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Abstract We study the dynamics of a rigid body in a central gravitational field mod-
eled as a Hamiltonian system with continuous rotational symmetries following the
geometric framework of Wang et al. Novelties of our work are the use the reduced
energy-momentum for the stability analysis and the treatment of axisymmetric bodies.
We explicitly show the existence of new relative equilibria and study their stability
and bifurcation patterns.
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1 Introduction

This article studies the dynamics of two massive bodies of finite extent subject to their
mutual gravitational attraction. We assume that one of the bodies, the primary, has a
mass much greater than the other, the satellite, and that the primary body is spher-
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ically symmetric. The problem is then equivalent to the dynamics of a single rigid
body in a central gravitational field. This system has the mathematical structure of a
Hamiltonian system with symmetries. The symmetry assumption allows for consid-
erable simplifications and provides a valuable approximation from which additional
effects can be further studied using perturbation theory. We remark that the spherical
symmetry assumption for the primary does not hold if, for example, we consider the
Earth as the primary body. The study of non-symmetric primary bodies lies out of the
scope of this paper.

In the traditional approach to this problem (see Meirovitch 1970), the additional
assumption that the motion of the center of mass of the satellite is unaffected by
the finite extent of the body was frequently used. That is, the orbit described by the
center of mass of the satellite is the same as if the satellite were replaced by a point
mass. This further assumption is known in the literature as the restricted problem. In
our geometric approach we will not adopt this assumption, we will consider the full
coupling of the system, or unrestricted problem.

Since the global dynamics of this system may be very complicated, we will focus
on the study of its relative equilibria, which are dynamical evolution orbits which
are contained in group orbits. Relative equilibria act as organizing centers for the
dynamics of a Hamiltonian system with symmetries, and therefore, the study of the
set of relative equilibria gives important information about the qualitative behavior
of the dynamical flow. There are several classical studies on the coupling between
orbital and attitude motion for the satellite motion, but in most of them the natural
geometric and group-theoretic properties of the problem are not fully exploited. The
first geometric treatment of this system is Wang et al. (1990), where Poisson reduc-
tion and the energy-Casimir method were the main tools employed in giving a full
description of relative equilibria for large orbital radius. In this article, we will extend
that work to the low-orbit regime, and in particular, we provide an analytic descrip-
tion of the complete set of relative equilibria that exist for small values of the orbital
radius.

One novelty of our geometric treatment is that we also study the axisymmetric
case, where in addition to the spatial rotational symmetry there is a S' body symmetry
corresponding to rotations about a symmetry axis of the satellite. This also expands the
work of Wang et al. (1990), where only the spatial rotational symmetry was considered.
This axisymmetric case has been previously studied in Beck (1997) using the energy-
Casimir method, whereas we treat this case via the reduced energy-momentum method.

For both the asymmetric and axisymmetric cases, we have found a complete descrip-
tion of all the existing relative equilibria families. In the axisymmetric case, we have
shown that a family of conical equilibria exists for arbitrary large orbits. This is a new
family of relative equilibria that does not seem to have been described in the literature
before. In fact, in O’Reilly and Tan (2004), based on Routhian reduction and numeri-
cal continuations, it is suggested that there were no conical equilibria for large orbits
but that conclusion is due to the fact that their continuation path only detected the
conical equilibria for very small orbits. Had they used a different continuation path,
they would have found the conical equilibria.
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1.1 Organization of the Paper

In Sect. 2, we describe the system modeling the motion of a satellite under the second-
order potential. In Sect. 3, we analytically characterize existence conditions for the
different relative equilibria of the asymmetric satellite. In particular, in Proposition 3.4,
we explicitly parametrize conical equilibria, a family of motions, existing for small
orbital radii, in which the center of the orbit does not coincide with the center of the
potential. To our knowledge, until now only through numerical descriptions (Wang
et al. 1990; O’Reilly and Tan 2004) of this phenomenon existed. In Sect. 3.8, we find
that the different families can be classified in a very clean way using only symmetry
considerations. In Sects. 3.5, 3.6, and 3.7, we use the reduced energy-momentum
method to study the stability of the different families. In Sect. 3.9, we describe the
bifurcation schemes for the different relative equilibria. It appears that this is the first
analytic treatment in the low-orbit regime.

In Sect. 4, we study the axisymmetric satellite. Propositions 4.1 and 4.3 give explicit
existence conditions for all possible relative equilibria. In particular, they show that
conical equilibria exist for any value of the orbital radius as opposed to the situation
in the asymmetric case (see Remark 4.6). In Propositions 4.8, 4.11, 4.13, and 4.14, the
reduced energy-momentum is applied to all the different families to provide stability
and instability ranges. In Sect. 4.10, we describe the different bifurcations between
the different families of relative equilibria. The behavior observed is very similar to
what happens in the restricted problem (see Beck 1997). The main difference is that
the restricted problem cannot predict the non-orthogonality of the conical solutions.

2 Model of a Rigid Body in a Central Field
2.1 Configuration Space

We will consider a spherically symmetric primary body of mass m and a satellite
of mass m; and arbitrary mass distribution. We will assume that m is much larger
than my; that is, the satellite does not affect the motion of the primary. Therefore, the
primary will be at rest in an inertial reference.

With these assumptions, the configuration space of the satellite in the central field
generated by the primary is Q = SO(3) x R?. A point in this manifold will be
denoted in space coordinates by ¢ = (B, r). B is the orthogonal matrix that realizes the
transformation mapping the satellite from a reference configuration R to its orientation
in space, and r is the vector between the center of the field and the center of mass of
the satellite. In body coordinates, this configuration point is represented by (B, R),
where R = Br.

Let v = (v1, v2, v3) be a vector of R3, we denote by V the 3 x 3 matrix

0 —v3 v
V= v3 0 —V1
—v2 V] 0
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Fig. 1 Coordinates in the Az
configuration space: r is the
vector that joins the centers of
masses of the primary and the
satellite; {e], ep, e3} is an
orthonormal basis attached to e3
the body and aligned with the
principal moments of inertia of
the satellite

dmy

€2

v

Note that for any vector u, the matrix V is related to the cross product through the
identity Vu = v x u.

We denote a tangent vector (B r) at (B, r), in space coordinates, as (Q r) €
R? x R3. Here, we have used the left trivialization of 7SO(3) given by B = BQ.
Analogously, vectors in body coordinates are represented as (€2, R).

In Fig. 1, we have represented the general setting of our problem and the chosen
coordinates.

2.2 Hamiltonian Description

In order to simplify the algebraic manipulation of expressions that will appear, we will
choose, according to Beck (1997), Wang et al. (1992), the following units of mass,
length, and time
m=my, L= @, t = L 2.1
my Gmy

where I is the body-fixed inertia tensor and G is the gravitational constant. Note that
with respect to these units, the satellite has unit mass and its inertia tensor satisfies
tr(I) = 1. All the expressions appearing in this paper will be referred to these units.

The kinetic energy metric is given by the sum of the rotational and translational
kinetic energies of the satellite. In space coordinates

1
K(Q2,r) = §(Q~IQ+1‘-1‘),
while in body coordinates

1 . .
k(€. R) = S (2. R), (&2, R))
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where ((-, -)) is the Riemannian metric on SO(3) x R3 given by

I-RR R
«-,~>>=[ R 1d3]- 22)

Without loss of generality will choose a basis such that I takes a diagonal form.

Remark 2.1 The inertia tensor has the form I = diag(/y, I», I3) , and since tr I = 1,
two parameters are enough to determine it. Also its values must satisfy the usual
triangular inequalities (/; < I; + Ii) that in this case imply 0 < [; < %

The potential energy corresponding to the inverse square force field can be written
in the integral form:

dma () dma () dma (r')
_ __ [ dm() _ —VR) @
(e /BR it /R v+ Br| /R R R @D

where r’ is the vector from the center of mass of the satellite to the point with mass
density dm; (r’). Note that in body coordinates (B, R), the potential does not depend
on B, which is a consequence of the rotational symmetry of the system.

Usually, the radial distance |R + 1’| is going to be much larger than the dimensions
of the satellite. Therefore, we can expand |R + 1’| ~lin power series of R )
After a lengthy computation in Cartesian coordinates [see Meirovitch 1970 equation
(11.111) for more details], the classical second-order approximation to the potential
(also known as MacCullagh’s formula) is

11 3
VaR) =~ — >3+ 7 sR-IR. 2.4)

The second-order system will be the Hamiltonian system on 7*(SO(3) x R3) governed
by the Hamiltonian
H=K+V, 2.5)

which is an approximation of the exact Hamiltonian
Hexact = K + V. (2.6)

Here, we use the notation K to define the corresponding kinetic energy induced in
the fibers of 7*SO(3) from the Riemannian metric (-, -)) as usual. All throughout this
article, we will consider the second-order model, with Hamiltonian H>.

2.3 Symmetries and Relative Equilibria

On the configuration space Q = SO(3) x R3, there is a natural action of Ggsym =
SO(3), given in space coordinates by M - (B, r) = (M B, Mr) or, in body coordinates,

by M - (B,R) = (MB, R), with M € SO(3).
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The fundamental fields of this action are given, for any & € s0(3) ~ R3, by

d A A PO
§o(B,r) = T (exp(1§) B, exp(t§)r) = (§ B, &r),
t=0

which is represented in space coordinates by

Eo(B,r) = (BT£,& x1).

and in body coordinates by

£0(B,R) = (BT¢,0).

This action leaves the metric (2.2) and the potentials (2.3, 2.4) invariant, so (2.5)
and the exact system (2.6) are Ggsym-syrnmetric simple mechanical systems (see the
Appendix). The momentum map of the Ggsym-action on T*SO(3) corresponds to the
total angular momentum, the sum of the angular momenta due to orbital and spinning
motions.

From the above computations, the locked inertia tensor is given in body coordinates
by

(€, 1(B,R)n) = (£0(B,R), no(B,R)) =& - Bl —RR)By — I(B,R)
= B - RR)BT (2.7

Remark 2.2 1t is interesting to describe what are the one-parameter subgroup orbits
of Ggsym in spatial coordinates. The orbit of the point (By, ro) generated by the Lie

algebra element & is given by B(¢) = exp(té) -Bpandr(t) = exp(té) - To. But also:

(r(r) - £)¢ |*

v - CODE o = TS <y - SRS D

e €2 g2

That is, the vector r describes a right circular cone with vertex at the origin and center
at C = %é. Note that if £ - rg # 0, the orbit center C does not coincide with the
center of the potential O.

Definition 2.3 A relative equilibrium such that r - & = 0 is called orthogonal equi-
librium, otherwise it will be called non-orthogonal.

For orthogonal equilibria, the center of mass the rigid body describes a circle whose
center coincides with the center of the potential (i.e., C = O), butin the non-orthogonal
equilibria C # O the orbit is a circle in plane not containing the center of the potential
as explained in the previous remark.

Remark 2.4 There exist several different names for the orthogonal/non-orthogonal
dichotomy in the literature. In O’Reilly and Tan (2004), it is distinguished between
“coplanar” and “non-coplanar” motions, and in Wang et al. (1990), the terminology
“great-circle motions” and “non-great-circle motions” is used.
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In Stepanov (1969), the offset angle » is defined as the angle of r with the orbital
plane; that is,
ro-§
x = .
& 1lrol
Although one may think that the only physically meaningful value for » is » = 0, this
is not always the case. In fact, the coupling between spinning and orbital motion can
actually produce dynamical orbits with » #= 0.

2.8)

2.4 Discrete Symmetries

The second-order model (2.5) has an additional set of discrete symmetries. Let 772Y™
be the group of transformations of Q generated by the symmetry

s:(B,r) — (B, —r),
and the three perpendicular rotations
oi : (B,v)— (Bol,v), i=1,2,3
where p; is a rotation of angle r around the ith principal axis of the satellite.

Using the following 3 x 3 matrix representation of the generators of I"Y™ in body
coordinates as

10 0 10 0 —~10 0 ~100
s=| 0 -1 0|, pi=|0=101], p=| 0101, p=|0-10],
0 0 —1 00 —1 00-1 0 01

the action of I"®Y™ on the configuration space SO(3) x R3 is
A - (B,R) = (BAT det(A), AR)

The total symmetry group of the second-order model will be the direct product
G3Y™M .= SO(3) x Y™ that acts on SO(3) x R3 as

(M, A) - (B,R) = (MBAT det(A), AR)
with (M, A) € SO(3) x I'*¥™_The lift of this action to 7(SO(3) x R?) is given by
(M,A)- (B,R,Q,R) = (MBAT det(A), AR; Adet(A)S2, AR).

It is easily verified that (Q, (, ), G™, V) is a G®Y™-symmetric simple mechanical
system.

Remark 2.5 Although Ggsym acts freely on SO(3) x R3, the action of G*Y™ on Q is
only locally free, thereby exhibiting discrete stabilizers for certain points. This fact
will be exploited in the subsequent classifications of relative equilibria.
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Remark 2.6 For the exact model (2.6), one can easily check that I"?Y™ fixes the metric
(2.2). However, the potential (2.3) will be invariant only if the mass distribution dmy (r’)
is invariant under the transformations s, p1, p2, p3. Therefore, in general, G*Y™ is not
a symmetry of the exact model.

3 Asymmetric Case

In this section, we will assume that the three principal moments of inertia Iy, I>, I3
are pairwise different. A body satisfying this condition will be called asymmetric.
In Sect. 4, we will consider axisymmetric bodies, which are those having two equal
moments of inertia. In both cases, we will study all the possible relative equilibria, as
well as their stability and bifurcation properties.

3.1 Existence of Relative Equilibria
Relative equilibria pairs (¢, £) € Q x g®¥™ are characterized as those for which ¢ is
a critical point of the augmented potential V; € C*°(Q) (Theorem 5.1). By G*¥™-
invariance, we can assume, without loss of generality, that any critical point g, is of
the form g, = (Id, R). If we call R = |R|, the vanishing of the first variation of V
evaluated at B = Id is equivalent to the equations

EI—RR” + R’Id)g =0 (3.1a)
VRVR) + (R - &) —RIE|> = 0. (3.1b)

We also have that in the second-order approximation considered

R 3R 3IR 15R(R-IR)

VrRV2(R) = F + m F R7 3.2)

Therefore, the relative equilibrium conditions for the second-order model can be
rewritten as

I—RRT)E =af = RR-&) =1t —af (3.3a)
R R R_CDBRR-IR) (R-£) +RIE)? (3.3b)
Rt TR T arr - SRS 51 '

for some real «.

3.2 Orthogonal Equilibria: Characterization

If we assume & - R = 0, Eq. (3.3) are greatly simplified. This condition defines
orthogonal relative equilibria (see Definition 2.3). The following result is reproduced
from Wang et al. (1990), where it is proved that the orthogonality assumption is always
satisfied if in the second-order model we consider large orbital radii.
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Proposition 3.1 (Wang et al. 1990; Beck 1997) In the second-order model (2.5), for
a fixed orbital radius R > %

e Up to group translations, there are exactly six different relative equilibria for any
given R.

e For each of them, R and BT & are perpendicular and aligned with two different
principal axis of the body.

e The angular velocity is given by the modified Kepler’s formula

1 13 —-9Ig
7 = =5 +5

AR 34

where Ig = (R - IR)/R2.

The six possibilities arise from choosing a principal axis for R and then a perpendicular
principal axis for BT &. The orientation of R or £ along the principal axis is not relevant
because it can be changed using a G*Y™-symmetry.

Remark 3.2 The first analysis of relative equilibria for this problem was given by
Lagrange in 1780. In that reference, he did not analyze the second-order system but a
simplified one where he truncated the force and angular torque exerted on the satellite
to the dominant term, finding that the translational and rotational motions decoupled
in that approximation (in the literature, this approximation is known as the restricted
problem Beck 1997). All the resulting relative equilibria happen to be orthogonal, and
the attitude is as in Proposition 3.1. That is, one of the principal axes is aligned with
the radial direction and another is perpendicular to the orbital plane.

3.3 Parallel Equilibria: Characterization

If we assume that R is an eigenvector of I, Eq. (3.3b) implies that either £ - R = 0
(orthogonal equilibria) or R || £. The first case is covered in the previous subsection.
In the second case, (3.3b) fixes R but |&] is arbitrary. This is equivalent to

3
1+ —(0-31Ig) =0 3.5
5 (1=300) (3.5)

where as in Proposition 3.1, Iz = (R - IR)/R?. That is, there is a family of parallel
equilibria for each principal axis such that I; > %

Remark 3.3 Although the case R || & (parallel equilibrium) is a valid solution of
Eq. (3.1), this is a shortfall of the second-order model. Indeed, under this assumption,
(3.1b) gives VR V2(R) = 0. This means that the potential is neither attractive nor
repulsive which is an impossibility for a gravitational field. This behavior is an artifact
of the potential approximation (2.4), for which the correction terms in R~3 become
dominant as R approaches 0 making the approximation unphysical for very small R.
In fact, from the above equation, we can infer the upper bound

R? < (3.6)

3
4
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in order for parallel equilibria to exist. For instance, if we consider the International
Space Station orbiting around the Earth using the second-order model, VR V2(R) = 0
will only happen when the distance from the center of the ISS to the center of the
Earth is about 50 m.

3.4 Conical Equilibria: Characterization

For cases different from £ - R = 0 or & || R, Eq. (3.3) can still be analytically solved.
Proposition 3.4 There exist conical relative equilibria for the second-order system
(2.5) for which R and & are neither parallel nor perpendicular. In those solutions, R
and & belong to one of the principal planes determined by the inertia tensor L. If a

basis of principal axes is chosen such that R and & are in the plane spanned by the
first two eigenvectors of I = diag(1ly, I, I3), then R = (R cos ¥, R sin {r, 0) satisfies

A4S + A2S+ Ag = 0 and VR Va(R) - R > 0

with S = cos® ¥ and

Aq = 225(1, — 1))?, (3.7a)
Ar = 6(1, — I1)(19R? + 151; — 601 + 15), (3.7b)
Ao = 2R?> — 91, + 3)(8R> + 61; — 15, + 3). (3.7¢)

For this relative equilibrium, if VR V>(R) = (g1, g2, 0), then the associated angular
velocity is € = k~'(—g2, g1, 0) where k € R satisfies

_IRPIVRV2(R)> — (82, —¢1.0) - R)?
B VRV2(R) - R '

k2

(3.8)

Proof From (3.3a), we have that if the equilibrium is not orthogonal, then R must
belong to the plane spanned by & and I£. Substituting this in (3.3b) gives a linear
relationship between £, I¢ and I?£. This implies that if we take a basis aligned with
the principal axes of I, the following matrix must be singular

g L& 13
& h& 136
& L& 136

We see that this happens only if two [; are equal (axisymmetric case) or if some
component of & vanishes. Since in this section we are studying the asymmetric
case, we will only consider the second option. Without loss of generality we can
reorder the basis vectors so that £&3 = 0. Using (3.3a), this implies R3 = 0. Let
R = (Rcos ¢, R sin ¥, 0). Using this assumption and (3.3b), we have
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§-VRV2(R) =0
e;- VRV2(R) = 0.

which implies that there is some k € R such that VR V>(R) = k(—&2, &1, 0). Let
VrV2(R) = (g1, g2, 0). Note that g, g» are functions of » and i only. With these
definitions, (3.3a) is equivalent to

(L5 2] ) 5 =o 5]

for some B € R. After eliminating 8, we obtain the equation
(A4S? 4+ ArS + Ag)(I1 — ) cos Y sinyy = 0

where S = cos? Y and A4, Ay, Ag are defined in (3.7b). If cos ¢ sin iy = 0, then R is
an eigenvector of I and as we saw above the solution is either a orthogonal or a parallel
equilibrium. Therefore, we can assume that AsS? + ArS + Ap = 0 and cos? Yisa
function of r.

Now multiplying (3.3b) with R, after some simplifications we arrive at (3.8). Note
that this has a real solution if and only if VR V2(R) - R > 0 or equivalently

- 3 9R - IR 0 (3.9)
— = ——— > 0. .
2R? 2R*

O

Remark 3.5 Notice that some authors (see for instance Wang et al. 1990) use the name
oblique equilibria corresponding to our definition of conical equilibria.

We have found algebraic conditions for the existence of conical equilibria. In order
to obtain one such relative equilibrium, one can proceed as follows. Given a value of
R =|R|
e Check if A4S? + A28 + Ag = 0 has asolution 0 < § < 1. Let § = cos® ¥
e From this §, construct (g1, g2) using (R, ) and checkif g Rcos ¥+ g2 Rsinyy >
0. In that case obtain k from (3.8).

e The relative equilibrium is characterized by R = (Rcos ¢, Rsiny,0) and £ =
k71 (_827 81, O)

Remark 3.6 Actually in Beck (1997), itis proved that non-orthogonal equilibria could
exist only if

3 I5SR - IR
— = —F— <0
2R? 2R*
As a consequence, the range of orbits in which conical equilibria exist is bounded by
(3.10) and (3.9).

1+ (3.10)

In Fig. 2, we have represented the three different families of relative equilibria for
the asymmetric case.
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(a) Orthogonal (b) Conical (c) Paralel

Fig. 2 Orthogonal and conical families of relative equilibria for the asymmetric body

3.5 Orthogonal Equilibria: Stability

If (Id, R), §) € O x g*Y™ is an orthogonal relative equilibrium, according to Propo-
sition 3.1 and using the G*Y™-symmetry, there is a basis such that the inertia tensor
is I = diag(/y, I», I3), the angular velocity is £ = (£1,0,0) € s0(3), R = (0, R, 0)
where &1 > 0, R > 0 and the relationship between R and &; is given by (3.4). We will
now implement the reduced energy-momentum method (see the Appendix) in order
to study its stability.

The metric (2.2) and momentum at the equilibrium point are

ILL+R*0 0 0 OR
0 L 0 0 00

I + R?) &
03+R>-R00 (
-, Naarwy= 0 3—R L 0o | #=Il0d R)E= 0

0

0 0 010
0 0 0 01

o OO

Notation 3.7 From now on, we will use the usual notation e; for a vector with all
the entries equal to zero except the ith component being 1, being the total number of
entries clear from the context.

With the above expressions, we have
g = <e1> = (g )" = <ez, e3>.
Using this basis, we obtain the Arnold form (5.3)

Ar(y, v) :n-(—ml—l(ld, R),&-{-ﬂé)v — Ar

) (U1 —13)(1+R?) 0

— L+R

=& 0 (h=L+R)L+RY) | G-11)
I

Taking variations of the locked inertia tensor (2.7) and evaluating at the relative equi-

librium, we have

0 0 0 0 2R& 07y,
SIEYILR) =0 0 & —bL+R> —Rg 0 0 [MJ
0& (s —1) 0 0 00
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with 80, SR € R3. Therefore, one possible choice for the basis of VN [see (5.2)] is

VINT = <e5, —Rae; + (R*+11)es, Res+ (R*+1) — 12)e4> CVcCTurQ =R

In this basis, the Smale form is diagonal and, after some simplifications, we arrive at

3R%—1, 2
RI+I, 4+ R 2 202 )
2 3(I1+R I3—1
Sm = & 0 % 0
0 0 (I1—Db+RY) (L —h) (611 +8R*+3—-15D)
Rsflz

(3.12)

Proposition 3.8 Thereisacritical value Ry > 0 such that all the orthogonal relative
equilibria satisfying the Lagrange stability conditions

LI >5L>1D (3.13)

are G?fym-stable if R = |R| > Ryt and linearly unstable if R < Rcyii. In particular,
this critical value satisfies Rt < %

Proof According to the reduced energy-momentum method (Proposition 5.4), we only
need to test the positiveness of the diagonal values of (3.11) and (3.12). Up to positive
factors, Ar has eigenvalues A}y = I)1 — I3, A, =1+ — 12)R_2 which, under the
Lagrange conditions (3.13), are both positive. In a similar way, up to positive factors
Sm has eigenvalues

S 3R it 2
TR R
So=0L—-1

LI —D 2
Ss=U1— D)1+ e (BR”+ 61 +3 — 151).

The Lagrange conditions (3.13) and /1 + I> + I3 = 1 (Remark 2.1) imply that I, < %
and 11 > % Hence,

8R>+3+6I] — 15, =8R*>+6(I, — I») + 3(1 — 31,) > 8R*> > 0.

That is, the Lagrange conditions imply that S> > 0 and S3 > 0. Therefore, the only
mechanism for loosing definiteness of Sm is when S| changes sign, but it follows
from Proposition 5.5 that changing the sign of a single eigenvalue implies instability.
After some calculations, S| can be expressed as

_2R*+ (9L — 61y —3)R? — 151 + 451, 1>
(I + R2)2RE} '

S
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Note that 9l — 611 —3 =33 — 1) — 61 <0and —15I1 +4511 1, = 151 (—1 +
31) < 0. Applying Descartes’ rule of signs, the equation S1 = 0 has only one solution
Rig; that is, if R > R, then S| > 0 and if R < R then S| < 0.

Since 91, — 61y —3 > —611 —3 > —9and — 151} +4511 I, > —151; > —15, we
have that

2R* 4+ 91, — 61y — 3)R?> — 151 + 451, 1, > 2R* —9R? — 15,

but as the polynomial 2R* — 9R? — 15 is positive for R > %, we have the inequality
Rcrit < % [m}

Remark 3.9 Using the reduced energy-momentum method, we have obtained precise
bounds for the validity of the Lagrange conditions. In most physical applications,
the radius in the chosen normalization [see (2.1)] is very large, and then in a first
approximation (similar to the computations of Wang et al. 1990), we can neglect
higher-order terms of R™!, thereby reobtaining the classical Lagrange stability con-
ditions (Lagrange 1780) for the restricted problem.

We can relate the Lagrange conditions with the relative equilibria of the free rigid
body. The stable relative equilibria for a free rigid body are the rotations around its
axes of minimum or maximum inertia. However, in our problem, due to the existence
of a central force field, only rotations around the axis of maximum inertia are stable.

3.6 Parallel Equilibria: Stability

The stability of the family of parallel equilibria can also be studied using the reduced
energy-momentum method. Let R = R* be a solution for 1+ 23?(1 —31) = 0.Using
the G*Y™-symmetry, there is a basis that diagonalizes I such that the equilibrium point
can be expressed as

0 0 0
R=|R"|, ¢=|&|, u=|L& (3.14)
0 0 0

where &; is a free parameter. A possible choice of bases adapted to the method is

g = <el, es> C g =R,
VINT = < — R*e; + (R")?+ I3 — I)eg, R¥e3

+ ((R*)z + 11 — D)ey, eS> CVCTurQ= RS,

With respect to this basis, Ar is diagonal with eigenvalues

2 (11 + 2153 — 3)

A = —& 2 L (T + 211 —3)
9, +2I3 —3

. Ay =-—
2= =5 21, +9, — 3

(3.15)
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and Sm is also diagonal with eigenvalues

(E2(R*)> = 3(R*)? + 31 — 3B)((R*)? — I + I3)

Si=(2—13) RS

2(R*)S —3(R*)2 + 30, —3I))((R*)2 =L+ 1
522(12_11)(52( ) (R*) (Rz*)s D((RY) >+ 1) (3.16)
o 2
PR

Given these eigenvalues, there are two values of & that make the Hessian degenerate
(4 if counted with signs). These correspond to the two values where bifurcations to
the conical family occur as we will see in Sect. 3.9.

The Arnold form in this case is never positive definite, so we cannot guarantee
stability. Indeed, suppose the Arnold form were positive definite, then we would have

7 +2I3—3 <0 and 7L, +21 —3 <O.

Combining these two expressions, we get
1
14 +214+21 <6 — 121 <4 — I, < 5

but, as obtained in Sect. 3.3, I would have to be greater than % for the existence of
parallel equilibria in the e, direction, which is a contradiction.

Certain values of the parameters 1, I, I3 can make the reduced energy-momentum
method inconclusive. Choosing several numerical values for those parameters, we have
computed the eigenvalues of the linearized Hamiltonian field, and in all the cases, we
have found that at least one of them has a positive real part leading to instability (see
Appendix 2 for a concrete example). Unfortunately, we do not have an algebraic proof
of this the case always.

3.7 Conical Equilibria: Stability

The application of the reduced energy-momentum method to the family of conical
equilibria yields analytically intractable algebraic relations. However, choosing several
representative values of the parameters /1, I, numerical estimations of the eigenvalues
of d? V,, and the linearization of the Hamiltonian vector field suggest that this family
is unstable (see Appendix 2 for a concrete example). We are not aware of rigorous
results in the literature along these lines.

3.8 Isotropy Subgroups

For each of the relative equilibria (¢, p) € T*(SO(3) x R3), we can compute in a
straightforward manner the isotropy groups of the base point ¢, the momentum value
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Table 1 Relative equilibria families and associated isotropy groups in the asymmetric case

Orth} R = (0, R,0) Gy¥™ = {(Adet(A), A) | A = diag(£1, 1, £1)} = Z, x Z,
E=(£0.0)£0  Gp"™ ={(explrer). A) |t e R} = 5! x (Zp)}
w=(u1,0,0) GI™M = {(Adet(A), A) | A = diag(£1, 1, D} = Z,
Pary £ # 0 R = (0, R,0) Gy = {(Adet(A), A) | A = diag(£1, 1, £1)} = Z, x 7
£=1(0,[¢],0) GpY™ = {(exp(rez), A) |t € R} = ST x (Z)?
w=(u1,0,0) G = ((diag(a, 1, ), diag(a, 1,a)) |a = 1} = Z
Pary £ =0 R = (0, R,0) Gg™™ = {(Adet(A), A) | A = diag(£1, 1, £1)} = Z) x 7
£=10,0,0) Gi™ = G = S0(3) x (Zp)?
w=(0,0,0) GE™ = {(Adet(A), A) | A =diag(£1, 1, £1)} = Zy x Zy
Obl; » R = (R, Ry, 0) Gy = {(Adet(A), A) | A = diag(1, 1, £1)} = Z,
E=(ELE.0A0 G ={(exp(tp), A) |1 € R} = S x (Z)3
= (1, 12, 0) G2 = {(1d, 1d)}

uw = J(gq, p), and the relative equilibria itself z := (g, p) with respect to the symmetry
group G®Y™. For example, using Proposition 3.1 and the G*Y™-symmetry, an orthog-
onal equilibrium can be represented as the configuration point g = (Id, (0, R, 0)) with
angular velocity &£ = (|¢],0,0).If (M, A) € G, C G*™, then

(Id,R) = (M, A) - (Id, R) = (M AT det(A), AR)

therefore, for this equilibrium, A € I"*Y™ must be of the form diag(+1, 1, £1) and
M = Adet(A); thatis, G " = {(Adet(A), A) | A = diag(£1,1,£1)} and as a
group is isomorphic to the Abelian group Z, X Z;. In a similar way, we can obtain
G, and G,. This procedure can be applied to all the different relative equilibria, and
the resulting groups are shown in Table 1.

The table above lists the different isotropy groups associated with one representative
for each family of relative equilibria. Note that the isotropy groups can be used to
classify the different families and give information about the possible bifurcation
schemes, since using standard topological arguments a family of relative equilibria
can only bifurcate from another one whenever there is a subconjugation relationship
between their isotropy groups G.. For example, we see that the family Par, with
& # 0 cannot bifurcate from Orth% since points in the bifurcating branch must have
stabilizers conjugated to a subgroups of the stabilizers of the original branch.

Remark 3.10 The fact that the bilinear forms Ar and Sm in both the orthogonal (3.11,
3.12) and parallel (3.15, 3.16) equilibria are diagonal is not been a coincidence. This
subblocking property is due to the fact that the bases chosen for g?fym and VRiG
correspond to what is called an isotypic decomposition for which an invariant bilinear
form necessarily has to block-diagonalize (see Theorems 2.5 and 3.5 of Golubitsky
et al. 1988 for more details).
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3.9 Bifurcations

In this subsection, we study the change in the stability regimes and bifurcation schemes
for the different families of asymmetric relative equilibria.

Proposition 3.11 With the notation of Proposition 3.8, the family of orthogonal rel-
ative equilibria satisfying Lagrange stability conditions loses stability at the point
R = Rq:it, but no bifurcation occurs at that point.

Proof The degeneracy of the Arnold or Smale form at a relative equilibrium is a
necessary condition for the existence of a bifurcation (see the Appendix), but this
condition is not enough, and a further local study must be done in order to detect the
existence of a bifurcating branch. As we showed in the proof of Proposition 3.8, the
only eigenvalue of Ar and Sm that can vanish if the Lagrange conditions are satisfied
is S, and this happens exactly when R attains the value R.;. We will now check,
using the implicit function theorem, that at this point no bifurcating family exists.
Equation (3.1) can be seen as a local map F : R® — R that characterizes relative
equilibrium pairs (R, £) as the set of points in R® such that F(R, &) = 0. The family
of orthogonal equilibria is a family of solutions of F (R, &) = 0 of the form

2R3 +3—9I
§=(6.0,0, R=(0,R.0) with§?="2""—"2
2R;
parametrized by the value of R,. We can compute the differential of F evaluated at
that point and consider the 5 x 5 block corresponding to the variables &1, &, &3, Ry, R3
leaving R; as a parameter. After a lengthy computation, the determinant of this 5 x 5
block is

A=KEN (I3 — 1)(I) — B)(I, — I)(8R3 4 61 — 151, + 3)

where K # 0 is a constant. If A # 0, then the implicit function theorem ensures that
all the solutions of F (R, £) = 0 near Ry = R R can be parametrized by R,. That
is, near that point the only relative equilibria are orthogonal. Therefore, bifurcating
families of relative equilibria from the orthogonal family can only appear when A
vanishes. Finally, it is easy to see that A does not have a zero at R» = Rit, and so no
bifurcation exists at that point. O

Remark 3.12 The fact that S7 vanishes at Rit, but no bifurcation occurs at that point
can also be interpreted in the following way. The square norm of the angular momentum
as a function of R along the orthogonal family is given by the expression

2R3 4+3 -9
ul? = [10d, R)E|* = (I + R))*&] = (I + R ——————
2R;
Also, after some simplifications, S; can be written as
3R -1 2 Ry d|u|?
1= —2 —_ 4 + 3.2 = —2 .
R+ 1 RE.  |ul? dR;
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Therefore, S; = 0 implies that the square norm of the momentum map attains a critical
value at R» = Rit. Denote by ficric this value. To understand what is happening at
the point R, we will need to make some observations: The function C : T*Q — R
defined by C(z) = |J (z)|? induces a Casimir function C on the reduced Poisson
manifold 7*Q/SO(3) for which all the non-empty level sets C~!(a) are symplectic
leaves. Moreover, the reduced Hamiltonian induced on C~!(a) by (2.5) has critical
points when a > |ucric|* but no critical points if @ < |ueric|*. Since critical points
of the reduced Hamiltonian restricted to symplectic leaves are relative equilibria, we
can say from a geometric point of view that the orthogonal family, seen as a set of
equilibria in the reduced space parametrized by the value of C([z]), undergoes a fold
catastrophe as C(z) crosses | ,ucmlz. This behavior also appears in the numeric studies
of O’Reilly and Tan (2004) where they find that the type Ta motion (equivalent to our
Lagrangian orthogonal equilibrium) looses it stability as a critical distance is crossed.

In fact, the analysis done in the proof of Proposition 3.11 proves that the orthogonal
family can only bifurcate when A = 0. If the Lagrange conditions are satisfied, we
showed in Proposition 3.8 that 8R% + 611 — 151> + 3 > 0, but on the other hand, as
I < %, using (3.4) we have that £; # O for any value of R;. Thatis, A = 0 only if
two moments of inertia are equal, this assumption being precisely the axisymmetric
case that will be studied in Sect. 4.

We now study how the families of orthogonal and parallel equilibria bifurcate.
Consider the family of orthogonal relative equilibria given by the representatives [see
(3.4)]

2R3 +3 -9

£ =(6.0,0, R=(0,R,0) with & = :
2R3

Note that if 3 — 9/, > 0, this family contains elements for any value of R, > 0,
butif 3 — 91, < 0 for R, small enough the conditions are empty, exactly at the point
R = (0, R*,0), & = (0, 0, 0) where

L —3

N2 9
(R")? = = (3.17)

As we did in the proof of Proposition 3.11, we will need to use an appropriate version
of the implicit function theorem to understand what happens at that point. The relative
equilibrium conditions (3.1a) and (3.1b) can be rewritten as

I—RR” + RPE —at =0
VRV(R) +£(R-£) —RIE[* =0

and this can be thought as the zero level set of a local map F : R7 — R®. This set of
equations has as family of solutions given by

£*=1(0,0,0), R*=(0,R*0), acR.
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Obl
12 Orth}

Y /
J E

Fig. 3 Sketch of the local bifurcations for the asymmetric body

We will now use the implicit function theorem in order to study possible bifurca-
tions. The matrix of partial derivatives with respect to &1, &, &3, Ry, Ra, R3 is

000 +(R?*—a O 0
000 0 L—«a 0
000 0 0 LK+ (R -«
%00 0 0 0
00 0 0 0
00 % 0 0 0

where * represents nonzero terms independent of «. In view of this matrix, the map
F can only bifurcate at the three points o = a1, o2, a3 given by

a1 =1+ (R*?, ax=h, a3=15+(R"%

The first bifurcation point corresponds @ = « to an orthogonal family spinning
around e; or e3 and with R aligned with e;.

The third bifurcation point &« = a3 corresponds to an orthogonal family spinning
around ez and with R aligned with e,. Finally, the second value @ = a» corresponds
to the bifurcation of Pary (& # 0) from Par; (6§ = 0) when R || £ || es.

3.9.1 Bifurcation Schemes

A simple sketch of what happens when I, > % is drawn in Fig. 3. If the orbital radius
is large enough, we have an orthogonal family of relative equilibria with £ aligned
with e; and R aligned with e;. This family is labeled as Orth%. Also, if the orbital
radius is large enough, there is an additional orthogonal family with & aligned with e3
and R aligned with e;. This family is labeled as Orth%. As the radius R gets smaller
and reaches its critical value R* given by (3.17), both orthogonal families Orth% and
Orthé meet. Moreover, this is a bifurcation point for the family of parallel equilibria
spinning with R and & aligned with e; (labeled Pary).

By a similar analysis (omitted here), we can obtain that the family Par, also inter-
sects with the family of conical equilibria in both the 12 and 23 planes (labeled Obl; »
and Obl, 3). All those bifurcation points are represented in Fig. 3. Each line repre-
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sents a family of relative equilibria in phase space or equivalently a four-dimensional
SO(3)-invariant submanifold of relative equilibria.

4 Axisymmetric Case

In this section, we are interested in the case satellite has an axis of symmetry. One
of the seminal works studying this system is the article by Thomson (1962), where
the steady motion of an axially symmetric satellite was investigated assuming that
satellite’s center of mass described a prescribed circular Keplerian orbit, what we
have called the restricted problem. In the relative equilibrium found in that reference,
the axis of symmetry of the satellite was perpendicular to the orbital plane. In that
configuration, the satellite can spin about its axis of symmetry with arbitrary velocity
while still maintaining the circular orbit. The stability conditions for the attitude motion
are also investigated. Later, Pringle (1964) and Likins and Roberson (1966) showed
that other steady motions were also present in the restricted problem. We will call
these solutions the Pringle—Likins hyperbolic and conical equilibria.

The unrestricted problem, where the attitude—orbit coupling is incorporated, was,
to our knowledge, first examined in Stepanov (1969). Among other results, the sta-
bility criteria for some of the unrestricted problem’s counterparts to the Thomson
and the Pringle-Likins hyperbolic equilibria are established. Also in that reference, it
is suggested that the unrestricted problem’s counterparts to the Pringle-Likins coni-
cal equilibria could be examples of motions where the orbital plane of the satellite’s
center of mass does not contain the center of the potential. However, the authors
only provide an implicit description of those equilibria. Consequently, these and other
questions concerning the existence and stability of steady motions for the unrestricted
problem have so far remained open.

In Beck (1997), itis conjectured the existence of an upper bound for R in the conical
family similar to the inequality stated in Proposition 3.1 for the asymmetric case, but
this is not proved. In O’Reilly and Tan (2004), numerical continuation techniques
are employed to follow the family of cylindrical equilibria until it bifurcates to other
equilibria. The only bifurcations found are families of hyperbolic and conical equilibria
for very small radius, like the ones found in the asymmetric case. This led them to
affirm that those motions can only exist for small orbital radius as it happens for the
conical equilibria for the asymmetric case.

In this section, we will show that the conical equilibria of Pringle-Likins have
analogues in the unrestricted system and that they are not bound to small orbit. This
contradicts the suggestion of O’Reilly and Tan (2004) based on numerical continuation
experiments. Moreover, for a large region in the parameter space these motions are
shown to be stable.

4.1 SO(3) x S! Symmetry
If the rigid body possesses an axis of symmetry, then the symmetry group G*Y™

introduced in Sect. 2.3 can be augmented with the group of rotations around that axis,
realized by a right action of S'. If we choose a body-fixed orthogonal frame such that
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the first element corresponds to the symmetry axis, then the inertia tensor will have
the diagonal form I = diag(/y, I», I») and, as in Remark 2.1, I} + 21, = 1.

We can define an action of the direct product SO(3) x S' = G 8’“ on the configuration
space Q by (in space coordinates)

(M, Rg) - (B,r) = (MBRQT, Mr)

where
1 0 0
Ry = | 0 cosf —sin6 | = exp(0e).
0 sinf cos6

The Lie algebra of Gg"i can be identified with the direct sum R? @R in such a way that

the adjoint action is given by ad, ) (a, b) = (§a, 0) for every (¢, n), (a, b) € g*,
In body coordinates, we have that the action is expressed as

(M, Ry)(B,R) = (MBRQT, RyR)
therefore, the fundamental fields are
(& mMo(B.R) = (BTt — ey, néiR) = (80, 6R) € T(pr) 0 = R.

Finally, using this last expression and (2.2), it is easy to check that the locked inertia
tensor is given by

B(I—RR)B” —Be I
BB = [ —(BeiI)” I }

The relative equilibria of the system under this symmetry group are similar to the
ones described in Sect. 2.3. The center of the satellite will move along a cone with
vertex at the center of the potential, while the satellite spins along its symmetry axis.
If the relative equilibrium pair ((Id, R), (£, 7)) € Q x g™ is orthogonal in the sense
that R - £ = 0, then the center of mass of the satellite will orbit along a circle with
center the origin of the potential gravitational field.

4.2 Discrete Symmetries
In Sect. 2.4, we enlarged the symmetry group using the additional symmetries of the

inertia ellipsoid. In the axisymmetric setting, this will also happen. However, this time
the resulting group will not be a direct product. Consider the matrix group

Wn:[Bgyseu_”,OGOQ]CO@
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and the map x : '™ — {1, —1} defined by the determinant of the lower-right 2 x 2
submatrix. Topologically, I"®*! is the disjoint union of four copies of S', but as a group
itis O(2) x Z;.

We can define the following left action of G* := SO(3) x '™ on Q, in body
coordinates, as

(M,N)-(B,R) = (MBNT det(N), NR) € SO(3) x R* = Q.
The tangent lifted action is
(M, N) - (66, 5R) = (N det(N)86, N6R) € Ty, ny-(B.R)Q = RS.
Using that NRyNT = Ry (v)6, the coadjoint action on the dual of its Lie algebra is
Adfy yyor (1) = (Mp x(N) € g™ =R @ R.

From the above expressions, one can check that the metric (2.2) and the potential (2.4)
are invariant under the action of the group G™i This implies that (Q, ((, )), G™ V)
is a G™-symmetric simple mechanical system. Note that the connected component
that contains the identity of G is Gg"i as defined before. The action of G*i on Q is
locally free at (B, R) if R is not aligned with e, but note that otherwise there exists
continuous isotropy.

4.3 Orthogonal Equilibria: Characterization

As we saw in Sect. 3.1, the relative equilibria for the G*-action are the pairs
((B,R),(&,n) € O x ga"i at which the first variation of the augmented potential
V(e vanishes. Again, without loss of generality we can assume that B = Id, and this
gives the conditions

EAI—RR)E —Eliein =0 (4.12)
VRV2(R) +£(RTE) —ReTE =0 (4.1b)

where VR V2(R) has been computed in (3.2).

As for the asymmetric case, if we assume & - R = 0, then conditions (4.1) are
greatly simplified, and we will refer to this case as orthogonal equilibria. The case
& - R # 0 will be addressed in Sect. 4.4. Under the orthogonality assumption, we can
distinguish different families of relative equilibria.

Proposition 4.1 Assume that a relative equilibrium ((I1d, R), (€, 1)) € Q x g™ for

the axisymmetric second-order model satisfies & - R = 0. Then up to translations by
elements of G*™, it belongs to one of the following cases
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e Cylindrical: There is R > 0 and a € R such that

%'1 0 2R2
+3-91
E=|0]. R=|R|. [P ="—r—2. n=—cf. (42
0 0 2R
e Hyperbolic: Thereis R > 0and 0 € S', 0 # 7 such that
sin 0 0 2
2R*+3 -9 L -1 .
§=15l| 0 |, R=[R]|, IEIZZT, n=-—7 €] sin 6.
cos 0 !
4.3)
e Isolated: There is R > 0 such that
0 R 2
2R“+3-91;
E=|&|, R=|0], EfP="—F— n=0. (44
0 0 2R
Proof Using & - R = 01in (4.1), we have
E(1E — Iey) =0 (4.5)
VrV>(R) — R[£)? = 0. (4.5b)

The first condition can be written as 1€ — I1e;n = A& which in matrix form is

ILi—x 0 0 &1 hIin
0 L-Xx 0 Hl=1]0
0 0 hL—A & 0

There are several possibilities for the solutions of the above matrix equation.

e If & # Iy, I, then the system has only one solution & = ((/} — X)_llln, 0,0),
and (4.5b) forces R to be an eigenvector of the inertia matrix (see (3.2)). Using
the orthogonality constraint, we have R = (0, R cos 6, R sin #) for some angle 6.
Using the G™i_action, we can assume R = (0, R, 0). We can write this solution
depending on the parameters R > 0 and « € R as in (4.2). The parameter «,
introduced in (4.2), will be called the spinning quotient, and it is the quotient of
the spinning velocity n with the orbital angular velocity &. In Fig. 4, we have
represented the behavior of a cylindrical equilibrium for different values of the
stiI}ning quotient «. Note that the condition A # I, I> is equivalent to o #*
g, 0.

° Ifli = I, the only solution is n = 0, £ = (&1, 0, 0). This is a solution with-
out spinning. As in the cylindrical case using the available G®!-symmetry and
the orthogonality constraint, we can assume that R = (0, R, 0). This solution
corresponds to (4.2) with « = 0.
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a>0 a=0 a<0

Fig. 4 Cylindrical equilibria for different values of the parameter «

e If . = I, and n # 0, we obtain the family of solutions & = (1_51'71 €2, 83)
where &, £ are arbitrary. As in the cylindrical case using the G*i-symmetry
and the orthogonality constraint, we can assume that R = (0, R, 0). Then, & =
|€|(sin 6, 0, cos 8) and we get (4.3).

o If A =1, and n = 0, then & = (0, &, &) for any &, &3, and (4.5b) implies that R
is an eigenvector of I. There are two possibilities

- If R = (0, Ry, R3), we can assume R = (0, R, 0), but as £ - R = 0 and then
& = (0, 0, &3). This corresponds to a point in the hyperbolic family with either

0 =0o0rf =m.
- If R = (R, 0,0), using the S! action, we can assume that £ = (0, &,0) and
the condition (4.5b) gives the solution (4.4). O
Remark 4.2 Note that the points along the cylindrical family with « = ’2;11 L are

limiting cases (up to G*-translations) of the family of hyperbolic equilibria when
0 — +Z.
2

4.4 Non-Orthogonal Equilibria: Characterization

If we assume that £ -R # 0, we obtain new families of relative equilibria called parallel
and conical equilibria for which in the latter the center of the orbit does not coincide
with the center of the gravitational potential.

Proposition 4.3 Let ((Id, R), (§, n)) be a relative equilibrium of the axisymmetric
second-order model, and assume that R - & # 0. Then up to a G*'-translations, there
are two possibilities

e Conical: There exist R > 0 and € st ¥ # 0, %, 7 such that

R = R(cosy, sinyr, 0), & = (&1, AR sinyr, 0)

cos Y
AR* +

_cosy(l— 1)
T Dsin? WAL RO
+24%R7 sin? w) (4.6)

where §1 =3 1_111 n and

153

((15 cos2 ¥ — 9)(I; — Ir) — 8R* + 6R2 cos v
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,  cos’ Y (2R + (9 — 15cos> ) Iy — D)’
~ 2R7sin® ¢ (2R2+ (3 —9cos2 ) (1 — 1))’

4.7

e Parallel: R is an eigenvector of 1 satisfying 1 + % (1 -3 (RI'Q—IZR)) = 0, the

spinning speed vanishes (1 = 0) and & is an arbitrary multiple of R.

Proof From Eq. (4.1) and (3.2), if we take the cross product of (4.1b) with R and
subtract it from (4.1a), we get the condition

o N ~ 3IR
§15 —&lern _RF =0

which in coordinates is

0 0
E1L& —&hE — &L — 3R — DR | =0
—&1& +EDbE + 08l + 382 - DR 0

These two nonlinear equations can be written as the system

5B R [sl}: Iin [—53]
—Ez% Ry L—-1| & |

If the coefficients matrix is invertible, then the solution is given by

I

51211_12

n, R =0.

This relation and (4.1b)

R 3R 3IR 15R(R-IR) T T

—_t—+—-— R —R =0 4.8

B T ot RS g7 TERIE -REE (4.8)
forces either R-& = O or R || . The first case has already been covered in Proposition
4.1.If R || &, then n = 0, and we reobtain the condition for parallel equilibria in the

asymmetric case (Sect. 3.3), so we get the condition 1 + % (1 -3 (%)) =0.

Assume now that the matrix of this system does not have full rank, that is, either
R3 = Ry = 0 or there is some A € R such that & = AR and & = AR3. If
R3 = Ry = 0,since R = (x, 0, 0), then (4.8) forces either R-£ = QorR || & as before,
so there are no new cases. If & = AR, and &3 = AR3 with A = 0, then the solutions
of the system are either £ = (%,0,0), R = (0, %, %) or £ = (x,0,0), R = (x,0,0)
and again this does not offer new solutions.

Suppose now that A # 0. Using the Sl action, we can set R = (R1, R2,0). By the
degeneracy assumption, & = ARj and &3 = AR3, £&3 = 0. The solution of the system
is now
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b1 =3 4 1
RSV S

n.

If we define the angle ¥ by R = (R cos i, R sin ¥, 0), then the second component of
the vector equation (4.8) is equivalent to

1 1
—A2(sin? Y cos 1//)R3 + ﬁ(sin2 1//)M;R2 ~ Rz (3 cos? v — 4) cos Y
1— D

3cosyr
2 R4

((11 — 12)500821// —1-2I +5]2) =0,

and 71 can be solved. Substituting this n in the third component of (4.8) gives A +
BA~% = 0 from which A can be easily found. The exact expressions for both variables
are given in (4.6) and (4.7). O

For each radius R and ¢ € S 1 (¢ # 0,+Z%, ), there exists a conical equilibrium
described by Proposition 4.3. To understand the behavior of this equilibrium, we can
expand the expressions for large R, obtaining

R = (Rcosy, Rsinyr, 0)

£ = (=R >siny, R? cos v, 0) + O(R™?)

L—-1 . _3 _1
sinyy R"2 + O(R™ 2).

=4

n 7

Note that with this approximation, the orbit satisfies R - & & 0, but if higher-order
terms are taken into account, then

. & -R) . 1 1
sin? % = IR =9(12—11)251n21ﬁ00521ﬁﬁ+0 =5 ) 4.9)
where the offset angle x is defined in (2.8).

In Fig. 5 we have represented both the conical and hyperbolic equilibria for different
values of the corresponding parameters. In that figure the satellite is viewed from a
reference frame that follows a Keplerian orbit.

Remark 4.4 Conical equilibria are orbits in a plane that does not contain the center
of attraction. Although the offset is very small (¢ decays like R~2), this small value
allows for the existence of this family of equilibria.

Remark 4.5 In the case of three different moments of inertia, the conical orbits can
exist only for very small radius where the second-order potential looses its physi-
cal validity (see Remark 3.6). However, the situation is completely different for the
axisymmetric case in that the family of conical equilibria exists for arbitrary R.

Remark 4.6 The names of these families of equilibria are based on the surface that
describes the symmetry axis of the body as it travels along the orbit (see Fig. 6 where the
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Cylindrical Conical Isolated Conical Cylindrical

E; E; E; Ey E;

P — % Y=3 ¥—0 Y=-71 v— -3
n=20

(a) Conical family

Cylindrical Hyperbolic Hyperbolic Hyperbolic Cylindrical
E; E; E;

93 0=z 6=0 g=-= 0=
n=0
\’/ E; ﬁ E; \—‘ Ej ﬁ E; Kr E;

(b) Hyperbolic family

Fig. 5 Sketch of conical and hyperbolic equilibria for different values of the parameters v, 6. In those
figures, E;, E», E 3 is an orthonormal frame following a circular orbit, E» always points toward the primary,
E; is normal to the orbital plane, and E3 is tangent to the circular orbit

5

o

&)
. =
(a) Cylindrical (b) Hyperbolic (¢) Conical (d) Isolated

Fig. 6 Cylindrical, hyperbolic, conical, and isolated families of relative equilibria for the axisymmetric
body. In the figures, O denotes the center of mass of the primary, the thick black line represents the orbit of
the satellite, and the dotted line represents its axis of symmetry

dotted line represents the symmetry axis of the body). In the classification introduced
in O’Reilly and Tan (2004), cylindrical, hyperbolic, and conical equilibria are called
type L, III, and IV, respectively. The solutions of type II are our parallel equilibria. It
follows from the proof of Proposition 4.3 that parallel equilibria only exist for small
R since the equations obtained for the derivation of this family are identical to those
obtained for the parallel equilibria of the asymmetric case in Sect. 3.3. In particular,
the bound (3.6) also holds for the parallel equilibria of the axisymmetric case.

Remark 4.7 The cylindrical, hyperbolic, and conical families all have analogues in
the restricted problem, see Pringle (1964), Likins and Roberson (1966).
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4.5 Cylindrical Equilibria: Stability

We will now study the family of cylindrical equilibria of the axisymmetric problem,
where the satellite follows a circular orbit and in addition it spins with angular veloc-
ity parallel to the orbital angular velocity. Using (4.2), the metric and the angular
momentum at the equilibrium point (Id, R) are

L+R*0 0 0 OR
0 L 0 000
Cobaam = | © 0 L+R*—RO0O0
AR =0 0 —R 1 00|
0 0 0 010
Ry 0 0 001
(h(1+a) + RH&
0
p=11d.R)GE, n) = 0 :

—(I+ o)1
therefore, the stabilizer of the momentum value u € (ga"i)* is

i =(er, &) = @' =(e2. &) Cs03) ORZRY

The Arnold form is
glz ((1+a)11+R2)(1;(1+a)—12) 0
_ L+R
Ar = 6 52 ((14+a) 1 +R*) (I} 1+a)+R*— 1) (4.10)
1 L+R?

One possible choice for the reduced energy-momentum splitting is
VINT = <Re3 + (R2 + 11 (1 +a) — ey, e5> CVCTwurQ= RS,

The Smale form in this basis is diagonal and has entries

R+ 5L(+a)—D

Si 5

Sy = &7

(2R2((4 T+ )]y —4L) + 31 — L)L (1 4 a) — 12)) ,

Using again Proposition 5.4 applied to the previous expressions, we get

Proposition 4.8 For large orbits satisfying

R>> —(1+a), 4.11)

@ Springer



J Nonlinear Sci (2015) 25:1347-1390 1375

the cylindrical equilibrium with spinning quotient o € R satisfying
3
L(l+a)>Dh and L4+ a)—41 > _W(h — L)1 (1 +a)— D).

is Gi‘j‘i -stable.

Remark 4.9 Note that for any /1 and I, if o is large enough, then the cylindrical
equilibrium will be G}*'-stable. This is the analogue of the fast top condition for the
heavy top problem: the upright spinning equilibrium stable for high angular velocities.

Remark 4.10 Axisymmetric bodies can be classified as oblate when I > I, or prolate
when I; < I». Note that all cylindrical equilibria for oblate bodies satisfying & > 0
are Gi‘j“-stable, and in this case, the large orbit condition (4.11) is satisfied for any R.

4.6 Hyperbolic Equilibria: Stability

According to the characterization (4.3) of the family of hyperbolic equilibria, the
metric and the angular momentum at the equilibrium point are

IL+R20 0 0 OR

0 L 0 000
0 0L + R*—R00
(- Naar = 0o 0 - 100}
0 o o 010
R 0 001
(L + R2)§ sin 6
= IId, R)(&, n) = (I + Rz)g cos @
—hE&sin6

Therefore, we have

axi

g, = <sin fe; + cosbes, e4>
and
(29" <e2, — (I + R?) cosBe; + R*sinfes + (I + R2) sin 9e4>
Cs0(3) R =R,
With respect to this basis, the Arnold form is diagonal and has eigenvalues

| = (R*+ D)|E* cos> 0 LR ™2,
IE>R2(R* + D)

Ay =
2 A

(R4 + 2R cos? 61 + 12 cos* 9) . (4.12)
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We can choose the following basis of the subspace of internal variations

VINT =<(R2 + L) (Re3 4 I sin 6 cos eg) + R* + R?Ir(1 4 cos® 0) + 13 cos” 0)eq,
_2Rsin6es + (R* + ) cosee5> CVC Taar Q=R
and after some computations Sm takes diagonal form with eigenvalues

S =3Iy — L)(R? + I, cos? 0)*(R* + 1)*R ™3,
Sy = 2R* —3R*(I) + ) + 151,(I, — I)). (4.13)

We can now state the following stability result for hyperbolic equilibria

Proposition 4.11 For large orbits satisfying

2 1 _ _ 2
R >~ (301 = b) + /341020, = 35113 (4.14)

hyperbolic equilibria are Glaj‘i-stable for oblate bodies (I, > I») and unstable for
prolate bodies.

Proof Using Proposition 5.4, we only need to check for the signs of the eigenvalues
(4.13), since it is clear that the eigenvalues of the Arnold form (4.12) are always
positive if 0 # :l:% and R > 0. The eigenvalue S, in (4.13) is positive if R satisfies
the large orbit condition (4.14). Note that S is the only eigenvalue that can change
sign. In particular, it has the same sign as (/; — I»), and therefore, if I} > I, the
equilibrium is G;’L"i-stable, and if 11 < I, but R satisfies the large orbit condition, the
equilibrium is unstable using Proposition 5.5. O
Remark 4.12 Using the simple bound 0 < I» < %, we can check that the right-hand
side of (4.14) is bounded above by 2. That is, R satisfies the hyperbolic large orbit
condition (4.14) if R > /2.

4.7 Conical Equilibria: Stability

Following as in previous sections, we now apply the reduced energy-momentum to
the conical family. This results in very long computations but doable using a computer
algebra software. Omitting here these details, the series expansion of the Arnold form
is diagonal with eigenvalues

] 35in21ﬁ _3
TOR), Ay=(Lh—I)pm o+ O0R™)

Cosin? vyl cos? yr
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As for the Smale form, we obtain a 2 x 2 symmetric matrix with entries

1 3(1) — )3 cos Y — 1
S| — - (It 2)(.2 14 )+0(R’7)
R3sin” 2R3 sin” ¥
2 )
cos 4511 — 391) sin +6I; — 21 B
S, = .;ﬁ (451, 2) ;ﬂ i 2 L 0(RY)
R sin® 2R3 sin* ¥
cos cos ¥ (2111 — 231p) sin®> ¢ — 611 + 41, -
Si2 = ‘f _cos¥ ) v )+0(R %)
RZ sin” 2R4sin”

being S1, the off-diagonal entry. To check for positive definiteness of this block, we
use Sylvester’s criteria. Using again a series expansion, we obtain

S18) — 8%, =

41, — 314 _3
—Re + O(R™)

and now using again Propositions 5.4 and 5.5, we obtain the following result.

Proposition 4.13 Consider a conical equilibrium with angle W # 0, £%, 7. If R is

large enough, then

e If I} < I (prolate body), the conical equilibrium is GZXi—stable.
e If 1| > I, (oblate body) and 41, > 31, the conical equilibrium is unstable.

In the remaining cases, the reduced energy-momentum method is inconclusive.

4.8 Isolated Equilibria: Stability

Using the characterization (4.4) of the family of isolated equilibria, we get

«, Naa,r) =

I(ld, R) =

L 0 0 00 0
0L+R> 0 00-R
0 0 L+ROR O
0 o0 0 10 0 |’
0 0 R 01 0

|0 -R 0 00 1

I 0 0 -1
0 L+R* O 0
0 0 L+R>0

il 0 0 I

Therefore, the angular momentum and its stabilizer are

i =10d R)E 1) = (b + R)Ees € @) = gt = (e, @),
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Note that we also have
gZXi = <e1 + e4> C gaXi

and this is precisely the kernel of the locked inertia tensor.

As the action of G™! at the equilibrium point ¢ = (Id, R) € Q is not locally free,
we cannot apply the reduced energy-momentum method as described in Proposition
5.4. To study its stability, we will need the singular version stated in Proposition 5.6.

As we have already computed gg"i and gi‘j‘i, we can check that

t= <e2>, g* =0 and
¥ = <e4, —Re3 + (I, + R)es, Rey + (I, + R2)96> CTua,r Q

satisfy the conditions of Proposition 5.6. After some substitutions, we find that

(d2 Vig,0) + corrg o))
chosen basis and has eigenvalues

. at the isolated equilibrium is diagonal with respect to the

Hy = (R* +3R*(I; = 2D) + 15} — 1)) —————
1= (R"+3R(I 2) + 1501 2))R5(R2+12)

Hy =3(I) — [)(R* + )*R™
R>+ 1,
RS

H3 = (R2(412 —31) — 61} — I))

From these computations, we can obtain the following stability result.

Proposition 4.14 Consider an isolated equilibrium with a large orbit satisfying
R*>3R*Q2L —2I) + 151, — ).

Then
o If Iy < I (prolate bodies), the equilibrium is G ,-stable.
o IfI1 > Lhand4l, — 31 > W, the equilibrium is unstable.

For the remaining cases, the method is inconclusive.

4.9 Isotropy Subgroups

As we did in Sect. 3.8, we will use the different isotropy groups to classify the different
families of relative equilibria for the axisymmetric problem. Additionally, this can be
used to discard the existence of some bifurcations based on symmetry considerations.
This classification is shown in Table 2.

Regarding Ar and Sm, it is the case that the diagonal structures found in the
cylindrical, hyperbolic, and conical case are again due to the fact that the different
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Table 2 Relative equilibria families and associated isotropy groups in the axisymmetric case

Cylindrical o # 0

Cylindrical « = 0

Hyperbolic 6 # 0, &

Hyperbolic § =0

Conical

Isolated

R=(0,R,0)
&= (£1,0,0)
n = —alf]

n=(u1,0,0; ug)
R = (0,R,0)

& =(|§1,0,0)

n=0

n=(1,0,0;0)
R = (0,R,0)

§=1(1,0,8)

n#0

w= (1,0, u3; ng)

R = (0, R, 0)

§=1(0,0,1&D

n=0

n=10,0,u3;0)
R = (R, R, 0)

§=(61.6.0

n#0

w=(u1, n2,0; ng)

R = (R,0,0)

& =1(0,1£1,0)

n=0

n =0, p,0;0)

GH = [(Adet(A), A) € G™I |
A = diag(£]1, 1, £1)} = Zy xZ»
GH = {(exp(te), A) € G |
teR, x(A) =1} =S x st x
/)

G = {(Adet(A), A) € G |
A = diag(£l, 1, 1)} = 7,

G = ((Adet(A), A) € G |
A = diag(£1, 1, £ 1)} = Zp x 7
Gi¥ = {(exp(rer), A) € G™ |
reR}= S x 0Q2) x Zy

G = {(Adet(A), A) € G |
A =diag(£l, 1, 1)} = 7,

G = ((Adet(A), A) € G |
A =diag(1, 1, 1)} = Zy xZs
GHN = ((exp(tp123). A) €
G™ |t e R, x(4) = 1} =
S x 81 x 7,

G = ((1d, 1)}

G = ((Adet(A), A) € G |
A= diag(1, 1, £1)) = Zr xZp
Gi¥ = {(exp(re3), A) € G™ |
reR}= S x 0Q2) x Zy

G = {(Adet(A), A) € G |
A =diag(1, 1, £1)} = 7,

GIi = {(Adet(A), A) € G™ |
A =diag(1, 1, £1)} =7

GHN = {(exp(tp123). A) €
G¥™ |t € R, x(A) =1} =
st x st x 7z,

G = ((1d, 1)}

G = ((Adet(A), A) € G |
Ael =e|} = 0(2)

GiY = {(exp(rer), A) € G™ |
teRI= S x 02) x Zs

G = {(Adet(A), A) € G |
A = diag(l, £1, 1)} = Z,
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bases chosen had good isotypic properties. In fact, in the conical equilibrium we
cannot, based on symmetry arguments, choose a basis in which Sm is diagonal because
G?"i acts trivially on Vrig, and therefore, there is only one isotypic block which is the
whole space.

4.10 Bifurcations

Before we study the bifurcations of the axisymmetric equilibria, we must remark that
the parametrization of hyperbolic relative equilibria (4.3) in terms of R and 6 is not
one-to-one in the sense defined in the Appendix, since if we consider the point

sin @ 0
cos 0

L -1

|| sin @

and we translate it using (diag(—1, —1, 1), diag(1, 1, —1)) € G we get

—sin@ 0 L— 1
& =& 0 , R=|R|, n=——I&|sin@
0 h

cos 6

therefore, (R, ) and (R, —6) parametrize the same relative equilibrium up to a G
symmetry. Similarly, the transformation (diag(1, —1, —1), diag(—1, 1, 1)) € G g
equivalent to the map (R, 60) +— (R, — 6). It can be checked that if we restrict
6 € [0, ), then relative equilibria with different 6 are not G™_related. The same
problem happens along the conical family: In order to have injectivity, we must restrict
¥ € (0, 7). Nevertheless, as we will see it is clearer to study the bifurcation problem
ignoring this injectivity issue and considering the set of hyperbolic equilibria as a set
parametrized by & € S! and the orbital radius R, and the set of conical equilibria as a
set parametrized by ¥ € S! with ¥ # 0, £Z, 7 and the orbital radius R.

Although the defining Eqs. (4.6) and (4.7) for a conical equilibrium with a given ¥
are not defined for ¢ = 0, we can consider the limit of the family of conical equilibria
with fixed R as ¥ — 0. This limit converges to the point (Id, R, (&, n)) with

R=(R,0,0), £€=1(0,/£,0), n=0 (4.15)

where |& |2 = %. Note that this point lies in what we have called the iso-
lated family (4.4). Analogously, the limiting point ¥ — m corresponds to R =
(R,0,0), & = (0,—]&],0), n = 0 arelative equilibrium related to (4.15) by the
symmetry (diag(1, —1, —1), diag(1, —1, —1)) € G™.

In a similar way, it can be shown that the limit when ¢ — 7 is

R=(0.R,0), §=(£[.0,0), n=—aconicl] (4.16)
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Fig. 7 Families of relative equilibria in phase space for an oblate body

where deopic = = ;l‘ézlggi’f;ﬁgll;9’2) . Note that this point is a cylindrical equilibrium
with spinning rate & = econic. The point ¥ — —7 is related to ¢ — 7 using the
element (diag(—1, —1, 1), diag(1, 1, —1)) € G,

To start the bifurcation analysis for axisymmetric relative equilibria, we will study
what happens to the cylindrical family when R is large enough and we vary the spinning
quotient « [see (4.2)]. As we previously, we need to find the points for which the Arnold
or the Smale forms become degenerate, since these are necessary conditions for the
existence of bifurcations. We will study separately what happens in the oblate and
prolate cases.

4.10.1 Oblate

In this case, we will fix the orbital radius R = |R| to alarge enough value and will study
the existence of the different kinds of relative equilibria. The different transitions are
sketched in Fig. 7 where a thick solid line means GZXi—stability, a dotted line means
instability, and a dashed line means that the methods employed give inconclusive
results. In that figure, each line represents a connected component of each family of
relative equilibriain 7* Q with the orbital radius R = |R| fixed to a large enough value.

Since in the oblate case I > I, then for any positive «, the cylindrical equilibrium
is Gf‘j‘i—stable according to Proposition 4.8. Note that if « is decreased, we eventually
arrive at the point Py where « = 0 and according to (4.2) the spinning velocity n
vanishes, but the cylindrical equilibrium is still Gfl"i-stable. If « is further decreased,
we will reach the point P; where /1 (1 + «) — I = 0. At this point, A [see (4.10)]
becomes negative, and therefore, the cylindrical family becomes unstable because
there is only one negative eigenvalue of Ar and Sm (Proposition 5.5).

The cylindrical equilibrium will remain unstable until we arrive at Ps where S1 = 0
(I1(4 + o) — 41, =~ 0). After this point, two eigenvalues are negative, and therefore,
we cannot say anything about its stability without recurring to a numerical analysis of
the linearized system, and so the inconclusive region starts at that point.

Note that according to Remark 4.2 the point Py, for which I1(14+«) — > = 0,isa
relative equilibrium belonging to the cylindrical family and corresponding to a limit
point of the hyperbolic family when 6 — 7. Recall that using Proposition 4.11, the
hyperbolic family is stable.
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The other bifurcation candidate along the cylindrical family is Ps, where S| changes
sign. This happens exactly when

—(I1 — L)(8R? + 91} — 9D) _ J2=h
T LQR*+9I,—-9L) I,
but this is limit point of the conical family when ¢ — :I:% [see (4.16)].

Now we consider what happens if we move along the conical family changing the
value of v: For ¥y — 7, the limiting equilibrium point belongs to the cylindrical
family. As i becomes smaller, the body starts to orbit in a higher plane, and the plane
of the orbit now does not contain the center of attraction [see (4.9)]. At the same time,
the spinning velocity 7 increases.

The offset x [see (2.8)] achieves a maximum for ¢ = % and passed that value the
orbit plane starts to descend until ¥ — 0 at the point P which belongs to the isolated
family (4.4) and for which the offset »x = O vanishes again. If v is further decreased,
the orbit plane lowers down and the body describes again a cone. For ¢ — —7 (point
P7), we have again a cylindrical equilibrium, and this point is the image of Ps by
translating with a G®-symmetry.

In general, the stability along the conical and isolated equilibria will depend on
the sign of 4/, — 31;. If this quantity is positive in both cases, we will have only one
negative eigenvalue, and using Proposition 5.5, we can conclude instability. But if
41, — 311 < 0, we will have two negative eigenvalues in both cases and the method
will be inconclusive.

Finally, if we move along the hyperbolic equilibria, it follows from Proposition
4.11 that the family is G;‘j‘i-stable and the only bifurcation candidates are § — £7
where the bifurcation to hyperbolic and cylindrical families occur. Note that according
to (4.3), when 6 = 0, the spinning velocity n vanishes, corresponding to the point P,.

The points Ps, P4, Py, Py, and Py are G*™i_related to P3, P32, Ps, Ps, and Po,
respectively, and therefore, they have the same dynamical properties as their G-
counterparts.

4.10.2 Prolate

If the body is prolate (/] < I7), the bifurcation diagram is very similar as the previous
one. The hyperbolic and the conical family bifurcate from the cylindrical family as «

Il (e ——— vy PPN R - - — - - o — —

;"hyperbolic

cylindrical Ps Py Pyo ap,
<0 A e S o - —
€2 Pr Ps Pio

Fig. 8 Families of relative equilibria in phase space for a prolate body
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is varied, but the difference is that now the bifurcation point with largest « is Ps and
not P;. As both bifurcations happen at positive «, the non-spinning point Py lies after
the hyperbolic bifurcation.

In this prolate case, the hyperbolic equilibria are now unstable and the bifurcation
diagram is shown in Fig. 8 where we have used the same notation as for the oblate
case.

5 Conclusions

For an asymmetric satellite, we have found a complete analytic description of all
the possible families of relative equilibria. For small orbital radius, we notice the
appearance of counterintuitive solutions that we call conical equilibria (see Proposition
3.4). These can be justified by a misuse of the second-order approximation, which is
only valid for large distances. Although the existence of conical equilibria was already
discussed in Wang et al. (1992), to the best of our knowledge, no analytical treatment
has been done before in the low-orbit regime. Moreover, using the reduced energy-
momentum method, we have obtained precise stability conditions for the orthogonal
equilibria (Proposition 3.8), and in Sect. 3.9, we have detailed the possible bifurcations
among the different families of relative equilibria.

For an axisymmetric satellite, we have also found a complete analytic description
of all the possible relative equilibria (Propositions 4.1 and 4.3). We have shown that
in this case non-orthogonal equilibria exist for any value of the orbital radius. This
conclusion contradicts previous studies (O’Reilly and Tan (2004)) based on numerical
continuation stating that non-orthogonal equilibria could exist only for very small
values of the orbital radius. Again, using the reduced energy-momentum method and
symmetry considerations, we have described the stability of the different families of
relative equilibria, and in Sect. 4.10, we have described all the possible bifurcations
among them.
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Appendix 1: Hamiltonian Relative Equilibria

Let (Q, (-, -))) be a Riemannian manifold (the configuration manifold), G a compact
Lie group that acts by isometries on Q (the symmetry group) and V € C*(Q) a G-
invariant function (the potential energy). With these data, we can construct a symmetric
Hamiltonian system on 7* Q, equipped with its canonical symplectic form w = —d#,
in the following way: The potential energy V can be lifted to 7* Q, and we will denote
this lifted function also by V. The Riemannian metric on Q induces an inner product
on each cotangent fiber Tq* 0, g € Q. Then, the Hamiltonian is defined as
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1
h(pg) = S1pgl’ + V(@) pg € TIM.

The G-action on Q induces a cotangent-lifted Hamiltonian action on 7* Q with asso-
ciated equivariant momentum map J : 7*M — g* defined by

(J(pg). &) =(pq.60(q)) V& e€g

where & is the fundamental vector field on Q associated with the generator £ € g
and is defined by

e’g

¢ T

d
§o(q) = i

Analogously, &7+¢ is the fundamental vector field of the cotangent-lifted action
on T*Q. This momentum map is Ad*-equivariant in the sense that J(g - p,) =
Ad;f,l(J(pq)) for every p, € T;M, g€q.

The Hamiltonian /4 is G-invariant for this lifted action (this follows from the invari-
ance of the metric and of V). Therefore, due to Noether’s theorem, J is conserved
for the Hamiltonian dynamics associated with /. The quadruple (Q, (-, -)), G, V) is
called a symmetric simple mechanical system.

Let (Q, (-, ‘), G, V) be a symmetric simple mechanical system. A relative equi-
librium is a point in phase space p, € T*Q such that its dynamical evolution lies
inside a group orbit for the cotangent-lifted action. This amounts to the existence of a
generator & € g such that the evolution of p, is given by ¢ et . pq- The element &
is called the angular velocity of the relative equilibrium. A useful characterization of
relative equilibria in simple mechanical systems is given by the following result.

Theorem 5.1 (Marsden 1992; Marsden and Ratiu 2002) A point p, € T*Q of a
symmetric simple mechanical system (Q, (-, ), G, V) is a relative equilibrium with
velocity & € g if and only if the following conditions are verified

L. pg = (5o (q), ")
2. q is a critical point of Vi (q) = V(g) — 5(&,1(9)§),

where 1 : Q x g — g* is defined by (§,1(q)n) = (£0(q), n0(q)). Moreover, the
momentum [ = J(py) € g* of the relative equilibrium is given by 1 = 1(q)&.

Thatis, any relative equilibrium is determined by a configuration-velocity pair (¢, §) €
0 x g satisfying dVg (¢) = 0. The map I is called the locked inertia tensor, while the
function Vg is called the augmented potential.

Note that if (g, &) is a relative equilibrium pair, by G-invariance of the Hamiltonian
vector field 7 — g - (¢'€ - Dg) = At (g Dg) is also an integral curve; that is, for
each g € G, if (g, &) is arelative equilibrium pair, then (g - g, Adz&) is also a relative
equilibrium pair.
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The Reduced Energy-Momentum Method

The generally adopted notion of stability for relative equilibria of symmetric Hamil-
tonian systems is that of G ,-stability, introduced in Patrick (1992), and that we now
review in the context of symmetric simple mechanical systems. This notion is closely
related to the one of the Lyapunov stability of the induced Hamiltonian system on the
reduced phase space.

Definition 5.2 Let (Q, (-, -)), G, V) be a symmetric simple mechanical system and
Pq € T*Q arelative equilibrium with momentum value i = J(p,). Let G, be the
stabilizer of i € g* for the coadjoint action of G in g*. We say that p, is G -stable
if for every G, -invariant neighborhood U C T*Q of the orbit G, - p, there exists a
neighborhood O of p, such that the Hamiltonian evolution of O lies in U for all time.

In this section, we outline the implementation of the reduced energy-momentum
method following Simo et al. (1991). This method is designed for simple mechanical
systems since it incorporates all of their distinguishing characteristics with respect
to general Hamiltonian systems. Relative equilibria pairs (g, &) besides being critical
points of the augmented potential can also be described as relative equilibria position-
momentum pairs (g, u) € Q x g*, where u = I(q)&. These pairs (g, ) are precisely
the critical points of the amended potential

1
Vul@) = V(@ + 5 (1, I(g) ')

The study of the augmented potential Ve can only give rough stability conditions,
and a better function to study in order to determine the stability of a relative equilibrium
is the amended potential V. From now on, we will need to assume that the isotropy,
or stabilizer, G, of the base point of the relative equilibrium is discrete.

Proposition 5.3 (Patrick 1992) Given a relative equilibrium p, with momentum [
and G discrete, definiteness of the bilinear form dZVM(q)‘V where V = {v €
T,0 | {v,no) =0 Vn € g,} implies G, -stability.

An additional benefit of the reduced energy-momentum method is to further exploit
the symmetry properties of V,, and decompose the admissible variation space } into
two subspaces

V = WriG ® VINT (5.1

in such a way that d? V,, block-diagonalizes.
Let gf; C g be the orthogonal complement of g,, with respect to I(g). We define

Vi = {n0(q) € T,Q0 |n€g,} CV

Vint = (ve V| n-(dd5).v) =0 Vnegl)=1{veV| L) I8, v) € g,)
5.2)

(an interpretation of these spaces can be found in Marsden 1992). The Arnold form
Ar : gt X gf; — R is the bilinear form defined as the restriction of the second
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variation d? Vi to VriGg = gt. It can be shown that the Arnold form is independent of
the potential and can be written as

Ar(n, v):=a*V,.(9)(no(q). vo(q)) = (ad} . I(g) ™ ad}je)+(ad}iye, ady (I(g) ™' ).

(5.3)

If the Arnold form is non-degenerate, it can be shown that V = Vrig @ VinT. In
that case, sufficient conditions for stability are given by the following result.

Proposition 5.4 (reduced energy-momentum method Simo et al. 1991) Given a rela-
tive equilibrium p, with G, discrete, then

e Ifdim G < dim Q, then positive definiteness of both Sm := d> Vi . and Ar
INT
implies G ,-stability of the relative equilibrium.

e Ifdim G = dim Q, then definiteness (positive or negative) of Ar implies G-
stability of the relative equilibrium.

The bilinear form Sm : VinT X VinT — R is known in the literature as the Smale
form. The reduced energy-momentum method can also be used to study the linearized
dynamics near a relative equilibrium, thereby offering also instability conditions. Our
main instability result will be the following.

Proposition 5.5 Consider a relative equilibrium pg. If the total number of negative
eigenvalues of Sm and Ar is odd, then the relative equilibrium is unstable.

Proof We will combine symplectic eigenvalue analysis and the reduced energy-
momentum splitting. The linearized vector field with respect to a symplectic slice
(see Patrick 1995) is an infinitesimally symplectic transformation with eigenvalues
coming in n-tuples. This implies that if A = a + bi is a simple eigenvalue of this lin-
earized field, then {X, —A, —A} are the companion eigenvalues completing a quadruple.
If a # 0and b # 0, all the four eigenvalues are different and their product is |A|*. If
a = 0, then the eigenvalue pair is {1, i} and their product is |k|2, but if b = 0, then
the eigenvalue pair is {1, —A} and the product is —||?. Therefore, if the linearized
vector field has negative determinant, then it must have a real eigenvalue implying
instability. Additionally, it can be shown (see Marsden 1992) that the splitting (5.1)
block-diagonalizes the symplectic form. Moreover, the sign of the determinant of the

. Thus, if
%

linearized field has to be equal to the sign of the determinant of d* Vi
d? Vi v has negative determinant, then the relative equilibrium is unstable. But, the
reduced energy-momentum method block-diagonalizes d> V"‘v into Sm and Ar and

the hypothesis implies that the determinant of d? V.|, being negative is equivalent to
the total number of negative eigenvalues of Sm and Ar being odd. O

Bifurcations of relative equilibria. By a family of relative equilibria of a symmetric
simple mechanical system, we will mean the image of a map v : R¥ — T*(Q such
that for each x € R¥ the point v (x) is a relative equilibria and if x # y then v (x)
and ¥ (y) are not G-related.
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Combining the reduced energy-momentum and the results of Patrick (1995), it can
be shown that if p, € T*Q is a relative equilibrium with discrete stabilizer such that
both the Arnold form and the Smale form are non-degenerate, then there is a family of
dimension dim G, of relative equilibria containing p, and all the relative equilibria
near py lie in that family.

Two families 11, ¥, are different if there are not x, y such that ¥r; (x) and vy, (y) are
G-related. The previous result implies that at a bifurcation point, the Arnold form or
the Smale form must be degenerate. Therefore, the points which are candidates for the
existence of a bifurcation are those points at which at least one of these forms becomes
degenerate. However, in order to decide whether actually a bifurcation happens at one
of these points a local study around each candidate by other methods is needed.
Singular Reduced Energy-Momentum Method (case of Q-isotropy only). As the
action of G™! on the isolated equilibria points of the axisymmetric problem is not
locally discrete, we cannot apply the reduced energy-momentum method described
before. We will use the singular reduced energy-momentum method developed in
Rodriguez-Olmos (2006) to cover that case. However, for our purposes, we will only
need a particular version of the method that we will briefly outline. Let (Q, (, )), G, V)
be a symmetric simple mechanical system and p, € T*Q a relative equilibrium with
Op, = {0}, and g, # {0}. Define the subspaces

t C g such that g = g, ® g, @ tand g, L t with respect to I(¢).

S=@- 9t c T, O with respect to {{-, -))4.

gt :={y et](adju,§) =0, V&€ gy}

corrz (¢) (v1, v2) = (P((Dy,1)(§)), PTT(g)P)~"P((Dy,1)(§))) where P : g* —
g;, ® t* is the linear projection and D, I : g — g* is the directional derivative of I
with direction v € T, Q.

o X:={ép(q)tal&eqg”, acSh

With these definitions, the analogue of Proposition 5.3 is

Proposition 5.6 (Theorem 4.1 of Rodriguez-Olmos 2006) Let p, € T* Q be a relative
equilibrium with configuration-velocity pair (¢, §) € Q x g. Assume that gp, = {0}
and dim(G - g) < dim(M).

If (ds Ve +corrs(q)) . is positive definite, then the relative equilibriumis G, -stable.

Appendix 2: Numerical Linearization Around a Relative Equilibrium

Let p, € T*Q be a relative equilibrium of a symmetric simple mechanical system
(Q, (), G, V). Fix a G, -invariant splitting ker 7}, J = T}, (G, - pg) ® N. The
subspace N is a symplectic vector subspace of T}, (7 Q), usually called a symplectic
slice at p,. The linearization of the Hamiltonian system (see Patrick 1995) at the
relative equilibrium py, is given by

L:=Qy'dh| < sp(N),
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where Qp is the symplectic form of the symplectic slice N. The linearization L
provides a simple test for instability: If L has an eigenvalue with positive real part,
then p, is an unstable relative equilibrium.

We will use a numeric approximation to the linearization in two cases where the
reduced energy-momentum method was inconclusive or yielded intractable algebraic
expression.

Parallel Equilibria

Fix the point (3.14). Identifying 7}, (T* Q) with R® x R® = R'2, we can choose the
following base for the symplectic slice N

{e4, es, €6, €10, €11, €12, €3 + €e7, e; — [ Eeo) .

With respect to this basis, the matrix expression of the linearization is

r 0 0 c 2349 0 0 /181, —6
213 213
0 0 0 0 —1 0 0 0

2 =349, L& /18H—6
—& 0 0 0 0 T B 0
L L 0 0 0 0 ¢ 0 0
(181,—6)2
L= 0 —8 - 0 0 0 0 0 0
3(181p—6)2
0 0 7§’137”25 —& 0 0 0 0
(181,—6)2
J181,—6 —I3+1
0 0 0 SR 0 0 0 £( = 2)
L 0 0 0 0 (U 12276 5(111;12) o]

Using a computer algebra system, one can compute the eigenvalues of this matrix
for any value of the parameters /i, I>, I3, £. For example, for /1 = 0.2, I, = 0.35,
I; = 0.45,and £ = 0.5, L has two real eigenvalues with positive real part. Therefore,
for those values, the parallel equilibrium is unstable. We believe that this is true for
all values of the parameters, but we do not have a formal proof of this statement.

Asymmetric Conical Equilibria
In this case, the computations are more involved. As a concrete case, we fix the conical
relative equilibrium given by the point R = (0.16,0.11, 0) with angular velocity

& = (—-3.61, —48.03, 0). Using a computer algebra system, we can check that at that
point we can choose as a basis for N the columns of the following matrix
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0 0 0 0O 0 O 0 0
1 0 0 0O 0 O 0 0
0 1 0 0O 0 O 0 0
0 —184 —0. =22.00 O 0 —.0595
0 34 220 0 0 O —0. .0803
-34 0 0 0 0.0595 —.0803 0
0 0 1 0O 0 O 0 0
0 0 0 1 0 O 0 0
0 0 0 0O 1 0 0 0
0 0 0 0O 0 1 0 0
0 0 0 0O 0 O 1 0
L 0 0 0 0O 0 O 0 1 1
Then, the matrix expression for the linearization is
0 —1.18-10* 3.67-10*> 3.70-10° 0 0 0 1.13 - 10!
4.61 0 0 0 0 9.60-1072 —1.30-107! 0
—3.29.1072 0 0 0 2.78 - 10? 1.01 —7.71-1073 0
L 4.44.1072 0 0 0 -5.17 =7.71-1073 1.01 0
0 3.80 —248-102  9.26 0 0 0 1.12
0 —1.26-10% 2.49-10° 6.06-10* 0 0 0 248107
0 —1.27-10° 6.06-10* —9.29.10* 0 0 0 —9.26
0 0 0 0 —1.66-10° —2.78 - 10% 5.17 0

This matrix has one real eigenvalue with positive real part, and hence, the relative
equilibrium is unstable.
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