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Abstract

The aim of this work is to extend and prove the Onsager conjecture for a class of con-
servation laws that possess generalized entropy. One of the main findings of this work
is the “universality” of the Onsager exponent, ¢ > 1/3, concerning the regularity of
the solutions, say in C%¢, that guarantees the conservation of the generalized entropy,
regardless of the structure of the genuine nonlinearity in the underlying system.
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1 Introduction

In this work, we aim at extending and proving the Onsager conjecture for a class of
conservation laws that admit a generalized entropy. Roughly speaking, the Onsager
conjecture (Onsager 1949) states that weak solutions of the three-dimensional Euler
equations of inviscid incompressible flows conserve energy if the velocity field u €
co% fora > % and that the critical exponent o = % is sharp. This conjecture
has been the subject of intensive investigation for the last two decades. The sufficient
condition direction was proved by Eyink (1994) for the case when o > % . Later,
a complete proof was established by Constantin and Titi (1994) (see also Cheskidov
et al. 2008) under slightly weaker regularity assumptions on the solution which involve
a similar exponent @ > % . Duchon and Robert (2000) have shown, under similar
sufficient conditions to those in Constantin and Titi (1994), a local version of the
conservation of energy. It is worth mentioning that the above results are established
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in the absence of physical boundaries, i.e., periodic boundary conditions or the whole
space. However, due to the well-recognized dominant role of the boundary in the
generation of turbulence (cf. Bardos and Titi (2013) and references therein) it seems
very reasonable to investigate the analogue of the Onsager conjecture in bounded
domains. Indeed, for the three-dimensional Euler equations in a smooth bounded
domain €2, subject to no-normal flow (slip) boundary conditions, it has been shown in
Bardos and Titi (2018) that a weak solution conserves the energy provided the velocity
field u € C%¥(Q), fora > % , (see also Robinson et al. (2017) for the case of the
upper-half space under stronger conditions on the pressure term). A local version,
analogue to that of Duchon and Robert (2000), was established recently in Bardos
et al. under slightly weaker conditions to those in Bardos and Titi (2018), but at the
expense of additional sufficient conditions concerning the vanishing behavior of the
energy flux near the boundary.

Showing the sharpness of the exponent ¢ = % in Onsager’s conjecture turns out to
be much more subtle. This direction has been underlined by a series of contributions
(cf. Isett 2016; Buckmaster et al. 2018 and references therein) where weak solutions,
u e CO, with o < %, that dissipate energy were constructed using the convex
integration machinery. Notice, however, that there exists a family of weak solutions to
the three-dimensional Euler equations, that are not more regular than L?, and which
conserve the energy, cf. Bardos and Titi (2010).

It is most natural to ask whether the analogue of the Onsager conjecture is valid
for other systems of conservation laws. Indeed, there has been some intensive recent
work extending the Onsager conjecture for other physical systems, in the absence of
physical boundaries, see, e.g., Akramov and Wiedemann (2018), Drivas and Eyink
(2017), Feireisl et al. (2017), Gwiazda et al. (2018), Yu (2017) and references therein.
In this paper, we consider systems of conservation laws with physical boundaries. We
use the approach of Duchon and Robert (2000), as it has been outlined and extended
in Bardos et al. in the presence of physical boundaries, to establish the local con-
servation of “generalized entropies” (conserved quantities, which are not necessarily
convex) for systems of conservation laws which possess such generalized entropies.
This is accomplished provided the underlying weak solutions are locally in C%¢ , for

a > % . One of the primary findings of this work is the universality of the Onsager

critical exponent o = % , regardless of the structure of the genuine nonlinearity in the

underlying system. Notably, in a forthcoming paper (Bardos et al. 2018) we will show
the extension of these results and provide additional explicit physical examples, using
more delicate harmonic analysis tools and function spaces. In particular, we will show
similar results under slightly weaker regularity assumptions of the solutiorlls which are

required to belong to some “exotic” function spaces with exponent o = 3 .

2 Local and Global Generalized Entropies Conservation
In this section, we state and prove our main result. In the first subsection, we estab-

lish the local entropy conservation for any weak solution that belongs to the Holder
space C%* with @ > 1/3. In the second subsection, we state a fundamental Lemma
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concerning nonlinear commutator estimate of Friedrichs mollifier, and in the last sub-
section we state additional sufficient conditions for establishing the global entropy
conservation.

2.1 Local Entropy Conservation

Let O C R4*! be an open set, and consider in Q the following system of conservation
laws:

> 0y Ai(w) =0, @2.1)

0<i<d

where x — u(x) is the unknown vector field defined in Q with values in an open
convex set M CC RF | while the vectors Ai,i=0,1,...,d,are C 2 yector-valued
functions defined in M with values in R/, where A{ ,forj=1,...,1,denotesthe j-th
component of A; . Below L(R!; R) stands for the set of linear operators from R/ to R.

Theorem 2.1 Suppose that B : M +— L(R';R) is a C' map, represented by a row
vector B(u) = (b1(u), ba(u), ..., bj(u)), defines a generalized entropy, i.e., for every
i=0,1,...,1 there exists a Czﬂux qi : M +— R such that one has:

B(u)-V,Ai(w) =V,qi(u), fori =0,1,...,d. 2.2)

Suppose that u is a weak solution of (2.1). Moreover, supposed that for every KK CC Q
there exists o > % , which might depend on K, such that u € C%*(K). Then the

Jollowing equation holds in D'(Q)

> dqiw) =0. (2.3)

0<i<d

Remark 2.2 (i) Observe that since M is assumed to be an open convex, and hence
simply-connected, set then the generalized entropy condition (2.2) is equivalent
to the relation:

db; DA db; dA] .
> =L = — , foralle,f=1,2,...,0, andi=1,2,....d.

1S4 dug dug oy Ougy dug

2.4)

For more details about entropy cf. Dafermos (2000) , Chapters 3 and 5.
(ii) Notice that equation (2.3) is, in a sense, the analogue of the local conservation of
energy for the three-dimensional incompressible Euler equations as presented in
Duchon and Robert (2000) (see also Bardos et al.).
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The proof of Theorem 2.1 is an extension of the ideas introduced in Bardos et al.
What has to be proven is that for any ¢ € D(Q) one has:

> (0¢. qiw)y =0. 2.5)

0<i<d

The support of ¢ being given one introduces three open sets Q; such that supp¢ CC
Q1 CC Qr CC Q3 CC Q and such fori =1, 2, one has

sp =yl > <.
xeQ;,yeRITINQ; 1

for some €g > 0 that depends on the support of ¢ and Q.

Then one introduces a C*® cutoff function / : R4*! > [0, 1], which is zero
outside Q3 and is equal to 1 on Q5. For any distribution T € D’(Q) one denotes by
T e D'(R¥H) the distribution defined for every ¥ € D(R*!) by the formula

W, T)x = (Y, T)y . (2.6)

Eventually, we use standard C*°(RY*!) radially symmetric compactly supported
Friedrichs mollifier x +— pc(x), with support inside the ball of radius € > 0. For
any distribution T € D’ (R*1Y, we define the distribution 7€ := T # p.. Next, we fix
€ € (0, L), which we will eventually let it tend to zero.

Observe that from (2.1) one infers that

> 0,Ai@) =0, in D'(Q). 2.7)

0<i<d

Notice that for any ¥ € CCZ(Ql; L(R!,R)) one has that W¢ € D(Q»; L(R!, R)).
Therefore, as a result of (2.7) one has

0=<\11€, > ax,.Ai(ﬁ)> =— ) (@ W), A @)

0<i<d . 0<i<d

= ¥ [, 000 @) s
Rﬁ+1

= (2.8)
== / A, W (x) - Ai (@) (x) dx
0<i=<d ]Rj‘f“
- Z /d ,811"1}()5)'((Ai(ﬁ))e(x)—Ai((ﬁ)e)(x)) dx .
0<i<d 'B&"
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Now, we replace W, in (2.8), by ¢ B((#)€) € C2(Q1; L(R!, R)). Thus, the right-
hand side of (2.8) is the sum of two terms:

Je=— Z /R;M Ay, (PB((@)°) (x) - A; ()))(x) dx 2.9)

O<i<d

and

K=Y /R o B @B@O0) - (A@O0) = (@) () dx.. (2.10)

0<i<d

Thanks to (2.2) one has for J.:

Je== 2 /Rg+l 3y, (@B ((@)))(x) - Ai (w)°)(x) dx

0<i<d

= Z fl (@B(@)))(x) - Iy, Ai ())(x) dx
R;+1

- (2.11)
=2 /RM [‘MB(’?@)G))‘(VuAi((ﬁ)e).axi(g)f]dx

0<i<d VRx
= O<12<d /ﬂ‘dﬂ ¢(X)8xiQi((ﬂ)f(X))dx = —Oéd Aﬁﬂ 8xi¢(x)CIi((ﬁ)6(x))dx ‘

Since u € C¥%(Q»),q; € C*(M) and ¢ € D(Q1), then by virtue of the Lebesque
Dominant Convergence theorem this last term in (2.11) converges, when e — 0, to

-y /Q 0,0 0dx = 3 (6, 0,010

0<i<d O<i=d

To complete the proof, one has to show that for o > % the term K, converges to 0,
as € — 0. Obviously, one has:

135, (@B 1201
< I9llcion IBlcom + Cliglizion 1Blczm lullcos e ™ - (2.12)

Therefore, the proof is completed by virtue of the following estimate.
— — 2 2
(A (@) = (Ai @)D= = CllAillcz i lullcoa g, €™ (2.13)
which we will establish in the next section.

@ Springer



506 Journal of Nonlinear Science (2019) 29:501-510

2.2 Nonlinear Commutator Estimate for Friedrichs Mollifier

Since u in (2.13) belongs to C%%(R4*1), with the Holder exponent « that corresponds
to the compact set 03, and is compactly supported in Q3, estimate (2.13) follows from
the following more “general lemma” concerning nonlinear commutator estimate for
the Friedrichs mollifier (see also Gwiazda et al. 2018). Notably, the estimate below,
which generalizes those established for quadratic nonlinearities in Constantin and
Titi (1994) and Bardos and Titi (2018), shows that regardless of the structure of the
nonlinearity one always obtains the same exponent for €, i.e., 2« in (2.13). Combining
(2.13) with (2.12) implies the “universality” of the Onsager exponent, i.e., ¢ > 1/3,
for conservation laws.

Lemma 2.3 Forany F € C*(M; R!) and for any compactly supported function v €
ORI+ M) one has:

ICF @) = F@)ll < CUF ez 00200 g €2 2.14)
Proof First observe that if F is an affine map one has:
(F(v)* — F(v°) =0. (2.15)

Therefore, combining (2.15) with the Taylor formula applied to F'(v(x — y)), viewed
as a function of y, about v (x) gives the following estimates:

|(F@) ) = Fef o)l = |( / F(u(x = »)pe(dy) = F@F ()

Rg+l

- I /Rd+1 (Fu(x = y) = Fu* (0))pe(y)dy
d

1
2 . @ )
/. ¥+1( [ (73 P65 ) =95 ) 0a=0) = () @ pe 30y 016

< Il e2 Ay /R(Hl o(x = y) = v ()P pe(y)dy
d

= I1Flc2amy) /RLM v —y) — fRdﬂ v(x = 2)pe(2)dz]* pe (»)dy
y Z

— 2
= IFllc2 gy /Rgﬂ |/R;’“ (v0r =) = v = ) pe (@ pe (1)

Since x > p¢(x) is equal to zero for |x| > € then in the last term of (2.16) one has
to restrict oneself to the values when |y| < € and |z| < €. This in turn implies that
[(x — y) — (x — 2)| < 2e. Consequently one has

2
fR 11 IVl oy pe(D)dz| pe()dy

[(F () = F9) e < ||F||C2(M))/

d+1
RY

2 2
=€ a||F||CZ(M))||U||C<),Q(Rd+1)-
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2.3 Sufficient Conditions for Global Entropy Conservation

Theorem 2.1 can obviously be applied to the case of conservation of energy. Consider
as above a weak solution u of the following conservation law:

9 Ao(u) + Z Oy, (Ai(w)) =0, (2.17)
1<i<d

and assume that this equation has an extra conservation law u — n(u) (or entropy as
usually called) with corresponding fluxes go () = n(u) andg;(u) ,forj =1,2,...d,
satisfying

Vun(u) - ViyAo(u) = Vyn(u), and

. (2.18)
Vun(u) - VyAjm) = Vyqju), forj=1,2,...d.
Consequently, the above gives formally the extra conservation law:
@)+ Y dyqiw) =0. (2.19)

I<i<d

Then, applying Theorem 2.1 with, xo = ¢ and (B (u) = V,,n(u)) one has the following:

Theorem 2.4 Suppose that u € L*°(Q) is defined in a time cylindrical domain Q =
(T1, T) x Q2. Suppose also that 2 is a bounded open set with a Lipschitz boundary
02 . This implies, in particular, the existence of §9 > 0 such that for every x € Q with
d(x, 02) < dg the function x +— d(x, dS2) is Lipschitz and that there exists a unique
point x € 02, depending on x , such that

d(x,9Q) = |x — £| and Vid(x,dQ) = —ii(%). (2.20)

Suppose that u is a weak solution of (2.17) with the following properties:

1. For any Q CC Q there exists a > % , which might depend on Q , such that
ueC%Q).

2.Let$ € (0, 8—0), denote by Qs = QN{d(x, 02) < %}) andby Qs = (T, Tp) x 2.
Then

lim sup | Y gi(u(t, x))iii(%)| = 0. (2.21)
§—0 -
(t,x)€0s I<i<d

Then the solution u conserves the total entropy n(u), i.e., for almost every (t1, t2)
satisfying Ty <t) <th < Tp

fn(u(tl,x))dxzf n(u(ty, x))dx . (2.22)
Q Q

Proof Theorem 2.1 implies that u satisfies the entropy relation (2.3) in the sense of dis-
tribution. Hence one considers a test function in D(Q) of the following form ¢ (¢, x) =
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0(t) x X(@) . Here x € C*([0, 00)) is a cutoff function x : [0, c0) — [0, 1]

satisfying x (s) = Ofors € [0, ;]and x (s) = 1 fors € [§, 00); and 6 € D((T}, T»)) .
Parameter 6 is chosen to be small enough such that supp8 C (T} + 68, T» — &), and
8 €(0,%).

Then one has:

1<i<d §

d(x, 9Q)\ d

0={¢,dnw) + Ox; qi (1) =—/ nu(, x)x | ———— ) -0 ()dxdz
[oamos 3 ata) == [ o (7S

’ (2.23)

‘ L1, (d(x, 09)
_/Qse(;) Z q,(u(t,x))nl(x)g)( (—5 ) dxdr .

1<i<d

Letting § — 0, then by the Lebesque Dominant Convergence theorem one obtains
first the trivial relation

. d(x, 99) n g
(}g%/Qn((u(t,x)))X (—> L oa)dxdr /T (EG(I)/Qn(u(t,x))dx)dt.

8 1
(2.24)
While for the term
ool rd(x,09)
- 0(t) qiu, x)n;(X)=x'( —=——) )dxdz, (2.25)
/ (2 (55 ))
one uses the estimate:
o A d(x, 0
‘/ 49(t) qi(u(t,x))ni(x)— ( o, ))>dxdt‘
0s 1<i<
oA d Q2
< sup Zqi(ua,x))ni(x)) (b (57 o)
(208 iz (2.26)

)
X / |6())|dr
T

1

=C swp | Y gt )i

(t,x)eQs l<i<d

Thanks to (2.21) the right-hand side in the inequality above tends to zero, as § — 0.
Hence, from all the above one infers that for every 6 € D(Ty, T»),

T d
/T (d—té’(t)/gn(u(t,x))dx>dt=0

1

or i/ nu(t,x))dx =0 in D'(Ty, T»). (2.27)
dt Jo
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The above implies that fQ n(u(t, x))dx = const., for almostevery ¢t € (T, T»), since
f o N(u(t, x))dx is a continuous function for all # € (71, T2). This concludes our proof.
O

Remark 2.5 Observe that the above theorem can be applied to the incompressible Euler
equations

v+V-(v®@v)+Vp=0,

2.28
V-v=0. ( )

2
where u in the above theorem is the column vector u = <;) ,n(u) = % , Ag(u) =

8i1
(”) cand Ay = | PV TP 02 ] fori = 1,23,
0 i3
Vi
In the forthcoming paper (Bardos et al. 2018), we will also provide some additional
physical examples for which Theorem 2.1 can be applied.

Remark 2.6 We remark that Lemma 2.3 could be generalized in the spirit of Lemma
2.1 of Conti et al. (2012) to give

IF ) = (F@)llcr < ClIFllere 0llZ o€ (2.29)

Acknowledgements EST would like to thank the Ecole Polytechnique for its kind hospitality, where this
work was completed, and the Ecole Polytechnique Foundation for its partial financial support through the
2017-2018 “Gaspard Monge Visiting Professor” Program. EST was also supported in part by the ONR
Grant N00014-15-1-2333, and by the Einstein Stiftung/Foundation, Berlin, through the Einstein Visiting
Fellow Program. This work was partially supported by the Simons-Foundation Grant 346300 and the Polish
Government MNiSW 2015-2019 matching fund. PG and ASG received support from the National Science
Centre (Poland), 2015/18/MST1/00075.

References

Akramov, I., Wiedemann, E.: Renormalization of active scalar equations. Nonlinear Anal. (2018).
arXiv:1805.05683

Bardos, C., Gwiazda, P., §wierczewska—Gwiazda, A, Titi, E. S., Wiedemann, E.: In progress (2018)

Bardos, C., Titi, E.S.: Loss of smoothness and energy conserving rough weak solutions for the 3d Euler
equations. Discrete Contin. Dyn. Syst. Ser. S 3(2), 185-197 (2010)

Bardos, C., Titi, E.S.: Mathematics and turbulence: where do we stand? J. Turbul. 14, 42-76 (2013)

Bardos, C., Titi, E.S.: Onsager’s Conjecture for the incompressible Euler equations in bounded domains.
Arch. Ration. Mech. Anal. 228(1), 197-207 (2018)

Bardos, C., Titi, E.S., Wiedemann, E.: Onsager’s conjecture with physical Boundaries and an application
to the vanishing viscosity limit. arXiv:1803.04939

Buckmaster, T., De Lellis, C., Székelyhidi Jr., L., Vicol, V.: Onsager’s conjecture for admissible weak
solutions. Commun. Pure Appl. Math. (2018). https://doi.org/10.1002/cpa.21781

Cheskidov, A., Constantin, P., Friedlander, S., Shvydkoy, R.: Energy conservation and Onsager’s conjecture
for the Euler equations. Nonlinearity 21, 1233 (2008)

Constantin, P., Weinan, E., Titi, E.S.: Onsager’s Conjecture on the energy conservation for solutions of
Euler’s equation. Commun. Math. Phys. 165, 207-209 (1994)

@ Springer


http://arxiv.org/abs/1805.05683
http://arxiv.org/abs/1803.04939
https://doi.org/10.1002/cpa.21781

510 Journal of Nonlinear Science (2019) 29:501-510

Conti, S., Lellis, C. De., Szkelyhidi, L.: h-principle and rigidity for C Let jsometric embeddings. In: Nonlinear
Partial Differential Equations, 83116, Abel Symposium, vol. 7. Springer, Heidelberg (2012)

Dafermos, C.: Hyperbolic Conservation Laws in Continuum Physics. Springer, New York (2000)

Drivas, T.D., Eyink, G.L.: An Onsager singularity theorem for turbulent solutions of compressible Euler
equations (2017). arXiv:1704.03532

Duchon, J., Robert, R.: Inertial energy dissipation for weak solutions of incompressible Euler and Navier-
Stokes equations. Nonlinearity 13, 249-255 (2000)

Eyink, G.L.: Energy dissipation without viscosity in ideal hydrodynamics, I. Fourier analysis and local
energy transfer. Phys. D 78, 222-240 (1994)

Feireisl, E., Gwiazda, P., Swierczewska—Gwiazda, A., Wiedemann, E.: Regularity and energy conservation
for the compressible Euler equations. Arch. Ration. Mech. Anal. 223, 1375-1395 (2017)

Gwiazda, P, Michélek, M., Swierczewska-Gwiazda, A.: A note on weak solutions of conservation laws
and energy/entropy conservation. Arch. Ration. Mech. Anal. 229, 1223-1238 (2018)

Isett, P.: A proof of Onsager’s conjecture. Ann. Math. 188, 1-93 (2018)

Onsager, L.: Statistical hydrodynamics. Nuovo Cimento 6, 279-287 (1949)

Robinson, J.C., Rodrigo, J.L., Skipper, J.W.D.: Energy conservation in the 3D Euler equations on T2 x Ry
(2017). arXiv:1611.00181

Yu, C.: Energy conservation for the weak solutions of the compressible Navier-Stokes equations. Arch.
Ration. Mech. Anal. 225(3), 1073-1087 (2017)

Affiliations

Claude Bardos' - Piotr Gwiazda? - Agnieszka Swierczewska-Gwiazda3 -
Edriss S. Titi%*® - Emil Wiedemann®

Claude Bardos
claude.bardos @gmail.com

Piotr Gwiazda
pgwiazda@mimuw.edu.pl

Agnieszka Swierczewska-Gwiazda
aswiercz@mimuw.edu.pl

Emil Wiedemann
emil.wiedemann @uni-ulm.de
1 Laboratoire J.-L. Lions, BP 187, 75252 Paris Cedex 05, France
Institute of Mathematics, Polish Academy of Sciences, Sniadeckich 8, 00-656 Warsaw, Poland

Institute of Applied Mathematics and Mechanics, University of Warsaw, Banacha 2,
02-097 Warsaw, Poland

4 Department of Mathematics, Texas A&M University, 3368 TAMU, College Station,
TX 77843-3368, USA

Department of Computer Science and Applied Mathematics, The Weizmann Institute of Science,
76100 Rehovot, Israel

Institute of Applied Analysis, Universitdt Ulm, Helmholtzstr. 18, 89081 Ulm, Germany

@ Springer


http://arxiv.org/abs/1704.03532
http://arxiv.org/abs/1611.00181
http://orcid.org/0000-0002-5004-1746

	On the Extension of Onsager's Conjecture for General Conservation Laws
	Abstract
	1 Introduction
	2 Local and Global Generalized Entropies Conservation
	2.1 Local Entropy Conservation
	2.2 Nonlinear Commutator Estimate for Friedrichs Mollifier
	2.3 Sufficient Conditions for Global Entropy Conservation

	Acknowledgements
	References




