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Abstract This paper studies the construction of geometric integrators for nonholo-
nomic systems. We develop a formalism for nonholonomic discrete Euler—Lagrange
equations in a setting that permits to deduce geometric integrators for continuous
nonholonomic systems (reduced or not). The formalism is given in terms of Lie
groupoids, specifying a discrete Lagrangian and a constraint submanifold on it. Ad-
ditionally, it is necessary to fix a vector subbundle of the Lie algebroid associated
to the Lie groupoid. We also discuss the existence of nonholonomic evolution oper-
ators in terms of the discrete nonholonomic Legendre transformations and in terms
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of adequate decompositions of the prolongation of the Lie groupoid. The character-
ization of the reversibility of the evolution operator and the discrete nonholonomic
momentum equation are also considered. Finally, we illustrate with several classical
examples the wide range of application of the theory (the discrete nonholonomic con-
strained particle, the Suslov system, the Chaplygin sleigh, the Veselova system, the
rolling ball on a rotating table and the two wheeled planar mobile robot).

Keywords Discrete Mechanics - Nonholonomic Mechanics - Lie groupoids -
Lie algebroids - Reduction - Nonholonomic momentum map

Mathematics Subject Classification (2000) 17B66 - 22A22 - 37J60 - 37M15 -
70F25

1 Introduction

In the paper by Moser and Veselov (1991), dedicated to the complete integrability of
certain dynamical systems, the authors proposed a discretization of the tangent bundle
T Q of a configuration space Q replacing it by the product Q x Q, approximating a
tangent vector on Q by a pair of “close” points (qo, ¢1). In this sense, the continuous
Lagrangian function L : T Q — R is replaced by a discretization Lg : O x Q — R.
Then, applying a suitable variational principle, it is possible to derive the discrete
equations of motion. In the regular case, one obtains an evolution operator, a map
that assigns to each pair (gx—1,gx) a pair (g, gx+1), sharing many properties with
the continuous system, in particular, symplecticity, momentum conservation and a
good energy behavior. We refer to Marsden and West (2001) for an excellent review
in discrete Mechanics (on Q x Q) and its numerical implementation.

On the other hand, in Moser and Veselov (1991), Veselov and Veselova (1989),
the authors also considered discrete Lagrangians defined on a Lie group G where the
evolution operator is given by a diffeomorphism of G.

All the above examples led A. Weinstein (1996) to study discrete mechanics on Lie
groupoids. A Lie groupoid I' is a geometric structure that naturally generalizes the
concept of a Lie group, where now not all elements are composable. The product of
a pair g1 g» of elements is only defined on the set of composable pairs I'; = {(g, k) €
I'xT|B(g)=ah)} where o : " - M and B8 : " — M are the source and target
maps over a base manifold M. Its infinitesimal version is the Lie algebroid Er — M,
which is the restriction of the vertical bundle of « to the submanifold of the identities.
Lie groupoids include as particular examples the case of Cartesian products Q x Q as
well as Lie groups and other examples as Atiyah or action Lie groupoids (Mackenzie
2005). Therefore, mechanics on Lie groupoids permit us to analyze simultaneously
all the situations that habitually appear after reduction by symmetries, and the relation
between them is a consequence of the naturalness of the formalism (reduction by
groupoid morphisms).

In a recent paper (Marrero et al. 2006), we studied discrete Lagrangian and Hamil-
tonian Mechanics on Lie groupoids, deriving from a variational principle the dis-
crete Euler—Lagrange equations. We also introduced a symplectic 2-section (which

@ Springer



J Nonlinear Sci (2008) 18: 221-276 223

is preserved by the Lagrangian evolution operator) and defined the Hamiltonian evo-
lution operator, in terms of the discrete Legendre transformations, which is a sym-
plectic map with respect to the canonical symplectic 2-section on the prolongation
of the dual of the Lie algebroid of the given groupoid. These techniques include as
particular cases the classical discrete Euler—Lagrange equations, the discrete Euler—
Poincaré equations (see Bobenko and Suris 1999a, 1999b; Marsden et al. 1999a,
1999b) and the discrete Lagrange—Poincaré equations. In fact, the results in Marrero
et al. (2006) may be applied in the construction of geometric integrators for continu-
ous Lagrangian systems which are invariant under the action of a symmetry Lie group
(see also Jalnapurkar et al. 2006 for the particular case when the symmetry Lie group
is abelian).

From the perspective of geometric integration, there is a great interest in intro-
ducing new geometric techniques for developing numerical integrators. This interest
arises because standard methods often introduce some spurious effects, like dissipa-
tion in conservative systems (Hairer et al. 2002; Sanz-Serna and Calvo 1994). The
case of dynamical systems subjected to constraints is also of considerable interest.
In particular, the case of holonomic constraints is well established in the literature of
geometric integration, for instance, in simulation of molecular dynamics where the
constraints may be molecular bond lengths or angles and also in multibody dynamics
(see Hairer et al. 2002; Leimkuhler and Reich 2004 and references therein).

By contrast, the construction of geometric integrators for the case of nonholo-
nomic constraints is less well understood. This type of constraints appears, for in-
stance, in mechanical models of convex rigid bodies rolling without sliding on a
surface (Neimark and Fufaev 1972). The study of systems with nonholonomic con-
straints goes back to the nineteenth century. The equations of motion were ob-
tained applying either D’Alembert’s principle of virtual work or Gauss’s princi-
ple of least constraint. Recently, many authors have shown a new interest in that
theory and also in its relation to the new developments in control theory and ro-
botics using geometric techniques (see, for instance, Bates and Sniatycki 1992;
Bloch 2003; Bloch et al. 1996; Cortés 2002; Koiller 1992; de Leén et al. 1997;
de Le6n and Martin de Diego 1996).

Geometrically, nonholonomic constraints are globally described by a submanifold
M of the velocity phase space T Q. If M is a vector subbundle of 7' Q, we are dealing
with linear constraints and, in the case when M is an affine subbundle, we are in the
case of affine constraints. Lagrange—D’ Alembert’s or Chetaev’s principles allow us
to determine the set of possible values of the constraint forces only from the set
of admissible kinematic states, that is, from the constraint manifold M determined
by the vanishing of the nonholonomic constraints ¢'. Therefore, assuming that the
dynamical properties of the system are mathematically described by a Lagrangian
function L : T Q — R and by a constraint submanifold M, the equations of motion,
following Chetaev’s principle, are

d /oL aL ;
o, . - - aql = Oa
dr \ 9¢’ aq!
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where g’ denotes the virtual displacements satisfying %(Sqi = 0. By using the
Lagrange multiplier rule, we obtain that

d /oL oL - d¢?
N7 = (1.1)
dr \ 9¢’ aq’

with the condition ¢(r) € M, A, being the Lagrange multipliers to be determined.
Recently, J. Cortés et al. (2005) (see also Cortés and Martinez 2004; Mestdag 2005;
Mestdag and Langerock 2005) proposed a unified framework for nonholonomic sys-
tems in the Lie algebroid setting, that we will use in this paper, generalizing some
previous work for free Lagrangian mechanics on Lie algebroids (see, for instance, de
Ledn et al. 2005; Martinez 2001a, 2001b, 2002).

The construction of geometric integrators for (1.1) is very recent. In fact, in
McLachlan and Scovel (1996) there appears as an open problem:

... The problem for the more general class of non-holonomic constraints is still
open, as is the question of the correct analogue of symplectic integration for
non-holonomically constrained Lagrangian systems. . .

Numerical integrators derived from discrete variational principles have proved their
adaptability to many situations: collisions, classical field theory, external forces etc.
(Marsden 1999; Marsden and West 2001) and it also seems very adequate for non-
holonomic systems, since nonholonomic equations of motion come from Holder’s
variational principle which is not a standard variational principle (Arnold 1978), but
admits an adequate discretization. This is the procedure introduced by J. Cortés and
S. Martinez (Cortés 2002; Cortés and Martinez 2001) and followed by other authors
(Fedorov 2007; Fedorov and Zenkov 2005a, 2005b; McLachlan and Perlmutter 2006)
extending, moreover, the results to nonholonomic systems defined on Lie groups (see
also de Ledn et al. 2004 for a different approach using generating functions).

In this paper, we tackle the problem from the unifying point of view of Lie
groupoids (see Cortés et al. 2005 for the continuous case). This technique permits
us to recover all the previous methods in the literature (Cortés and Martinez 2001;
Fedorov and Zenkov 2005a; McLachlan and Perlmutter 2006) and consider new
cases of great importance in nonholonomic dynamics. For instance, using action Lie
groupoids, we may discretize LR-nonholonomic systems such as the Veselova system
or using Atiyah Lie groupoids we find discrete versions for the reduced equations of
nonholonomic systems with symmetry. Neither case had been previously considered
in the literature. Moreover, our procedure results in a set of reduced discrete nonholo-
nomic equations which define an algorithm on the reduced space that is shown to be
equivalent to the discrete nonholonomic equations defined in Cortés and Martinez
(2001) in the sense of reconstruction. These equations are defined in spaces with less
degrees of freedom than the traditional banal groupoid (where the constructions in
Cortés and Martinez 2001 were developed) and we expect that the proposed methods
will be more competitive in numerical experiments.

The paper is structured as follows. In Sect. 2 we review some basic results on Lie
algebroids and Lie groupoids. In particular, we describe the prolongation of a Lie
groupoid (Saunders 2004), which has a double structure of Lie groupoid and Lie al-
gebroid. Then, we briefly expose the geometric structure of discrete unconstrained
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mechanics on Lie groupoids: Poincaré—Cartan sections, Legendre transformations
and so on. The main results of the paper appear in Sect. 3, where the geometric struc-
ture of discrete nonholonomic systems on Lie groupoids is considered. In particular,
given a discrete Lagrangian Lq : ' — R on a Lie groupoid I', a constraint distribu-
tion D, in the Lie algebroid Er of " and a discrete constraint submanifold M. in T,
we obtain the nonholonomic discrete Euler—Lagrange equations from a discrete gen-
eralized Holder’s principle (see Sect. 3.1). In addition, we characterize the regularity
of the nonholonomic system in terms of the nonholonomic Legendre transformations
and decompositions of the prolongation of the Lie groupoid. In the case when the
system is regular, we can define the nonholonomic evolution operator. An interesting
situation, studied in Sect. 3.4, is that of reversible discrete nonholonomic Lagrangian
systems, where the Lagrangian and the discrete constraint submanifold are invariants
with respect to the inversion of the Lie groupoid. The particular example of reversible
systems in the pair groupoid Q x Q was first studied in McLachlan and Perlmutter
(2006). We also define the discrete nonholonomic momentum map. We discuss sev-
eral examples, including their regularity and their reversibility, to give an idea of the
breadth and flexibility of the proposed formalism. The examples include:

— Discrete holonomic Lagrangian systems on a Lie groupoid, which are a gen-
eralization of the Shake algorithm for holonomic systems (Hairer et al. 2002;
Leimkuhler and Reich 2004; Marsden and West 2001).

— Discrete nonholonomic systems on the pair groupoid, recovering the equations first
considered in Cortés and Martinez (2001). An explicit example of this situation is
the discrete nonholonomic constrained particle.

— Discrete nonholonomic systems on Lie groups, where the equations that are ob-
tained are the so-called discrete Euler—Poincaré—Suslov equations (see Fedorov
and Zenkov 2005a). We remark that, although our equations coincide with those in
Fedorov and Zenkov (2005a), the technique developed in this paper is different to
the one in that paper. Two explicit examples which we describe here are the Suslov
system and the Chaplygin sleigh.

— Discrete nonholonomic Lagrangian systems on an action Lie groupoid. This exam-
ple is quite interesting since it allows us to discretize a well-known nonholonomic
LR-system: the Veselova system (see Veselov and Veselova 1989; see also Fe-
dorov and Jovanovic 2004). For this example, we obtain a discrete system that is
not reversible and we show that the system is regular in a neighborhood around the
manifold of units.

— Discrete nonholonomic Lagrangian systems on an Atiyah Lie groupoid. With this
example, we are able to discretize reduced systems, in particular, we concentrate
on the example of the discretization of the equations of motion of a rolling ball
without sliding on a rotating table with constant angular velocity.

— Discrete Chaplygin systems, which are regular systems (Lq, M, D) on the Lie
groupoid I' = M, for which (o, B) oipg, : Mc — M x M is a diffeomorphism
and p o ip, : D — TM is an isomorphism of vector bundles, (e, 8) being the
source and target of the Lie groupoid I' and p being the anchor map of the Lie
algebroid Er. This example includes a discretization of the two-wheeled planar
mobile robot.

We conclude our paper with future lines of work.
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2 Discrete Unconstrained Lagrangian Systems on Lie Groupoids
2.1 Lie Algebroids

A Lie algebroid E over a manifold M is areal vector bundle 7 : E — M together with
a Lie bracket [[-,-]] on the space Sec(t) of the global cross-sections of T : E — M and
a bundle map p : E — T M, called the anchor map, such that if we also denote by
p :Sec(t) = X(M) the homomorphism of C°°(M)-modules induced by the anchor
map, then

(X, /Y= fIX, Y1+ p(X)(/)Y, 2.1

for X, Y € Sec(t) and f € C°(M) (see Mackenzie 2005).

If (E, [, -], p) is a Lie algebroid over M, then the anchor map p : Sec(r) —
X(M) is a homomorphism between the Lie algebras (Sec(z), [, -]) and (X(M),
[-, -]). Moreover, one may define the differential d of E as follows:

k
du(Xo. ... X)) = Y (=D p(Xi)(1e(Xo. ... Xi. ... Xi))

i=0
+ ) DT (X XG0 Xos o K X Xe) (22)
i<j
for u € Sec(/\kr*) and Xo, ..., Xy € Sec(r). d is a cohomology operator, that is,

d? = 0. In particular, if f : M — R is a real smooth function, then d f (X) = p(X) f,
for X € Sec(7).
Trivial examples of Lie algebroids are a real Lie algebra of finite dimension (in
this case, the base space is a single point) and the tangent bundle of a manifold M.
On the other hand, let (E, [[-,-]], o) be a Lie algebroid of rank n (that is, dim E,, =
dimt ' (x) = n, for all x € M) over a manifold M of dimension m and 7 : P — M
be a fibration. We consider the subset of £ x T P

TEP={(a,v) e ExTP|(Tn)(v) = p(a)},

where T7 : TP — TM is the tangent map to 7. Denote by ™ : TEP — P the
map given by t”(a,v) = tp(v), Tp : TP — P being the canonical projection. If
dim P = p, one may prove that 7 £ P is a vector bundle over P of rank n 4+ p —m
with vector bundle projection t7 : 7EP — P.

A section X of 77 : TE P — P is said to be projectable if there exists a section X
of T : E — M and a vector field U € X(P) which is -projectable to the vector field
p(X) and such that )?(p) = (X (p)),U(p)), for all p € P. For such a projectable
section X, we will use the following notation X = (X, U). It is easy to prove that one
may choose a local basis of projectable sections of the space Sec(t”™).

The vector bundle 77 : 7% P — P admits a Lie algebroid structure ([-, -7, p7).
Indeed, if (X, U) and (Y, V') are projectable sections, then

[x,0), @, W] = (IX.Y].[U, V1), o™ (X, U)=U.
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(TEP,[[-, -7, p™) is the E-tangent bundle to P or the prolongation of E over
the fibration 7 : P — M (for more details, see de Leon et al. 2005).

Now, let (E, [-, -], p) (resp., (E, [[-, -1, p")) be a Lie algebroid over a manifold
M (resp., M') and suppose that ¥ : E — E’ is a vector bundle morphism over the
map ¥y : M — M'. Then, the pair (¥, ¥) is said to be a Lie algebroid morphism if

d((W, ¥)*¢') = (&, wp)*(d'¢), forall ¢’ € Sec(A*()*) and for all k, (2.3)

where d (resp., d’) is the differential of the Lie algebroid E (resp., E’). In the partic-
ular case when M = M’ and ¥ = Id then (2.3) holds if and only if

[¥oX YoV =¥[X,Y], o (WX)=p(X), forX,Y eSec(r)
(see de Ledn et al. 2005).

2.2 Lie Groupoids

A Lie groupoid over a differentiable manifold M is a differentiable manifold I' to-
gether with the following structural maps:

e A pair of submersions « : ' — M, the source, and B : I" — M, the target. The
maps « and B define the set of composable pairs

Ta={(g.h) eT xT | B(g) =a(h)}.

e A multiplication m : T'y — I, to be denoted simply by m(g, h) = gh, such that
— a(gh) =a(g) and B(gh) = B(h).
- g(hk) = (gh)k.
e An identity section € : M — T" such that
— €(a(g))g =g and ge(B(g)) =g.
e An inversion map i : T — T, to be simply denoted by i (g) = g~ !, such that
- g 'g=€(B(g)) and gg™! = e(e(3)).

A Lie groupoid I" over a set M will be simply denoted by the symbol I' = M.
On the other hand, if g € T, then the left-translation by g and the right-translation
by g are the diffeomorphisms

Iy :oz_l(,B(g)) — a_l(a(g)), h —> L, (h) = gh,
re: BN a(g)) — BT (B(®), h—>re(h)=hg.

Note that l;l =1l -1 and rg_1 =rg-1.

A vector field X on T is said to be left-invariant (resp., right-invariant) if it
is tangent to the fibers of o (resp., B) and X(gh) = (Tnly)(Xy) (resp., X(gh) =
(Tgrn)(X(8))), for (g, h) € 2.

Now, we will recall the definition of the Lie algebroid associated with T".

We consider the vector bundle 7 : Er — M, whose fiber at a point x € M is
(Er)x = Veya = Ker(Te(xyar). It is easy to prove that there exists a bijection be-
tween the space Sec(tr) and the set of left-invariant (resp., right-invariant) vector
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fields on I'. If X is a section of t : Er — M, the corresponding left-invariant (resp.,
<~ —
right-invariant) vector field on I' will be denoted X (resp., X ), where

<«
X () = (Tepienly) (X (B(9))), 2.4

X (g) = —(Te(a(e) ) ((Teq@(en ) (X (@(2)))) 2.5)

for g € I'. Using the above facts, we may introduce a Lie algebroid structure
(I, -1, p) on Er, which is defined by

< <~ <«
[X.YI=[X.Y]. pX)&)=Tnh (X)), (2.6)
for X,Y € Sec(t) and x € M. Note that
—> - = - <«
[x.yl=-[X.Y]. [X.Y]=0, 2.7

(for more details, see Coste et al. 1987; Mackenzie 2005).
Given two Lie groupoids I' = M and TV = M’, a morphism of Lie groupoids is a
smooth map @ : ' — I'’ such that

(g.hel = (P(g),PM) e ),
and

P (gh) = P(g)P(h).

A morphism of Lie groupoids ® : I' — I'’ induces a smooth map ®y: M — M’ in
such a way that

adod=>jo0q, B od=0dgop, ®oe=¢€"0dy,

a, B and € (resp., o', B’ and €’) being the source, the target and the identity section
of T (resp., I').

Suppose that (®, ®) is a morphism between the Lie groupoids ' = M and T'' =
M’ and that T : Er — M (resp., T’ : Epv — M) is the Lie algebroid of T" (resp., I').
Then, if x € M we may consider the linear map E(®) : (Er)x — (E1/)o,(x) defined
by

Ex(cD)(Ue(x)) = (Te(x) cb)(”e(x))’ for Ve(x) € (Er)x- (2.8)

In fact, we have that the pair (E(®P), ®¢) is a morphism between the Lie algebroids
t:Er — M and v : Ep — M’ (see Mackenzie 2005).

Trivial examples of Lie groupoids are Lie groups and the pair or banal groupoid
M x M, M being an arbitrary smooth manifold. The Lie algebroid of a Lie group
I" is just the Lie algebra g of I'. On the other hand, the Lie algebroid of the pair (or
banal) groupoid M x M is the tangent bundle T M to M.

Apart from the Lie algebroid Etr associated with a Lie groupoid I' = M, other
interesting Lie algebroids associated with I are the following ones:
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The Er-Tangent Bundle to Ef. Let T Ep E} be the Ep-tangent bundle to E}., that
is,

T Ef = ((vx. X1,) € (Ep)s X Tr, Ef | (Tr, 7 (X7) = (Teg ) (0)

for Y € (Ef)x, with x € M. As we know, TEr EY is a Lie algebroid over Ef.
We may introduce the canonical section & of the vector bundle (7° Erg l’i)* — E fi
as follows:

O(Y)(ax, X1,) = Ti(ax),

for 7, € (Ef)y and (ay, X1,) € Tf; "E}. © is called the Liouville section associated
with Er. Moreover, we define the canonical symplectic section §2 associated with
Er by 2 = —d©, where d is the differential on the Lie algebroid 7 £T E L= Ef It
is easy to prove that £2 is nondegenerate and closed, that is, it is a symplectic section
of TET E¥ (see de Le6n et al. 2005).

Now, if Z is a section of 7 : Er — M, then there is a unique vector field Z*“ on
E}, the complete lift of X to EY., satisfying the two following conditions:

(i) Z*¢ is t*-projectable on p(Z)
(i) Z*(X)=1[Z, XI

f/gr X € Sec(7) (see de Leon et al. 2005). Here, if X is a sectionof 7 : Er — M, then
X is the linear function X € C*°(E*) defined by

~

X(a*)=a*(X(t*(a"))), foralla*e E*.

Using the vector field Z*¢, one may introduce the complete lift Z*¢ of Z as the section
of 1% : TETE% — E}: defined by

Z*c(a*) = (Z(t*(a*)), Z*C(a*)), fora* € E*. (2.9)

Z*€ is just the Hamiltonian section of Z with respect to the canonical symplectic
section §2 associated with Er. In other words,

ige2 =dZ, (2.10)

where d is the differential of the Lie algebroid 7" : TET E £ — E}. (for more details,
see de Ledn et al. 2005).

The Lie Algebroid t7 : T'T'— I'  Let 7' T be the Whitney sum VB @r Va of the
vector bundles VB — I' and Va — T', where V8 (resp., V) is the vertical bundle
of B (resp., ). Then, the vector bundle T : 7 'r = VB @&r Va — I' admits a Lie

algebroid structure ([[-, ~]]TFF, pTrF). The anchor map pTrF is given by

(PTFF)(Xg’ Yo)=Xg+ 7,

and the Lie bracket [[-, -]]TFF on the space Sec(Tr) is characterized for the following
relation

[(X. 7). (0 )" = (X xT. [ D,
for X, Y, X', Y € Sec(t) (for more details, see Marrero et al. 2006).
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On other hand, if X is a section of t : Er — M, one may define the sections
x 1.0 x©.1 (the B and «-lifts) and XD (the complete lift) of X to Tr : 7'r>r
as follows:

X0 = (X (9).0,).  XOD(g) = (0. X (9). and
XD (e) = (-X (9). X (2)).
We have that
[x00, yaopT T = _px ypto [x©b yao]T T Zg,
[x©D, Y(o,l)]]TFF — X, YOV,
and, as a consequence,
[xD, Y(LO)]]TFF =[x, v, [xD, Y<o,1>]]TFF — X, YOV,
[x00, yaO 7T =y, @,
Now, if g, h € I one may introduce the linear monomorphisms 21,0) : (EF)Z m
(’Z;lFF)* =V B® V; a and éo’l) : (Er)z(g) — (’];FF)* = V;ﬂ @ V;a given by
v (X, i) = v (Th(G 0 1) (X)), @.11)
eV (X g, Yo) = v ((Tyl 1) (X)), 2.12)

for (Xg,Y) € T) T and (Xp, Yi) € T, T
Thus, if u is a section of t* : EfX — M, one may define the corresponding lifts
w9 and 1OV as the sections of 7* : (7T T')* — I given by

/L(l’o) (h) = MEI,O)’ forh eT,
0,1
nOb(g)=pug", forger.

Note that if g € I" and {X 4} (resp., {Yp}) is a local basis of Sec(r) on an open
subset U (resp., V) of M such that a(g) € U (resp., B(g) € V), then {X;l’o), Yéo’l)}
is a local basis of Sec(7T) on the open subset a N U)Nn ,8_1 (V). In addition, if {X4}
(resp., {YB}) is the dual basis of {X 4} (resp., {¥3}), then {(XHA0 (yBYO.Dy g the
dual basis of {X"?, YDy,

2.3 Discrete Unconstrained Lagrangian Systems

In this section, we recall some results and constructions of our paper (Marrero et al.
2006) where we discussed the geometrical framework for discrete Mechanics on Lie
groupoids, giving a unified point of view of several different sets of discrete equa-
tions such as the classical discrete Euler-Lagrange equations and the discrete Euler—
Poincaré equations, and proposing new equations, such as the discrete Lagrange—
Poincaré equations. We will extensively use these constructions in Sect. 3.
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A discrete unconstrained Lagrangian system on a Lie groupoid consists of a Lie
groupoid I' = M (the discrete space) and a discrete Lagrangian Ly : " — R.

2.3.1 Discrete Unconstrained Euler—Lagrange Equations

An admissible sequence of order N on the Lie groupoid I' is an element (g1, ..., gn)
of [N =T x --- x I" such that (gk, gk+1) €Ty, fork=1,...,N — 1.
An admissible sequence (g1, ..., gn) of order N is a solution of the discrete

unconstrained Euler—Lagrange equations for Lq if

=

—1
d°[Lgolg + Laorg,, oil(e(x))
1

I(Er)y, — 0,

~
Il

where B(gr) = a(gr+1) = xx and d° is the standard differential on I, that is, the
differential of the Lie algebroid - : TT" — I' (see Marrero et al. 2000).

The discrete unconstrained Euler-Lagrange operator DpgLLqg : 'y — Ef. is
given by

(DpeLLa)(g,h) =d°[Lgoly 4+ Laory o i](e(x))\<5r)x’

for (g, h) € I'y, with B(g) = a(h) = x € M (see Marrero et al. 2006).
Thus, an admissible sequence (g1, ..., gn) of order N is a solution of the discrete
unconstrained Euler—Lagrange equations if and only if

(DpeLLa)(gks 8k+1) =0, fork=1,...,N —1.
2.3.2 Discrete Poincaré—Cartan Sections

Consider the Lie algebroid - : T = VB @&r Va — T, and define the Poincaré—
Cartan I-sections O , O} € Sec((fr)*) as follows

O, (@) (Xg, Yy) =—Xg(La), O (&) (Xg, Yo) =Y (La), (2.13)

foreach g € I and (X, Y,) € ’TgFF =V,8® V.

Since dLg = O] — O and so, using d* =0, it follows that d©] = d@ . This
means that there exists a unique 2-section 27, = _d@ZLd = —d®, , which will be
called the Poincaré—Cartan 2-section. This 2-section will be important to study the
symplectic character of the discrete unconstrained Euler—Lagrange equations.

If g is an element of I" such that «(g) = x and B(g) = y and {X 4} (resp., {YB})
is a local basis of Sec(r) on the open subset U (resp., V) of M, with x € U (resp.,
y € V), then on a N ﬂ_l (V) we have that

_ = 1,0 & 0,1
o, =-XAa) (X)) of =Vpw)(r?)Y,
¢ ¢ (2.14)
e 1,0 0,1 '
21, = ~Xa (TpLa) (x4) "0 A (r8) 0,

where {X4} (resp., {Y B}) is the dual basis of {X 4} (resp., {¥}) (for more details,
see Marrero et al. 2006).
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2.3.3 Discrete Unconstrained Lagrangian Evolution Operator

Let 7 :T" — I" be a smooth map such that:

— graph(Y') C I'p, thatis, (g, T (g)) € 'y, forall g € I (T is a second-order opera-
tor) and

— (g, T (g)) is a solution of the discrete unconstrained Euler-Lagrange equations, for
all g e ', that is

(DDELLd)(g, T(g)) =0, forallgerl.
In such a case
<~ —
X (g)(La) — X (Y(9))(La) =0, (2.15)

for every section X of t: Er — M and every g € I'. The map 7 : " — I is called a
discrete flow or a discrete unconstrained Lagrangian evolution operator for L.

Now, let 7 : I’ — I' be a second-order operator. Then, the prolongation 77 :
T'T =V ®r Va— T'T' = VB ®r Va of T is the Lie algebroid morphism over
T :T' — T defined as follows (see Marrero et al. 2006):

1,7 (Xg, Yy) = ((Tg(rgT(g) o i))(yg)» (T, T)(Xy)
+ (T V) (Yg) — To(rgr(g) 0 )(Yy)), (2.16)

for all (X,,Y,) € ’];,FF = V,B8 @ Vya. Moreover, from (2.4), (2.5) and (2.16), we
obtain that

Tr(X @, Y @)= (Y (T(©), TN(X @+ Y @)+ ¥ (Y(®)), @17

forall X, Y € Sec(t).
Using (2.16), one may prove that (see Marrero et al. 2006):

(i) The map 7 is a discrete unconstrained Lagrangian evolution operator for Lq if
and only if (77, Y)*O =6} .
(i) The map 7 is a discrete unconstrained Lagrangian evolution operator for Lq if
and only if (77, T)*@L_d - @L_d =dL,.
(iii) If 7 is discrete unconstrained Lagrangian evolution operator, then

TY, V)2, =82,
2.3.4 Discrete Unconstrained Legendre Transformations

Given a Lagrangian Lq : I' — R we define the discrete unconstrained Legendre trans-
formations F~Lq :T' — E}. and FtLy:T — EY. by (see Marrero et al. 2006)

(F~La) (W) (Ve(@(ny)) = —Veam)(Laornoi), for vewmy € (Er)a(h)

(FLa) (@) (ve((s)) = Vep(s)) (Laolg),  for ve(s(g)) € (ET)p(g)-
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Now, we introduce the prolongations 7'F~Lq: 7'T = VB @r Vo — TETE}: and
T'FrLy:T'T =VB @r Va — TET E}: as follows

T B~ La(Xp, Yi) = (TuG o ry-1)(Xp), (TiF~La)(Xn) + (TiF~La) (Yp)),  (2.18)
7;FF+Ld(Xg, Ye) = ((Tely-1)(Yg), (TeF ™ La)(Xg) + (T,F La)(Yy)), (2.19)
forall h,g € T and (Xp, Y4) € T/ T = V3B & Vo and (X;, Y,) € T, T = VB &
Vea (see Marrero et al. 2006). We observe that the discrete Poincaré—Cartan 1-
sections and 2-section are related to the canonical Liouville section of (7 £r E[)* —

E}. and the canonical symplectic section of A2(TEr E[)* — E}. by pull-back under
the discrete unconstrained Legendre transformations, that is (see Marrero et al. 2006),

(T'F Lo, F La)'@=0,, (T'F'Lo,F'Ly)'O@=0f,  (220)
(T'F La,F ™ Lq)" 2 = 24, (T'F"La, F'Lg)" 2 = 24,. (2.21)
2.3.5 Discrete Regular Lagrangians

A discrete Lagrangian Lg : I’ — R is said to be regular if the Poincaré—Cartan 2-
section £2;, is nondegenerate on the Lie algebroid T :T'r = VB ér Va - I
(see Marrero et al. 2006). In Marrero et al. (2006), we obtained some necessary and
sufficient conditions for a discrete Lagrangian on a Lie groupoid I" to be regular that
we summarize as follows:

Ly is regular
&= The Legendre transformation F* L4 is a local diffeomorphism

<= The Legendre transformation F~ Lq is a local diffeomorphism.

Locally, we deduce that L4 is regular if and only if for every g € I and every local
basis {X 4} (resp., {Y}) of Sec(r) on an open subset U (resp., V) of M such that

a(g) € U (resp., B(g) € V) we have that the matrix (})A(?B(Ld))) is regular on
YNV,

Now, let Lq : ' — R be a discrete Lagrangian and g be a point of I". We define
the R-bilinear map Géd *(Er)a(g) ® (ET)p(g) — R given by

Gyi(a,b) = 21, ((~Tegn (rg 0 D(@), 0), (0, (Te(pienle) 1)) (2.22)

Then, using (2.14), we have that

Proposition 2.1 The discrete Lagrangian Lq : I' — R is regular if and only if G(]gd
is nondegenerate, for all g € I', that is,

Géd(a’ b)ZO, forallbe (Er)lg(g) =a=0
(resp., Géd (a, b) = O, fOl" alla € (EF)ot(g) =b= ())
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On the other hand, if Ly : I' — R is a discrete Lagrangian on a Lie groupoid I,
then we have that

™ oF L=, ™ oFtLy=8,

where t* : Ef. — M is the vector bundle projection. Using these facts, (2.18) and
(2.19), we deduce the following result.

Proposition 2.2 Let Ly : ' — R be a discrete Lagrangian function. Then, the fol-
lowing conditions are equivalent:

(1) Lg is regular.
(ii) The linear map T;lrIE‘_Ld VB ® Via — ’Z%E,rLd(h)El’f is a linear isomorphism,
forallh eT.
(iii) The linear map ’]ngIE‘JrLd Ve BO Ve — ’ZﬁrLd(g) Er* is a linear isomorphism,
forall g eT.

Finally, let Ly : I’ — R be a regular discrete Lagrangian function and (go, ko) €
I x I" be a solution of the discrete Euler—Lagrange equations for L4. Then, one may
prove (see Marrero et al. 2006) that there exist two open subsets Ug and Vj of I, with
go € Up and hg € Vp, and there exists a (local) discrete unconstrained Lagrangian
evolution operator 17, : Uy — Vp such that:

() Y14(80) = ho.
(ii) 77, is a diffeomorphism.
(iii) 17, is unique, that is, if Uy is an open subset of T, with go € U], and TL/d :
Ué — I" is a (local) discrete Lagrangian evolution operator, then

_ /
TLdIUoﬂU{) = TLd|U0ﬂU(’)'

3 Discrete Nonholonomic (or Constrained) Lagrangian Systems on Lie
Groupoids

In this section we find the discrete nonholonomic equations applying a discrete ver-
sion of Holder’s principle (see Arnold 1978). We also discuss the existence of non-
holonomic evolution operators giving characterizations which are the discrete ver-
sions of typical conditions for a continuous nonholonomic system (see Bates and
Sniatycki 1992; Cortés et al. 2005; de Ledn et al. 1997; de Le6n and Martin de Diego
1996 and references therein). Finally we also study the reversibility of this evolution
operator and the discrete nonholonomic momentum equation. With this framework, it
would be possible to develop geometric integrators for the (reduced or not) equations
of a continuous nonholonomic system.

3.1 Discrete Generalized Holder’s Principle
Let I" be a Lie groupoid with structural maps

o,pB:T'—> M, e:M—T, i:I'—>T, m:Ty —T.
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Denote by t : Er — M the Lie algebroid associated to I". Suppose that the rank of
Er is n and that the dimension of M is m.

A generalized discrete nonholonomic (or constrained) Lagrangian system on I' is
determined by:

— A regular discrete Lagrangian Lq : " — R.

— A constraint distribution, D., which is a vector subbundle of the bundle Er —
M of admissible directions. We will denote by tp, : Do — M the vector bundle
projection and by ip, : D. — Er the canonical inclusion.

— A discrete constraint embedded submanifold M. of T', such that dim M, =
dimD, =m + r, with r < n. We will denote by irq, : Mc — T the canonical
inclusion.

Remark 3.1 Let Lq: " — R be a regular discrete Lagrangian on a Lie groupoid I
and M. be a submanifold of I" such that e (M) € M.. Then, dim M. =m + r, with
0 <r < m. Moreover, for every x € M, we may introduce the subspace D.(x) of
Er(x) given by

De(x) = Te(x)Mc N Er(x).

Since the linear map T¢(vyo : Te(x)Me — TxM is an epimorphism, we deduce that
dim D¢ (x) = r. In fact, D = |,y Dc(x) is a vector subbundle of Er (over M) of
rank r. Thus, we may consider the discrete nonholonomic system (L4, M., D) on
the Lie groupoid I'.

For g e I" fixed, we consider the following set of admissible sequences of order
N:

cY ={(er.....en) €TV | (g, gry1) € T2,
fork=1,...,N—1landg;...gn =g}.

Given a tangent vector at (g1, .. ., gn) to the manifold C¥, we may write it as the tan-

gent vector at ¢t =0 of a curve in Cév, t € (—e&,&) € R — c(¢t) which passes through
(g1,.-.,gn) att =0. This type of curves is of the form

c(t) = (gihi(0), hy " (D gaha(t), ..., hy' (O gn—thn—1(0), hy"  (Dgn),

where hi (1) € a1 (B(gr)), for all 7, and hx(0) = e(B(gk)) fork=1,..., N — 1.
Therefore, we may identify the tangent space to Cg,v at (g1,...,gn) with

xe=PB@), 1 <k<N-—1}.
Observe that each vy is the tangent vector to the curve hy at t = 0.

The curve c is called a variation of (g1, ..., gn) and (v1, v2,...,vy—1) is called
an infinitesimal variation of (g1, ..., gn)-
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Now, we define the discrete action sum associated to the discrete Lagrangian Lq :
I' > Ras
SLy: Cév — R

N
(81, gN) > ) La(gr).
k=1

We define the variation SSLq : Tg,....gx)Ca — Roas

8SLq(vi, ..., vN_1)

=3 SLq(c(1))

t=0

{La(g1h1(1)) + La(h7 L) gaha (1)) +
=0

hyt O gn—1hn-1(1)) + La(h Xll_l(f)g/v)}

T,

N—

+
Z (d°(La o lg) (€(xi)) (i) +d°(La 0 rgyy 0 ) (€(xi)) (vr)),
k=1

where d° is the standard differential on I, i.e., d° is the differential of the Lie alge-
broid tr : TT" — T'. It is obvious from the last expression that the definition of vari-
ation 8S Ly does not depend on the choice of variations ¢ of the sequence g whose
infinitesimal variation is (v, ..., vny_1).

Next, we will introduce the subset (V;), of T(g,

.....

Vo) = {(vl,.. JUN—1) € Ty, gN)Cg ‘ Vke{l,. — 1}, v € Dc}.

Then, we will say that a sequence in Cé,v satisfying the constraints determined by
M. is a Hélder-critical point of the discrete action sum SLg if the restriction of
8SLg to (V) vanishes, i.e.,

8SLy| Vo) = 0.

Definition 3.2 (Discrete Holder’s Principle) Given g € I', a sequence (g1, ..., gn)
IS C}{,V such that g, € M., 1 <k < N, is a solution of the discrete nonholonomic La-
grangian system determined by (L4, M., D.) if and only if (g1, ..., gn) is a Holder-
critical point of SLyg.

Remark 3.3 In the particular case when I' is the pair groupoid M x M, Definition
3.2 is the discrete version of Holder’s principle for an standard Lagrangian sys-
tem subjected to nonholonomic constraints (see Arnold 1978). This kind of sys-
tem is specified by a Lagrangian function L : TM — R and a nonintegrable dis-
tribution D on M. Holder’s principle establishes that a curve o : [tg, t;] — M sat-
isfying the constraints (6(¢) € D.(;)) is a motion of the given nonholonomic La-
grangian system if and only if it is a critical point (in the sense of Holder) of the
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action functional S(c) = ft;' L(o(t),6(1))dz, that is, dS(o)|y, = 0, where V, =

{X € T,C%(t9, 11,90, q1) | X(0 (1)) € Dyry V1 € [t0, 111} and C2(t0, 11, g0, q1) = {0 :
[to, 1] — M |0 € C?,0(to) = q0, 0 (1) = q1}.

If (g1,...,8N) eCéV N (Mg x -+ x M), then (g1, ..., gn) is a solution of the
nonholonomic discrete Lagrangian system if and only if

N-1

Z (dO(Ld ° lgk) + dO(Ld Olgry1 © i))(e (xk))l(Dc)xk =0,
k=1

where B(gx) = @(gr+1) = xx. For N = 2, we obtain that (g, h) € T, N (M x M)
(with 8(g) = a(h) = x) is a solution if

d°(Lgolg+Lgorpo i)(e(x))‘(Dc)X =0.

These equations will be called the discrete nonholonomic Euler—Lagrange equa-
tions for the system (Lq, M¢, D).

Let (g1,...,gn) be an element of Cg,v. Suppose that B(gx) = o (gk+1) = Xk,
1 <k <N —1,andthat {X ar} = {Xak, Xok} is a local adapted basis of Sec(t) on an
open subset Uy of M, with x; € Uy. Here, {Xqx}1<a<r is a local basis of Sec(tp,)
and, thus, {X ok }r+1<a<n 1S a local basis of the space of sections of the vector sub-
bundle 7y : DY — M, where D? is the annihilator of D, and {X“*, X%k} is the dual

basis of { Xk, Xqx}- Then, the sequence (g1, ..., gn) is a solution of the discrete non-
holonomic equations if (gy, ..., gn) € M¢ X -+ x M, and it satisfies the following
closed system of difference equations

N—-1

0= [Xar(g0) (L) — Xat(ge+1)(La)]
k=1
N-—1

[(dLa, (Xa0) @ P)(g) — (dLas (Xat) ") (gr4D)],

~
Il
-

for 1 <a <r, dbeing the differential of the Lie algebroid 7 * : T'r = VBérVa —
I". For N =2 we obtain that (g, h) € ', N (M. x M) (with B(g) =a(h) =x)isa
solution if

<« —
Xa(g)(La) — Xa(h)(La) =0,

where {X,} is a local basis of Sec(tp,) on an open subset U of M such that x € U.
Next, we describe an alternative version of these difference equations. First ob-
serve that using the Lagrange multipliers the discrete nonholonomic equations are
rewritten as
d°[Lgoly+ Laoryoil(e(x))(v) = Ae X* (x)(v),

for v € (Er)y, with (g,h) € ', N (M. x M) and B(g) = a(h) = x. Here, {X“} is
a local basis of sections of the annihilator D?.
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Thus, the discrete nonholonomic equations are:
<~ —
Y (9)(La) — Y (W)(La) = 2o (X*)(Nprg)  (8:h) € T2 N (M x M),
for all Y € Sec(t) or, alternatively,
(dLa — 2 (X OV Y ODY @) —(dLa, YIO)h) =0 (g.h) € T2 N (M x M),

for all Y € Sec(7).
On the other hand, we may define the discrete nonholonomic Euler—Lagrange
operator Dpgr.(Ld, Mc, De) : T'o N (M x M) — D as follows

DpEL(Lg, Mc, Dc)(g.h) =d°[Lgolg 4+ Laory o i](e(x))‘(DC)x,

for (g,h) e Ty N (M x M), with B(g) =a(h) =x € M.

Then, we may characterize the solutions of the discrete nonholonomic equations
as the sequences (g1, ..., gn), with (g, gk+1) € T2 N (M. x M), for each k €
{1,...,N — 1}, and

Dpgr(Lg, Mc¢, Dc)(8k, 8k+1) = 0.

Remark 3.4

(i) The set ', N (M, x M,) is not, in general, a submanifold of M, x M.

(ii) Suppose that opq, : Mc — M and Baq, : Mc — M are the restrictions to M
of:I" - M and B :I" — M, respectively. If @ p4, and B, are submersions,
then I'y N (M. x M) is a submanifold of M. x M, of dimension m + 2r.

3.2 Discrete Nonholonomic Legendre Transformations

Let (Lg, M¢, D;) be a discrete nonholonomic Lagrangian system. We define the dis-
crete nonholonomic Legendre transformations

F~(Lg, Mc,De) : Me — D: and IE‘—"_(Ld’ M, Do) Me — D:
as follows:

F~(Lq, Mc, De)(h) (Ve(a(h)) = —Ve(a(h))(La oy 00),
for vea(hy) € De(e(h)), 3.1)

F*(La, Me, De)(8) (Ve(s(g)) = Ve(p(g)) (La 0 Lg).
for ve(s(e)) € De(B(8))- (3.2)

IfF Ly:T — Ef and F"Ly: T — Ej} are the standard Legendre transformations
associated with the Lagrangian function Lgq and i%c : Ef — DY is the dual map of
the canonical inclusion ip, : D. — Er, then

F~(Lg, Me, Do) =i o F Laoin,,

(3.3)
F(Lg, M¢, D) = i, © FrLgoin,.
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Remark 3.5
(i) Note that

‘L’%ﬁ)c oF7(Lg, M¢, Do) =apm,, ‘L’l*)C oFt(Lg, M¢, Do) = Bm,.. (B.4)

(ii) If DpgL(Lg, M¢, D.) is the discrete nonholonomic Euler—Lagrange operator,
then

DDEL(Ld5 MC? DC)(g’ h) = ]F+(Lda MCv DC)(g) - IF_(l‘d’ MC’ DC)(h)v
for (g, h) e To N (M x M,).

On the other hand, since by assumption L4 : ' — R is a regular discrete La-
grangian function, we have that the discrete Poincaré—Cartan 2-section £2; , is sym-
plectic on the Lie algebroid 71 : 7' T" — I'. Moreover, the regularity of L is equiva-
lent to the fact that the Legendre transformations F~ L4 and F™ Lq to be local diffeo-
morphisms (see Sect. 2.3.5).

Next, we will present necessary and sufficient conditions for the discrete nonholo-
nomic Legendre transformations associated with the system (L4, M, D.) to be local
diffeomorphisms.

Let F be the vector subbundle (over I') of 7 : 7' I" — I" whose fiber at the point
heTlis

Fr={y"" |y € De(em)’})’ < 7T

In other words,

FP = {0y € De(an)’}.

Note that the rank of F isn + r. B
We also consider the vector subbundle F (over I') of 7+ : 7XT" — T of rank n + r
whose fiber at the point g € " is

Fy={y®" |y eDe(B(@)")’ < 7/T.

Now, let p7' T : T'T — TT be the anchor map of the Lie algebroid 7f :
T'T — T. Then, we will denote by H;, the subspace of ’Z;lrF given by

Hy=(p” ) (TM N Fy,  forhe M.

In a similar way, for every g € M. we will introduce the subspace ’)'_(g of ’Z;,FF de-
fined by

He = (o7 T) " (TuMe) N F.

On the other hand, let 2 be a point of M, and G}le S (ED)am @ (ED)gm — R

be the R-bilinear map given by (2.22). We will denote by (%r)hMc the subspace of
(Er)g(n) defined by

((Er)hMc ={b e (Er)gum) | (Templn)(b) € ThM.}
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Lgc . b7l M. s g < M
and by G, : (Dc)any x (ET);, © — R the restriction to (De)amny X (Er);, ° of
the R-bilinear map G .

In a similar way, if g is a point of I" we will consider the subspace (TZ)F) ¢ - of
(ET)a(g) defined by

(E 1)} ={a € Erdato | (Tetwion (g o)) @) € TyMe )

L ~Lgc = Mc Lq = ¢
and the restriction G, : (E 1)y ¢ X (Dc)gg) — R of G¢° to the space (Er)g © x

(De)pe)-
Then, we have the following result.

Theorem 3.6 If (Lgq, M., D.) is a discrete nonholonomic Lagrangian system, the
following conditions are equivalent:

(1) The discrete nonholonomic Legendre transformation F~(Lq, M., D.) (resp.,
F (L4, Mc, Dy)) is a local diffeomorphism.
(ii) Forevery h € M. (resp., g € M,)

(07 @M N FE=10)

(resp., (07 )TN T M) N Fy = {0).

(iii) For every h € M. (resp., g € M) the dimension of the vector subspace Hy,
(resp., 7:{g) is 2r and the restriction to the vector subbundle 'H (resp., 7:[) of the
Poincaré—Cartan 2-section §21,, is nondegenerate.

@iv) For every h € M. (resp., g € M)

{be(Er))™ | Gy*“(a,b) =0, Ya € Doaan} =10}

— .
(resp., {a € (ET)" | Gg*“(a, b) =0, Vb € (D))} = {OD).
Proof The proof of this theorem may be found in the Appendix of this paper. (|

3.3 Nonholonomic Evolution Operators and Regular Discrete Nonholonomic
Lagrangian Systems

First of all, we introduce the definition of a nonholonomic evolution operator.

Definition 3.7 Let (Lq, M., D.) be a discrete nonholonomic Lagrangian system and
Than : M — M, be a differentiable map. T3, is said to be a discrete nonholonomic
evolution operator for (L4, M., D,) if:

(i) graph(Yyn) C Iy, that is, (g, Tan(g)) € I'2, for all g € M. and
(i1) (g, Tan(g)) is a solution of the discrete nonholonomic equations, for all g € M.,
that is,

d°(Lgolg+ Lgory o i)(e(ﬂ(g)))mc(ﬂ(g)) =0, forallge M..
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Remark 3.8 If Ty : M. — M, is a differentiable map then, from (3.1), (3.2)
and (3.4), we deduce that 73, is a discrete nonholonomic evolution operator for
(Lg, M, D,) if and only if

F~ (L4, Mc,De) o Ton = IF—"_(Ld» M, De).

Now, we will introduce the notion of a regular discrete nonholonomic Lagrangian
system.

Definition 3.9 A discrete nonholonomic Lagrangian system (Lq, M., D) is said to
be regular if the discrete nonholonomic Legendre transformations F~(Lg4, M, D.)
and F*(Lq, M., D) are local diffeomorphims.

From Theorem 3.6, we deduce Corollary 3.10.

Corollary 3.10 Ler (Lg, M, D.) be a discrete nonholonomic Lagrangian system.
Then, the following conditions are equivalent:

(1) The system (Lq, M¢, D.) is regular.

(ii) The following relations hold

(pTrF)_l(ThMC) n F}f‘ ={0}, forallhe M,

('OTFF)_I (TeM) N F-={0),  forall g € Me.

(iii) H and H are symplectic subbundles of rank 2r of the symplectic vector bundle
(TA T, 21y)

@iv) If g and h are points of M, then the R-bilinear maps Gidc and (_;édc are right
and left nondegenerate, respectively.

The map G,f“c (resp., C_}éd") is right nondegenerate (resp., left nondegenerate) if
Gy, b)=0, Vae Doy = b=0

(resp., G5 (a,b) = 0,Yb € (D) p(g) = a =0).
Remark 3.11 Corollary 3.10 may be considered as the discrete version of some re-
sults obtained by several authors (see Bates and Sniatycki 1992; Cortés et al. 2005;
de Ledn et al. 1997; de Le6n and Martin de Diego 1996) about the characterization
of the regularity of continuous nonholonomic Lagrangian systems.

Every solution of the discrete nonholonomic equations for a regular discrete non-
holonomic Lagrangian system determines a unique local discrete nonholonomic evo-

lution operator. More precisely, we may prove the following result:
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Theorem 3.12 Let (Lg, M., D.) be a regular discrete nonholonomic Lagrangian
system and (go, ho) € M x M be a solution of the discrete nonholonomic equa-
tions for (Lq, M¢, D). Then, there exist two open subsets Uy and Vy of T, with
go € Ug and ho € Vo, and there exists a local discrete nonholonomic evolution oper-

ator Tn(hLd’MC’DC) :Up N M — Vo N M such that:

3 L CvDC
() 1iEaMePe g0y = g,

(ii) Tn(hLd’MC’DC) is a diffeomorphism.

(iii) Tn(hLd’MC’DC) is unique, that is, if U} is an open subset of T', with g € U, and
Toh : U(’) N M. — M. is a (local) discrete nonholonomic evolution operator,
then

(Lqg, M., De) _
(T )IUoﬂU{)ﬂ.Mc = (Ton) jwnugn M-

Proof From Remark 3.5, we deduce that
F (L4, Mc, De)(g0) =F~ (La, Mc, De)(ho) = o € D.

Thus, we can choose two open subsets Uy and Vy of I, with gg € Ug and hg € Vj,
and an open subset Wy of E}- such that uo € Wy and

Ft(Lg, Mc, De) : UpN M — Wo N D,
F~(Lg, Mc,De): VoNn Me — Wy N D}
are diffeomorphisms. Therefore, from Remark 3.8, we obtain that
. De¢ _ _
rikaMePe) — (F= (g M, Do)~ o FF(Lg, M, Do)
UyN M. — VoN M

[UpN M, *

is a (local) discrete nonholonomic evolution operator. Moreover, it is clear that
Tn(}f‘ a-Me.De) (g0) = hg and it follows that Tn(é‘ a-MePo) o g diffeomorphism.

Finally, if Uy is an open subset of I", with gg € U, and Ty : Uy N M — M,
is another (local) discrete nonholonomic evolution operator, then (Tnh)\uomuém M.
is also a (local) discrete nonholonomic evolution operator. Consequently, from Re-
mark 3.8, we conclude that

) wonugnmte = [F~(La, Me. Do) ™ o FF (Lo, Me. Do)y,

(riie ™)

[UpNUJNM.* O
3.4 Reversible Discrete Nonholonomic Lagrangian Systems

Let (Lgq, M., D.) be a discrete nonholonomic Lagrangian system on a Lie groupoid
r=m.

Following the terminology used in McLachlan and Perlmutter (2006) for the par-
ticular case when I" is the pair groupoid M x M, we will introduce the following
definition
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Definition 3.13 The discrete nonholonomic Lagrangian system (Lq, M., D,) is said
to be reversible if

Lyoi=1Lq, i(Mc)=Me,,

i : ' = T being the inversion of the Lie groupoid T".

For a reversible discrete nonholonomic Lagrangian system we have the following
result:

Proposition 3.14 Let (Lq, M., D;) be a reversible nonholonomic Lagrangian sys-
tem on a Lie groupoid T'. Then, the following conditions are equivalent:

(i) The discrete nonholonomic Legendre transformation ¥~ (L4, M, D.) is a local
diffeomorphism.

(ii) The discrete nonholonomic Legendre transformation F+(Lq, M., D¢) is a local
diffeomorphism.

Proof If h € M, then, using (3.1) and the fact that Lq o i = Ly, it follows that

F~ (La, Me. D) () Wetwnn) = ~Veiny(La o ;")
for ve(w(n)) € (Dc)a(ny- Thus, from (3.2), we obtain that
F~(La. Mc, Do) (h) Weany) = —FF (La, Me, D) (A1) (We(pi-1)-
This implies that
F*(Lg, Mc,De) = —F (Ldg, Mc, De) oi.

Therefore, since the inversion is a diffeomorphism (in fact, we have that i2 = id), we
deduce the result. O

Using Theorem 3.6, Definition 3.9 and Proposition 3.14, we may obtain necessary
and sufficient conditions for a reversible nonholonomic Lagrangian system on a Lie
groupoid to be regular.

Next, we will prove that a reversible nonholonomic Lagrangian system is dynam-
ically reversible.

Proposition 3.15 Let (Lgq, M, D.) be a reversible nonholonomic Lagrangian sys-
tem on a Lie groupoid T and (g, h) be a solution of the discrete nonholonomic

Euler—Lagrange equations for (Lg, Mc, D). Then (h=', g™ is also a solution of
these equations. In particular, if the system (Lq, M, D.) is regular and Tn(hLd’MC’D“)
is the (local) discrete nonholonomic evolution operator for (Lq, M., D.), then

Tn(hLd’MC’DC) is reversible, that is,

Tn(lfld’MC;IDc) Oi ° Tn(}fd’MC"DC) — l
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Proof Using that i (M) = M., we deduce that
(h_l, g_l) el N (M x M,).

Now, suppose that (g) = @(h) = x and that v € (D.),. Then, since Lgoi = Lg, it
follows that

d°[Lgoly-1 4+ Lgo Ig—10 i](a(x))(v) =v(Lqoiorpoi)+v(Lgoiolg)
=v(Lq olg) +v(Lgorpoi)
=0.
Thus, we conclude that (h_l,g_l) is a solution of the discrete nonholonomic

Euler-Lagrange equations for (L4, M., D.).

If the system (L4, M, D.) is regular and g € M., we have that (g,

Tn(hL d’/VI’D“)(g)) is a solution of the discrete nonholonomic Euler-Lagrange equa-

tions for (L4, Mc, D.). Therefore, (i(Tn(}f‘d’M’D“)(g)), i(g)) is also a solution of the
dynamical equations which implies that
L4y, M,D.) (. Ly, M, D, .
T (i (1 '(©)) =i(9). O

Remark 3.16 Proposition 3.15 was proved in McLachlan and Perlmutter (2006) for
the particular case when I is the pair groupoid.

3.5 Lie Groupoid Morphisms and Reduction

Let (®, &) be a Lie groupoid morphism between the Lie groupoids I' = M and
=M.

Denote by (E(®), Pp) the corresponding morphism between the Lie algebroids
Er and Er of T and I/, respectively (see Sect. 2.2).

If Lg:T — Rand L) :I"" — R are discrete Lagrangians on I' and I'" such that

La=L)o®
then, from Theorem 4.6 in Marrero et al. (2006), we have that
(DpeLLa)(g. h)(v) = (DpeLLY) (P(g), D(h)) (Ex()(v))

for (g, h) e 'y and v € (Er)y, where x = B(g) =a(h) e M.
Using this fact, we deduce the following result:

Corollary 3.17 Let (P, ®g) be a Lie groupoid morphism between the Lie groupoids
' = M andT" = M'. Suppose that L, : T" — R is a discrete Lagrangian on "', that
(Lg= L& o ®, M, D.) is a discrete nonholonomic Lagrangian system on I and that
(g,h) eToN(M¢ x M.). Then:

(i) The pair (g, h) is a solution of the discrete nonholonomic problem (Lq, M, D)
if and only if (DDELLQ)(d)(g), ®(h)) vanishes over the set (Egg)®)((Dc)g(g))-
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(i) If (L, ML, D)) is a discrete nonholonomic Lagrangian system on T’ such

that (®(g), ®(h)) € Mé X Mé and (Egg)(®))((De)p(e)) = (Dé)q;o(ﬁ(g)), then
(g, h) is a solution for the discrete nonholonomic problem (Lg, M, D) if
and only if (®(g), ©(h)) is a solution for the discrete nonholonomic problem
(L, M, D).

3.6 Discrete Nonholonomic Hamiltonian Evolution Operator

Let (Lg, M., D.) be a regular discrete nonholonomic system. Assume, without
the loss of generality, that the discrete nonholonomic Legendre transformations

F~(Lg, M¢, De) : M¢ — DF and F+(Lg, M, De) : Mc — D} are global diffeo-

morphisms. Then, ¢ MeP) — F=(14, M., D)™ 0 FF (La, M, De) is the dis-

crete nonholonomic evolution operator and one may define the discrete nonholo-
nomic Hamiltonian evolution operator, yy, : D} — D}, by

Pab =F" (La, M, De) 0 0 MeP) o B (Lg, Me, Do) (3.5)
From Remark 3.8, we have
Fon =F " (La, Me, Do) oy P 0 T (Lg, Mc, Do)
=F*(Lg, Mc, D) o F ™ (La, M, Do) ™.
The following commutative diagram illustrates the situation

y(LdyMCch)
M, —m M.

FJr(Ld,Mc,Dc) F+(Ld»MCyDC)

F~(Lq, Mc, Dc) F~(Lq, Mc, De)
77nh
Dk D,

C

)7nh
D k

*
C C

Remark 3.18 The discrete nonholonomic evolution operator is an application from
D¢ toitself. It is remarkable that D} is also the appropriate nonholonomic momentum
space for a continuous nonholonomic system defined by a Lagrangian L : Er —
R and the constraint distribution D,. Therefore, in the regular case, the solution of
the continuous nonholonomic Lagrangian system also determines a flow from D} to
itself. We consider that this would be a good starting point to compare the discrete
and continuous dynamics and eventually to establish a backward error analysis for
nonholonomic systems.

3.7 The Discrete Nonholonomic Momentum Map

Let (L4, M¢, D) be a regular discrete nonholonomic Lagrangian system on a Lie
groupoid I' = M and t : Er — M be the Lie algebroid of T".
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Suppose that g is a Lie algebra and that ¥ : g — Sec(7) is a R-linear map. Then,
for each x € M, we consider the vector subspace g* of g given by

g'={teg|PE ) e (D).}

and the disjoint union of these vector spaces

="

xeM

We will denote by (gDC)* the disjoint union of the dual spaces, that is,

(6™)" = J@)"

xeM

Next, we define the discrete nonholonomic momentum map J™ : T' — (gPe)* as
follows: J™(g) € (g#?®)* and

I™M(9) ) = 07 (¥ (ED)(9) =¥ E)(g)(Ly). forg el andé € gP®.

If E: M — g is a smooth map such that g(x) € g, for all x € M, then we may
consider the smooth function Jgnh : ' — R defined by

M) =I"@E(B@)). VeeT.
Definition 3.19 The Lagrangian L4 is said to be g-invariant with respect ¥ if
(1,1 — —
V() (L) =Y(E) (L) —¥(E)(Lg) =0, Vieg.
Now, we will prove the following result

Theorem 3.20 Let Tn(hL a-Me.De) M — M. be the local discrete nonholonomic
evolution operator for the regular system (Lq, M, D). If Lq is g-invariant with
respect to ¥ : g — Sec(t) and '§ : M — g is a smooth map such that g(x) € g", for
all x e M, then

CsDC
K (e MeP () — s (g

=wEB(TrFMeP () —E(B(0)) (LMD (0)(La)  (3.6)
for g € M..

Proof Using that the Lagrangian Ly is g-invariant with respect to ¥, we have that

o E (TP ) (AP ) L)

=¥ (E(ry @) (1™ @) L. (3.7)
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(LdsMCs
Tnh

Also, since (g, Do) (g)) is a solution of the discrete nonholonomic equations:

<~— ~
v (E(8(2))) (@) (La) = ¥ (E(a(T LMD () (v MeP () (Lg).  (3.8)

Thus, from (3.7) and (3.8), we find that

«—

W (£(B(2)))(2)(La) =¥ (E(B(2))) (YL MPI (g)) (Ly).

Therefore,

I MeP g)) — i) = wE(B(Tar P () (P (9)) (L)
%
—¥(§(B(®))()(La)
= v EBOR @) 0 @) Lo

(~—
—w(E(B(e)) (T MDPI () (Ly)

= wE(B(rieMaPo(0)) —E(B(2)))
x (TEeMeP () (Ly). 0

Remark 3.21 Theorem 3.20 may be considered as the discrete version of a result
which was proved in Cortés et al. (2005) (see also Bloch et al. 1996; Cantrijn et al.
1998, 1999) for a continuous Lagrangian system on a Lie algebroid which is invariant
under the action of a symmetry Lie group.

Equation (3.6) will be called the discrete nonholonomic momentum equation.
Theorem 3.20 suggests we introduce the following definition.

Definition 3.22 Anelement & € g is said to be a horizontal symmetry for the discrete
nonholonomic system (L4, M., D) and the map ¥ : g — Sec(z) if

U(E)(x)e (®De)y, forallxe M.
Now, from Theorem 3.20, we conclude that:

Corollary 3.23 If Lq is g-invariant with respect to W and & € g is a horizontal sym-
metry for (Lg, M, D.) and ¥ : g — Sec(t), then Jgh : T — R is a constant of the

motion for Tn(hLd’MC’DC), that is,

nh (Ldec,Dc) __ gnh
‘]§ o = ‘]§ .
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4 Examples
4.1 Discrete Holonomic Lagrangian Systems on a Lie Groupoid

Let us examine the case when the system is subjected to holonomic constraints.

Let Ly : ' — R be a discrete Lagrangian on a Lie groupoid I' == M. Suppose that
M, CT is aLie subgroupoid of " over M’ C M, that is, M_ is a Lie groupoid over
M’ with structural maps

oM, Me—> M, Bm, : M — M,
E|M/ZM/—>MC, i|MCZMc—>Mc,

the canonical inclusions ipq, : M¢ — T and iy : M' — M are injective immersions
and the pair (iprq,,ip0) is a Lie groupoid morphism. We may assume, without the
loss of generality, that M’ = M (in other cases we will replace the Lie groupoid I' by
the Lie subgroupoid IV over M’ defined by I = o~ (M") N =1 (M")).

Then, if Larq, = Laoipn, and Taq, : Epq, — M is the Lie algebroid of M., we
have that the discrete (unconstrained) Euler—Lagrange equations for the Lagrangian
function L p,, are

<~ —
X(@ULm)— XW)(Lm)=0 (g, h)€ Mo, 4.1)

for X € Sec(taq,).

We are interested in writing these equations in terms of the Lagrangian Lg defined
on the Lie groupoid I'. From Corollary 4.7 (iii) in Marrero et al. (2006), we de-
duce that (g, h) € (M), is a solution of (4.1) if and only if Dpgr Lq(g, i) vanishes
over Im(Eg(g)(ipm,)). Here, E(ipg,) @ Epq, — Er is the Lie algebroid morphism
induced between E z4_ and Er by the Lie groupoid morphism (i o, id). Therefore,
we may consider the discrete holonomic system as the discrete nonholonomic system
(La, M, Do), where De = (E(ip))(Eat) = Ep,.

In this particular case, when the subgroupoid M. is determined by the vanishing
set of n — r independent real C*°-functions ¢ : ' — R

Mc={gel'|$”(g)=0, forall y},
then the discrete holonomic equations are equivalent to

Y@Ly - ¥ Ly = Ay d°9 (e(B@))(Y(B()),  ¢7(8)=¢"(h) =0,

for all Y € Sec(r), where d° is the standard differential on I". This algorithm is a gen-
eralization of the Shake algorithm for holonomic systems (see Cortés and Martinez
2001; Leimkuhler and Reich 2004; Marsden and West 2001; McLachlan and Perl-
mutter 2006 for similar results on the pair groupoid Q x Q).

4.2 Discrete Nonholonomic Lagrangian Systems on the Pair Groupoid

Let (L4, Mc, D.) be a discrete nonholonomic Lagrangian system on the pair group-
oid QO x Q = Q and suppose that (g, 1) is a point of M. Then, using the results of
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Sect. 3.1, we deduce that ((go, g1), (g1, g2)) € (Q x Q)7 is a solution of the discrete
nonholonomic Euler-Lagrange equations for (Lg, M, D) if and only if

(D2La(q0.91) + D1La(q1,92)) 1,4y = 0-

(511, qz) € MC’
or, equivalently,
n—r
DyLa(g0, q1) + D1La(q1,q2) = Y _7jAl (q1),
j=1
(ql ’ q2) € MCa

where A ; are the Lagrange multipliers and {A7} is alocal basis of the annihilator Dg.
These equations were considered in Cortés and Martinez (2001) and McLachlan and
Perlmutter (2006).

Note that if (g1, ¢2) € ' = Q x Q then, in this particular case, G(qu|,qz) 1Ty, 0 x
T;, O — Ris just the R-bilinear map (D2 D1Lq4)(q1, g2)-

On the other hand, if (¢1, g2) € M. we have that

<—MC
(TQ)(‘IvaZ) = {v‘h € quQ | ©, qu) € T(qlﬂz)MC}a

——
(TQ)(th,qz) = {vql € TQI 0 | (U‘Il ,0) € T(é]lﬂz)MC}-

Thus, the system (Lg, M, D.) is regular if and only if for every (¢q1, ¢2) € M.
the following conditions hold:

—
If v, € (T Q)(f;/]lfqz) and

= v, =0,
(D2D1La(q1,92)vg,, Vg,) =0,  Vvg, € De(g2)
and
. < M
if v, e (TQ); ¢ | and
92 (91,92) — v, =0.

(D2D1L4(q1,q2)vg,, vg,) =0, Vug € De(qr)

The first condition was obtained in McLachlan and Perlmutter (2006) in or-
der to guarantee the existence of a unique local nonholonomic evolution opera-

tor Tn(hL a-Me,De) for the system (L4, M., D.). However, in order to assure that
(LdsMc»Dc)

Tnh

also holds.

is a (local) diffeomorphism one must assume that the second condition

Example 4.1 (Discrete Nonholonomically Constrained Particle) Consider the dis-
crete nonholonomic system determined by:

(a) A discrete Lagrangian Lq: R3 x R? — R:

1] (x1—x0)\> yi—y)\° 21 —20)?
L ,20, X1, Y1,21) = = .
a(x0, Y0, 20, X1, Y1, 21) 2[( A > +< A + A
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(b) A constraint distribution of Q =R?3,

D—sanX—a+ 9 X—8
C_p 1_8x yazv 2—8y .

(c) A discrete constraint submanifold M. of R3 x R3 determined by the constraint

b (x 0. x Z)_11—zo_ yr+yo\ [ x1—Xo
0,)’0, 05 1,}’1, 1) = h 2 ]’l .

The system (Lq, M, D¢) is a discretization of a classical continuous nonholonomic
system: the nonholonomic free particle (for a discussion on this continuous system
see, for instance, Bloch et al. 1996; Cortés 2002). Note that if E 3, p3) = TR3 is the

Lie algebroid of the pair groupoid R? x R? = R?, then

TxyyrzrxnynznMe N E@agrs) (X1, ¥1, 21) = De(x1, ¥1, 21)-

Since
(X_ 0 n 0 X—> _ 0 0 )<(— _ 0 )7) _ 0
1= ax 1 dz1’ = 3xo yOBZO’ 2_8y1’ 2= 3o’
then, the discrete nonholonomic equations are
X2 —2x1 + X0 22 —221 + 20
(T) +1 (T) —0, 4.2)

y2—=2y1+ 0
0 =0, “4.3)

which together with the constraint equation determine a well-posed system of differ-
ence equations.
We have that

1
DD Ly= —Z{dxo Adx; +dyg Ady; +dzo Adzy}

d 0 d 3
(X0,Y0,20,X1,¥1,21) { 03_360 + boa_y() +Coa 20 € Txg,y0.20 R/

(TR
1
co= E(do(h + y0) — bo(x1 — XO))}~

0 0
bi— +c1— o7 € T(xy,y1, zl)R /

H
3)MC ) =141 — +
(%0,Y0,20,%1,Y1,21) x| 1

(TR

1
1= E(al(yl +y0) + b1(x1 — XO))}-
Thus, if we consider the open subset of M, defined by

{(x0, yo. 20, X1, Y1, 21) € Mc | 2+ 37 4+ yiyo # 0,2+ ¥5 + yoy1 # 0},

then in this subset the discrete nonholonomic system is regular.
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Let ¥ : g =R> > X(R?) given by W(a,b) = ajt + bi-. Then g =
span{lll(é) = X}, where £ : R? — R? is defined by £(x,y,z) = (1, y). Moreover,
the Lagrangian Lq is g-invariant with respect to ¥. Therefore,

Jgh(xl,yl,m,xz, ¥2,22) — Jgnh(xo, Y0, 205 X1, Y1, 21)

«~—
=¥ (0, y2 — y1)(x1, y1,21, X2, ¥2, 22) (La),

that is,

X2 — X 72 — 21 X1 — X0 21 — 20 72— 121
( L2 + h2 >_< h2 + )1 n2 >=(Y2—)’1)< 72 )

This equation is precisely (4.2).

4.3 Discrete Nonholonomic Lagrangian Systems on a Lie Group

Let G be a Lie group. G is a Lie groupoid over a single point and the Lie algebra g
of G is just the Lie algebroid associated with G.
Ifg,heG,vy TG and oy, € T;G we will use the following notation:

gvn = (Tplg) (vp) € Tgn G, vpg = (Thrg)(vp) € Tiy G,

goy = (T;}ilg—l)(()lh) € T;hG, opg = (Th*grg—l)(ah) € Th*gG‘
Now, let (Lg, M., D) be a discrete nonholonomic Lagrangian system on the Lie
group G, thatis, Lq: G — R is a discrete Lagrangian, M is a submanifold of G
and D is a vector subspace of g.
If g1 € M, then (g1, g2) € G x G is a solution of the discrete nonholonomic
Euler-Lagrange equations for (L4, M, D;) if and only if

n—r
g1 'dLa(e) — dLa(g)gy ' = Y hjm, (44)
j=1 '

gkeM., k=1,2,

where A ; are the Lagrange multipliers and { w’} is a basis of the annihilator D? of De.
These equations were obtained in McLachlan and Perlmutter (2006) (see Theorem 3
in McLachlan and Perlmutter 2006).

Taking px = dLq(ge)g; ', k = 1,2 then

n—r

—AdE pr=—) Mu,,
p2—Adj, pi ; I 4.5)
gk €M, k=1,2,

where Ad: G x g — g is the adjoint action of G on g. These equations were ob-
tained in Fedorov and Zenkov (2005a) and called discrete Euler—Poincaré—Suslov
equations.
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On the other hand, from (2.14), we have that
21, (G770, 7L W) =7 (L) = 77 (7' (La).

Thus, if g € G then, using (2.22), it follows that the R-bilinear map Gé“ gxg—R
is given by

Gl m=—T (€ (Ly).

Therefore, the system (Lq, M., D) is regular if and only if for every g € M, the
following conditions hold:

neg/T(@)eleM:. and ()€ (La))=0, VEeD. = n=0,

teg/E (@) el M. and T()(E (La))=0, VneD. = &=0.

We illustrate this situation with two simple examples previously considered in
Fedorov and Zenkov (2005a).

4.3.1 The Discrete Suslov System

(See Fedorov and Zenkov (2005a).) The Suslov system studies the motion of a rigid
body suspended at its center of mass under the action of the following nonholonomic
constraint: the body angular velocity is orthogonal to some fixed direction.

The configuration space is G = SO(3) and the elements of the Lie algebra so(3)
may be identified with R3 and represented by coordinates (w,, wy, ;). Without loss
of generality, let us choose as fixed direction the third vector of the body frame
e1, €2, e3. Then, the nonholonomic constraint is w, = 0.

The discretization of this system is modelled by considering the discrete La-
grangian Lg : SO(3) — R defined by Lq(£2) = L Tr(27), where J represents the
mass matrix (a symmetric positive-definite matrix with components (J;;)1<;, j<3)-

The constraint submanifold M. is determined by the constraint Tr(§2 E3) = 0 (see
Fedorov and Zenkov 2005a), where

00 O 0 0 1 0 0
E/={0 0 -1}, E=|0 0 0}, E3=|1 0 0
01 0 -1 0 0 0 0

is the standard basis of s0(3), the Lie algebra of SO(3).

The vector subspace D, = span{E1, E;}. Therefore, DB = span{E 3}, Moreover,
the exponential map of SO(3) is a diffeomorphism from an open subset of D, (which
contains the zero vector) to an open subset of M. (which contains the identity ele-
ment 7). In particular, Ty M. = D..

On the other hand, the discrete Euler—Poincaré—Suslov equations are given by

<« — .
E;i(§21)(La) — Ei(§22)(La) =0, Tr($2:E3) =0, i€{l,2}.
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After some straightforward operations, we deduce that the above equations are equiv-
alent to

Tr((Ei22 — 21E)J) =0,  Tr(2:E3) =0, iefl,2)

or, considering the components £2; = (.Ql.(/].{)) of the elements of SO(3), we have that:

(./239%) — J33.Q3(§) + ./2292(;) ) . (—J23.Q3(§) — Jzzﬂg) — J]zfzg))
—12392%) + 11291(? - J1391(;) +J3392(§) + 12395? + J13-Q§)
(—11393‘? + Il - Jug;y) ~ (Jlgfz;? + 02y + 2y )
+Jz392(}) - Jnﬂf;) + Jlsﬂﬂ) —13391(? - stﬂg) - J]SQﬁ)
6)) ) 2) 2
$2) =52, 25 =55
Moreover, since the discrete Lagrangian verifies that
1 1
Lqa(2) = 3 Tr(2J) = 3 Tr(22'J) = Ld(Q—l)

and also the constraint satisfies Tr(£2 E3) = — Tr(§2 L E3), then this discretization
of the Suslov system is reversible. The regularity condition in £2 € SO(3) is, in this
particular case,

neso3)/ Tr(E12nJ) =0, Tr(E,82nJ)=0 and
Tr(2nE3) =0 = n=0.
It is easy to show that the system is regular in a neighborhood of the identity 1.

4.3.2 The Discrete Chaplygin Sleigh

(See Fedorov (2007), Fedorov and Zenkov (2005a).) The Chaplygin sleigh system
describes the motion of a rigid body sliding on a horizontal plane. The body is sup-
ported at three points, two of which slide freely without friction while the third is a
knife edge, a constraint that allows no motion orthogonal to this edge (see Neimark
and Fufaev 1972).

The configuration space of this system is the group SE(2) of Euclidean motions
of R?. An element §2 € SE(2) is represented by a matrix

cosf —sinf x
2= sinf cosh y with 6, x,y e R.
0 0 1

Thus, (@, x, y) are local coordinates on SE(2).
A basis of the Lie algebra se(2) = R3 of SE(2) is given by

0 -1 0 0 0 1 0 0 0
e=|1 0 0], er=10 0 0], e2=10 0 1],
0 0 O 0 00 0 00
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and we have that
le,e1] = e, le,e2] = —ey, [e1,e2]=0.
An element & € se(2) is of the form
E=we+tvie +vre,

and the exponential map exp : se(2) = R3 — SE(2) of SE(2) is given by

sinw cosw — 1 cosw — 1 sinw
exp(w, vy, 12) = | @, v; + v , — ] + v ,
w w w w

ifw#0,

and
exp(0, vy, v2) = (0, vy, v2).

Note that the restriction of this map to the open subset U =] — , n[xR2 CR3=
s¢(2) is a diffeomorphism onto the open subset exp(U) of SE(2).
A discretization of the Chaplygin sleigh may be constructed as follows:

— The discrete Lagrangian Lq : SE(2) — R is given by
1 T
La(2) =3 Tr(212") — Tr(22D),

where J is the matrix:

(J/2) + ma? mab ma
J= mab (J/2) + mb* mb
ma mb m

(see Fedorov and Zenkov 2005a).
— The vector subspace D, of se(2) is

D, =span{e, e} = {(a), v, 1) € 5e(2) | vy = 0}.
— The constraint submanifold M. of SE(2) is
M. =exp(UND,). (4.6)
Thus, we have that
Mc={(,x,y) €SEQ) | -7 <0 <7,0 #0, (1 — cosf)x — ysinf =0}
U{(0,x,0) € SEQ2) | x e R}.
From (4.6) it follows that I € M, and T; M. = D.. In fact, one may prove that

T M { d n x 0 d }
= span{ — —— ,— ,
©.x,0) ¢ p 20 [(0,x,0) 2 ay 1(0,x,0) ax [(0,x,0)

for x € R (see Fig. 1).
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Fig. 1 Submanifold M,

Now, the discrete Euler—Poincaré—Suslov equations are:
T (01,31, y1)(La) — € (62, x2, y2)(La) =0,
<« —
e1 (01, x1, y1)(La) — e1 (62, x2, y2)(La) =0,

and the condition (6, xk, yr) € M., with k € {1, 2}. We rewrite these equations as
the following system of difference equations:

—amcosf; —bmsinf +am '\ _ (mxy +amcost,
+mx1 cos@ + my sinf; "\ —bmsinfy —am

_(amyy—bmx;

n (+(a2m +b*m+J) sin92>

am yj cosf; —am x1 sinf; — bm x1 cos 6
—bm yy sin@; + (a®>m + b*m + J) sin6;

together with the condition

Ok, xk, yr) € M, kef{l,2}.

On the other hand, one may prove that the discrete nonholonomic Lagrangian system
(Lgq, M¢, D) is reversible.

Finally, consider a point (0, x,0) € M, and an element n = (w, v, v2) € 5¢(2)
such that

70,x,0) € Tor00Me,  7(0,x,00(% (La)) =0,
9(0,x,0)(e1 (La)) =0.

Then, if we assume that a’m+J+ am% # 0, it follows that n = 0.
Thus, the discrete nonholonomic Lagrangian system (Lg, M., D) is regular in a
neighborhood of the identity 7.

4.4 Discrete Nonholonomic Lagrangian Systems on an Action Lie Groupoid

Let H be a Lie group with identity elementeand - : M x H - M, (x,h) e M x H —
xh € M, aright action of H on M. Thus, we may consider the action Lie groupoid
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' =M x H over M with structural maps given by

a(x,h)=x, B(x,h) =xh, €(x) =(x,e),

3 4.7)
m((x, h), (xh, b)) = (x,hh'),  i(x,h)=(xh,h7").

Now, let h = T, H be the Lie algebra of H and ® : h — X (M) the map given by
@(n) =nm, forneh,

where 1y is the infinitesimal generator of the action - : M x H — M corresponding
to n. Then, & is a Lie algebra morphism and the corresponding action Lie algebroid
pri: M x b — M is just the Lie algebroidof ' = M x H.

We have that Sec(pri) = {n: M — b | 5 is smooth} and that the Lie algebroid
structure ([, -Io, po) on pr; : M x H — M is defined by

17, Allo (x) = [7(x), 2(x)] + (7(x)) 5, () () = (72(x)) ,, (D),
P (1) (x) = (7(x)),, (%),

for n, L € Sec(pry) and x € M. Here, [-, -] denotes the Lie bracket of §.
If (x,h) eI’ =M x H, then the left-translation [ p) : & '(xh) > @ !(x) and
the right-translation r(y ) : B 1) > B ~I(xh) are given

Lo (xh, 1) = (e, BB, ren (@) 1) = (x(W) " WR). @8)

Now, if n € b, then 5 defines a constant section C;; : M — hof pri : M xh— M
and, using (2.4), (2.5), (4.7) and (4.8), we have that the left-invariant and the right-

invariant vector fields (5,7 and Z‘),,, respectively, on M x H are defined by

C ot h) = (—nu), T M), Cy.h)= (0, Th),  (49)

for (x,h)eI' =M x H.

Note that if {»;} is a basis of h then {C,,} is a global basis of Sec(pri).

On the other hand, we will denote by expr : Er =M x h — I' = M x H the map
given by

expr(-xa U)Z(xanPH('?)), for (-xvn)EEFZMth

where expy : h — H is the exponential map of the Lie group H. Note that if ®y ) :

R — TI' =M x H is the integral curve of the left-invariant vector field C , on I" =
M x H such that @, .)(0) = (x, e), then (see (4.9))

expr(x, 1) = Dy, (1).

Next, suppose that Ly : ' = M x H — R is a Lagrangian function, that D, is a
constraint distribution such that {X“} is a local basis of sections of the annihilator
Dg, and M. C T is the discrete constraint submanifold.
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For every h € H (resp., x € M) we will denote by Ly, (resp., Ly) the real function
on M (resp., on H) given by Lj(y) = La(y, h) (resp., Ly(h’) = Lq(x,h’)). A com-
posable pair ((x, hg), (xhg, hg+1)) € To N (M x M) is a solution of the discrete
nonholonomic Euler-Lagrange equations for the system (Lg, M., D.) if

<~ — o
C (e, hi)(La) — C y(xhi, hg1)(La) = Ag X¥ (xhr) (), forallneb,
or, in other terms (see (4.9))

{Teln ) ML) = {(Terne ) Y Lne) + 0w (xhi) (Ly,y) = 2o X (hi) (),

for all n € b.
4.4.1 The Discrete Veselova System

As a concrete example of a nonholonomic system on an action Lie groupoid we
consider a discretization of the Veselova system (see Veselov and Veselova 1989). In
the continuous theory (Cortés et al. 2005), the configuration manifold is the action
Lie algebroid pr : $ x s0(3) — $2 with Lagrangian

1
Lo(y,w)= §w~la)—mg1y -€,

where S? is the unit sphere in R?, @ € R? ~ s0(3) is the angular velocity, y is the
direction opposite to the gravity and e is a unit vector in the direction from the fixed
point to the center of mass, all them expressed in a frame fixed to the body. The con-
stants m, g and / are respectively the mass of the body, the strength of the gravitational
acceleration and the distance from the fixed point to the center of mass. The matrix
I is the inertia tensor of the body. Moreover, the constraint subbundle D, — 2 is
given by

y€8* > De(y) =|we R ~5003) |y - 0=0}.

Note that the section ¢ : 52 > §2 x 50(3)%, (x, y,2) > ((x,,2), xel + ye2 +ze3),
where {e|, ¢, e3} is the canonical basis of R3 and {el, ez, e3} is the dual basis, is a
global basis for DY.

If w € 50(3) and @ is the skew-symmetric matrix of order 3 such that v = w x v
then the Lagrangian function L. may be expressed as follows

1
Le(y, o) = 3 Tr(@lo") — mgly -e,

where [ = L Tr(I) 343 — I. Here, I3x3 is the identity matrix. Thus, we may define a

discrete Lagrangian Lq : I’ = §2 x SO(3) — R for the system by (see Marrero et al.
2006)

1
Lq(y, 2) = ~7 Tr(12) — hmgly -e.
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On the other hand, we consider the open subset of SO(3)
V={2eS03)|Tr +=+1}
and the real function ¥ : §% x V — R given by
Vo2 =y (2 20).
One may check that the critical points of yr are
Cy={y.2)eS*xV |2y —y=0}
Thus, the subset M. of I' = §% x SO(3) defined by
Me={(y.2)e(*xV)=Cy |y (2 -2T)=0},

is a submanifold of I" of codimension one. M_ is the discrete constraint submanifold.

We have that the map expr : 5% x 50(3) — S? x SO(3) is a diffeomorphism from
an open subset of D, which contains the zero section, to an open subset of M.,
which contains the subset of I' given by

(%) ={(y.e) € §* x SO3)}.
So, it follows that
(Do) (¥) = T(y,eyMc N Er(y), fory e S

Following the computations of Marrero et al. (2006) we get the nonholonomic dis-
crete Euler—Lagrange equations

M1 — Q,}ngk + mglhz(yme) = AVi+1,
yk(.Qk — .Q,;F) =0, w1 (-Qk+1 - .Q]L]) =0,

for (v, $2x), (Vi $2k, $2k+1)) € ['2, where M = 21— 12T, Therefore, in terms of the
axial vector IT in R? defined by I1= M, we can write the equations in the form

Myt = 27 T — mglh®yiq1 X € + A1,

(2 —25) =0, viri(2s1 —25,)=0.

Note that, using the expression of an arbitrary element of SO(3) in terms of the Euler
angles (see Chap. 15 in Marsden and Ratiu 1999), we deduce that the discrete con-
straint submanifold M, is reversible, that is, i (M) = M. However, the discrete
nonholonomic Lagrangian system (L4, M, D;) is not reversible. In fact, it is easy
to prove that Lgoi # Lg.

On the other hand, if y € $% and &, n € R3 = s0(3), then it follows that

— <~
Ce(y,3)(Cy(Ly)=—&-In.

Consequently, the nonholonomic system (L4, M., D.) is regular in a neighborhood
(in M) of the submanifold €(S?).
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4.5 Discrete Nonholonomic Lagrangian Systems on an Atiyah Lie Groupoid

Let p: Q — M = Q/G be a principal G-bundle and choose a local trivialization
G x U, where U is an open subset of M. Then, one may identify the open subset
(p~ " U) x p~H(U))/G ~ (G x U) x (G x U))/G of the Atiyah groupoid (Q x
0)/G with the product manifold (U x U) x G. Indeed, it is easy to prove that the
map

((GxU)x(GxU))/G— (UxU)xG,
[((g. ). (. 3)] = (. ). 87'¢"),

is bijective. Thus, the restriction to ((G x U) x (G x U))/G of the Lie groupoid
structure on (Q X Q)/G induces a Lie groupoid structure in (U x U) x G with
source, target and identity section given by

a:(UxU)xG— U, ((x,y),g)—)x,
B:(UxU)yxG—U; ((x,9,8) —,
e:U—UxU)xG; x— ((x,x),¢),

and with multiplication m : (U x U) x G)» — (U x U) x G and inversion i : (U x
U) x G — (U x U) x G defined by

m(((x, ), 8). ((v,2),h)) = ((x,2), gh).

(4.10)
i((x.y).8) = (0. x).87").

The Lie algebroid A((U x U) x G) may be identified with the vector bundle TU x
g — U. Thus, the fiber over the point x € U is the vector space Ty U x g. Therefore,
a section of A(U x U) x G) is a pair (X, é), where X is a vector field on U and § is
amap from U on g. The space Sec(A((U x U) x G)) is generated by sections of the
form (X, 0) and (0, C¢), with X € X(U), £ € g and C¢ : U — g being the constant
map Cg(x) =&, for all x € U (see Marrero et al. 2006 for more details).

Now, suppose that Lq : (U x U) x G — R is a Lagrangian function, D, a vector
subbundle of TU x g and M. a constraint submanifold on (U x U) x G. Take a basis
of sections {Y“} of the annihilator DZ. Then, the discrete nonholonomic equations are

<= Pr—
(Xas n(x)((-xv )’), gk)(Ld) - (Xotv ﬂa)(()’» Z)s gk-‘rl)(Ld) = O»

with (Xo, 7¢) : U — TU x g abasis of the space Sec(tp,) and (((x, y), gx), (¥, 2),
8k+1)) € M x M) N ((U x U) x G);. The above equations may be also written
as

— —_—
(X, 0)((x, y). 8k) (La) — (X, 0)((3, 2)» gk+1) (La) = 2 Y4 (1) (X (1)),

< —_—>
(0, Ce)((x, ¥), k) (La) — (0, Ce)((v, 2), gk+1) (La) = 2 Y4 () (Ce (1)),
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Wlth X € %(U)’ 5 € g and ((('x’ Y), gk)a ((yv Z)a gk+1)) € (MC X MC) N ((U X
U) x G);,. An equivalent expression of these equations is

DrLa((x, ), gk) + D1La((y. 2). 8k41) = it ().

. . (4.11)
Pr+1(y, 2) = Adg, pr(x, y) — Aan]* (¥),

where pi(x,y) = d(r;kL();,y,))(e) for (x,y) € U x U and we write Y* = (u%, n%),
u® being a 1-form on U and 7* : U — g* a smooth map.

4.5.1 A Discretization of the Equations of Motion of a Rolling Ball Without Sliding
on a Rotating Table with Constant Angular Velocity

A (homogeneous) sphere of radius r > 0, mass m and inertia about any axis / rolls
without sliding on a horizontal table which rotates with constant angular velocity 2
about a vertical axis through one of its points. Apart from the constant gravitational
force, no other external forces are assumed to act on the sphere (see Neimark and
Fufaev 1972).

The configuration space for the continuous system is Q = R? x SO(3) and we
shall use the notation (x, y; R) to represent a typical point in Q. Then, the nonholo-
nomic constraints are

X+ %Tr(RRTEz) =—Qy, - %TT(RRTEI) = 2x,

where {E1, E», ‘E3} is the standard basis of s0(3).
The matrix RRT is skew symmetric, therefore we may write

0 —w3  wp
RRT=| w3 0 —w |,
—w?2 w1 0

where (wi, wp, w3) represents the angular velocity vector of the sphere measured
with respect to the inertial frame. Then, we may rewrite the constraints in the usual
form:

X —rwy=—%y, y+rw; =2x.
The Lagrangian for the rolling ball is:
. 1 1 . .
Le(x.yi R.&, 3 R) = om (3% +57) + ZITr(RRT(RRT)T)
| ) 1
= Em()c2 + y2) + El(a)% + w3 —i—a)%)
Moreover, it is clear that Q = R? x SO(3) is the total space of a trivial princi-
pal SO(3)-bundle over R? and the bundle projection ¢ : Q — M = R? is just the
canonical projection on the first factor. Therefore, we may consider the correspond-
ing Atiyah algebroid E' = T Q/SO(3) over M = R?. We will identify the tangent
bundle to SO(3) with s0(3) x SO(3) by using right translation.
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Under this identification between 7 (SO(3)) and so(3) x SO(3) the tangent action
of SO(3) on T(SO3)) = s0(3) x SO(3) is the trivial action

(50(3) x SO(3)) x SO3) = 50(3) x SOB)  ((@, R), §) = (@, RS). (4.12)

Thus, the Atiyah algebroid 7 Q/SO(3) is isomorphic to the product manifold
TR2 x s50(3) and the vector bundle projection is TR2 o pri, where pry : TR? x
50(3) — TR? and 12 : TR? — R? are the canonical projections.

A section of E/ =T Q/SO(3) = TR? x s0(3) - R? is a pair (X, u), where X is
a vector field on R? and u : R?> — s0(3) is a smooth map. Therefore, a global basis
of sections of TR? x s0(3) — R? is

a a
si=<£’ ) sé=(5’°>’ 5= (0. E).

sy=(0,Ey),  si=(0,E3).

The anchor map p’ : E' = T Q/SO(3) = TR? x s0(3) — TR? is the projection
over the first factor and if [[-, -]’ is the Lie bracket on the space Sec(E’ =T Q/SO(3))
then the only nonzero fundamental Lie brackets are

rJT / rJT / rJT /
[[S3, 54]] =Ss, [[54, Ss]] ZS3, [[55, 53]] ZS4.
Moreover, the Lagrangian function L, = T and the constraint functions are SO(3)-
invariant. Consequently, L. induces a Lagrangian function L., on E' =T Q/SO(3)

Li(x,y,x,y;0) = %m(x2 + )')2) + %ITr(wa)T) = %m(x2 + y'z) — %ITr(a)z),

where (x, y, %, y) are the standard coordinates on TR? and w € s0(3). The constraint
functions defined on E' =T Q/SO(3) are

fc—i-%Tr(sz):—-Qy, y'—%Tr(wEl)ZQx' (4.13)

We have a nonholonomic system on the Atiyah algebroid E’ = T Q/SO(3) = TR? x
50(3). This kind of system was recently analyzed by J. Cortés et al. (2005) (in partic-
ular, this example was carefully studied).

Equations (4.13) define an affine subbundle of the vector bundle E/ = T R2 x
50(3) — R? which is modeled over the vector subbundle D/, generated by the sections

Dé = {sg, rsi +s£, rsé — sé}

Our objective is to discretize this example directly on the Atiyah algebroid. The
Atiyah groupoid is now identified to R? x R? x SO(3) = R%. We may construct
the discrete Lagrangian by

XL —X0 Y1 =)0
h " h

Lj(x0, Yo, X1, Y1; W1)=Lé(x07)’0, ;(logwl)/h),
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where log : SO(3) — so0(3) is the (local)-inverse of the exponential map exp :
50(3) = SO(3). For simplicity instead of this procedure we use the following ap-

proximation
Wy —1
log Wy /h~ %,

where 343 is the identity matrix.
Then

xi1—x0 y1—yo Wi—13x3
h o h h

1 X] — X0 2+ }’1_}’02+ I Tr(l W)
=-m T — .
2 h h Qmyz e T
Eliminating constants, we may consider as discrete Lagrangian

1 —x0\? w0\ I
Lé:zm[(m hxo) +<y1 hyo) }—WTr(Wl).

The discrete constraint submanifold M., of R*> x R? x SO(3) is determined by
the constraints

Ly(x0, yo,x1, y1; Wi) = L, <XO, Y0,

X1 — X0 r Y1+ Yo
—— 4+ —Tr(W1Ep) = —2———,
A +2 (W1 E>) 5
Y1 —Yo0 X1+XO

——T WiE)) = .
A T (Wi Ey) = 5

We have that the system (L, ML, D.) is not reversible. Note that the Lagrangian
function Lé is reversible. However, the constraint submanifold Mé is not reversible.
The discrete nonholonomic Euler-Lagrange equations for the system (L}, M,
D)) are
C

N N7 /
55 (x0, Y0, X1, y1; W) (L)) — 55 (x1, y1, %2, y2; Wa) (L) =0,

R N /
(rsi +s4)(x0, yo, x1, y1; W) (L)) — (rs) + s4) (x1, y1. X2, y2: Wa)(Ly) =0,

/ / / / / /
(rsy — s5)(x0, yo, x1, y1: Wi)(L}) — (rsh — s5) (x1, y1, x2, y2; W2)(Ly) =0

with the constraints defining M..

On the other hand, the vector fields <s_’5, ?’5, sy + sy, rs) + sy, sy —s; and
—
rsh — 5% on (R? x R%) x SO(3) are given b

273 g y

55 =((0,0), E3) T4=((0,0), E3),

(ﬁ —) 8 —>
TSy sy = , 2 , rsl = —ra,o ,Eq),
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/ / 3 = U /
rsy — 83 = 0,r—),—E 1), rsy — 83 = —r
dy

0

—
—,0),—E1>,
dy

where (Ei (resp., fi) is the left-invariant (resp., right-invariant) vector field on
SO(3) induced by E; € so(3), fori € {1, 2, 3}. Thus, we deduce the following system

of equations:

TI’((W[ — W2)E3) =0,

Xy —2x1 +x I
rm<M) + = Tr((Wi — Wa) E2) =0,

h? 2h

y2—2y1+yo 1
rm(T) — 2 Tr((W) — W) E1)

Xy — X1 r
A + n Tr(WhEy) + 2
Y2 — )1
h

y2+ )1
2

X2 + X1

,
— —Tr(WhE{) — 2
o r(W2E)

=0,

=0,

=0,

where (xg, X1, Yo, y1; W1) are known. Simplifying we obtain the following system of

equations:
x2—2x1—|—x0+ 182 y2—Y0
h? I+mr?2 2n
2=2yi+yo 12 xa—xo _
h? I+mr2 2h

Tr((Wi — W2)E3) =0,

Oa

O,

X3 — X1 r -+
— Tr(WLE —— =0,
p +2h r(W2E?) + >
y2—x X2 + X1

=0.

-
— —Tr(WLE ) — $2
; T r(WEq) 5

Now, consider the open subset U of R2 x R? x SO(3)

U = (R* x R?) x {W € SO(3) | W — Tr(W)I3x3 is regular}.

(4.14)

(4.15)
(4.16)

4.17)

(4.18)

Then, using Corollary 3.10 (iv), we deduce that the discrete nonholonomic La-
grangian system (L), M., D.) is regular in the open subset U’ of M, given by

U =UnNM.

If we denote by uy = (xx+1 — xx)/h and vp = (yk+1 — Yk)/ h, k € N, then from

(4.14) and (4.15) we deduce that

w1\ _ o4 () = 1 4 —a2h?  —4dah
vkr1 ) \w ) 44a2n2\ dah 4—ah?

or in other terms

8xk+1 + (@?h? — 4)x; — dah(Yetr1 — Vi)

T2 = wZh? +4

)
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. . L \ . N . \ . ,
Yis 1 i z 25 3 is ] 0 g T 3 g €

Fig. 2 Orbits for the discrete nonholonomic equations of motion (/eft) and a standard numerical method
(right) (initial conditions xg =0.99, yg =1, x; =1, y; =0.99 and & = 0.01 after 20,000 steps)

2h? — 4y 4+ da(xpp 1 — xx)

_ 8kt + («
B a’h? +4

Yk+2

El

where o = 7 irgﬂ' Since A € SO(2), the discrete nonholonomic model predicts that
the point of contact of the ball will sweep out a circle on the table in agreement
with the continuous model. Figure 2 shows the excellent behavior of the proposed

numerical method.

4.6 Discrete Chaplygin Systems

Now we present the theory for a particular (but typical) example of discrete nonholo-
nomic systems: discrete Chaplygin systems. These kinds of systems were considered
in the case of the pair groupoid in Cortés and Martinez (2001).

For any groupoid I' = M, themap x : I’ - M x M, g — (x(g), B(g)) is a mor-
phism over M from I' to the pair groupoid M x M (usually called the anchor of ).
The induced morphism of Lie algebroids is precisely the anchor p : Er — T M of Er
(the Lie algebroid of T).

Definition 4.2 A discrete Chaplygin system on the groupoid I" is a discrete nonholo-
nomic problem (Lq, M., D.) such that

— (Lq4, M¢, D) is a regular discrete nonholonomic Lagrangian system.
- XM, =X 0ipm, : Mc— M x M is a diffeomorphism.
— poip, : D — T M is an isomorphism of vector bundles.

Denote by Ly : M x M — R the discrete Lagrangian defined by Lq = Lq o M. ©

O™
In the following, we want to express the dynamics on M x M, by finding relations

between the dynamics defined by the nonholonomic system on I" and M x M.
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From our hypothesis, for any vector field Y € X(M) there exists a unique section
X € Sec(rp,) such that poip o X =Y.
Now, using (2.4), (2.5) and (2.6), it follows that

Toa(X () =—Y(a(9) and Te(X (9) =Y (B(8))
with some abuse of notation. In other words,
Tex(X10©) =11V (a(g). B(9)) and Tox(XOV () =YD (a(g). B(2))

for g € M., where Ty : T'T = VB @r Va — TM*M(M x M) = T(M x M) is
the prolongation of the morphism x given by

(Te ) (Xg, Yo) = ((To) (X, (TgB)(Yy)),

for g e and (X,,Y,) e T/ T =V, V,a.
Since x4, is a diffeomorphism, there exists a unique X, € T M, (resp., )_(;, €
Ty M) such that

(Texam) (Xg) = Y0 (a(2), B(2)) = (—Y (a(2)), 0p(e))

(resp., (Tg xm) (Xp) = YOV (@(g), B(2)) = (Oa(g), Y (B(2)))) for all g € M.
Thus,

%
XLeTMeN Ve, X (g)— X, = Z, € Vaa NV,
- <« - -
X;eTgMCﬂVga, X(g)—X;,:Z;; € Vea NV, B,

for all g € M..
Now, if (g, h) € ' N (M x M,), then

X (9)(La) = X (W) (La) = X},(La) + Z}(La) — X}(La) — Zj(La)
<« - — -
=Y (a(g). B(®)(La) — Y (a(h), B(h))(Lq)
+ Zy(La) — Zj,(La).
Therefore, if we use the following notation

(x(g). B(”)) = (x, ), (a(h), B(h) = (¥, 2)
+ _ 7/ — 7/

Fy(x,y)= ch(x’y)(Ld), Fy(y,2)= ZX;AIC(},,Z)(Ld),

then
<« — <« ~ — - n _
X(@WLa)— X(W(La) =Y (x,y)(La) = Y (y,2)(La) — Fy (x,y) + Fy (3, 2).

In conclusion, we have proved that (g, &) is a solution of the discrete nonholonomic
Euler-Lagrange equations for the system (L4, M, D.) if and only if ((x, y), (v, 2))
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is a solution of the reduced equations

<« ~ — ~ " _
Y (x,y)(La) = Y (v, 2)(La) = Fy (x,y) — Fy (y,2), Y € X(M).

Note that the above equations are the standard forced discrete Euler—Lagrange equa-
tions (see Marsden and West 2001).

4.6.1 The Discrete Two-Wheeled Planar Mobile Robot

We now consider a discrete version of the two-wheeled planar mobile robot (Cortés
2002; Cortés et al. 2005) (see also Kobilarov and Sukhatme 2007). The position and
orientation of the robot is determined, with respect a fixed Cartesian reference, by an
element 2 = (0, x, y) € SE(2), that is, a matrix

cosf —sinf x
2=\ sinf6 cosfh 'y
0 0 1

Moreover, the different positions of the two wheels are described by elements
(¢, V) € T2. Therefore, the configuration space is SE(2) x T2. The system is sub-
jected to three nonholonomic constraints: one constraint induced by the condition of
no lateral sliding of the robot and the other two by the rolling conditions of both
wheels.

It is well known that this system is SE(2)-invariant and that the system may be
described as a nonholonomic system on the Lie algebroid se(2) x TT? — T2 (see
Cortés et al. 2005). In this case, the Lagrangian is

L= %(sz + m(vl)2 + m(vz)2 + 2molwv? + Jo¢? + o)

1 Jo . Jo .
= S Tr(eIE") + T67 + 97,

where
0 —o» v J/2 0 mol
t=we+v'ei+v’er=|w 0 2| and J=| 0 J/2 0O
0 0 0 mol 0 m

Here, m = mq + 2m1, where my is the mass of the robot without the two wheels, m
the mass of each wheel, J its the moment of inertia with respect to the vertical axis,
J» the axial moments of inertia of the wheels and / the distance between the center
of mass of the robot and the intersection point of the horizontal symmetry axis of the
robot and the horizontal line connecting the centers of the two wheels.

The nonholonomic constraints are

v1+§<ﬁ+§1ﬁ=0,
2 2
v2 =0, (4.19)
R . R .
o+ Z¢_Zw=0’
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determining a submanifold M of se(2) x TTZ2, where R is the radius of the two
wheels and 2c¢ the lateral length of the robot.

In order to discretize the above nonholonomic system, we consider the Atiyah
groupoid I' = SE(2) x (T? x T?) = T2. The Lie algebroid of SE(2) x (T2 x T?) =
T2 is TT? x se(2) — T?. Then:

— The discrete Lagrangian Lq : SE(2) x (T? x T?) — R is given by

1
La($2k, dr, Vi Pkt1, Yit1) = Tr((-Qk Bx3)J(2 — Bx3)")

N ﬂ (Ag)* | Ji (Agw)?
2 h? 2 n?

where 343 is the identity matrix, A¢y = Pxy1 — Pk, AYx = Y41 — Y and

cosO, —sinb; xi
2= | sinf; cosb Vi
0 0 1

We obtain that

1

L=l

mxk —i—myk 2lmox (1 — cosby)
<A¢k)2

A 2
2 J]( Vi) .

1
+2J (1 — cos6y) + 2lmoyy sin 6k ) + 5 e

_I_

— The constraint vector subbundle of se(2) x TT? is generated by the sections

R, R, 3 R R 9
s1l=—e1+—e——,50=—€ — — — -
L T e T 9 T 2 T 2 T Gy

— The continuous constraints of the two-wheeled planar robot are written in matrix
form (see 4.19):

1 Ri R Ri _R.j

0 -o 5 R .0 . 20— 2V —30—3¥
E=lw 0 v ]= 5D+ 5. ¥ 0 0
0 0 O 0 0 0

We discretize the previous constraints using the exponential on SE(2) (see
Sect. 4.3.2) and discretizing the velocities on the right-hand side

cos(p Ay sin(£ Agy _Cﬁgztﬁm
— 2 AV — X AY) x sin(R Agr — £ Ayy)
2=\ — sin(% Ay cos(2—RC Ay c ﬁ]ﬁiﬁ
- zﬁcAwk) - Z%Alﬁk) x (1 — cos(%Aq)k — %Al,bk))
0 0 1
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if Agy # Ay, and

if Agr = Ayr.
Therefore, the constraint submanifold M. is defined as
R R
O = ——A¢k + —Awk, (4.20)
A¢k + Alﬂk . R
Xp=—C—— A¢k —Alﬁk ; 4.21)
A¢k - Alﬁk 2c 2c
A A R R
I Y ST (4.22)
Ao — Ay 2¢ 2¢

if A # Ay and 6 =0, xx = —RA@ and y; =0 if Agy = Ay

We have that the discrete nonholonomic system (Lg, Mc, D.) is reversible. More-
over, if er : T2 — SE(2) x (T? x T?) is the identity section of the Lie groupoid
I' = SE(2) x (T? x T2), then it is clear that

er(T?) = {I3x3) X Ay C M.

Here, Aq2, 2 is the diagonal in T? x T2. In addition, the system (L4, M., D.) is
regular in a neighborhood U of the submanifold er (']I‘z) ={l3x3} X A2, 2 in M,.
Note that

T(t35.61.91.01,90)Mc N ER (@1, Y1) = De(d1, Y1),

for (¢1, ¥1) € T2, where Er = se(2) x TT? is the Lie algebroid of the Lie groupoid
I' =SE2) x (T? x T?).

On the other hand, it is easy to show that the system (Lq, U, D.) is a discrete
Chaplygin system.

The reduced Lagrangian on T? x T? is

ks (2 (RFERIEN (1 — cos(£ Ay — 1 AYK)

Adr— Ay
i +J(1 - COS(ZA(ﬁk - EAWk)))
Lq=
+ lJ (A‘Pk) + J (Alﬂk) s lf A(Pk ?é Al//k»
) + mRz) (A¢k) 7 if Agy = Ayry.

The discrete nonholonomic equations are

<« —
SUL@1,¢1,91,62,92) (Ld) — ST1(22,62,92,¢3,3) (La) =0
<« —

352 1(21,61,91,62.92) (Ld) — 52 1(2262,92.¢3.93) (La) =0
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These equations in coordinates are

JR
2J1(¢p3 — 2¢2 + 1) = [Rmo(cosBy 4 cosO;) + — (sinfp — sinby)
c

R cos 6 R sin 6,
— (Imoy1 + cmxy) +

(Imox1 — cmyy)
R
+ ?(cmxz + Imo(y2 — 2¢)), (4.23)
JR . .
2J1(Y3 — 240 + Y1) = [Rmo(cosBy + cosB;) — — (sinf — sinby)
c

R cos 6, R sin6;
+ (Imoy1 — cmxy) —

(Imox1 + cmyy)
R
+ ?(cmxg — Imo(y2 +20)). (4.24)

Substituting constraints (4.20), (4.21) and (4.22) in (4.23) and (4.24) we obtain a set

of equations of the type 0 = fi(¢1, ¢2, ¢3, Y1, Y2, ¥3) and 0 = g1(¢1, @2, P3, V1,
Yo, ¥3) which are the reduced equations of the Chaplygin system.

5 Conclusions and Future Work

In this paper we have elucidated the geometrical framework for nonholonomic dis-
crete Mechanics on Lie groupoids. We have developed discrete nonholonomic equa-
tions on Lie groupoids that are general enough to produce practical integrators for
continuous nonholonomic systems (reduced or not). The geometric properties related
with these equations have been completely studied and the applicability of these de-
velopments has been stated in several interesting examples.

Of course, much work remains to be done to clarify the nature of discrete nonholo-
nomic mechanics. Many of this future work was stated in McLachlan and Perlmutter
(2006) and, in particular, we emphasize the need for the following:

— A complete backward error analysis which explains the very good energy behavior
showed in examples or the preservation of a discrete energy (see Fedorov and
Zenkov 2005a).

— Related to the previous question, the construction of a discrete exact model for
a continuous nonholonomic system (see Iglesias et al. 2007; Marsden and West
2001; McLachlan and Perlmutter 2006).

— To study discrete nonholonomic systems that preserve a volume form on the con-
straint surface mimicking the continuous case (see, for instance, Fedorov and Jo-
vanovic 2004; Zenkov and Bloch 2003 for this last case).

— To analyze the discrete Hamiltonian framework and the construction of integrators
depending on different discretizations.

— And the construction of a discrete nonholonomic connection in the case of Atiyah
groupoids (see Leok 2004; Marrero et al. 2006).
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Related with some of the previous questions, in the conclusions of the paper by R.
McLachlan and M. Perlmutter (2006), the authors raised the question of the possibil-
ity of the definition of generalized constraint forces dependent on all the points gx_1,
qr and g+ (instead of just gx) for the case of the pair groupoid. We think that the
discrete nonholonomic Euler—Lagrange equations can be generalized to consider this
case of general constraint forces that, moreover, are closest to the continuous model
(see de Ledn et al. 2004; McLachlan and Perlmutter 2006).

Appendix
We will use the same notation as in Sect. 3.2.

Lemma 6.1 F (resp., F) is a coisotropic vector subbundle of the symplectic vector
bundle (TTT, £21,), that is,

Fi‘ CFy, foreveryhel

(resp., FgJ- C Fg, for every g e I'), where F}f‘ (resp., FgJ‘) is the symplectic or-
thogonal of Fy, (resp., Fy) in the symplectic vector space (’ThFF, 21,(h)) (resp.,
(TIT, 21,(9)).

Proof If h € T we have that
1 _ -1 0
Fy zb.QLd(h)(Fh)’

b, T, T — (T, T)* being the canonical isomorphism induced by the symplec-
tic form £2;,(h). Thus, using (2.14), we deduce that

- 1,0 0
Fir =gy i) [y € De(a )’} S 10} @ Vier S Fi.
The coisotropic character of F, ¢ 1s proved in a similar way. O
We also have the following result
Lemma 6.2 Let T"F~Lq:T'T — TETES (resp., T"FTLq: T'T' — TETE}) be
the prolongation of the Legendre transformation ¥~ Lq : T — EY. (resp., FtLg:T —
E}). Then,
(TFF~La)(Fp) = T2, Ef:
h AN Oy FT(O iy

= {Wa(ny» Xr-Ly)) € %érLd(h)EF | vany € De(a(h))},

for h € M. (resp.,
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(T F" La)(Fe) = T

c *
F*+La(g) Er

E
= {(Wp(e): Xr+La() € Tpi'Ly (o) ET | v8(0) € De(B(9))}

for g € M.).

Proof It follows using (2.11), (2.18) (resp., (2.12), (2.19)) and Proposition 2.2. Note
. D. . . D. .=

that dlm,]EF’Ld(h) Ef =dim F}, (resp., dlmT]l?+Ld(g) Ef =dim Fy). O

Now, we may prove Theorem 3.6.

Proof of Theorem 3.6 (i) = (i) If h € M and (X3, Y1) € (o' T)~1 (T, M) N F-
then, using the fact that F}f- C {0} @ Vj (see the proof of Lemma 6.1), we have that
X, = 0. Therefore,

Yy, € Via N T M. 6.1)
Next, we will see that
(TwF~ (La, Mc, De))(Yn) =0. (6.2)

From (3.4) and (6.1), it follows that (7,F~ (L4, M., D.))(Y},) is vertical with re-
spect to the projection =5 : Df — M.
Thus, it is sufficient to prove that

((TWF~ (Lg, Mc, Do) (Yn))(Z) =0, forall Z € Sec(tp,).

Here, Z : D} — Ris the linear function on D induced by the section Z : M — D..
Now, using (3.3), we deduce that

((ThF~ (La. Me. D)) (Y))(Z) = d(Z 0 iy ) (F~La) (1)) (0. (TwF~ La) (Yn)).

where d is the differential of the Lie algebroid 7" : 7T E L — Ef.
Consequently, if Z*¢: E}. — TEr EY. is the complete lift of Z € Sec(t), we have
that (see (2.10)),

((TWF~ (La, Me, Do) (Y))(2)
=Q(F~La(h))(Z*(F~La(h)), (0, (ThF~La)(Yn))), (6.3)

£2 being the canonical symplectic section associated with the Lie algebroid ET.
On the other hand, since Z € Sec(tp,), it follows that Z*¢(IF~Lq(h)) is in

’Z]'F?CLd (h)E;E and, from Lemma 6.2, we conclude that there exists (X}, Y;) € Fj, such

that
(T, F~ La) (X}, Yp) = Z*((F~ Lg) (). (6.4)

Moreover, using (2.18), we obtain that

(T, F~ La)(0, Yp) = (0, (TuF~La) (Yn)). (6.5)
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Thus, from (2.21), (6.3), (6.4) and (6.5), we deduce that
((ThF~ (La, M, D)) (Y1) (Z) = —20,(1) ((0, Y3), (X}, ¥}))-

Therefore, since (0, Y) € F;-, it follows that (6.2) holds, which implies that ¥}, = 0.
This proves that (o7 ©)~1(T,M.) N F- = {0}.
If F*(Lg, Mc, D¢) is a local diffeomorphism then, proceeding as above, we have
that (o7 )~ (TeMo) N b = {0}, for all g € M.
(ii) = (iii) Assume that &7 € M, and that

(07 ") TMe) 0 FE=10). (6.6)

Let U be an open subset of I', with 4 € U, and {¢"},—1,... ,—, a set of independent
real C*°-functions on U such that

McNU={h"eU|¢"(h')=0, forall y}.
If d is the differential of the Lie algebroid T : 7' I" — T, then it is easy to prove that

(T ") (M) = ({dg” (i)
Thus,
dim((o7" T) " (T M) = n+r. (6.7)

On the other hand, dim F}f- = n — r. Therefore, from (6.6) and (6.7), we obtain
that

. Ty —1
dim((pT 7)) (M) =n +1,
and
7T = (T ) (M) @ Fi-.
Consequently, using Lemma 6.1, we deduce that
Fy=H; ® F;". (6.8)
This implies that dim H;, = 2r. Moreover, from (6.8), we also get that

Hy NHir € Hy N F

and, since Hp N F}f- = (,oTFF)_l(ThMC) N FhJ- (see Lemma 6.1), it follows that
Hy N Hy- = {0}

Thus, we have proved that Hy, is a symplectic subspace of the symplectic vector
space (T,' T, 2, (h)).

If (pTrr)’l(TgMc) N FgL = {0}, for all g € M, then, proceeding as above,
we obtain that ’Flg is a symplectic subspace of the symplectic vector space
(TgFr, R1,(g)), forall g € M,.
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(iii) = (iv) Assume that 1 € M, that H, is a symplectic subspace of dimension

2r of the symplectic vector space (’Z;lFF ,$21,(h)) and that b € (<Er)}/l\/(C satisfies the
following condition

Gﬁd (a,b)=0, Vace (Dc)ot(h)'

Then, Yy = (Te(g(yln) (b) € TiMe N Vi and (0, Yy) € (o7 D)~ (T Mo).
Moreover, if (X}, Y;) € Fj,, we have that

Xy =—(Temy(rn o)) (@), witha € (De)an).
Thus, from (2.14) and (2.22), we deduce that
2L, (X}, Y1), 0, Yp)) = 20,(1)((X},, 0), 0, Yi)) = Gy (a, b) =0.
Therefore,
0, v e (p7 1) Mo N B
which, using Lemma 6.1 and the fact that H;, C F},, implies that (0, Y3,) € H;, N Hfl‘ =
{0}. Consequently, b = 0.

If H, is a symplectic subspace of dimension 2r of the symplectic vector space
(Tgr I, £21,(g)), for all g € M, then, proceeding as above, we obtain that

- M.
{a € (E r)g | Gg;dc(a, b) =0, forall b e (Dc)ﬂ(g)} = {0}.
(iv) = (i) Suppose that h € M., that
< M.
{be(Er),"™ |Gy, b)=0, Ya e (D)o } = {0}
and that Y}, is a tangent vector to M, at i such that
(TwF~(La, Mc, De))(Yn) =0. (6.9)
Then, from (3.4), it follows that ¥}, € V,«. Thus,
. < M.
Y, = (Te(a(h))lh)(b)7 with b € (E F)h .
Now, using (2.21) and (2.22), we have that
GEi(a, by = 2(F~ La(m)((0, (ThF~La) (Y1), (@, Ye- 1yny)

. E E
fora e (Dc)a(h)’ with Y]F*Ld(h) (S TF—FLd(h)EF and (a, Y]F*Ld(h)) € %‘—FLd(h)EF'

Next, we take a section Z € Sec(zrp,) such that Z(«a(h)) = a. Then (see (2.9)),
(@, Ye-rLyan) = Z*(F~La(m)) + (0, Yz 1 )

where Y%_Ld(h) € Tp-Lam Ef and Yy,

T Ef — M.

~La(h) is vertical with respect to the projection
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Therefore, since
2 (]F_Ld(h)) ((0 (Th]F_Ld) (Yh))v (0, YIE‘*Ld(h))) =0,
(see (3.7) in de Leén et al. 2005), we have that
Gyi(a,b) = —2(F~ La(h)(Z*(F~La(h)), (0, (TsF~La) (Yn)))
and consequently, from (2.10), (3.3) and (6.9), it follows that
Gri(a,b) = —d(Z oif ) (F~La())(0. (TyF~La)(Yn))
= —(TWF~ (La. Me. Do) (Yi)(2) =0.

This implies that » = 0 and Y}, = 0. Thus, we have proved that F~(Lg4, M., D.)
is a local diffeomorphism.
If

lae (E)F)ﬁ/cgd‘f(a, b)=0, Vb & (De)p(e)} = 0},

for all g € M. then, proceeding as above, we obtain that F+(Lg, M., D) is a local
diffeomorphism. (]
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