15¢3z22  105¢37%y?
= l -_— == —_— —_—= = -
3 I 75 77 77 79
B L 322 9¢3  90c3z? | 1053z
VT 3T S TS 7 PO
3xy  15c3xy n 105¢3z%xy
5 77 79 ’
3xz  45c3xz  105¢323x
5,5 77 9
3yz  45c3yz N 105¢323y
5 77 9

The Jacobian matrix describing the linearized system is

0 0

0 0

0 0

7= . a2,
ny ny

Qx Qg

(=N S el

SO NN O —=O

S oo~ OO

3

3

6.2)

6.3)

Since the equilibria are of the form (£r}, 0, 0), (0, :I:r;", 0), (0,0, £r}), the mixed
second-order partial derivatives Qyy, 2y, £y, vanish at each of the equilibrium points.
Hence, Jacobian matrix (6.3) evaluated at the equilibria is of the form:

@ Springer



Journal of Nonlinear Science (2020) 30:2925-2970 2957

0 0 0O 100

0 0 0 010

0 0 0 001
=], 0o 0 o020] (6.4)

02, 0-200

0 0Q. 000

The characteristic equation of (6.4) is

(0* = ) (0" + (4 = Qo — Q)% + Qi Qyy) = 0. (6.5)

The stability of the equilibria depends on the signs of €2, and of A, B, and D. We
find the following stability character of the equilibrium positions in the case of the
Sun—Jupiter—Hektor system:

i) Eigenvalues of x-equilibria at (£0.6935267570, 0, 0):

2.5069424783 —2.5069424783,
2.0704830660i, —2.0704830660i,
1.9995877290i, —1.9995877290i.

Stability type: center x center x saddle.
ii) Eigenvalues of y-equilibria at (0, £7.7545750772, 0)

0.9890157325i, —0.9890157325i,
0.1403687326i, —0.1403687326i,
1.0013166944i, —1.0013166944i

Stability type: center X center X center.
iii) Eigenvalues of z-equilibria at (0, 0, £0.0008923544):

—37514.04321 4 0.9999999997i —37514.04321 — 0.9999999997:
37514.04321 4 0.9999999997i 37514.04321 — 0.9999999997i
53052.86869i —53052.86869i

Stability type: center x complex saddle.

Note that for the z-equilibria the imaginary part of the ‘Krein quartet’ of eigenvalues
of z-equilibria is approximately £1. This means that the infinitesimal motion around
the equilibrium point is close to the 1 : 1 resonance with the rotation of the primary
and the secondary. In Fig. 4 we show that for a range of r} values between z =
0.0008923544 (corresponding to the value for Hektor ¢3 = —1.327161 x 10~7) and
z = 0.009999 (corresponding to ¢3 = —1.666271 x 1072), the real part and the
imaginary part of the ‘Krein quartet’ of eigenvalues; the imaginary part stays close to
+1.
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1.0 Lel8 . . . . 45 1e—7+9.999?96e—1
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Fig.4 The dependence of the real part (left) and imaginary part (right) of the Krein quartet of eigenvalues
on the z-equilibrium point. The horizontal axis represents the distance 3 from the equilibrium point to
the origin, the vertical axis the real part (left), and the absolute value of the imaginary part (right) of the
eigenvalues. The former never changes sign, and the latter stays within 4 x 10~7 from 1

In Sect. 6.3.1 we will provide an analytic argument that the real part of the ‘Krein
quartet’ of eigenvalues is always nonzero, and the imaginary part is close to &1 for r}
sufficiently small; this result will help us to explain the behavior observed in Fig. 4.

6.3 Analytical Results on the Linear Stability of Equilibria

We provide some analytical arguments for the linear stability of the equilibria. The
problem has three parameters, c1, c2, ¢3, which make the analysis quite complicated.
To simplify, in this section we will assume that ¢; = ¢ = 0 and study the stability of
the equilibria for varying c3 < 0. This simplifying assumption is justified by the fact
that in the Hill problem, the contribution to the gravitational potential (5.19) of the
term containing c3 in a small neighborhood of the tertiary, that is, for » < 1, is much
bigger than the contributions of the terms containing ¢ and c;.

Also, we will rescale the sides of the triangular central configuration (3.13) differ-
ently, namely r13 = r23 = 1 and rjp = v. Note that the triangular central configuration
does not change when we rescale the unit of distance, only the constant c3 get rescaled
by a factor; see Remark 3.4. With this rescaling, the computations turn out to be
somewhat easier. In this case, the eigenvalues of the matrix M in (5.25) are given by

3
=S [1= V== wrE =),
% (6.6)
ho=3 14V = 2wE— )],
and the constant y in (6.1) becomes y = —1.
6.3.1 Linear Stability of the Equilibria on the z-Axis
The z-equilibrium points are of the form (0, O, :I:rz*), with
— () = (r)* — 6e3 =0, (6.7)
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which yields

_(+R\2 _ (%S
o T 9

Evaluating Q,y, 2yy, 2, at the equilibrium point yields:
Qv =d2 = ()72 = 126307,

Qyy = A1 — (1) = 1263677,
Q= —1 42073 + 24c3(7) 5.

Substituting (6.8) we obtain

Qv =242+ D7,
Qyy =241+ 0H7, (6.9)
Q= —5-20r)7%

Using (5.26) and denoting d := /1 — (1 — u2)v2(4 — v2) we can write

3
)"1 = 5(1 - d)a
3 (6.10)
rM==(14+4d).
2 2( +d)
Also for c3 = 0 we have dp = /1 — 3(u — 2) and
3
Ao = 5(1 — do),
3 (6.11)
Mo = =(1 4+ dp).
2
This is in agreement with the results in Burgos-Garcia and Gidea (2015).
For future reference, we expand d as a power series in the parameter c3 as
d =dy+dyc; + 0(c2), (6.12)

where the coefficient d; can be obtained from the Taylor’s theorem around ¢3 = 0 as

2
chz—%i%ﬂl. (6.13)

From the characteristic equation (6.5), we obtain that the pair of eigenvalues p; » =
+(2..)'/? is purely imaginary, since by (6.9), Q.. < 0.
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The ‘Krein quartet’ eigenvalues are given by

—A+ VA2 — 4B
P3.4,56 =T ,

6.14
3 (6.14)
where
2
A=4—Qu—Qy=-3- s
B = Q,,Q 10+92(4 2)( H+ 7o
= = —U — U — —_— .
ety 3 I e T eae
Then, we have
D:=A%>—4B =d*> — 40— =31 - 9@ — v (u — pu?) —
g vT(4 —v)(u—p) (r;)3<

Since —A > 0 and D < 0, we obtain that the eigenvalues p3 456 are complex
numbers, non-real, non-purely-imaginary, for all parameter values. Let p = a +ib be

such that p? = —% + —“‘Bz_Azi :=a + iB. We have

2 2v4 2 2 N 2
a+ib:(—(a +ﬂ2)2+a) + sign(B) (—(a +ﬁ2)2 a)

To show that b is approximately %1, or b = 1, for r} ~ 0, note that
24 g2y
@A e AL

2 4

IR O 1y
i) (05T G )

9 1
3,1 O Gt
— T 4T 5 1

3. ~ls

% (10 2r G
(t0+ 57+ g+ )+ iy
9
N 10437 +
472 T

9
(10+ T+ *)3+(r*)6) + o

where Y := v2(4 — vz)(u — uz). Since

10 +3 Iv + *);
hm =
ri—> 1

9 2
(104374 Gt l)

N
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we have that limr;_>0 b = —% + % = 1,s0 b* ~ 1 for rz* ~ 0, as in the case of
Hektor.
We obtained the following result:

Proposition 6.1 Consider the equilibria on the z-axis. For u € (0, 1/2], Q,,, A and
D are negative. Consequently, one pair of eigenvalues is purely imaginary, and the
two other pairs of eigenvalues are complex conjugate, with the imaginary part close
to £i for c1 = ca = 0 and for c3 negative and sufficiently small. The linear stability
is of center x complex-saddle type.

6.3.2 Linear Stability of the Equilibria on the y-Axis

The y-equilibrium points are of the form (0, :i:r;‘, 0), with

M@ = +3e3 =0, (6.15)
which yields
r? = r3)?
3= % (6.16)
Evaluating 2y, €2yy, €2, at the equilibrium point yields:
Y 1 3c3
RO SRR
Qpy =y + o — 24 6.17
v = Al — T % .
” GG @10
Qu=—l- 9
)3 >
Substituting c¢3 from (6.16) we obtain
Quxy = A2 — A,
Qyy =51 2
WIS (6.18)
Q. =—1—-3x+ 2
T — 1 (7;)3 )
We also expand r; as a power series in the parameter c3 as
ry=ry0+ryics + 0(c3), (6.19)

where £ry is the position of the y-equilibrium in the case when c¢3 = 0, which is
given by ry3,0 = 1/X10; this is in agreement with Burgos-Garcia and Gidea (2015). The
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computation of r; yields

—14 (1/2)dyr>
ryp = ——— 0 (6.20)
r'y0

with d; as in (6.13).
We will also need ﬁ as a power series in the parameter c3
y

1

_ 2
(@P—a+ﬂ%+0@@ (6.21)
and a simple calculation yields
1
o= —
3 9
-
» (6.22)
3ry1
p=——7F"
o0
Foru = 1/2, wehavedy = %,Mo = %,d1 = —m§/3,ry0 = (%)1/3.Itiseasytosee

that dominant part dp of d is a strictly decreasing function with respect to . € (0, 1/2]

and takes values in [1/2, 1). The dominant part A9 of A1 is increasing with respect

to ;€ (0,1/2] and takes values in (0, 3/4]. Also, the dominant part o of r;f isa

strictly decreasing function in u € (0, 1/2], where ryo(1/2) = J/4/3 and ryp — oo

when u — 0; as a consequence, the values of ry¢ are in the interval [J/4/3, 00).
From (6.17) we have

1 9¢3

Q.=—-1—-—+—=

“ )3 p?
T
= (r;k)S ry ry Cc3

<0

since r;* > 0 and c3 is negative. Therefore, €2,, < O for all admissible values of w.
For A = 4 — Qy, — Q,,, using (6.11) and the expansions (6.12) and (6.21), we
obtain

A=1-3x+

)3
— 1304 —— 4 Oley)
(ry0)3
=1-=3k10+2x10 + O(c3)
>0
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for ¢3 small.
For B = Q,,yy using (6.11) and the expansions (6.12) and (6.21), we obtain

2
B=(0O—A Sh— ——=
(X2 1)( 1 (r;)3)

2
= (3do) (SMO - T) + 0(c3)
50
= (3dp) (SA10 — 2A10) + O(c3)
>0

for ¢3 small.
For D = A% — 4B, using (6.11) and the expansions (6.12) and (6.21), we have

2
2 2
D = (1 — 310 + T) — 4(3dop) <5)&1() — T) + O(c3)
r

»0 y0
= (1 = 210)> = 12(3 = 2A10) 210 + O(c3).

For u &~ Owehave D ~ 14 O(c3) and for u = 1/2 wehave D = —% + O(c3). The
intermediate value theorem implies that D changes its sign from positive to negative
for n € (0, 1/2], provided c3 is small. We have thus proved the following result:

Proposition 6.2 Consider the equilibria on the y-axis. For u € (0, 1/2] forc; = ¢y =
0 and for c3 negative and sufficiently small, Q2;; is always negative, the coefficients A
and B are always positive, and the value of the discriminant D changes from positive
to negative values. Consequently, one pair of eigenvalues is always purely imaginary,
and there exists [y, depending on c3, where the other two pairs of eigenvalues change
from being purely imaginary to being complex conjugate. The linear stability changes
Jfrom center X center X center type to center x complex-saddle type.

6.3.3 Linear Stability of the Equilibria on the x-Axis
The x-equilibrium points are of the form (£r}, 0, 0), with

M) — (12 433 = 0, (6.23)
which yields

(rH? = aa(r})>
3= — .

3 (6.24)
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Evaluating 2, , Q2yy, 2, at the equilibrium point yields:

O — it 2 12¢3
xx — A2 (r;:):; (r;:)s ’
Qo — 1 3c3 6.25
yy = 1 (r;:):; (}";‘)5 ) ( . )
Q. — 1 9¢3
RGO RGO
Substituting ¢3 from (6.24) we obtain
2
Qxx = 5)L2 - (FXT)?,y
Qyy = A1 — A2, (6.26)
2
Qp=-1-30n+ (’}T)y
We expand r} as a power series in the parameter c3 as
¥ =rw + e+ 0@cd), (6.27)

where +r,¢ is the position of the x-equilibrium in the case when c3 = 0, which is
given by ’"}:’0 = 1/A30; see Burgos-Garcia and Gidea (2015). The computation of ry
yields

—1—(1/2)dr3,

Iyl = (6.28)
r'x0
We will also need (r,+)3 as a power series in the parameter c3
1 / 4 2
= + B'cz + 0(c3), (6.29)
X
and a simple calculation yields
sl
==,
P
*0 (6.30)
’_ 3rx1
F=-=
"0
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From (6.25) we have

YR DR S B

%z (,.*)3 (r*)5
= (*)S«r 5 4 = 9c3)
<0

since r§ > 0 and ¢3 < 0. Therefore, 2;; < 0 for all admissible values of 1.
For A = 4 — Qyx — Q,y, using (6.11) and the expansions (6.12) and (6.29), we
obtain

A=1-3x0+ ——= 4+ O(c3)

(x)2
=1-220+ 0(c3)

_ ] 3d+0()
—2 2O c3

<0

for ¢3 small.
For B = Q,,Q2yy, using (6.11) and the expansions (6.12) and (6.29), we obtain

er
= —(3dp) (Sh20 — 2420) + O(c3)

3 3
=-9dy [ = + =d
0(2+2 0)

<0

B = —(3dyp) <5kzo — i) + O(c3)

for ¢3 small.
For D = A2 — 4B, using (6.11) and the expansions (6.12) and (6.29), we have

D = (1 — A20)* + 36dora0 + O(c3)
> 0.

for c3 small.
We have proved the following result:

Proposition 6.3 Consider the equilibria on the x-axis. For u € (0, 1/2], forc; = ¢3 =
0 and for c3 negative and sufficiently small, 2, is negative, A and B are negative,
and the value of the discriminant D is always positive. Consequently, two pairs of
eigenvalues are purely imaginary, and one pair of eigenvalues are real (one positive
and one negative). The linear stability is of center x center x saddle type.
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7 Conclusions

In this paper we have developed a rigorous model of a Hill four-body problem with
oblate bodies, which can be used for analytical studies.

In Proposition 3.1 we determined the triangular central configurations of three
oblate bodies, which are found to be scalene triangles. Triangles corresponding to
different moments of inertia are not necessarily similar to one another. This situation
is very different from the case when the bodies are point-masses, when the central
configurations are equilateral triangles.

Assuming that the three heavy bodies are in such a triangular central configurations,
in Theorem 5.1 we derived, starting from the spatial circular restricted four-body
problem, the Hill approximation. Our Hill approximation is different from the one
in the case when the bodies are point-masses, due to the different type of triangular
central configuration and of the oblateness effects. The Hill approximation acts like a
‘magnifying glass’ in a neighborhood of the smallest body, by sending the two larger
bodies at infinite distance via a limiting procedure. The effect of the two larger bodies
is represented in the Hamiltonian by a quadratic polynomial, while in the restricted
four-body problem, their effect is represented by singular terms.

The fact that the Hamiltonian for the Hill approximation has a simpler form allows
us to study analytically the equilibrium points and their stability, as in Proposition 6.1,
Proposition 6.3, and Proposition 6.2. By contrast, in the restricted four-body problem
such a study is only possible numerically.

An interesting feature of our model is the presence of ‘out-of-plane’ equilibria.
These may be physically possible only when they are very close to the barycenter of
the smallest body, and only for certain shapes. We describe a toy-model that has true
‘out-of-plane’ equilibria in “Appendix B.”
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Appendix A: Expressions for the Eigenvectors of the Matrix M in (5.25)

Below we provide the expressions of the eigenvectors vy, v2 associated with the eigen-
values (5.26), respectively. Denote

O 1= vV —ut — v* +2u2 + 202 + 2u2v2 — 1.
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We have

v = [— ((1 — (=T + A+ 1D — (= + (1 + vz)u5)> o,
(1= @ —2(1 +uP)” + (1 +u))
+@® =201+ vHu’ + i’ (1 +v%)
—V2E (1= v+ ) =l = uve?),

(A.1)
vy = [— ((1 — W (=" + (1 +uH’) — p(—u” + (1 + vz)u5)> o,

(1= m)@° =201 + uHv” +v°(1 + u*)
+ u@® =21+ vHu’ + 121 +v*)
V2202 (1 = o3 + pd)? — (1 — u)uv@z]

Appendix B: Existence of ‘Out-of Plane’ Equilibria

The existence of ‘out-of-plane’ equilibria near an oblate asteroid, such as the z-
equilibrium points found in Sect. 6.2, does not agree with the physical intuition, as it
seems that the combined gravitational force acting on the infinitesimal mass must be
pointing toward the {z = 0} plane.

Such ‘out-of-plane’ equilibria appear due to the J>-approximation of the gravita-
tional potential. The J>-approximation is a truncation of the spherical harmonic series
expansion of the gravitational potential. Such expansion is known to be convergent
outside the Brillouin sphere (which is the smallest sphere that contains the body),
while the nature of the series inside the Brillouin sphere is unknown in general. (For
certain shapes, e.g., for ellipsoids, the series is divergent inside the Brillouin sphere).

Nan et al. (2018) shows analytically that ‘out-of-plane’ equilibrium points do not
physically exist in the restricted three-body problem when one primary is a rotational
ellipsoid. They note that the same conclusion can be drawn if both primaries are
rotational ellipsoids. Their argument can also be carried out for the Hill four-body
problem when all heavy bodies are rotational ellipsoids.

However, we shall note that for non-convex shapes, ‘out-of-plane’ equilibria are
physically possible. We show a ‘rubble pile’-model that has true ‘out-of-plane’ equilib-
ria. The model consists of six balls, with four identical larger balls of radius R and two
identical smaller balls of radius r, arranged as in the left side of Fig. 5. The centers of
the larger balls are at (£1, 0, £R), and the centers of the smaller balls are at (£r, 0, 0).
The condition that the balls in the configuration are tangentis r = 1/(2(1 + R)). The
right side of Fig. 5 represents the plot of the gravitational force along the z-axis, com-
puted by direct numerical integration. The intersection points with the horizontal axis
in this plot correspond to the z-values of the ‘out-of-plane’ equilibria. We note that such
‘out-of-plane’ equilibria exist only for certain ranges of values of R, and disappear
through a saddle-node bifurcation. We plan to study families of such configurations
in future works.
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Fig.5 Left: Six-ball ‘rubble-pile’ model. Right: the sgravitational force along the z-axis

Many small bodies in the solar system are believed to be ‘rubble piles’, consist-
ing of smaller elements separated by voids. Moreover, many known asteroids have
highly irregular shapes. Hence, the study of ‘out-of-plane’ equilibria for asteroids is
an interesting problem, with possible applications to missions targeting asteroids.
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