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Abstract

We prove the global existence and uniqueness of smooth solutions to the one-
dimensional barotropic Navier-Stokes system with degenerate viscosity u(p) = p“.
We establish that the smooth solutions have possibly two different far-fields, and the
initial density remains positive globally in time, for the initial data satisfying the same
conditions. In addition, our result works for any « > 0, i.e., for a large class of
degenerate viscosities. In particular, our models include the viscous shallow water
equations. This extends the result of Constantin et al. (Ann Inst Henri Poincaré Anal
Non Linéaire 37:145-180, 2020, Theorem 1.6) (on the case of periodic domain) to
the case where smooth solutions connect possibly two different limits at the infinity
on the whole space.
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1 Introduction

We consider the one-dimensional barotropic Navier—Stokes system in the Eulerian
coordinates:
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o+ (pu)x =0,
{ () + (o) + p(P) = ()i, @b
where the pressure p(p) follows the case of a polytropic perfect gas, i.e.,
pp)=p", v>1, (1.2)
with y the adiabatic constant. Here, ; denotes the viscosity coefficient given by
n(p) = p“. (1.3)

Notice that if « > 0, (p) degenerates near the vacuum, i.e., near p = 0. Very often,
the viscosity coefficient is assumed to be constant, i.e., « = 0. However, in the physical
context the viscosity of a gas depends on the temperature (see Chapman and Cowling
1970). In the barotropic case, the viscosity depends directly on the density. In general,
the viscosity is expected to degenerate on the vacuum as a power of the density as
in (1.3).

There are many results on the existence of solutions to the compressible Navier—
Stokes equations with the constant viscosity for the one-dimensional case. The
existence of weak solutions was first established by Kazhikhov and Shelukhin (1977)
for smooth enough initial data close to the equilibrium bounded away from zero.
The case of discontinuous data but still bounded away from zero was addressed by
Shelukhin (1982, 1983, 1984) and then by Serre (1986) and Hoff (1987a). First result
for vanishing initial density was obtained by Shelukhin (1986). Hoff (1987b) proved
the existence of global weak solutions with large discontinuous initial data, possibly
having different limits at the infinity. There, he also proved that the vacuum cannot
form in finite time. The issues on regularity and uniqueness of solutions were first
studied by Solonnikov (1976) for smooth initial data and for small time. However, the
regularity may blow-up as the solution gets close to vacuum. Hoff and Smoller (2001)
show that any weak solution of the one-dimensional Navier—Stokes equations does
not have vacuum states for every time, provided that no vacuum states initially exist.

Concerning the 1D existence theory for the degenerate case (1.1), Mellet and
Vasseur (2007/08) proved the global existence and uniqueness of strong solutions
with large initial data having possibly different limits at the infinity without no vac-
uum states in the case of « < 1/2 and y > 1. To control the L°°-norm of 1/p globally
in time, they used the relative entropy inequality based on the Bresch—Desjardins
entropy, which was derived in Bresch and Desjardins (2002) for the multi-dimensional
Korteweg system of equations (for the case of « = 1 and with an additional capillary
term) and later generalized in Bresch and Desjardins (2004). In the one-dimensional
case, a similar inequality was introduced earlier by Vaigant (1990) for flows with
constant viscosity.

The result of Mellet and Vasseur (2007/08) was extended by Haspot (2018) to the
case of a € (1/2, 1]. Recently, Constantin et al. (2020, Theorem 1.6) extended it to
the case of « > Oand y € [, @ + 1] with y > 1, but they dealt with it on the periodic
domain, and with an additional technical condition [see (1.6)].
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In this article, we aim to extend the result (Constantin et al. 2020, Theorem 1.6) to
the case where smooth solutions have possibly different limits at the infinity on the
whole space. This extended result is motivated by the recent works (Kang and Vasseur
2017, 2019) of the authors on the contraction property, up to a time-dependent shift, for
large perturbations of viscous shocks (connecting two different end states at x = £00)
for the one-dimensional barotropic Navier—Stokes system with degenerate viscosity.
In Kang and Vasseur (2017, 2019), solutions of the Navier—Stokes system need to be
regular for existence of the time-dependent shift.

1.1 Main Results

We study global existence of smooth solutions to (1.1) with initial data having possibly
two different limits (p+, u+) at x = +00, where p+ > 0. For that, we let p and u be
smooth monotone functions such that

p(x)=p+r >0 and u(x) =uy, when £x >1. (1.4)

Theorem 1.1 Assume y > 1, > 0, and y € [a, a + 1]. Let py and uq be the initial
data such that

00 — p € HYR), uo — it € H*(R), for some integer k > 4, (1.5)
0 <Ky <pox) <ko, VxeR, for some constants Kk, Ko, ’
and
dxup(x) < po(x)’™%, Vx eR, (1.6)

where p and u are the smooth monotone functions satisfying (1.4).
Then, there exists a global-in-time unique smooth solution (p, u) of (1.1)—(1.3)
such that for any T > 0,

p—peL®0,T; H'®)
u—ieL>®0,T; H(R) N L*0, T; H'(R)).

Moreover, there exists constants k (T) and «(T) such that
k(T) < p(t,x) <w(T), VY, x)€l[0,T]xR.

Remark 1.1 Note that the system (1.1) is equivalent to the one in the mass Lagrangian
coordinates for the regularity in Theorem 1.1. Therefore, the above result provides a
class of global-in-time solutions smooth enough, in which the authors proved the con-
traction property (Kang and Vasseur 2017, 2019) for viscous shocks of the barotropic
Navier—Stokes system in the mass Lagrangian coordinates, with any large initial data
satisfying (1.5) and (1.6).

Remark 1.2 Note from the assumption on « and y that Theorem 1.1 also holds for
the viscous shallow water equations (i.e., y = 2, « = 1). We refer to Gerbeau and
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Perthame (2018) for a derivation of the viscous shallow water equations from the
incompressible Navier—Stokes equations with free boundary.

Remark 1.3 The initial assumptions on (1.6) and k > 4 in (1.5) are the same conditions
as in Constantin et al. (2020, Theorem 1.5), which is used to control the active potential
(2.9) defined by the density and the velocity (see Lemma 2.2).

Remark 1.4 In Kang and Vasseur (2019), the authors showed some stability property
of entropy shocks of the Euler system as the inviscid case v = 0 of the Navier—Stokes
system:
{pt” + (p"u")y =0, (17
(0"u?) + (0" "))y + p(p")x = v((p")u})x. '

There, the proof is based on stability for viscous shocks of (1.7), uniform with respect
to v. This theory is to substitute the notion of inviscid limit of the Navier—Stokes
system for the notion of entropy solution of the Euler system. More specifically, for
any initial data (0, u°) for the inviscid dynamics, consider F(p0,u0y the set of inviscid
limits (v — 0) of solutions for (1.7) with suitable initial values (,0(‘)’, uE’)) converging to
(00, u®). This set can be seen as a generalization of the set of entropy solutions to the
Euler system with the initial data (p%, u%). In Kang and Vasseur (2019), it was proved
that the entropy shocks are stable in this class F 0 ,0). However, the existence of the
non-empty class F,0 ,0) is subject to the existence of solutions to the Navier-Stokes
system (1.7) for any fixed v > 0. This requirement is achieved by Theorem 1.1. Note
that, for the initial value (o, ug) of (1.7), the technical condition (1.6) corresponds
to dyug(x) < p~1 pp (x)Y %, which is not restrictive in the limit process v — 0.

2 Proof of Theorem 1.1
2.1 Idea of Proof

Since we are looking for solutions converging to possibly two different limits (o4, u4)
atx = 00, we do not expect that solutions are integrable. Thus, as a starting point, we
may take advantage of the existence result (Mellet and Vasseur 2007/08), for solutions
(p,u) tosatisfy p — p,u — i € L*°(0, T; L%(R)). However, since the result (Mellet
and Vasseur 2007/08) require the assumption o < 1/2 while we consider any o > 0,
we may perturb the viscosity coefficient (1.3) by adding ep'/* with small parameter
¢ as in (2.4), under which we ensure the global existence of strong solution (p;, )
satisfying the H!-spatial regularity and the positive lower bound of the density [see
(2.7) and (2.8)].

To remove the e-dependence of the approximate viscosity u, as in (2.21), we may
first show that the lower bound of the density p; is independent of ¢ as in Proposition
2.2. For that, we basically use the idea in Constantin et al. (2020) on the analysis for
the time evolution of the active potential (see Lemma 2.2). To perform the analysis,
we need at least H 4—spati.a\d regularity of (pg, u¢), which requires the initial condition
(1.5).
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2.2 Approximate Viscosity

As mentioned above, we first recall the existence result in Mellet and Vasseur (2007/08)
as follows:

Proposition 2.1 (Mellet and Vasseur 2007/08) Let pg and uq be the initial data such
that
0<ky<pox)<ko, po—peH' R), up—iie H'®), (2.1

for some constants k), Ko. Let v: Ry — R be a function such that for some constants
C >0andq €[0,1/2),

Cy? Vy<l
v(y) > {C Vy > 1, 2.2)
and
v(y) <C+Cy” Vy>0. 2.3)

Then, there exists a global-in-time unique strong solution (p, u) of (1.1)-(1.2) with
W = v such that the following holds: B
For any T > 0, there exist positive constants ﬁ (T) and B(T) such that

p—peL®0T; HR)),
u—iaeL®0,T; H (R) N L*0, T: H*(R)),
B(T) < p(t,x) < B(T), V(,x)el0,T] xR

To use Proposition 2.1, we consider an approximate viscosity coefficient j, defined
by perturbing the viscosity u in (1.3) as follows: For any 0 < ¢ < 1,

1 1
e (p) :=max (u(p), ep®), Vp =0, wherea, := 3 min (a, 5) . Q4

Since
14 vp <1
ep p=
pe(p) = {8 Vp > 1,
and it follows from y > « that
pe(p) <1+ p" Vp >0, (2.5)

e satisfies the assumptions (2.2) and (2.3). Therefore, for the initial datum (pg, uq)
satisfying (1.5), Proposition 2.1 implies that there exists a global-in-time unique strong
solution (p,, ug) of (1.1)—(1.2) with &t = ., i.e.,

0rpe + Ox(peute) = 0
0 (pette) + ax(peug) + 0x p(0e) = 0x (e (0e) Oxte) (2.6)
(108’ u8)|f=0 = (va “0),
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such that the following holds: for any 7" > 0, there exist positive constants k. (T),
Ke(T)and C = C(T, ¢, Kk, ko) such that

los = Pl ;11 ®R)) + e — Ul pooo,7; 51 RY) T lltte — Ull 20,7 H2R)) = €,

2.7
and
ko(T) = pe(t,x) =ke(T), V(,x)€(0,T)xR. (2.8)
2.3 Higher Sobolev Regularity
For the system (2.6), we consider the active potential
We := —p(0e) + e (Pe)xlte. 2.9

This is the potential in the momentum equation of (2.6). Indeed, its gradient is the
force:

Pe (0t + UgOxlte) = Oy We.

Then, it follows from Constantin et al. (2020, Proposition 3.1) that w, satisfies a forced
quadratic heat equation with linear drift:

e = Loz, (ug + u5<ps>3)f#> duwe
Pe PE
P (pe) Peits(Pe) + e (pe)
Pe —2p(pe) 5 we
e (pe) e (pe)
 Peltg(pe) + pe(pe) ( p'(ps) (o )paué(ps) +ua(p,s)) (o)
e (pe)? ¢ ‘ e (pe) ‘ e (pe)? o

(2.10)

Note that the new viscosity coefficient wg(p¢)/pe of the parabolic Eq. (2.10) on w,
is less degenerate than the viscosity coefficient 1 (o) of the momentum equation in
(2.6). Through the coupled system of (2.10) and the continuity equation (2.6);, we
obtain the higher Sobolev regularity of o, and w; as long as p, is positive [that is
guaranteed by (2.8)] as follows:

Lemma 2.1 Let y, a be any real numbers. Assume that the initial data po and ug
satisfy

00— p € HXR), ug—ii € H*(R), for some integer k > 2,
- 2.1D)

0 < kg = po(x) <Ko, Vx e R,

for some constants k., Ko. Then, there exists a global-in-time unique smooth solution

(pe, Ug) of (2.6) such that the following holds: For any T > 0, there exists positive

constants K ,(T), ks (T) and C = C(T, y, a, k, &, K, Ko) such that (2.7), (2.8) and
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k k-1 k
0% Pl oo o, 7512y + 10 Well oo, 7; 22(RY) T 19x Well2(0,7; 22(R))

k k+1
+ ||ax“s||L°°(O,T;L2(]R)) + ||3x+ Me”LZ(o,T;LZ(R)) <C.

This follows straightforwardly from Constantin et al. (2020, Lemma 4.2 and 4.3)
when [Jwell L0, 7. 12(r)) 1s bounded. However, for the density having two different
limits at the infinity, we do not have a L%-bound on we (¢, x) for each ¢. Therefore, we
may prove Lemma 2.1 without using a L?-bound on w,. Although we need a slight
modification of the proof in Constantin et al. (2020), we present details of the proof
in “Appendix A” for the sake of completeness and the justification on uniformity of
the high Sobolev norms in Proposition 2.4.

2.4 Uniform Lower Bound for the Density

Lemma 2.2 Assume the same hypotheses as in Theorem 1.1. Then, for any T > 0,
there exist positive constants Cy, and €, such that

we(t,x) < Cye?, Ve<e,, Vi<T, VxeR,

where 0 is the positive constant as follows:

0= Y , where ay is the constant as in (2.4). (2.12)

o — Oy

Proof First of all, using Lemma 2.1 with k > 4, together with (2.6) and (2.9), we have
pe. e, we € C1([0, T x R).
Then, note from (2.9), (2.4), (1.2), (1.3) and the initial condition (1.6) that
we (0, x) = —p(po) +max (u(po), £p5") dxtto < —py +max (0§, e05™) Py -

Since, for all x € R,

wS(O’ x) < (_'0())/ + pgp())’—a) 1{p8‘>epg*} + (_10())/ + 5/93*:0())/_‘1) l{pgfspg*}
y—(a—ay) Y _
< 8,00 l{pgﬁspg*} < ga—ox

we have

we(0, x) < 89, Vx € R.

Since w, € C([0, T] x R), if there exists a point (ty, xg) € (0, T] x R such that
we (t9, xo) > &7, then there exists #; > 0 such that

sup we (¢, x) <& Vr €0, 1), (2.13)
xeR
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and
sup w (¢, x) > &% Vi € (11, 10].
xeR
Let
) :=sup {t € (t1, T]| supwe(t, x) > 80} .
xeR
Then,

0

sup we(t, x) > ¢’ Vt € [t1, 1].

xeR

Thus, using the fact that foreacht < T,
we(t, x) = —p(p+) <0 as x — +oo,
we can define the function

wyr (1) == max we(t, x),
xeR

which is Lipschitz continuous, and differentiable almost everywhere on [¢1, #] thanks
to the regularity w, € C 1([0, T] x R). Moreover, for each ¢ € [t1, 1], there exists x;
such that

wy () = we(t, Xx;).
Then, w), (1) = (3;we)(t, x;) fora.e. t € (11, 12), since

we(t + h, Xpqn) — we(t, xp)

, .
wH, (1) = lim
m(®) h—0+

h
t+h, — t,
> i LRI T X)),
h—0+ h
t, — t—h,x;_
w0 = tim 2200
o we(t, xp) —we(t —h, x;)
< Jim = = == we(t, xy).

Using this together with Bfws(t, X)) <0, dywe(t, x;) = 0and p.pul(pe) > 0, we
have from (2.10) that

wiy (1) < JiOwy(t) + Ja(1), € (11, 1),
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where (putting pp (1) := pe(t, X))

Y

'OM /
J = & - 2 & & 5
1(1) PRPY (vieom) — 2 (pmy (o) + pe(pm)))
2y
'OM /
ht) = —M (yue(pm) — . . .
2(1) PRPRY (vee(om) — (om e (pm) + ie(om)))

Since y <« + 1, we have

¥
__Pm _ o w _ o .
Ji@t) = PRTIE ((J/ 2+ D)oy Lipe s gpmyte (v — 2(e + 1) py l{paMgepM*})
Y
M s
< mc‘? [V =20 + Dl oy Lo <epiy-

Moreover, using e (opr) > ep%,* and pe(pp) = pf; by the definition, we have

— Yoo
I = Iy = 20+ DIpY g copory < Iy = 20 + D] eie.

Likewise, we have

2y
_ Pm 4
J2(I) - W ((V - (a + 1))10?\[41{pg4>8pﬁ} +e& (y - (a* + 1)) IOM l{pi‘/ls(spﬁ‘}>
orr
M s
= WE Iy = (@ 4+ DI ops e < poey

Zy—a
ly — (o + D g

IA

The above estimates and (2.13) imply that for any ¢ € [t1, 2] and ¢ € (0, 1),

t t t
wyr(t) < wy(ty) exp </ Jl(s)ds> +/ Ja(s) exp </ Jl(‘l,')d‘l,'> ds
n 31 K

2y—a
<exp(Tly =2+ DD (7 465 a Tly — @+ D), 214

If y > «, it follows from (2.14) that for all ¢ satisfying

a—ax

S
14+ T |y — (ag + 1)

the following holds:
wy(t) <2exp (T ly —2(ax + D e?, Vvt € n, 0l
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2y —a

If y =a,since § = P it follows from (2.14) that

wy () <21+ Ty — (o + DD exp (T |y — 2(s + D] &°,
Ve <1, Vrelh, ]

Therefore, the above estimates together with (2.13) yield that

sup w (1, x) < Cy e, Ve <e,, Vrel0,nl,
xeR

where C,, is the constants as in (2.12).
If o < T, then the definition of #; implies

sup we(t, x) < 59, vVt € (r, T].

xeR
Hence, we complete the proof. O
Proposition 2.2 Assume the same hypotheses as in Theorem 1.1. Then, for any

T > 0, there exist positive constants k(T) = «(T)(y,a,ky) and §; =
S51(T, y,a, ky) (independent of ) such that

pet,x) >k(T), Vt<T, VxeR, Ve<ié.
Proof Let

6 if ,
‘1()’)3:{1 Iy > o

where 6 = as in Lemma 2.2.

ify =a, o — Ol
We first choose a constant §; > 0 such that
Hir®
. o0 =0t 2%—1 q(y)(y—«a .
min (Sy, ( ) s <m) ) lf]/ > o,

min (ey, (%)a , (C;1(2"‘ — l)e_"‘T) “ ) ify =a,

Ny

8y 1= (2.15)

where k) is the constant as in (1.5), and ¢, C,, are the constants as in Lemma 2.2.
Then, since
)a_a* ify > a,
o .
) ify =a,

51§{E

we have 2 < kg forany y > a.
Therefore, it follows from the initial condition of (1.5) that

Nl Nlie

aw/y
8

inf po(x) > 287777
xeR
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For any fixed ¢ < 4§y, since p, € C([0, T] x R), if there exists a point (7o, xg) €
(0, Tl x R such that p, (9, xg9) < 28;’(’/)/’/, then there exists #; > 0 such that

inf pe (1, x) > 26777 vi e [0, 1],
xeR

inf pe(t.x) < 2891 i e (1, 1], (2.16)
xXe

Then,
inf pe (1, x) < 2577 i e (11, 1], 2.17)
xXe

where
f) 1= sup {z € (11, T]| inf pe(t, x) < 25‘{(””} .
xeR

Thus, using 28‘11(7/)/7/

< ko < min(p_, py) together with the fact that foreachr < T,
pe(t, x) = p+ as x —> +oo,
we define the function
Pm (1) := min pg(Z, x),
xeR
which is Lipschitz continuous, and differentiable almost everywhere on [#1, 2] thanks
to the regularity p, € C([0, T1 x R). So, let y; be a minimizer for p,, (t) = p (¢, y1).

Since p,, (1) = (3:pe)(t, yr) for ae. t € (#1, 12), and 3y pe (¢, y;) = 0, we have from
the continuity equation of (2.6) that

P (1) = —pm (D) dxue (yr), ¢ € (11, 12).
Then, using (2.9), Lemma 2.2 with ¢ < §; < ¢, and pe (o) = ppy, We have

PP £ WD) 1 cyslplo re (). (2.18)
We(om)

P () = —pm (1)
Case of y > «) Using (2.17) together with ¢(y) = 6, we have
Py = =27 +C8 py
which yields
(o) = —a (2 +C)8}, 1€ (1, 1)
Thus, using (2.16), we have

o
p%(1) = p%(t1) — a(2) + C)SIT > (25?‘”“) —a2" +C)T, Vieln,nl
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Since g(y) = 0 when y > «, and

2% — 1 ol
S =\ ,
a¥ +Cy,)T
we have
o
o = (8177)" Vi€ nl
Therefore, this together with (2.16) and the definition of ¢, implies

inf pe(t,x) > 817 v 0, T1.
xeR

Case of y = « First, it follows from (2.18) with y = « that

P = —Pm — Cy8 0y %, 1€ (11, 12).
Then, since

(o) = —apy, —aCydi, 1€ (.0),
we have

t

,Of:l (1) > p;‘r‘l (tl)e—ot(t—n) _ (YCV(S?/ e—a(t—s)ds’
n

which together with (2.16) yields
o
o8 (1) > (23?“”) e —C,80, Vieln, nl.

Since g(y)/y = 1/a and 6 = /(0 — «y) when y = «, if needed, taking 6; again
such that

a—ox

o= (Cler = ne™ ™)

we have
pu () = e T8, Vi eln.nl
Therefore, this together with (2.16) and the definition of #, implies
inf pe(t,x) = e T8/ =7 T81 v e, T,

Hence, we complete the proof. O
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2.5 Uniform Bounds for the Solutions (o, u;)

Thanks to Proposition 2.2, we first have the uniform upper bound for the density as
follows:

Proposition 2.3 Under the same hypotheses as in Theorem 1.1, there exists a positive
constant ¥ (T') (independent of €) such that

pe(t,x) <k(T), Yt <T, VxeR, Vec<ié,

where §1 is the constant as in Proposition 2.2.

For the proof of Proposition 2.3, we refer to the proof of Mellet and Vasseur
(2007/08, Proposition 4.5), in which the uniform estimates (2.19) and (2.20) are cru-
cially used to get the uniform upper bound k' (7') of the density: One estimate is on the
uniform lower bound of the viscosity s as

we(pe) = pg = k(T)*, YVt <T, VxeR, Ve<é. (2.19)

The others are the estimates (Mellet and Vasseur 2007/08, Lemmas 3.1 and 3.2) on the
relative entropy related to the Bresch—Desjardins entropy (see Bresch and Desjardins
2002, 2003, 2004) as follows:

T
op A% ('05 e — il +p(p€|5)> dx +/0 Aﬂs(psﬂaxuﬂzdxdf <K,

0<t<T

sup /R (b 1te = ) + 0. (@ (0D + p(pel ) ) dv < K. (2:20)

0<t<T

where ¢’ (p) 1= e (pe)/ ,082, and the above constant K is independent of ¢ thanks to
(2.5). Indeed, it follows from Mellet and Vasseur (2007/08, Lemmas 3.1 and 3.2) that
the constant K depends only on T, y, (p, i), (po, 4p), and the constants appearing in
(2.3).

Propositions 2.2 and 2.3 together with the above estimates (2.19)—(2.20) imply the
following uniform estimates on the Sobolev norms of the solutions (pg, u¢):

Proposition 2.4 Under the same hypotheses as in Theorem 1.1, there exists a constant
C (independent of €) such that

loe — pllLooo, 7: HE @)y F+ e — Ul poo (o, 7, HER)) + Iltte — Ull 1200, 7. HF+1 (R)) = C-

For the proof of proposition 2.4, we first refer to the proof of Mellet and Vasseur
(2007/08, Proposition 4.6 and 4.7), from which the constant in (2.7) does not depend
on ¢ anymore. Then, from the proof of Lemma 2.1, we deduce that the constant C in
Lemma 2.1 is independent of ¢. Therefore, we have Proposition 2.4
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2.6 Conclusion

We have shown that for any ¢ < §1, the system (2.6) has the unique smooth solution
(pe, ug) such that Propositions 2.2-2.4 hold.
We now take 57 as

87 = min (k(T)*™*, 81) ,

where the constants k (7) and &1 are as in Proposition 2.2.
Then, since Proposition 2.2 implies that for all ¢ < 47,

epr < drpdr <k (T)¥ % pl < p¥, Vt<T, VxeR,
it follows from the definition (1.3) that
te(pe) = (o), Ve <dr, Vi<T, VxeR (2.21)

Recall that the approximate system (2.6) represents the system (1.1) with . instead
of u.
Therefore, for any 7 > 0, and any ¢ with ¢ < &7, (ps, u,) is the unique smooth
solution of (1.1) with the initial datum (pg, u() such that Propositions 2.2-2.4 hold.
Hence, we complete the proof.
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Appendix A: Proof of Lemma 2.1

Let (ps, ue) be the global strong solution to (2.6) such that (2.7) and (2.8) hold.
Once the desired estimates for k = 2 are obtained, the remaining part proceeds
by induction in k, which follows the same proof of Constantin et al. (2020, Lemma
4.3). Therefore, we here present the proof only when k = 2, based on the proof of
Constantin et al. (2020, Lemma 4.2).
First of all, since dyu. € LZ(O, T; L*°(R)) by (2.7), using (2.7) and (2.8), we have

we € L*(0, T; L (R)),

dxwe = — P (0)x P + L (0e)Bx P Dxtte + e (0e)d2ue € L*(0, T; L*(R)). (A.1)

Step 1 Differentiating the equation (2.10) in space, multiplying the resulting equation
by d,w, and integrating by parts, we have

d A we |2
d [ [0xwel dx = _/ M|afwg|2dx+/ (u€+ MS(gg)axm) Oy wed2wedx
dr Jrp 2 R Pe R PE

+‘éfl(ps)|ast|2dx+/Rf1/(08)axpawaaxwadx
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2 /R P (e )we e P

- fsz/(ps)axpgwEaxwgdx+/Rf3’(ps)axpgastdx

6

e(pe)
= —/H; a pf 82w |2dx + /22111.
where
fi(p) = pL o) _ 2p(p)w’
we(p) e (p)
folp) = LD T 1)
e (p)
f3(p) == (p LA p(p)w) P(p).
e (p) e ()

Since, thanks to (2.8), L*°([0, T] x R)-norms of p, to some power are all bounded,
there exists a positive constant Cy = Cy(k,(T'), k¢(T)) such that

—/R@wfw#dx < —clwaiweFdx,

&

and

i

Thus, the above terms I; can be controlled as follows:

e (0e)
p?

3
+ Z (llfj(ﬂs)llLOO([o,T]xR) + ||f;()08)||L°°([O,T]><R)> <Cj.
L®([0.TIxR)  j=1

1] < e |l ooy 1 we Il 2y 107 we | 2wy
+ C1l10x pell Loo @y 19 we [l L2y 197 we [l L2 gy < %na)%wgniz@
+C (||us 1700y + 19506 1725 + ||a§ps||§z(R)) 195 well7 2
12| < Cilldvwe 725
I3] < C1l10x e Il 12y | we | oo ) 1B we | 2
< Crllpel 2wy (I ey + N0 225, )
|14] < 2C1l|we | oo ) 195 we 7
|I5] < C1l10x e Il 12y 1w 1 oo ey 10w 12
< Cill9epell 12(r) (||ws||’ioo(R) + ||w8||%oo(R)||axwg||iz(R)) :

6| < Cilldxpe I3 gy + Crlldxwe I -

@ Springer



1718 Journal of Nonlinear Science (2020) 30:1703-1721

Moreover, since it follows from (2.7) and p € L°°(R) that

depe € L0, T; LAR)) and u, € L0, T; L®(R)), (A.2)
we have
2 2 2
E ”8wa ”LZ(]R) + Cl ||8x We ”Lz(R)
< C(1+ 1820 gy + el ) 10xwel 2oy + F. (A3)
where

F=C(1+lweling)-

Note from (A.1) that F € L'((0, T)).

Step 2 We next estimate ||8§,o£ 22 (w)» to control ||8§,08 ||22(R) in (A.3).

Differentiating the continuity equation of (2.6) twice in space, and multiplying the
resulting equation by afps, we have

d [ 193pl 2 2 2 2
— | —5—dx=— | 0;(ue0xpe)0; pedx— [ 07(0c0xue)0; pedx
dt Jr 2 R R

|93 ¢ | 2 2 >
= — g0y 3 dx — (3X (1050 pg) — U0y 0x pg ) 05 Pedx
R R

=:Ji

- /R pedusd? pedy — /R (02(petue) = pedjuc ) 92 pedx.

=/

Using the commutator estimates (Majda and Bertozzi 2002, Lemma 3.4) and the
Sobolev embedding, we have

11112y < ClOFuel L2y 19x pell oo Ry + Clldxttell ooy 107 06 |l 12 )
< CllO7uell L2y 10k e | 111 ey + Clldxtell 1 gy 105 ¢ Il 12y
120l 2y < ClOFpell 2y st [l ooy + C I pe ll ooy 1971 | 2Ry
< CllafpsllLZ(R)||3xua||Hl(R) + C”axps”Hl(R)”a)%ua 22 (R)-

Therefore, we have

d |82P8|2 1 2 2 3 2
ar ./H; x2 dxfz [ 0xue || Loo(w) 195 0e ||L2(R)+”p8 | Loomy 1|05 ute ||L2(R) 195 e ||L2(]R)

+ € (H02uel 2oy 10:e 2cey + 19t 1 e 1920 L 2y ) 1020 12 ey
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Moreover, using (2.8), (A.2) and the Sobolev embedding, we have
102001y = € (Mt + 1320 ) 102 el
g el my = x*ellH (R) xPellp2Ry ) W9x PellL2(R)
+ Clloguell 2 197 e ll 2 @y + C- (A4)
To estimate ||8§ Uell L2(R) in (A.4), we use the definition (2.9) of w, as follows:

P(pe)
Ms(Pe)-

h(pe) = (A.5)

1
Oxite = g(pe)we + h(pe), where g(p) i= ———,
e (pe)

Since

d3ue = " (0:) 19 pePwe + &' (0e) 02 pewe + 28/ (0e) e pedxwe + g(pe) I we
+ 1 (pe)|xpel” + ' (pe) 33 pe.

we use (2.8) to have
1931 2y < € (el ) + 1) 182 0e oo 102 0e 2y

+ llwell oo @) 107 06 Il 12 ()

10 ey 10w 2 ey + 103We  2gey + 10306 2y )-
(A.6)

Combining this with (A.4), and using (A.2) and the Sobolev embedding, we have

%ua,%peniz(m < %naiwsuiz(k) + G193 pell 72 m) + G2, (A7)
where
G :=C (||axus||H1(R) + 107 ue N7 2y + Nwell o) + [18xwell 2@ + 1) :
Ga 1= C (IwellFoy + 100225 + 1)

Note that G|, G, € L' ((0, T)) by (2.7) and (A.1).
Step 3 Adding (A.3)-(A.7), we have

d 2 2 2 Ci . 2
= (1000el 2y + 10222y ) + S 10302
< H (I0wel 3oz + 10206122, ) + F + G,
where

H 1= C (1 100032 + 0oy + 100t gy + 1020125 )
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Since H, F, G, € L'((0, T)), and it follows from (2.9) and (2.11) that

10w ()| 2z

=< Cl(xp, K0) (”axpO”LZ(]R) + ||8x,00||L2(R)||8XMO||L2(R) + ||8§u0||L2(R)) s
Gronwall lemma implies that

105 0 | Lo 0.7+ L2y + I10x el Lo 0,72 22y + 195 Well 120 7:12(R)) < . (A8)

where the constant C > 0 depends on 7" and the bounds of (2.7), (2.8) and (2.11).
This now together with (A.1), (A.2) and (A.6) imply the bound for 8;u£:

197uell 120,712y < C-
Moreover, differentiating the both sides of (A.5) in x, and using (2.8), we have
||3,%Ma||L2(R) = C(”axps||L2(R)||wa||L°°(R) + 10xwell2r) + ||ax:0£||L2(]R))-
Therefore, we use (2.7), (2.8) and (A.8) to have
||a)%u€||L°°(O,T;L2(R)) <C.
Indeed, since it follows from (2.7) and (2.8) that
we = —p(pe) + 1t (pe)dus € L0, T) x R) + L2, T; L*(R)),

we use (A.8) to have

1 x+1 1 x+1 px
lwe (X)| = —/ (Ip(pe)| + |pee(pe)dxus)dy + —/ / |0;we|dzdy
2 x—1 2 x—1 y

IA

1
1P (o)l Lo (0, T)xR) + ﬁ”/J«s()os)axue”LOO(O,T;LZ(]R))
+ V200xwe ll 20, 7. 12(R))-

which gives [[we ||L°°(((),T)><]R) <C.
Hence, we complete the proof.
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