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Abstract

Value-at-risk is one of the most popular risk management tools in the financial
industry. Over the past 20 years, several attempts to include VaR in the portfolio
selection process have been proposed. However, using VaR as a risk measure in
portfolio optimization models leads to problems that are computationally hard to
solve. In view of this, few practical applications of VaR in portfolio selection have
appeared in the literature up to now. In this paper, we propose to add the VaR
criterion to the classical Mean-Variance approach in order to better address the
typical regulatory constraints of the financial industry. We thus obtain a portfolio
selection model characterized by three criteria: expected return, variance, and VaR
at a specified confidence level. The resulting optimization problem consists in
minimizing variance with parametric constraints on the levels of expected return
and VaR. This model can be formulated as a mixed-integer quadratic programming
(MIQP) problem. An extensive empirical analysis on seven real-world datasets
demonstrates the practical applicability of the proposed approach. Furthermore,
the out-of-sample performance of the more binding optimal Mean-Variance-VaR
portfolios seems to be generally better than that of the Equally Weighted and of the
Mean-Variance-CVaR portfolios.

Keywords Portfolio optimization - Asset allocation - Value-at-risk - MIQP - Multi-
objective optimization

Francesco Cesarone, Manuel L. Martino and Fabio Tardella have contributed equally to this work.

< Francesco Cesarone
francesco.cesarone @uniroma3.it

Extended author information available on the last page of the article

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00291-023-00719-x&domain=pdf
http://orcid.org/0000-0003-2326-4204
http://orcid.org/0000-0002-0485-325X
http://orcid.org/0000-0002-0689-2981

1044 F. Cesarone et al.

1 Introduction

The milestone of modern finance theory for portfolio selection is undoubtedly
the seminal work of Markowitz (1952, 1959) on the gain-risk analysis. Indeed,
his famous Mean-Variance (MV) model is still widely used by both academics
and practitioners to support portfolio selection decisions. The success of this
bi-objective optimization problem has inevitably drawn many criticisms and
proposals of alternative or more refined models (Kolm et al. 2014). In fact, many
refinements of the Markowitz model have been provided in the literature, such
as the definition of various new risk measures for selecting a portfolio. This is
justified by the empirical evidences that the asset returns can show asymmetric
and/or fat tail distributions (see, e.g., Mandelbrot 1972; Pagan 1996; Cont 2001).
Therefore, measuring the risk of a portfolio with the variance of returns typically
suffers many practical limitations, since it equally weights positive and negative
deviations from the mean. As a consequence, several studies have focused on
more suitable downside risk measures (Biglova et al. 2004). In this regard, value-
at-risk (VaR) is traditionally recognized as the industry standard downside risk
measure adopted by financial institutions, and has become very popular among
researchers and practitioners over the years (see, e.g., Duffie and Pan 1997;
Philippe 2001; Consigli 2002). The VaR of a portfolio represents the maximum
potential portfolio loss at a given confidence level (typically 1%, 5%, and 10%)
related to a predefined time horizon. Despite its simple definition and wide use
in the financial industry, VaR has some drawbacks: losses exceeding VaR are
not taken into account, VaR is non-convex with respect to the portfolio weights
and fails to satisfy the subadditivity property, which is a desiderable feature of a
coherent risk measure (see, e.g., Artzner et al. 1999; Mausser 1998). To address
these shortcomings, Rockafellar and Uryasev (2000) have proposed a portfolio
selection approach that uses conditional value-at-risk (CVaR) as a risk measure
and provided an LP formulation for the corresponding portfolio optimization
problem. However, although CVaR has the advantage of being a coherent risk
measure (Acerbi and Tasche 2002), Cont et al. (2010) have observed that using
CVaR instead of VaR could lead to a less robust risk management model and that
CVaR is much more sensitive to outliers than VaR (see also de Vries et al. 2005;
Dhaene et al. 2008; Kou et al. 2013). Lim et al. (2011) have also highlighted the
high sensitivity of CVaR to estimation errors in data-driven Mean-CVaR portfolio
selection models. Furthermore, Gneiting (2011) has shown that VaR is elicitable,
unlike CVaR and the general class of spectral risk measures (see also Bellini and
Bignozzi 2015). For all these reasons, and also on the basis of the regulatory
requirement under the Basel II Accord (Basel Committee on Banking Supervision
2012), VaR is still a widely used risk measure in the financial industry.

The use of VaR in portfolio optimization can be found in Wang (2000), where
the author first presented a two-stage optimization approach based on the Mean-
Variance and Mean-VaR analysis. Then, he has proposed a Mean-Variance-VaR
model, but without providing any explicit formulation of this problem and any
empirical analysis on real markets. Basak and Shapiro (2001) have proposed a
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dynamic portfolio optimization problem that maximizes the expected utility
of the portfolio wealth including a VaR constraint for regulatory requirements.
Alexander and Baptista (2002) have described a Mean-VaR model assuming
that the assets’ returns follow a multivariate normal and student-t distributions.
Consigli (2002) has empirically investigated the behavior of different VaR
measurement techniques and portfolio optimization strategies during market
instability periods, when deviating from the assumption of normality of returns
distribution. Gaivoronski and Pflug (2005) have tackled the problem of VaR
minimization by considering an approximation, the smoothed value-at-risk
(SVaR), which requires less computational effort. Another significant theoretical
and practical contribution to this topic has been provided by Benati and Rizzi
(2007), who have proved NP-hardness of the Mean-VaR problem and have
proposed a mixed-integer linear programming (MILP) formulation for it. Pinar
(2013) has presented a closed-form solution for the Mean-VaR model applied to a
market with a risk-free asset and n normally distributed risky assets, where short
sales are allowed. However, a critical issue of portfolio selection models based on
VaR is its estimation procedure (see, e.g., Pritsker 1997; Manganelli and Engle
2001), which can yield different results depending on the approach adopted.
Indeed, several methods to estimate the portfolio VaR have been provided in the
literature. These can be arranged into two main categories: parametric (see, €.g.,
Cui et al. 2013; Lotfi et al. 2017) and nonparametric (see, e.g., Cui et al. 2018;
Lwin et al. 2017) methods.

We recall that a large number of portfolio selection models have been formulated
as optimization problems with more than two objectives. For interested readers, we
mention the work of Steuer and Na (2003) who have presented an extensive survey
on multiple criteria decision making applied to several important topics in finance.
For instance, to better control the shape and characteristics of the portfolio return
distribution, many scholars have attempted to extend the MV model to higher-order
moments, such as the portfolio skewness and kurtosis (see, e.g., Konno et al. 1993;
Konno and Ki 1995; Aracioglu et al. 2011). Other researches have investigated the
inclusion of three or more objectives for selecting a portfolio (see, e.g., Chow 1995;
Lo et al. 2006; Anagnostopoulos and Mamanis 2010; Utz et al. 2014; Cesarone
et al. 2022a; Bera and Park 2008). For regulatory and reporting purposes, Roman
et al. (2007) have emphasized the important role of risk measures focused on high
portfolio losses (or equivalently, on low portfolio returns). They have then proposed
a tri-objective optimization problem, where the portfolio expected return is
maximized, while variance and CVaR are minimized. In the case of discrete random
variables, the authors have reformulated this model as a single-objective quadratic
optimization problem.

In this paper, we propose to add the VaR criterion to the classical Mean-Variance
approach in order to better address the typical regulatory constraints of the financial
industry. We thus obtain a nonparametric portfolio selection model characterized by
three criteria: expected return, variance, and VaR at a specified confidence level.
The resulting optimization problem consists in minimizing variance with parametric
constraints on the levels of expected return and VaR. This model can be formulated
as a mixed-integer quadratic programming (MIQP) problem. An extensive empirical

@ Springer



1046 F. Cesarone et al.

analysis on real-world datasets demonstrates the practical applicability of the
proposed approach. Furthermore, the out-of-sample performance of the optimal
Mean-Variance-VaR portfolios seems to be generally better than that of the Equally
Weighted and of the Mean-Variance-CVaR portfolios.

The paper is organized as follows. In Sect. 2, we introduce the Mean-Variance-VaR
model and show how to formulate it as an MIQP problem. In Sect. 2.1, we discuss
how to practically obtain the Mean-Variance-VaR efficient surface, by minimizing
variance with parametric constraints on the levels of the portfolio expected return and
of VaR. Section 2.2 describes the Mean-Variance-CVaR model that will be compared
with the Mean-Variance-VaR approach. In Sect. 3, we provide an extensive empirical
analysis on six real-world datasets. Finally, Sect. 4 summarizes the main contributions
of our work and describes some directions for further developments.

2 The Mean-Variance-VaR model

We consider an investment universe of n assets, whose linear returns are represented
by the random variables R, ..., R,. In the case of full investment, a long-only port-

folio is identified with a vector x € A = {x ER": Y x=1x>0k=1,.. ,n}, where

X, is the fraction of capital invested in asset k. Thus, the portfolio linear return is
given by Rp(x) = X/_ x;R,. We assume that the random variables R, ..., R, are
defined on a discrete probability space {Q, F, P}, with Q = {w,,..., 07}, F a o-
field and P(w,) = p,. In this work, we use a look-back approach where the possible
realizations of the discrete random returns are obtained from historical data. As it is
customary in portfolio optimization, the investment decision is made using 7T equally
likely historical scenarios (see, e.g., Carleo et al. 2017, and references therein).
Then, under scenario t € {1,...,T}, we denote by r, the return of asset
k€ {1,...,n}and by Rp,(x) = X,_, .13, the portfolio return.

The classical Mean-Variance (MV) portfolio optimization model (Markowitz

1952, 1959) aims at determining the vector of portfolio weights x = (x,x,, -+, x,,)
n
k=1

ing the portfolio expected return pp(x) = ZZ=1 M, X, to attain a specified target

« . . . . 2 _ n . .
that minimizes the portfolio variance o,(x) = Zj:lxk x; 0y, while restrict-

level . Here, we denote by yu;, = % Zszl r,, the expected return of asset k, and by

1

oy =7 ZTzl(rk, — m)(r;, — ;) the covariance between assets k and j. Thus, the MV

model can be formulated as the following convex QP problem

n n
min z Zx,x-a ;
X k2 ki
k=1 j=1
s.t.

n
WX 21
2 )
n
Z)ck =1
k=1

x>0 k

Il
—_
3
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where the last two constraints represent the budget and the no-short sellings con-
straints, respectively.

Our aim is to include value-at-risk (VaR) as a risk measure in the portfolio selection
process in addition to the portfolio expected return and variance. VaR is one of the most
popular risk management tools in the financial industry and it is commonly used to
control risk (Longerstaey and Spencer 1996). As usual, VaR, represents the maximum
loss at a given confidence level (1 — ¢) related to a predefined time horizon {1,...,T},
where typically € = 0.01, 0.05, 0.10. Therefore, for a given portfolio x, VaR_(x) is the
value such that the portfolio loss Lp(x) = —Rp(x) = — ZZ=1 xR, exceeds VaR_(x)
with a probability of €100%. More formally, VaR,(x) of the random portfolio return
Rp(x) s the e-quantile Q_(Rp(x)) of its distribution with negative sign

VaR,(x) = 0, (Rp(x)).

For the Mean-Variance-VaR approach, a random portfolio return Rp(x) is preferred
to Rp(y) if and only if pp(x) > up(y), 62(x) < o2(y) and VaR,(x) < VaR,(y), where at
least one inequality is strict. Therefore, the efficient surface of the Mean-Variance-
VaR model can be obtained by finding the non-dominated portfolios, which are the
Pareto-optimal solutions of the following tri-objective optimization problem

min (—pup(x), 05(x). VaR, (x))
s.t.

n ()
xeA:{xER" : Zxk = l,kaO,kzl,...,n}.
k=1

To practically solve Problem (2), we transform it into a single-objective optimization
problem, by applying the classical e-constraint method (see, e.g., Cesarone 2020 ) as
follows

min o5(x)

S.t.
up(x) 2 1

4 VaR, (x) < z 3)

n
Zxk = 1
k=1
x>0 k=1,....n

where 7 and z are the required target levels of the portfolio expected return and VaR,
respectively. Similar to Benati and Rizzi (2007), we can substitute VaR,(x) = —r,
byT adding the constraints r, <Y/  rx+M1-y), Vi=1,..,T and
Y.y >(1—¢e)T, where r, is a real variable, M is a sufficiently large positive
number, and y,, with = 1,..., T, are Boolean variables. Thus, Problem (3) can be

formulated as the following mixed-integer quadratic (MIQP) problem
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n n

(xre.y) =1 =1

S.t.

n (4a)
Zﬂkxk 21
k=1
-1, <z
n
e ) rux+tMA-y) t=1,...,T (4b)
k=1
T
y>20-oT
=1
Zxk=1 (4¢)
k=1
kaO k=1,....n
¥, €{0,1} t=1,...,T

Note that when the portfolio loss — Y./, r;, x; is above —r, at time ¢, then, for
sufficiently large M > 0, we must have 1 —y, = 1 in constraint (4b) so that y, must
be equal to 0. On the other hand, constraint (4c) imposes that the number of the
portfolio loss scenarios that exceed —r, is not greater than €7'. Thus, —r, actually
represents the VaR of the portfolio x and is bounded above by z (i.e., by the required
target level of the portfolio VaR) through constraint (4a). In the empirical analysis
we set € = 0.01, 0.05.

Remark 1 (Computational improvement of the Mean-Variance-VaR model) Model
(4) is a MIQP problem that contains a big-M coefficient in constraint (4b). It is
well known that for this type of formulations the computational efficiency of the
solvers typically improves when reducing the value of M. Clearly, the penalty
parameter M should be chosen in a way that guarantees the validity of the Mean-
Variance-VaR formulation. To this aim, the lowest possible value of M is given by
Migoqr = Max, o cr{—2 — X;_, 1,X7 }, where x} is the optimal solution of Model (4).
However, since the optimal solution of Model (4) is not available a priori, we need
to use a computable upper bound for this value. Here, we propose to use the value
M, 4oy = —z — miny; , r;, which clearly satisfies M,g,,; > M, 4,4

In what follows, we report some computational experiments showing an example
of the improvement in computational time depending on the choice of the parameter
M. More precisely, for the computationally demanding case where T’ = 330, n = 28,

and € = 5%, we obtain M,;,,; = 0.04 and M,,;,,; = 0.30. We observe that the time
required to solve Model (4) with I\N/I,-dm, and M,,,, are essentially the same, namely
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3 s, while the time required to solve the same model with the trivial bound M = 11is
850 s, around two orders of magnitude larger.

As described at the beginning of this section, in Problem (4) we use the sample
covariance matrix for evaluating the portfolio variance. However, since the
estimation of the covariance matrix represents a sensitive issue (see, e.g., Kondor
et al. 2007; DeMiguel et al. 2009; Cesarone et al. 2020a), in the following remark
we provide some clarifications on this choice.

Remark 2 (About the covariance matrix) The sensitivity to estimation errors of the
minimum risk portfolios strongly depends on the ratio %, namely on the size n of
the investment universe and on the number of observations 7. As shown by Kondor
et al. (2007), when considering a long-short minimum variance portfolio the insta-
bility of the optimal solution bursts for n ~ T', namely when the covariance matrix
becomes singular. We handle this aspect by appropriately setting n and 7, namely
ensuring that n < T (see Sect. 3). Furthermore, the no-short selling constraints in
Problem (4) tend to improve the stability of the optimal solutions, as highlighted by
Jagannathan and Ma (2003). Indeed, the authors show that considering long-only
portfolios when minimizing the portfolio variance is equivalent to find long-short
minimum risk portfolios with shrunk covariance matrices that help to reduce esti-
mation errors.

The Mean-Variance-VaR Pareto-optimal portfolios can be obtained as solutions
of Problem (4) by appropriately varying the target level of the portfolio expected
return # and the target level of the portfolio VaR z, as shown in the next section.

2.1 Finding the Mean-Variance-VaR efficient surface

In this section, we discuss how to practically obtain the Mean-Variance-VaR
efficient surface by solving Problem (4), similarly to Roman et al. (2007).
Basically, we minimize the portfolio variance by appropriately varying the target
level of the portfolio expected return # and the target level of the portfolio VaR z.

To obtain all the Pareto-optimal portfolios, we first determine an appropriate
interval for x#. This is the interval [#i,, fmax)> Where 7, = max{#,,,,v> Hminvar }

and 7, = Up(x,) With x, =arg rrAlax up(x). Here, #n,.,v = up(x,,,y) with
xXe
y = arg rinn o-f,(x) and 7,,;,var = MpEminvar) With X, v.p = arg IZ]III VaR (x).
xXe xe
Then, for a fixed level # € [, max], We define the appropriate interval of z,

[Z0in ()5 Zmax (M), Whose values guarantee that the optimal portfolios of
Problem (4) are non-dominated. More precisely, z.,;,(1) = VaR,(x,,;,v.r(1)), where
Xinvar(M) 1s the portfolio with minimum VaR whose expected return is bounded
below by #, namely it is the optimal solution of the following problem (5)

Xmin
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min VaR, (x)

s.t.
up(x) 2 1 ©)

x€eA

On the other hand, z,,, (1) = VaR_(x,,,,(n)), where x,,,,(n) is the portfolio with
minimum variance whose expected return is bounded below by #, namely it is the
optimal solution of the following problem (6)

mxin aiz,(x)
S.t. (6)

up(x) 2 1
xX€EA

In Fig. 1, we report an example of the Pareto-optimal portfolios obtained from
Model (4) in the Variance-VaR plane for several fixed levels of the portfolio
expected return #. Note that by solving Problem (4) for different levels of the port-
folio expected return # € [0, Hmax) With 2 = z,:,(17), we obtain the Mean-VaR effi-
cient frontier (see the bold black dashed line). On the other hand, when we solve
Problem (4) for different values of 7 € [H,ins Mmax) With Z = Z,,.¢(1), We achieve the
Mean-Variance efficient frontier (see the red dashed line).

For a fixed level of # € [#in, Hmax)» if We require stronger conditions on the

portfolio VaR, namely lower levels of z(n), we clearly obtain efficient portfolios

max

—_

0.07 [- | min

Value-at-Risk

o
/ = S~ —n=6.5e-03
/7 n=7.4e-03
V4 —1=8.2e-03
ooer y 1 —n=9.1e-03
/ ¢ n=9.9e-03
—n=1.1e-02
0.05 o | =——n=1.2e-02
- ——1=1.26-02
4 P 7=1.3e-02
/ ——n=1.4e-02
o 4 v 1 ——=1.5e-02
s 1=1.6e-02
—n=1.7e-02
0.03 - n=1.8e-02
/ ® lmax
= =Mean-VaR frontier
0.02f | = =Mean-Variance frontier
*  GMinV portfolio

0 0:5 1 1.5 2 2:5 3 3:5 4
Variance <10

Fig. 1 Example of the Mean-Variance-VaR Pareto-optimal portfolios (with € = 1%) for several levels of
the portfolio expected return # in the Variance - VaR plane
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with higher variance, because the feasible region in (4) becomes smaller. However,
the in-sample increase in variance is relatively small for lower levels of required
expected return x. This behavior is confirmed in our out-of-sample analysis in
Sect. 3.2. Thus, it seems reasonable to complement the classical Mean-Variance
model with a restriction on the VaR level, particularly for low levels of #.

We also observe that the number of selected assets in the optimal solutions
decreases when the required VaR becomes smaller (see also Fig. 3). Furthermore, as
the required target portfolio return # increases, both the portfolio variance and its VaR
typically increase as shown in Fig. 1. We also note that for n = #,,;, and z = z,,,, (M)
we obtain the Global Minimum Variance (GMinV) portfolio (see the bold x in Fig. 1).
On the other hand, when n = #,,,,, the efficient frontier degenerates into a single point:
the portfolio composed by the single asset with highest expected return.

2.2 The Mean-Variance-CVaR model

For comparison purposes, we also test the model proposed by Roman et al. (2007),
which we report here for convenience:

.
min af,(x)
X
S.t.

up(x) = 1
3 CVaR,(x) < 2 7

Zxk=1

k=1
x>0 k=1,...,n

Exploiting the LP formulation of Rockafellar and Uryasev (2000) for CVaR, Model
(7) can be reformulated as a QP, as shown at the end of Sect. 4 of Roman et al.
(2007). Again, to determine all the Pareto-optimal portfolios, we detect a proper
interval for ne [nmin’ nmax]’ where Hmin = max{nminv’ ”minCVaR}’ Mmax = #P(xmax)

with x, . = arg max pp(x), a0d Wincvar = HpEpincvar) With x,, v = arg min CVaR, (x)-
X€EA X€EA
Thus, for a fixed level # € [Nin, Mmax)» We identify the appropriate interval of

/1 € [)’min(n)’ /lmax(rl)]’ Wlth A’min(’ll) = CvaRe (xminCVuR(n)) and Amax(rl) = CvaR&(xminV(r]))’
where X,,;,cvar(m) and x,,;,,(n) are the portfolios with minimum CVaR and with
minimum variance, respectively, whose expected returns are bounded below by #.

3 Empirical analysis

In this section, we conduct an extensive analysis on several real-world datasets to
examine both the practical applicability of the Mean-Variance-VaR model and its
out-of-sample performance. In Tables 1 and 2, we list the datasets considered in
this study, containing weekly and daily linear returns, respectively, for some major
market indexes. The datasets in Table 1 are also available in Bruni et al. (2016), and
have been widely used in the literature (see Bruni et al. 2017; Cesarone et al. 2019,
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Table 1 List of the weekly

Index #assets #weeks Time interval
datasets analyzed
DowlJones 28 1363 Feb 1990-Apr 2016
NASDAQ100 82 596 Nov 2004—Apr 2016
FTSE100 83 717 Jul 2002-Apr 2016
SP500 442 595 Nov 2004-Apr 2016
ZZ?;:;S ;‘;Z;Zfejle daily Index #assets #days Time interval
DowlJones 28 6819 Feb 1990-Apr 2016
EuroStoxx 50 45 3715 Oct 2006-Dec 2020
Hang Seng 43 2707 Nov 2005-Apr 2016

2020b; Bellini et al. 2021; Corsaro et al. 2021); the datasets in Table 2 are publicly
available in the website https://host.uniroma3.it/docenti/cesarone/DataSets.htm, and
have been used in other empirical analyses on portfolio selection (Carleo et al. 2017;
Cesarone et al. 2020a; Benati and Conde 2022).

3.1 Empirical setup and performance measures

We first perform some numerical tests to determine the computational times
required by Gurobi (Gurobi Optimization 2021), one of the best currently available
MIQP solvers, to solve our model when varying the number n of the assets in the
investment universe, the number T of the historical scenarios, and the confidence
level e. For this purpose, we use the SP500 dataset listed in Table 1.

In Tables 3 and 4, we report the computational times (in seconds) for finding
a Mean-Variance-VaR portfolio when ¢ is fixed to 1% and 5%, respectively. The
experiments are performed by varying n from 20 to 442 and T from 52 to 595, for
each pair of n < T that guarantees the non-singularity of the covariance matrix (see
the discussion in Remark 2). As expected, the computational times tend to increase
with n and T, but most notably when € = 5%. Indeed, in this case, the Gurobi MIQP
solver typically spends more than eight hours for finding the optimal solution for
high values of n and 7. On the other hand, for € = 10%, the computational times
tend to exceed one day thus becoming impractical, as also pointed out by Benati
and Rizzi (2007). All the procedures have been implemented in MATLAB R2019b
using the GUROBI 9.1 optimization solver, and have been executed on a laptop with
an Intel(R) Core(TM) i7-8565U CPU @ 1.80 GHz processor and 8,00 GB of RAM.

For the out-of-sample performance analysis, we adopt a rolling time window
(RTW) scheme of evaluation, namely we allow for the possibility of rebalancing the
portfolio composition during the holding period at fixed intervals. Here, we choose
one financial month both as a rebalancing interval and as a holding period. Fur-
thermore, on the basis of the computational times illustrated in Tables 3 and 4, we
choose € = 1% and 5%, in-sample windows of 2 years (namely 104 observations) for
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weekly datasets (see Table 1), and in-sample windows of 10 months (namely 200
observations) for daily datasets (see Table 2).

The out-of-sample analysis is based on 16 Pareto-optimal portfolios obtained
from Problem (4) by appropriately varying the target levels of the portfolio expected
return 7 and of the portfolio VaR z (see Sect. 2.1).

More precisely, we consider 4 different levels of target return
Ny = Hmin + & Hax — Mmin) With @ = 0, 1/4, 1/2, 3/4. Furthermore, for a fixed
level 77, we choose 4 levels of the portfolio VaR z; in the interval [z,,;,(11,); Zyax (1)1
Zﬂ(']a) = Zmin(']a) + ﬂ (Zmax(na) - Zmin(na)) with ﬁ = 0’ 1/39 2/35 1. Note that for
f = 0 we obtain the Mean-VaR optimal portfolios (see the bold black dashed line
in Fig. 1), while for § = 1 we select the Mean-Variance optimal portfolios (see the
red dashed line in Fig. 1). In Fig. 2, we report an example of the 16 Mean-Variance-
VaR efficient portfolios in the Variance-VaR plane for the DowJones daily dataset
(see Table 2). Furthermore, to better understand the composition and diversifica-
tion of these 16 Pareto-optimal portfolios, Fig. 3 displays a boxplot showing the
number of assets selected by each Mean-Variance-VaR efficient portfolio, using the
RTW scheme of evaluation. We observe that, for a fixed target level of the portfolio
expected return 5, the number of selected assets tends to decrease when lower lev-
els of VaR are required for the portfolio. On the other hand, for a fixed level of the
portfolio VaR, the number of selected assets tends to decrease when increasing the
required level # of the portfolio expected return.

The out-of-sample performance of the 16 Mean-Variance-VaR efficient port-
folios is compared with that of the Equally Weighted (EW) portfolio and with
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Fig.2 Example of the 16 Mean-Variance-VaR efficient portfolios selected for the out-of-sample perfor-
mance analysis
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Fig. 3 Number of assets selected by each Mean-Variance-VaR efficient portfolio

that of 16 Mean-Variance-CVaR efficient portfolios. Similarly to the VaR
case, these portfolios are obtained by considering 4 levels of target return
Ny = Nmin + & Wnax — Umin) With @ = 0, 1/4, 1/2, 3/4, and, for a fixed level 7,
4 levels of the portfolio CVaR 4;(1,) = Apin(1,) + B (Aax(Mg) — Ain(1,)) With
p=0,1/3,2/3 1

For each portfolio strategy, we evaluate the out-of-sample results by using
the following performance measures commonly employed in the literature (see,
e.g., Cesarone and Colucci 2018; Bruni et al. 2017; Cesarone et al. 2022b), and
described below.

e The Sharpe ratio (Sharpe 1966, 1994) measures the gain per unit risk and is
defined as

out

—r

Sharpe = o
where r, =0, y°" is the sample mean of the out-of-sample portfolio return
R°™, and ¢°" is its standard deviation. An higher Sharpe ratio indicates a better
portfolio performance.

e The Maximum DrawDown (MaxDD, Chekhlov et al. 2005) measures the

maximum potential out-of-sample loss from the observed peak, and is defined as
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MaxDD = min DD,,
Tin41<<T
where T™ is the length of the in-sample window, and the DrawDown is
computed as
W,— max W,
Tin41<r<t ’
DD, = ——F—, tef{T"+1,...T}.
! max W, { }
Tin1<r<r
Here, W, = W,_;(1 + R?") denotes the portfolio wealth at time #, with W, = 1.
The MaxDD is always non-positive, hence higher values are preferable.
e The Ulcer index (Martin and McCann 1989) evaluates the depth and the duration
of drawdowns in prices over the out-of-sample period, and is defined as

Ulcer =

A lower Ulcer value indicates a better portfolio performance.
e The Turnover (DeMiguel et al. 2009) evaluates the amount of trading required
to perform in practice the portfolio strategy, and is defined as

QO n
_ 1
Turnover = 0 Z Z | Xgx = Xgo1k 1>

g=1 k=1

where Q represents the number of rebalances, x,, is the portfolio weight of
asset k after rebalancing, and x,_;, is the portfolio weight before rebalancing
at time g. Lower turnover values indicate better portfolio performance. We
point out that this definition of portfolio turnover is a proxy of the effective one,
since it evaluates only the amount of trading generated by the models at each
rebalance, without considering the trades due to changes in asset prices between
one rebalance and the next. Thus, by definition, the turnover of the EW portfolio
is zero.

e The Sortino ratio (Sortino et al. 2001) is defined as

out

éi

Sortino = ———,
TDD

where TDD =  /E[((R*" — r;)_)?] is the Target Downside Deviation, and r;=0.

Higher values of the Sortino ratio indicate a better portfolio performance.

e The Rachev ratio (Biglova et al. 2004) measures the relative gap between the
mean of the best a% values of R — Iy and that of the worst % ones, and it is
computed as

CVaR,(r; — R")

Rachev = — |
CVaR ﬂ(ROU‘ - ;ff)
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where a = f# = 5%, 10%, and re = 0. Higher Rachev ratio values are clearly
preferred.

3.2 Out-of-sample performance results

In Table 5, we provide the computational results obtained by the 16 analyzed portfo-
lio strategies and by the benchmark EW portfolio on the EuroStoxx 50 daily dataset
(see Table 2), with € = 1%. The rank of the performance results is shown in differ-
ent colors. More precisely, for each row the colors range from deep-green to deep-
red, where deep-green represents the best performance, while deep-red represents
the worst one. We observe that the EW portfolio shows the lowest Sharpe and Sor-
tino ratios, and one of the highest volatilities. As mentioned above, by definition,
the turnover of the EW portfolio is 0. Furthermore, we notice that by considering
stronger conditions on the portfolio VaR, the Mean-Variance-VaR portfolios tend to
improve their out-of-sample performance. This is more evident when choosing high
levels of the portfolio expected return #, for which the Pareto-optimal portfolios with
low levels of z achieve the best performance in terms of mean, Sharpe, Sortino, and
Rachev ratios. This behavior is also confirmed by the trend of the cumulative out-
of-sample portfolio returns, reported in Fig. 4, where the EW portfolio tends to be
dominated by the Mean-Variance-VaR portfolios for all target levels . Furthermore,
there seems to be a behavioral pattern of portfolios with lower levels of z, namely z
and z; /3, which have better performance w.r.t. the Mean-Variance portfolios (namely,
the Mean-Variance-VaR portfolios with z;). This is more remarkable for the highest
level of the portfolio expected return, 75 4.

In Table 6, for each portfolio strategy we show the out-of-sample performance
results obtained on the DowJones daily dataset (see Table 2), withe = 5%.

In this case, for higher levels of the portfolio expected return #, namely #, ,, and
M54, the portfolios with lower levels of VaR, namely z, and z, 3, show the high-
est mean, Sharpe, Sortino, and Rachev ratios. We highlight that, when comparing
the efficient Mean-Variance-VaR portfolios with the Mean-Variance ones, we also
observe a general improvement of the out-of-sample performance, particularly for
low levels of z. This behavior is also confirmed by the trend of the cumulative out-
of-sample portfolio returns, reported in Fig. 5. In this case, the EW portfolio seems
to be preferred to the Mean-Variance-VaR portfolios with n = n,,, and n = n, 4,
while for higher levels of the required portfolio return, the Mean-Variance-VaR port-
folios tend to dominate the EW portfolio in terms of cumulative returns. As in the
previous case, portfolios with lower levels of z, namely z, and z, 3, seem to exhibit a
behavioral pattern, showing better performance w.r.t. the Mean-Variance portfolios
(namely, the Mean-Variance-VaR portfolios with z;). This is more noticeable for the
highest level of the portfolio expected return 7 5.

For comparison purposes, in Tables 7 and 8 we also provide the out-of-sample
performance results obtained by the Mean-Variance-CVaR portfolios described in
Sect. 2.2, using the same experimental setup applied to the Mean-Variance-VaR
case. Tables 5, 6, 7 and 8 also report the out-of-sample VaR (mean/median) for all
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Table 5 Out-of-sample performance results of the Mean-Variance-VaR efficient portfolios on the Euro-
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Table 6 Out-of-sample performance results of the Mean-Variance-VaR efficient portfolios on the Dow-

Jones daily dataset with € = 5%(color figure online)
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Fig.5 Cumulative out-of-sample portfolio returns of the Mean-Variance-VaR efficient portfolios using
different levels of # and e = 5% on the DowJones daily dataset

the 16 optimal portfolios selected by the Mean-Variance-VaR and the Mean-Vari-
ance-CVaR approaches.

We observe that as the required target levels of the in-sample VaR and the
in-sample CVaR increase, the out-of-sample VaR typically increases as well.

3.3 Comprehensive analysis of the results

For a better assessment of the performance of Mean-Variance-VaR efficient portfo-
lios, we now report a summary of our computational results on all the datasets listed
in Tables 1 and 2. The detailed out-of-sample results can be found in the supple-
mentary materials. In Tables 9 and 10, we summarize the number of datasets where
the Mean-Variance-VaR efficient portfolios achieve equal or better performance than
that of the EW portfolio when € = 1% and € = 5%, respectively. On the other hand,
in Table 11 and 12 we report the number of datasets where the Mean-Variance-VaR
efficient portfolios achieve equal or better performance than that of the Mean-Vari-
ance-CVaR portfolios when € = 1% and € = 5%, respectively. In each table we use
the green marker when the best performances are obtained in at least 50% of the
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Table 7 Out-of-sample performance results of the Mean-Variance-CVaR efficient portfolios on the Euro-

Stoxx50 daily dataset with e = 1%(color figure online)
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Table 8 Out-of-sample performance results of the Mean-Variance-CVaR efficient portfolios on the Dow-

Jones daily dataset with € = 5%(color figure online)
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Table 9 Number of datasets out of six where the Mean-Variance-VaR efficient portfolios achieve equal or
better performance than that of the EW portfolio, when € = 1%(color figure online)
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Table 10 Number of datasets out of six where the Mean-Variance-VaR efficient portfolios achieve equal
or better performance than that of the EW portfolio, when £ = 5%(color figure online)
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| ot Fop v v fa] a4 6 5 | 5 5] 5 [ 5 |
| oou O e B e e e A I A T
| Sharpe [ 4 | 4 4] 5 | 5 [6 6 | 6 [5] 4 [ 4]
| MaxDD s 5 [ 5 |5 5 [ 5 [38 5 [ 5 1] 2| 2|
| Ulcer s 2 s 2 2] o2 | o2 1] o |1
| Turnover | - | - | - [ - | - | - [ -] - | - | -| - | - |
| Sortino [ 4 | 4 4] 5 | 5 [6 6 | 6 [5] 4 [ 4]
| Rachev5% | 0 | o | o [0 ] o | 1 [W8E 2 | 2 [ENSEsE
2 | 2[5 5 | 5 [ 5] 5 | 5 |

| o]
| 1]

| Rachev10% | 2 | 1 | ©

total cases. We point out that, under stronger conditions on the portfolio VaR, the
performance of the optimal portfolios of our model seems to be typically better than
that of the EW portfolio (see Table 10) in terms of mean, Sharpe ratio, Sortino ratio,
and Maximum Drawdown, particularly when & = 5%. Similarly, the performance of
the efficient portfolios of our model seems to be generally better than that of the
Mean-Variance-CVaR portfolios (see Table 11) particularly for € = 1%. As shown
in Table 12, when € = 5% the good performance of the Mean-Variance-VaR portfo-
lios appears to be less evident. This might be due to the higher robustness of CVaR
with € = 5%, which seems to better estimate the tail risk, as compared to CVaR with
e=1%.

@ Springer



1066 F. Cesarone et al.

Table 11 Number of datasets out of six where the Mean-Variance-VaR efficient portfolios achieve equal
or better performance than that of the Mean-Variance-CVaR portfolios, when € = 1%(color figure online)

‘ Tmin ‘ MNi/a ‘ MN1/2 ‘ MN3/4 ‘

| 2o | 21/s | 2273 | 20 | 2175 | 22/5 | 20 | 2175 | 2275 | 20 | 215 | 22/5 |
| ot 2] 4 | 4 |s5] 6 | 6 |5 6 | 5 [6] 6 [ 5 |
| oou s | oo | o [ |1 ] |1
| Sharpe 2| 4 | 5 [ 4] 5 | 6 |4 4 | 3 [3] 3 ]3]
| MaxDD s s 2 | o2 1] o2 |1
| Ulcer s 5 [ 4 [ a] a4 | 3 [4 3| 2 [4] 3 ] 2|
| Turnover | 0 | 1 | 2 [ 1] o | o |2 [N5EE > NS 2 |
| Sortino 2[4 | 4 4] 5 | 6 [4 4 | 3 [3] 3 [ 3]
| Rachev 5% | 2 [NSHNNBIISHNENIGN 2 S s
| Rachev 10% | 2 |FN03 00 3 ] 3 0 5] s o e s e

Table 12 Number of datasets out of six where the Mean-Variance-VaR efficient portfolios achieve equal
or better performance than that of the Mean-Variance-CVaR portfolios, when € = 5%(color figure online)

‘ Mmin ‘ M1/4 ‘ Mi/2 ‘ M3/4 ‘

| z0 | 2173 | 2275 | 20 | 2173 | 223 | 20 | 2175 | 2273 | 20 | 21/3 | 22/5 |
| et 20 3 [ 3 [ 3] 5 6 |5 5 | 5 4] 4 | 4 |
| oot IEmss o | o | o Jo| o | 0o o] 0
| Sharpe [ 2] 2 [N : SN 2
| MaxDD s 2 | o ||
| Ulcer e | o2 | 2 el 2 | o2 | 2] 1
| Turnover | | |
| Sortino [ 2] 2 [SEN 2 s aes. 2
\

| Rachev 5%

| Rachev 10% | 2 [NGHNN > (INSHNINNS O S s s

4 Conclusions and future research

In this paper, we have proposed a tri-objective portfolio selection model which
adds conditions on the portfolio VaR to the classical Mean-Variance approach.
The Mean-Variance-VaR model is formulated as a MIQP problem and is solved
using Gurobi. We have described appropriate combinations of the parameters ¢,
n, and T, for which we can obtain an optimal solution in a reasonable time. Our
extensive empirical analysis based on several real-world datasets shows promis-
ing results in terms of various performance measures. Indeed, it seems that the
Mean-Variance-VaR optimal portfolios can generally achieve equal or better out-
of-sample results than those obtained by the EW and by the Mean-Variance-CVaR
portfolios. Further future research might be directed to extend this approach to
other Mean-Risk models and to investigate the stability of the Pareto-optimal
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solutions obtained by our model (see, e.g., Cesarone et al. 2020a). Furthermore, a
broad comparison between parametric and nonparametric estimation approaches
for VaR-based portfolio selection problems is left for future studies.

Acknowledgements We thank the Reviewers and the Department Editor for several insightful comments
and suggestions that significantly improved the presentation of the paper.

Funding Open access funding provided by Universita degli Studi Roma Tre within the CRUI-CARE
Agreement. This research has been partially supported by the project “FinTech: the influence of enabling
technologies on the future of the financial markets” funded by the Italian Ministry of Education,
Universities and Research (MIUR)-PRIN 2017. Project Code: 20177WC4KE.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit
line to the material. If material is not included in the article’s Creative Commons licence and your
intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder. To view a copy of this licence, visit http://creativeco
mmons.org/licenses/by/4.0/.

References

Acerbi C, Tasche D (2002) On the coherence of expected shortfall. J] Bank Finance 26(7):1487-1503

Alexander GJ, Baptista AM (2002) Economic implications of using a mean-VaR model for portfolio
selection: a comparison with mean-variance analysis. J Econ Dyn Control 26(7-8):1159-1193

Anagnostopoulos KP, Mamanis G (2010) A portfolio optimization model with three objectives and
discrete variables. Comput Oper Res 37(7):1285-1297

Aracioglu B, Demircan F, Soyuer H (2011) Mean-variance-skewness-kurtosis approach to portfolio
optimization: an application in Istanbul stock exchange. Ege Akademik Bakis Dergisi 11(5):9-17

Artzner P, Delbaen F, Eber JM, Heath D (1999) Coherent measures of risk. Math Finance
9(3):203-228

Basak S, Shapiro A (2001) Value-at-risk-based risk management: optimal policies and asset prices. Rev
Financ Stud 14(2):371-405

Basel Committee on Banking Supervision (2012) Fundamental review of the trading book. https://www.
bis.org/publ/bcbs219.htm

Bellini F, Bignozzi V (2015) On elicitable risk measures. Quant Finance 15(5):725-733

Bellini F, Cesarone F, Colombo C, Tardella F (2021) Risk parity with expectiles. Eur J Oper Res
291(3):1149-1163

Benati S, Conde E (2022) A relative robust approach on expected returns with bounded CVaR for portfo-
lio selection. Eur J Oper Res 296(1):332-352

Benati S, Rizzi R (2007) A mixed integer linear programming formulation of the optimal mean/value-at-
risk portfolio problem. Eur J Oper Res 176(1):423-434

Bera AK, Park SY (2008) Optimal portfolio diversification using the maximum entropy principle.
Econom Rev 27(4-6):484-512

Biglova A, Ortobelli S, Rachev ST, Stoyanov S (2004) Different approaches to risk estimation in portfolio
theory. J Portf Manag 31(1):103-112

Bruni R, Cesarone F, Scozzari A, Tardella F (2016) Real-world datasets for portfolio selection and solu-
tions of some stochastic dominance portfolio models. Data Brief 8:858-862

Bruni R, Cesarone F, Scozzari A, Tardella F (2017) On exact and approximate stochastic dominance
strategies for portfolio selection. Eur J Oper Res 259(1):322-329

Carleo A, Cesarone F, Gheno A, Ricci JM (2017) Approximating exact expected utility via portfolio effi-
cient frontiers. Decis Econ Finance 40(1):115-143

Cesarone F (2020) Computational finance: MATLAB oriented modeling. Routledge, London

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://www.bis.org/publ/bcbs219.htm
https://www.bis.org/publ/bcbs219.htm

1068 F. Cesarone et al.

Cesarone F, Colucci S (2018) Minimum risk versus capital and risk diversification strategies for portfolio
construction. J Oper Res Soc 69(2):183-200

Cesarone F, Lampariello L, Sagratella S (2019) A risk-gain dominance maximization approach to
enhanced index tracking. Finance Res Lett 29:231-238

Cesarone F, Mango F, Mottura CD, Ricci JM (2020a) On the stability of portfolio selection models. J
Empir Finance 59:210-234

Cesarone F, Scozzari A, Tardella F (2020b) An optimization—diversification approach to portfolio selec-
tion. J Glob Optim 76(2):245-265

Cesarone F, Martino ML, Carleo A (2022a) Does ESG impact really enhance portfolio profitability? Sus-
tainability 14(4):2050

Cesarone F, Cesetti R, Orlando G, Martino ML, Ricci JM (2022b) Comparing SSD-efficient portfolios
with a skewed reference distribution. Mathematics 11(1):50

Chekhlov A, Uryasev S, Zabarankin M (2005) Drawdown measure in portfolio optimization. Int J Theor
Appl Finance 8(01):13-58

Chow G (1995) Portfolio selection based on return, risk, and relative performance. Financ Anal J
51(2):54-60

Consigli G (2002) Tail estimation and mean-VaR portfolio selection in markets subject to financial insta-
bility. J Bank Finance 26(7):1355-1382

Cont R (2001) Empirical properties of asset returns: stylized facts and statistical issues. Quant Finance
1(2):223-236

Cont R, Deguest R, Scandolo G (2010) Robustness and sensitivity analysis of risk measurement proce-
dures. Quant Finance 10(6):593-606

Corsaro S, De Simone V, Marino Z (2021) Split Bregman iteration for multi-period mean variance port-
folio optimization. Appl Math Comput 392(125):715

Cui X, Zhu S, Sun X, Li D (2013) Nonlinear portfolio selection using approximate parametric value-at-
risk. J Bank Finance 37(6):2124-2139

Cui X, Sun X, Zhu S, Jiang R, Li D (2018) Portfolio optimization with nonparametric value-at-risk: a
block coordinate descent method. INFORMS J Comput 30(3):454—471

DeMiguel V, Garlappi L, Uppal R (2009) Optimal versus Naive diversification: how inefficient is the 1/n
portfolio strategy? Rev Financ Stud 22(5):1915-1953

Dhaene J, Laeven RJA, Vanduffel S, Darkiewicz G, Goovaerts MJ (2008) Can a coherent risk measure be
too subadditive? J Risk Insur 75(2):365-386

de Vries CG, Samorodnitsky G, Jorgensen BN, Mandira S, Danielsson J (2005) Subadditivity re-exam-
ined: the case for value-at-risk. Financial Markets Group, London

Duffie D, Pan J (1997) An overview of value-at-risk. J Deriv 4(3):7-49

Gaivoronski AA, Pflug G (2005) Value-at-risk in portfolio optimization: properties and computational
approach. J Risk 7(2):1-31

Gneiting T (2011) Making and evaluating point forecasts. J Am Stat Assoc 106(494):746-762

Gurobi Optimization L (2021) Gurobi optimizer reference manual. http://www.gurobi.com

Jagannathan R, Ma T (2003) Risk reduction in large portfolios: why imposing the wrong constraints
helps. J Finance 58(4):1651-1683

Kolm PN, Tiitiincii R, Fabozzi FJ (2014) 60 years of portfolio optimization: practical challenges and cur-
rent trends. Eur J Oper Res 234(2):356-371

Kondor I, Pafka S, Nagy G (2007) Noise sensitivity of portfolio selection under various risk measures. J
Bank Finance 31(5):1545-1573

Konno H, Ki Suzuki (1995) A mean-variance-skewness portfolio optimization model. J Oper Res Soc Jpn
38(2):173-187

Konno H, Shirakawa H, Yamazaki H (1993) A mean-absolute deviation-skewness portfolio optimization
model. Ann Oper Res 45(1):205-220

Kou S, Peng X, Heyde CC (2013) External risk measures and Basel accords. Math Oper Res
38(3):393-417

Lim AE, Shanthikumar JG, Vahn GY (2011) Conditional Value-at-Risk in portfolio optimization: coher-
ent but fragile. Oper Res Lett 39(3):163-171

Lo AW, Petrov C, Wierzbicki M (2006) It’s 11 pm—do you know where your liquidity is? The mean-
variance-liquidity Frontier. In: Fong HG (ed) The world of risk management. World Scientific, Sin-
gapore, pp 47-92

Longerstaey J, Spencer M (1996) Riskmetrics™—technical document. Morgan Guaranty Trust Company
of New York, New York

@ Springer


http://www.gurobi.com

Mean-Variance-VaR portfolios: MIQP formulation and... 1069

Lotfi S, Salahi M, Mehrdoust F (2017) Adjusted robust mean-value-at-risk model: less conservative
robust portfolios. Optim Eng 18(2):467—-497

Lwin KT, Qu R, MacCarthy BL (2017) Mean-VaR portfolio optimization: a nonparametric approach. Eur
J Oper Res 260(2):751-766

Mandelbrot B (1972) Certain speculative prices (1963). J Bus 45(4):542-543

Manganelli S, Engle RF (2001) Value-at-risk models in finance. Working paper 75, European Central
Bank, Frankfurt

Markowitz H (1952) Portfolio selection. J Finance 7(1):77-91

Markowitz H (1959) Portfolio selection: efficient diversification of investments. Yale University Press,
New Haven

Martin PG, McCann BB (1989) The investor’s guide to fidelity funds. Wiley, London

Mausser H (1998) Beyond VaR: from measuring risk to managing risk. ALGO Res Q 1(2):5-20

Pagan A (1996) The econometrics of financial markets. J Empir Finance 3(1):15-102

Philippe J (2001) Value-at-risk: the new benchmark for managing financial risk. McGraw-Hill Profes-
sional, New York

Pmar MC (2013) Static and dynamic VaR constrained portfolios with application to delegated portfolio
management. Optimization 62(11):1419-1432

Pritsker M (1997) Evaluating value-at-risk methodologies: accuracy versus computational time. J Financ
Serv Res 12(2):201-242

Rockafellar RT, Uryasev S et al (2000) Optimization of conditional value-at-risk. J Risk 2:21-42

Roman D, Darby-Dowman K, Mitra G (2007) Mean-risk models using two risk measures: a multi-objec-
tive approach. Quant Finance 7(4):443-458

Sharpe WF (1966) Mutual fund performance. J Bus 39(1):119-138

Sharpe WF (1994) The sharpe ratio. J Portf Manag 21(1):49-58

Sortino FA, Satchell S, Sortino F (2001) Managing downside risk in financial markets. Butterworth-
Heinemann, Oxford

Steuer RE, Na P (2003) Multiple criteria decision making combined with finance: a categorized biblio-
graphic study. Eur J Oper Res 150(3):496-515

Utz S, Wimmer M, Hirschberger M, Steuer RE (2014) Tri-criterion inverse portfolio optimization with
application to socially responsible mutual funds. Eur J Oper Res 234(2):491-498

Wang J (2000) Mean-variance-VaR based portfolio optimization. Valdosta State University, Valdosta

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Authors and Affiliations

Francesco Cesarone'® - Manuel L. Martino' @ - Fabio Tardella2

Manuel L. Martino
manuelluis.martino@uniroma3.it

Fabio Tardella

fabio.tardella@unifi.it

Department of Business Studies, Roma Tre University, Via Silvio D’Amico, 77, 00145 Rome,
Ttaly

Department of Information Engineering (DINFO), University of Florence, Via di S. Marta, 3,
50139 Florence, Italy

@ Springer


http://orcid.org/0000-0003-2326-4204
http://orcid.org/0000-0002-0485-325X
http://orcid.org/0000-0002-0689-2981

	Mean-Variance-VaR portfolios: MIQP formulation and performance analysis
	Abstract
	1 Introduction
	2 The Mean-Variance-VaR model
	2.1 Finding the Mean-Variance-VaR efficient surface
	2.2 The Mean-Variance-CVaR model

	3 Empirical analysis
	3.1 Empirical setup and performance measures
	3.2 Out-of-sample performance results
	3.3 Comprehensive analysis of the results

	4 Conclusions and future research
	Acknowledgements 
	References




