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Abstract Extended dynamic mode decomposition (EDMD) (Williams et al. in J Non-
linear Sci 25(6):1307-1346, 2015) is an algorithm that approximates the action of the
Koopman operator on an N-dimensional subspace of the space of observables by
sampling at M points in the state space. Assuming that the samples are drawn either
independently or ergodically from some measure u, it was shown in Klus et al. (J
Comput Dyn 3(1):51-79, 2016) that, in the limit as M — oo, the EDMD operator
IKCn m converges to Ky, where Ky is the Ly (u)-orthogonal projection of the action
of the Koopman operator on the finite-dimensional subspace of observables. We show
that, as N — oo, the operator ICy converges in the strong operator topology to the
Koopman operator. This in particular implies convergence of the predictions of future
values of a given observable over any finite time horizon, a fact important for prac-
tical applications such as forecasting, estimation and control. In addition, we show
that accumulation points of the spectra of Ky correspond to the eigenvalues of the
Koopman operator with the associated eigenfunctions converging weakly to an eigen-
function of the Koopman operator, provided that the weak limit of the eigenfunctions
is nonzero. As a by-product, we propose an analytic version of the EDMD algorithm
which, under some assumptions, allows one to construct /Cy directly, without the use
of sampling. Finally, under additional assumptions, we analyze convergence of Ky n
(i.e., M = N), proving convergence, along a subsequence, to weak eigenfunctions (or
eigendistributions) related to the eigenmeasures of the Perron—Frobenius operator. No
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assumptions on the observables belonging to a finite-dimensional invariant subspace
of the Koopman operator are required throughout.

Keywords Koopman operator - Dynamic mode decomposition - Convergence -
Spectrum
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1 Introduction

Recently, there has been an expanding interest in utilizing the spectral expansion-based
methodology that enabled progress in data-driven analysis of high-dimensional non-
linear systems. The research was initiated in Mezi¢ (2005) and Mezi¢ and Banaszuk
(2004), using composition (Koopman) operator representation originally defined
in Koopman (1931). The framework is being used for model reduction, identification,
prediction, data assimilation and control of deterministic (e.g., Budisi¢ et al. 2012;
Mauroy and Goncalves 2017; Rowley et al. 2009; Williams et al. 2015; Brunton et al.
2016b; Giannakis et al. 2015; Korda and Mezi¢ 2016) as well as stochastic dynamical
systems (e.g., Takeishi et al. 2017; Riseth and Taylor-King 2017; Wu and Noé 2017).
This has propelled the theory to wide use on a diverse set of applications such as fluid
dynamics (Sharma et al. 2016; Glaz et al. 2016), power grid dynamics (Raak et al.
2016), neurodynamics (Brunton et al. 2016a), energy efficiency (Georgescu and Mezi¢
2015), molecular dynamics (Wu et al. 2017) and data fusion (Williams et al. 2015).

Numerical methods for approximation of the spectral properties of the Koopman
operator have been considered since the inception of the data-driven analysis of dis-
sipative dynamical systems (Mezi¢ and Banaszuk 2004; Mezi¢ 2005). These belong
to the class of generalized Laplace analysis (GLA) methods (Mezi¢ 2013). An alter-
native line of algorithms, called the dynamic mode decomposition (DMD) algorithm
(Schmid 2010; Rowley et al. 2009), has also been advanced, enabling concurrent data-
driven determination of approximate eigenvalues and eigenvectors of the underlying
DMD operator. The examples of DMD-type algorithms are (1) the companion matrix
method proposed by Rowley et al. (2009), (2) the SVD-based DMD developed by
Schmid (2010), (3) the Exact DMD method introduced by Tu et al. (2014), (4) the
Extended DMD (Williams et al. 2015). The relationship between these methods and
the spectral operator properties of the Koopman operator was first noticed in Rowley
et al. (2009), based on the spectral expansion developed in Mezi¢ (2005). However,
rigorous results in this direction are sparse. Williams et al. (2015) provided a result,
the corollary of which is that the spectrum of the EDMD approximation is contained
in the spectrum of the Koopman operator provided the observables belong to a finite-
dimensional invariant subspace of the Koopman operator and the data matrix is of
the same rank. The work of Arbabi and Mezi¢ (2016) suggested that an alternative
assumption to the finite rank is that the number of sampling points M goes to infinity
even though the results of Arbabi and Mezi¢ (2016) still implicitly rely on a finite-
dimensional assumption.
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The work (Klus et al. 2016) showed that, assuming either independent identically
distributed (iid) or ergodic sampling from a measure p, the EDMD operator on N
observables constructed using M samples, Ky y, converges as M — oo to Ky,
where Ky is the L (u)-orthogonal projection of the action of the Koopman operator
on the finite-dimensional subspace of observables. In this work, we show that Ky
converges to C in the strong operator topology. As a result, predictions of a given
observable obtained using Ky or Ky p over any finite prediction horizon converge
in the Lo() norm (as N or N and M tend to infinity) to its true values. In addition,
we show that, as N — o0, accumulation points of the spectra of Ky correspond
to eigenvalues of the Koopman operator and the associated eigenfunctions converge
weakly to an eigenfunction of the Koopman operator, provided that the weak limit of
the eigenfunctions is nonzero. The results hold in a very general setting with minimal
underlying assumptions. In particular, we do not assume that the finite-dimensional
subspace of observables is invariant under the action of the Koopman operator or that
the dynamics is measure preserving.

As a by-product of our results, we propose an analytic version of the EDMD algo-
rithm which allows one to construct Cy directly, without the need for sampling, under
the assumption that the transition mapping of the dynamical system is known analyt-
ically and the N-dimensional subspace of observables is such that the integrals of the
products of the observables precomposed with the transition mapping can be evalu-
ated in closed form. This method is not immediately useful for large-scale data-driven
applications that the EDMD was originally designed for, but it may prove useful in
control applications (e.g., Korda and Mezi¢ 2016), where model is often known, or
for numerical studies of Koopman operator approximations on classical examples,
eliminating the sampling error in both cases.

Finally, we analyze convergence of Ky y, i.e., the situation where the number
of samples M and the number of observables N are equal. Under the additional
assumptions that the sample points lie on the same trajectory and the mapping T
is a homeomorphism, we prove convergence along a subsequence to weak eigenfunc-
tions (or eigendistributions in the sense of Gelfand and Shilov 1964) of the Koopman
operator, which also turn out to be eigenmeasures of the Perron—Frobenius operator.

The paper is organized as follows: In Sect. 2, we introduce the setting of EDMD. In
Sect. 3, we show that EDMD is an orthogonal projection of the action of the Koopman
operator on a finite subspace of observables with respect to the empirical measure
supported on sample points drawn from a measure w. In Sect. 4, we show that this
projection converges to the L, (u)-projection of the action of the Koopman operator.
In Sect. 5, we analyze the convergence of the EDMD approximations as the dimension
of the subspace N goes to infinity, showing convergence in strong operator topology
and convergence of the eigenvalues along a subsequence plus weak convergence of the
associated eigenfunctions. In Sect. 6, we show convergence of finite-horizon predic-
tions. Section 7 describes the analytic construction of Cy. Section 8 contains results
for the case when M = N and only convergence to weak eigenfunctions, along a
subsequence, is proven. We conclude in Sect. 9.
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Notation

The spaces of real and complex numbers are denoted by R and C with R”*¥ and C"**
denoting the corresponding real and complex n X k matrices; the real and complex
column vectors are denoted by R” := R"*! and C" := C"*!. The complex conjugate
of a € C is denoted by a. Given a matrix A € C"*k AT denotes its transpose and
AH denotes its Hermitian transpose (i.e., AiTj = Aj; and A:-"' = A_],) The Moore—
Penrose pseudoinverse of a matrix A is denoted by A. The Frobenius norm of a

matrix A is denoted by ||A||F = /Zi,j |A; j|%>. Given a vector ¢ € C", the symbol

lcllz ==/ lei |2 denotes its Euclidean norm.

2 Extended Dynamic Mode Decomposition
We consider a discrete time dynamical system
xt=T) (1

with T: M — M, where M is a topological space,! and we assume that we are given
snapshots of data
X=1[xt,....xml, Y=1I[y1,...,yml (2)

satisfying y; = T (x;). We do not assume that the data points line on a single trajectory
of (1).

Given a vector space of observables F such that Y: M — Cand ¢ o T € F for
every Y € F, we define the Koopman K: F — F by

Ky =voT,
where o denotes the pointwise function composition. Given a set of linearly indepen-
dent basis functions ¥; € F,i = 1,..., N, and defining
Fn :=span{yi, ..., YN}, 3)

the EDMD constructs a finite-dimensional approximation Ky p: Fy — Fn of the
Koopman operator by solving the least-squares problem

M
. 2 . N A2
| min ||A¢<X)—¢(Y)||F—AergNgN;nAv/r(x,) Yool @

1 We choose to work in the general setting of dynamical systems on arbitrary topological spaces which
encompass dynamical systems on finite-dimensional manifolds (in which case one can regard M as a subset
of R™), as well as infinite-dimensional dynamical systems, arising, for example, from the study of partial
differential equations or dynamical systems with control inputs (Korda and Mezi¢ 2016).
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where
VX)) =[¥x),....¥0am)], vX) =[O0, ..., ¥(ym)l
and
() =[x, ... yn @]
Denoting

Av =¥ P X7, Q)

a solution? to (4), the finite-dimensional approximation of the Koopman operator
’C N, M- .7: N — .7: N

is then defined by
Knm¢ =i Ay v (6)

forany ¢ = C(;illl, cp € CN (i.e., forany ¢ € Fy). The operator Kn.m will be referred
to as the EDMD operator.

3 EDMD as L; Projection

To the best of our knowledge, the results of this section and Sect. 4 were first obtained
in Klus et al. (2016, Section 3.4) and hinted at already in Williams et al. (2015). Here,
we rephrase these results in a form more suitable for our purposes.

From here on, we assume’ that F = L, (u), where u is a given positive measure
on M. This assumption in particular implies that the basis functions ; in (3) belong
to Lo () and hence Fy is a closed (but not necessarily invariant) subspace of Lo ().
Note that the measure u is not required to be invariant for (1) and hence the Koopman
operator K is not necessarily unitary. In practical applications, the measure pu will
typically be the uniform measure on M or other measure from which samples can be
drawn efficiently.

We recall that given an arbitrary positive measure v on M, the space Ly (v) is the
Hilbert space of all measurable functions ¢: M — C satisfying

ol Ly = \// | (x)|2 dv(x) < oo.
M

Assuming Fy is a closed subspace of L (v), the L, (v)-projection of a function ¢ €
Ly(v) onto Fy C L2(v) is defined by

2 In general, the solution to (4) may not be unique; however, the matrix Ay y = w(Y)w(X)i where -
denotes the Moore—Penrose pseudoinverse, is always uniquely defined and A ps is always a minimizer
in (4).

3 Since K: F — F, the assumption of F = Lo (w) implies that the composition relation po T, ¢ € Lo (i),
gives rise to a well-defined operator from Ly (w) to Ly (). In particular, this implies that ||[¢; o T — ¢ o
TllL,(u) = 0 whenever [[¢1 — $2llL,(,) = 0 and that f./\/l |¢p o ledu < oo forall ¢ € Lo(p).
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Py¢ = argmin || f —¢||1, () = argmin //vl |f—¢|2dv = arg min /M |cHlﬁ—¢|2 dv.

feFn feFn ceCN
@)
Now, given the data points xy, ..., xjs from (2), we define the empirical measure [,
by
| M
m =~ ; 8. (8)

where &y, is the Dirac measure at x;. In particular, the integral of a function ¢ with
respect to [y is given by

1 M
/M ¢ 0y (x) = - ;mxn.

We remark that the EDMD subspace Fp defined in (3) is a closed subspace of both

Ly (ftpr) and Lo () and hence the projections Pﬁ and P/’VlM are well defined.
Now, we are ready to state the following characterization of Ky p¢:

Theorem 1 Let 1) denote the empirical measure (8) associated to the sample points

X1, ..., Xy and assume that the N x N matrix
| M
My, = I Z ¥yt = /M vydiy 9)
i=1

is invertible. Then, for any ¢ € Fn

Kn.m¢p = Py K¢ =argmin || f — K@l 1,0 (10)
feFn
ie., R
Kn.m = PyYKizy. (11)

where K\ ry: Fy — F is the restriction of the Koopman operator to Fy.

Proof Since the matrix M}, is invertible, the least-squares problem (4) has a unique
solution given by

M oy
ai =D vyt | Do vy,
j=1 j=1
where alH e CV s the ith row of AN m. Therefore,

—1

M M
AZ,M = Z'ﬁ(xj)'ﬁ(xj)H Z'ﬁ(xj)'/f()’j)H-

j=1 j=1

@ Springer



J Nonlinear Sci (2018) 28:687-710 693

On the other hand, analyzing the minimization problem on the right-hand side of (10),
we get for any ¢ = Cylﬁ

M

. 1 2
argmin || f = Kl ) = argmin >~ (M) — iy on)
feFn ceCN i1

with the unique minimizer (since the minimized functions is strictly convex in ¢)
M 1 u
c= D vapvap™ ] Do veapv oy =AY yep.
j=1 Jj=1
Hence, argmin .7, || f — Kol Ly = Hy = c(';AN,Mllr = Kn.m¢ as desired,
where we used (6) in the last equality. O

Theorem 1 says that for any function ¢ € Fy, the EDMD operator K » computes
the L (fiyr)-orthogonal projection of K¢ on the subspace spanned by ¥/, ..., ¥y.

Remark 1 1f the assumption that the matrix M, is invertible does not hold, then the

solution to the projection problem on the right-hand side of (10) may not be unique.*
The action of the EDMD operator Ky 3 [which is defined uniquely by (5) and (6)]
then selects one solution to the projection problem. In concrete terms, we have

Kn.m¢ € Argmin e 1f — Kl )
where Argming.r, || f — Kél 1,4, denotes the set of all minimizers of || f —

IC¢||L202M) among f € Fy.

4 Convergence of ICy y as M — oo

The first step in understanding convergence of EDMD is to understand the convergence
of K, m as the number of samples M tends to infinity. In this section, we prove that

Knm — Kn,

where
Kn = PyKizy. (12)

provided that the samples x1, ..., x) are drawn independently from a given prob-
ability distribution w (e.g., uniform distribution for compact M or Gaussian for if

M =R").

4 To be more specific, if the matrix M, M is not invertible, the solution to (10) may not be unique when
viewed as a member of Ly (). When viewed as a member of Ly (fi,7), the solution is unique (since it is a
projection onto a closed subspace of a Hilbert space). This is because in this case two functions from Fy

belonging to distinct Ly (1) equivalence classes may fall into the same L (fi)s) equivalence class.
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Assumption 1 (u independence) The basis functions V1, ..., ¥y are such that
,u{xe/\/lchlll(x)=0}=0

for all nonzero ¢ € CN.

This is a natural assumption ensuring that the measure p is not supported on a zero
level set of a linear combination of the basis functions used. It is satisfied if w is
any measure with the support equal to M in conjunction with the majority of most
commonly used basis functions such as polynomials and radial basis functions with
unbounded support (e.g., Gaussian, thin plate splines). This assumption in particular
implies that the matrix M, defined in (9) is invertible with probability one for M > N
if x;’s are iid samples from w.

Lemma 1 If Assumption 1 holds, then for any ¢ € F we have with probability one
lim [|[PAY¢ — Plol =0, 13
M1—r>noo I N ¢ N¢” (13)

where || - || is any norm on Fn (which are all equivalent since Fy is finite dimensional).

Proof We have

Plig = argmin/ 1f — o du = yH argmin/ My — g2 du
M M

feFN ceCN
= ¢ argmin [cHMMc —2Re {CHbu,qb}] :

ceCN
where
M, = / yydu e CVN, b, = / vodu e CV
M M
and we dropped the constant term in the last equality which does not influence the
minimizer. By Assumption 1, the matrix M, is invertible and hence Hermitian positive
definite. Therefore, the unique minimizer is ¢ = M, 1bu,¢- Hence,
H 1

Py¢ =by, sM Y.
On the other hand, the same computation shows that

M, _ 1H

PN ¢ = bMM O iy 'ﬁ

with
M
LY —/ Vvodiy = M? (xi)p (x;)
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and with the matrix My, defined in (9) guaranteed to be Hermitian positive definite
by Assumption 1 with probability one for M > N. The result then follows by the
strong law of large numbers which ensures that

. H -1\ _ zH -1
Jim (o, o Miy) = Bl M,

with probability one since the matrix function A — A~ is continuous and the samples
x; are iid. O

Theorem 2 [f Assumption 1 holds, then we have with probability one for all ¢ € Fn

lim [y u¢ — Knoéll =0, (14)
M—o00
where || - || is any norm on Fy. In particular
lim Ky .y — Kyl =0, (15)
M— o0
where || - || is any operator norm and
lim diSt(O‘(KN,M), O'(ICN)) =0, (16)
M— o0

where o(-) C C denotes the spectrum of an operator and dist(-, -) the Hausdorff
metric on subsets of C.

Proof For any fixed ¢ € Fy, we have by Theorem 1
Ky = PR"Ke = PiM (¢ o T).

By definition of Cy¢, we have Ky¢ = P[’\,L (¢ o T) and therefore (14) holds from
Lemma 1 with probability one. Since Fy is finite dimensional, (14) holds with prob-
ability one for all basis functions of Fx and hence by linearity for all ¢ € Fy.
Convergence in the operator norm (15) and spectral convergence (16) follows from (14)
since the operators Ky p and K are finite dimensional. O

Theorem 2 tells us that in order to understand the convergence of Ky a to K it is
sufficient to understand the convergence of /Cy to K. This convergence is analyzed in
Sect. 5.

4.1 Ergodic Sampling

The assumption that the samples x1, ..., xjs are drawn independently from the distri-
bution p can be replaced by the assumption that (7', M, ) is ergodic and the samples
X1, ..., xy are the iterates of the dynamical system starting from some initial con-
dition x € M, ie., x; = Ti(x). Provided that Assumption 1 holds, both Lemma 1
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and Theorem 2 hold without change; the statement “with probability one” is now
interpreted with respect to drawing the initial condition x from the distribution .
The proofs follow exactly the same argument; only the strong law of large numbers is
replaced by the Birkhoff’s ergodic theorem in Lemma 1.

5 Convergence of ICy to KC

In this section, we investigate convergence of Ky to K in the limit as N goes to
infinity. Since the operator Ky is defined on Fy rather than F, we extend the operator
to all of F by precomposing with Py, i.e., we study the convergence of Ky Py =
PZ’V‘ICPﬁ: F — FtoK: F — Fas N — oo.Note that as far as spectrum is concerned,
precomposing with PI’VL just adds a zero to the spectrum.

To simplify notation, in what follows we denote the L>(u) norm of a function f
by

1A= 1Sl = / | f1>du
M
and the usual L, (w) inner product by

(f. &) 12/ fgdu.
M

5.1 Preliminaries

Before stating our results, we recall several concepts from functional analysis and
operator theory.

Definition 1 (Bounded operator) An operator A: F — F defined on a Hilbert space
F is bounded if

lAll ;== sup |JAF] < oo.
feF, Nfl=1

The quantity ||.A|| is referred as the norm of A.

Definition 2 (Convergence in strong operator topology) A sequence of bounded oper-
ators A;: F — F defined on a Hilbert space F convergences strongly (or in the strong
operator topology) to an operator A: F — F if

ilirgo |Aig — Agll (17)

forall g € F.

Definition 3 (Weak convergence) A sequence of elements f; € F of a Hilbert space
JF converges weakly to f € F, denoted f; 5 f,if
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,-llr&m’ g) =1(f. 8 (18)

forall g € F.

We emphasize that Definition 2 pertains to convergence of operators defined on F,
whereas Definition 3 pertains to convergence of elements of . We also remark that
strong convergence of f; — f (i.e., ||fi — fI — 0) implies weak convergence,
but not vice versa. Similarly, convergence in the strong operator topology implies
convergence in the weak operator topology (i.e., A; g 5 Ay for all g), but does not
imply convergence in the operator norm (i.e., || A4; — A| — 0).

In our setting of 7 = L, (1), the statements (17) and (18) translate to the require-
ments that, respectively,

1lim \// |Aig — Agl?du=0 and  lim figdu =/ fgdu
1—> 00 M 11— 00 M M

forall g € Lo(w).
For the remainder of this work, we invoke the following assumption:

Assumption 2 The following conditions hold:

1. The Koopman operator K: F — F is bounded.
2. The observables V1, ..., ¥y defining Fy are selected from a given orthonormal
basis of F, i.e., (1#,-)1‘."’1 is an orthonormal basis of F.

The first part of the assumption holds for instance when T is invertible, Lipschitz with
Lipschitz inverse and p is the Lebesgue measure on M (or any measure absolutely
continuous w.r.t. the Lebesgue measure with bounded and strictly positive density).
The second part of the assumption is nonrestrictive as any countable dense subset of
JF can be turned into an orthonormal basis using the Gram—Schmidt process.

5.2 Convergence in Strong Operator Topology

In this section, we prove convergence in the strong operator topology (Definition 2)
of Cn le\; to /C. First, we need the following immediate lemma:

Lemma 2 If ()72, form an orthonormal basis of F = La(u), then PI’\,L converge

strongly to the identity operator I and in addition ||I — Py | < 1 forall N.

Proof Lete = 3 72, ci¥y; with [|¢]| = 1. Then, by Parseval’s identity 72, |¢;|> = 1
and

00 o)
||PJIVL¢_¢||=‘ Y avi|= > lalf -0
i=N+1 Py
with 350 . [eil* < 1 forall N. O
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Now, we are ready to prove strong convergence of PI’VLIC PZ’\,L to KC.

Theorem 3 [f Assumption 2 holds, then the sequence of operators Ky Pl = P,'\,‘ICP;VL
converges strongly to KC as N — oo, i.e.,

lim IKnPh¢ — K> di =0
M

N—o0

forall p € F.

Proof Let ¢ € F be given. Then, writing ¢ = Py ¢ + (I — Py )¢ we have

| PN KPyG — Kol = II(Py — I)KPyo + K(PYy — 1)8ll
< I(Py = EPL oI+ IKIIUT — Py
< I(Py — 1)Kol + I(Py — I)IIKPy — K|
+ IKII(I = PY)gll — 0

by Lemma 2 and by the fact that ICPI‘VL ¢ — K¢ since K is continuous by Assumption 2.
O

5.3 Weak Spectral Convergence

Unfortunately, strong converge does not in general guarantee convergence of the spec-
tra of the operators. This is guaranteed only if the operators converge in the operator
norm.> An important exception to this is the case of Fy being an invariant subspace,
ie., Kf € Fy forall f € Fy in which case the spectra of Ky and K| £, coincide.
Here, however, we do not assume that F is invariant and prove certain spectral conver-
gence results in a weak sense. In particular, we prove convergence of the eigenvalues
of Iy along a subsequence and weak convergence of the associated eigenfunctions
(see Definition 3), provided that the weak limit of the eigenfunctions is nonzero.

Theorem 4 If Assumption 2 holds and Ly is a sequence of eigenvalues of KCn with
the associated normalized eigenfunctions ¢y € Fn, ||¢n|| = 1, then there exists a
subsequence (Ay;, ¢n,) such that

lim Ay, =4, oy, = &,
1—>00
where A € C and ¢ € F are such that K¢ = r¢. In particular, if ||¢|| # O, then A is

an eigenvalue of K with eigenfunction .

Proof First, observe that since Ky¢pny = Anony with ¢y € Fu, we also have
PyKPy¢n = Angn. Hence, [Ax| < |[PYKPyI < K|l < oo by Assumption 2
and the fact that ||P1’\,L I < 1. Therefore, the sequence Ay is bounded. Since ¢y is

5 A sequence of operators A; converges in the operator norm to an operator A if lim; _, o [|4; — AJ| = 0.
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normalized and hence bounded, by weak sequential compactness of the unit ball of a
Hilbert space [which follows from the Banach—Alaoglu theorem (Rudin 1973, Theo-
rems 3.15) and Eberlein—Smulian theorem (Dunford and Schwartz 1971)], there exists
a subsequence (Ay;, ¢n;) such that Ay, — A and ¢y, el ¢.

It remains to prove that (X, ¢) is an eigenvalue—eigenfunction pair of XC. For ease of
notation, set A; = Ay, and ¢; = ¢y,. Denote K; = Ky, PIIVL,- = PI’V‘Z,ICPI’V‘I, and observe

that I@,-q&,- = A;¢; for all i. Then, we have
K¢ = Ki(p — ¢i) + (K — K¢ + Kigy.

Taking the inner product with an arbitrary f € F and using the fact that Kipi = ridi,
we get

(K¢, £) = (Ki(¢p — i), f) + (KK =K, ) + (hidi, ).

Now, the second term on the right-hand side ((K — I@i)qﬁ, f) — Osince I@,- converges
strongly to KC by Theorem 3. The last term (A;¢;, f) — (A, f) since A; — X and

bi 2 . It remains to show that the first term converges to zero. We have
(Ki(¢ — i), f) = (PR KPY (¢ — ¢0). f) = (K(PY & — ¢1). Pl £).

where we used the fact that PI’VLI_ is self-adjoint and ¢; € Fy; and hence PI’VLI_ o = ;.

Denote h; = IC(P};I_ ¢ — ¢;). We will show that h; 2 0. Indeed, denoting IC* the
adjoint of /C, we have

(K(Py,¢ —¢1). f)=((Pn,0 — ¢+ ¢ —¢i). K" f) = (P60 — &, K" f)
+(¢ —¢i, K*f) = 0,

since Pﬁ’_ converges strongly to the identity (Lemma 2) and ¢; 5 ¢. Finally, we show
that (h;, PI’\,Ll_f) — 0. We have

(hi, Py, f) = (his Py, f = f)+ (his [).
The second term goes to zero since h; 2 0. For the first term, we have
(his P f = £) < [0l Pf f — £l = O
since P]’\Z_ converges strongly to the identity operator (Lemma 2) and #/; is bounded

since /C is bounded by Assumption 2, ||P1’\,‘l_|| < 1 and ||¢;]] < 1. Therefore, we
conclude that

(K. f) = lim (igi. /) = (A f)
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Fig. 1 Graph of the functions 1.5
oy (x) = V2 sin(2w Nx) for
N =1and N = 10. These 1

functions satisty ¢y, =1

and ¢y 2 0as N — oo. If

such ¢ happen to be =
eigenfunctions of Ky with =
eigenvalues Ay, then the ©
accumulation points of the

sequence (A N)%]o:1 need not be

eigenvalues of the Koopman

operator

for all f € F. Therefore, K¢ = L. O

Example As an example demonstrating that the assumption that the weak limit of
¢n is nonzero is important, consider M = [0, 1], T(x) = x and u the Lebesgue
measure on [0, 1]. In this setting, the Koopman operator K: L(u) — Lo(u) is the
identity operator with the spectrum being the singleton o (K) = {1}. However, given
any A € C and the sequence of functions ¢ = V2 sin(2r Nx), we have

Koy — Ay = ¢y — Ay = (1 — M)v/2sin@rNx) = 0

with [on|? = fol 2sin?(2w Nx) dx = 1. Therefore, if ¢y were the eigenfunctions
of Cn with eigenvalues Ay — A # 1, then the sequence Ay would converge to a
spurious eigenvalue . Fortunately, in this case, we have o () = {1} and hence no
spurious eigenvalues exist; however, in general, we cannot rule out this possibility, at
least not as far as the statement of Theorem 4 goes. See Fig. 1 for illustration.

This example, with the highly oscillatory functions ¢y, may motivate practical
considerations in detecting spurious eigenvalues, e.g., using Sobolev-type (pseudo)
norms f M IVén 1> dix or other metrics of oscillatoriness. See e. g., Giannakis (2016)
for the use of Sobolev norms in the context of Koopman data analysis and forecasting.

As an immediate corollary of Theorem 4, we get:

Corollary 1 If Assumption 2 holds and Ly is a sequence of eigenvalues of Ky m
with the associated normalized eigenfunctions ¢y .y € Fn, ||¢n. m|| = 1, then there
exists a subsequence ()\’Nian’ ¢N,-,M,) such that with probability one

lim lim An,a, = A, lim lim (@n,ar,, £) = (6, ),

i—00 j—00 i—00 j—00
forall f € F, where A € C and ¢ € F are such that K¢ = A¢. In particular, if
||l # O, then X is an eigenvalue of IC with eigenfunction ¢.

Proof First notice that since Ky p — Ky in the operator norm (Theorem 2) and
IKnll < K] < oo, the sequence Ay p is bounded. Since ¢y p are normal-
ized and hence bounded, we can extract a subsequence (Ay, i ON.M l.) such that
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limj oo An,M; = AN € Cand lim;_, o éN.m; = ¢n € Fy (strong convergence as
JFn is finite dimensional). Then,

Knon = (Kn = Knm)on + Kn oy (98 — N m;) + KN v N M, -

Since Ky, p; converges strongly to Ky with probability one (Theorem 2) and since
@n,m; converges strongly to ¢y, the first two terms go to zero with probability one as
Jj tends to infinity. The last term is equal to Ay as i ON .M i and hence necessarily oy =
ANON, ll¢on || = 1, with probability one. The result then follows from Theorem 4. O

6 Implications for Finite-Horizon Predictions

One of the main roles of an approximation to the Koopman operator is to provide
a prediction of the evolution of a given observable, whereas obtaining accurate pre-
dictions over an infinite-time horizon cannot be expected in general from the EDMD
approximation of the Koopman operator; a prediction over any finite horizon is asymp-
totically, as N — oo, exact when the prediction error is measured in the L, (x) norm:

Theorem 5 Let f € F" be a given (vector) observable® and let Assumption 2 hold.
Then, for any §2 € N we have

lim  sup [(Kn)'Pyf—K'fll =0. (19)
}

N—=>ooje(l,...2

In particular, if f € .7-—}'(,0 for some Ny € N, then

lim  sup [[(Ky)'f — K fll =0. (20)
N—=>o0je(l,...,2}

Proof We proceed by induction. Let f € F. For §£2 = 1, the result is exactly
Theorem 3. Let the result hold form some §2 € N. It is sufficient to prove that
[N 2P f — KT fI| — 0as N — oo. We have

TP HEPE F — K2 fl = IKn (N2 Py f — KK £l = IKngn — Kell
<IKng —Kgll + IIKn(gny — &)
< IKng —Kgll + IKIlgn — glI-

where gy = (Ky)¥® Pﬁ fand g = K% f; in the last inequality we used the fact
that ||ICy]l < ||K||. The term ||ICyg — Kg|| tends to zero by Theorem 3, whereas
the term ||gy — g|| — O by the induction hypothesis. This proves (19) for a scalar
observable f € F.The general result with a vector valued observable f € F" follows

6 We choose to state the theorem for vector observables as this is the form of prediction typically encountered
in practice. For a vector observable f € F", the norm || f|| is defined by >7_; Il fill £ (), Where f; € F

is the i component of f.
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by applying the same reasoning to each component of f. The result (20) follows from
(19) since if f € Fy, for some No € N, then Py f = ffor N > Np. ]

To be more specific on practical use of Iy for prediction, assume that f € .7-"/’3,0

for some Ny € N. Then, for all N > N there exists a matrix Cy € R/ such
that f = Cy¥y, where ¥y = [V, ..., Y1 are the observables used in EDMD.
Assume that an initial state xq is given and the values of the observables ¥ y (xp) are
known and we wish to predict the value of the observable f at a state x; = T (xp),
i.e., i steps ahead in the future. Using Ky, this prediction is given by C NAI}VW N (x0),
where

AN = lim AN,M
M— o0
with Ay m defined” in (5). Theorem 5 then says that
lim / ICnAN Yy — foT 3di=0 VieN. (1)
N—o0 J M

A typical application of Theorem 5 is the prediction of the future state x of the dynam-
ical system (1) with a finite-dimensional state space M C R”. In this case, one simply
sets f(x) = x. A crucial feature of the predictor obtained in this way is its linearity
in the “lifted state” z = ¥ y (x), allowing linear tools to address a nonlinear problem.
This concept was successfully applied to model predictive control in Korda and Mezié
(2016) and to state estimation in Surana and Banaszuk (2016).

Remark 2 If Ay p is used instead of Ay in Theorem 5 and Eq. (21), then the same
convergence results hold with a double limit, first taking the number of samples M to
infinity and then the number of basis functions N. In particular, we get

lim lim ICNAY ¥y — foT |3du=0 VieN, (22)
' :

N—00 M— o0

7 Analytic EDMD

The results of the previous sections suggest a variation of the EDMD algorithm pro-
vided that the mapping 7 is known in closed form and provided that the basis functions
Y; are such that the integrals of f M 1//1-1//_]- du and f m(WPio T)w_j du can be computed
analytically. This is the case in particular if 7 and v; are simple functions such as mul-
tivariate polynomials or trigonometric functions and u is the uniform distribution over
a simple domain M such as a box or a ball, or, e.g., a Gaussian distribution over R”.
Provided that such analytical evaluation is possible, one can circumvent the sam-
pling step of EDMD and construct directly Ky rather than Ky 3. Indeed, define

Ay = M7 M, (23)

7 In Sect. 7, we show how the matrix A N can be constructed analytically.
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where
My =/ yydu, M, =/ W o Ty dp.
M M

Then, the operator from Fy to Fy defined by cHw — A NV is exactly Ky =
P]{,LICU.'N.

Theorem 6 If the matrix M, is invertible, then for any ¢ = cgiﬁ € Fn we have

CgAN'/’ =Kn¢.

Proof Given ¢ = cg'rlf, we get

Kng = P/’VLICq) =y argmin/ My — Cg(w o T)1>du
ceCN IM
=y M argmin [c"M,c — 2Re {PMF )]

ceCN

with the unique minimizer ¢ = M, M ;' uCo (since M, is invertible, therefore Hermi-
tian positive definite, and hence the minimized function is strictly convex). Therefore,
as desired

Kng =y =climr Mty = cllayy.
O

Example In order to demonstrate the use of Analytic DMD, we compare the spectra
of K and Ky for various values of M. The system considered is the logistic map

xt=2x2—1, xel[-1,1].

The measure  is taken to be the uniform distribution on [— 1, 1], which is not invariant
and hence the dynamics is not measure preserving. The finite-dimensional subspace
F is the space of all polynomials of degree no more than eight. For numerical stability,
we chose a basis of this subspace to be the Laguerre polynomials scaled such that they
are orthonormal with respect to the uniform measure on [— 1, 1]. Spectra of K and
Ky .y for M = 102, M =10% and M = 10° are depicted in Fig. 2. We observe that a
relatively large number of samples M are required to obtain an accurate approximation
of the spectrum of Ky . This example demonstrates that a special care must be taken in
practice when drawing conclusions about spectral quantities based on a computation
with a small number of samples. On the other hand, Fig. 3 suggests that, at least on
this example, predictions generated by Ky s are less affected by sampling. Indeed,
even for M = 100 the prediction accuracy of s is comparable to that of K and
for M = 1000 the two predictions almost coincide.
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M =102 M =103 M =10°
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Fig. 2 Comparison of the spectra of /Cp (blue circles) computed using Analytic DMD and the spectra of
ICn ,m for different values of M (red crosses) (Color figure online)

Fig. 3 Comparison of 1 ;
predictions generated using Xy :quua?yti < DMD
and using Ky ps for different - -EDMD: M=102
values of M 0.5~ -EDMD: M=10°
- -EDMD: M=10°

8 Convergence of ICn N

In this section, we investigate what happens when we simultaneously increase the
number of basis functions N and the number of samples M. We treat the special case
of M = N for which interesting conclusions can be drawn. Set therefore M = N and
denote Ay = Ay y any eigenvalue of Ky y and ¢y = dn v € Fu, lonllcomy = 1,
the associated eigenfunction, where [|@ || c(A) = Sup,eaq |9 (x)]; such normalization
is possible if the basis functions ; are continuous and M compact, which we assume
in this section. First notice that, assuming M, invertible, for N = M the system of
equations

YY) = Ay (X)
with the unknown A € RY* has a solution and hence the minimum in the least-
squares problem (4) is zero. In other words, for any f € Fy, the EDMD operator

KCn ~ applied to f matches the value of the Koopman operator applied to f on the
samples points x1, ..., Xy:

(Kf)(xi) = (Kn,n ) (xi)
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for all f € Fy. This relation is in particular satisfied for the eigenfunctions ¢y of
KCn N, obtaining

(pn o T)(xi) = ANON(X;).

Multiplying by an arbitrary 7 € F and integrating with respect to the empirical
measure supported on the sample points (8), we get

f h- by o T)diy = dy / how dity. 24)
M M
Define the linear functional Ly: C(M) — C by
Ly(h) = / h by diy.
M
and
(KL)(h) = /M h- by o T)djin.

With this notation, the relationship (24) becomes

KLy = AnLy.

. Ly(h
Since [¢wllcovy = 1, we have Lyl = supjecny fifoms < Land [KLy| < 1.

Therefore, assuming separability® of C (M), by the Banach-Alaoglu theorem (e.g.,
Rudin 1973, Theorems 3.15, 3.17) there exists a subsequence, along which these
functionals converge in the weak* topology® to some functionals L € C(M)* and
KL e C(M)* satisfying

KL =ML,
where X is an accumulation point of Ay. Furthermore, by the Riesz representation
theorem the bounded linear functionals L and [CL can be represented by complex-
valued measures v and KCv on M satisfying

Kv = Av.
We remark that /CL and v are here merely symbols for the weak* limit of CL 5 and

its representation as a measure; in particular, the functional ICL is not necessarily of
the form (KL)(h) = fM h - (poT)du for some function p.

8 A sufficient condition for C (M) to be separable is M compact and metrizable.

oA sequence of functionals L; € C(M)* converges in the weak* topology if lim;_, o L; (f) = L(f) for
all f € C(M).
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In order to get more understanding of v (and hence L), we need to impose
additional assumptions on the structure of the problem. In particular, we assume that
the mapping 7: M — M is a homeomorphism and that the points x1, ..., xx lie on
a single trajectory, i.e., x;4+1 = T (x;). With this assumption, Eq. (24) reads

N N
iZh(x-)qs (xip1) =2 th(x-)cb (xi) (25)
N I)PNXi+1) = NN i)PN\Xi),

i=1 i=1

where we set xy+1 := T (xy). The left-hand side of (25) is

iih( Db (i )—iih(r‘ DN i) + = [ (o 11)
Nizl Xi)PN Xi+1) = N = Xi )N (Xi N XN)PN(XN+1

— h(T ™ xD)pn (x1)]
1
=f o T do -+ [ o) —h(T ™ ) ()]
M
(26)

where vy is the measure ¢pydjiy. Setting &y 1= h(xn)PN (XN+1) —h(T’]xl)qﬁN (x1),
the relation (25) becomes

1
/hoT_lva+—$N=kN/ hdvy.
M N M

Since h is bounded on M (# is continuous and M compact) and ||¢y |c(m) = 1, the
term &y is bounded; in addition & o 7! is continuous since T is a homeomorphism
by assumption. Therefore, taking a limit on both sides, along a subsequence such that
vy, — v weakly,'® iy, — w weakly and Ay, — A, we obtain

/ hoT’ldvz)»/ hdv (27)
M M

forall h € C(M).

8.1 Weak Eigenfunctions/Eigendistributions

To understand relation (27), note that a completely analogous computation to (26)
shows that the measure y is invariant!! and therefore the L, (u)-adjoint IC* of the
Koopman operator [viewed as an operator from L, (u) to Lo(w)] is given by

10 A sequence of Borel measures j; converges weakly to a measure p if lim; oo [ fdu; = [ fdu
for all continuous bounded functions f. This convergence is also referred to as narrow convergence and it
coincides with convergence in the weak* topology if the underlying space is compact (which is the case in
our setting).

11 A measure i on M is invariant if ,u(T*1 (A)) = n(A) for all Borel sets A C M or equivalently if
Saq foTdu= [y, fdpu forall continuous bounded functions f.
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K*f=foT L.
To see this, write
<in,g>=f (foT)EdM=/ (foT)(goT ToT)du
M M

=/ f-(goT Hdu=(f.K"g),
M

which means the operator g +— g o T~ ! is indeed the L(u)-adjoint of K. The
relation (27) then becomes

/lC*hdv:Af hdv (28)
M M

L(K*h) = AL(h). (29)

or

Functionals of the form (29) were called “generalized eigenfunctions” by Gelfand
and Shilov (1964); here, we prefer to call them “weak eigenfunctions” or “eigendis-
tributions” in order to avoid confusion with generalized eigenfunctions viewed as an
extension of the notion of generalized eigenvectors from linear algebra. The measure
v in (28) is then called “eigenmeasure.” Here, again, we emphasize the requirement
that the limiting functional L (or the measure v) be nonzero in order for these objects
to be called eigenfunctionals/eigenmeasures.

8.2 Eigenmeasures of Perron-Frobenius

We also observe an interesting connection to eigenmeasures of the Perron—Frobenius
operator. To see this, set & := g o T in (27) to obtain [, gdv = A [, g o T dv or,

provided that A # 0,
1
/ gonv:—/ gdv. 30)
M A Jm

In other words, if nonzero, the measure v is the eigenmeasure of the Perron—Frobenius
operator with eiegnvalue 1/A. Here, the Perron—-Frobenius operator P: M(M) —
M (M), where M (M) is the space of all complex-valued measures on M, is defined
for every n € M (M) and every Borel set A by

(Pn)(A) = n(T~'(A)).

The results of Sect. 8 are summarized in the following theorem:

Theorem 7 Suppose that M is a compact metric space, T is a homeomorphism,
K:Ly(it) — Ly(w) is bounded, the observables Yy, ..., ¥y are continuous and
the sample points xi, ..., xn satisfy xi+1 = T(x;) foralli € {1,..., N — 1}. Let
AN be a bounded sequence of eigenvalues of Ky N, let ¢n, llonllc(my = 1, be the
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associated normalized eigenfunctions and denote vy = ¢ndiy. Then, there exists
a subsequence (N;)72, such that vy; and [Ly; converge weakly to complex-valued
measures v € M(M), p € M(M) and lim; o Ay, = A € C such that

/ hoT_ldv=A/ hdv Yh e C(M).
M M

In addition, the measure [ is invariant under the action of T and

/K*hdu:k/ hdv Yh e C(M),
M M

where K* is the Ly (1) adjoint of K, i.e., if nonzero, v is a weak eigenfunction (or
eigendistribution) of the Koopman operator. Furthermore, if .. # 0, then

1
/ honv:—/ hdv Vh e C(M),
M A Jm

i.e., if nonzero, v is an eigenmeaure of the Perron—Frobenius operator with eigenvalue
1/x

9 Conclusions

This paper analyzes the convergence of the EDMD operator Ky 57, where M is the
number of samples and N the number of observables used in EDMD. It was proven
in Klus et al. (2016) thatas M — oo, the operator [Cx s converges to Xy, the orthog-
onal projection of the action of the Koopman operator on the span of the observables
used in EDMD. We analyzed the convergence of 'y as N — oo, obtaining conver-
gence in strong operator topology to the Koopman operator and weak convergence of
the associated eigenfunctions along a subsequence together with the associated eigen-
values. In particular, any accumulation point of the spectra of Ky corresponding to a
nonzero weak accumulation point of the eigenfunctions lies in the point spectrum of
the Koopman operator /. In addition, we proved convergence of finite-horizon predic-
tions obtained using /Cy in the L, norm, a result important for practical applications
such as forecasting, estimation and control. Finally, we analyzed convergence of Ky n
(i.e., the situation where the number of samples and the number of basis functions is
equal) under the assumptions that the sample points lie on the same trajectory. In
this case, one obtains convergence, along a subsequence, to a weak eigenfunction (or
eigendistribution) of the Koopman operator, provided that the weak limit is nonzero.
This eigendistribution turns out to be also an eigenmeasure of the Perron—Frobenius
operator. As a by-product of these results, we proposed an algorithm that, under some
assumptions, allows one to construct Ky directly, without the need for sampling,
thereby eliminating the sampling error.

Future work should focus on non-asymptotic analysis, e.g., on selecting the sub-
space Fy such that ||y — K £, || is minimized and at the same time such that Fy is
rich enough in the sense of containing observables of practical interest (e.g., the state
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observable). This line of research was already investigated in the context of stochastic
systems in Wu and Noé (2017), providing an interesting and actionable method for
selecting Fy.
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