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Abstract. The aim of this study is to analyze optimum insurance demand of a risk
averse agent. By introducing the concept of elasticity of risk aversion, we describe
the interaction of optimum coverage and insurance risk. The agent’s revision of her
insurance demand is governed by a substitution effect and an income effect.
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1 Introduction

Our study analyzes optimal insurance demand of a risk averse agent faced with
an exogenous change in insurance risk. In contrast to the existing literature (see,
e.g., Demers and Demers, 1991; Alarie, Dionne, and Eeckhoudt, 1992) we focus
on the elasticity of risk aversion to characterize the relationship between a change
in risk and the optimal insurance demand. Speaking in absolute terms, the elasticity
of risk aversion is defined to be the percentage change in risk aversion divided by
the percentage change in risk. The question how risk affects decision making is an
important topic in many fields of economics and finance (see, e.g., Briys, Couchy,
and Schlesinger, 1993; Broll, Wahl, and Zilcha, 1995; Broll and Eckwert, 1999)

We base our analysis on the concept of(µ, σ)-preferences. The(µ, σ)-criterion,
although well-known in the literature on decision making under uncertainty, has
experienced a growing attention in very recent contributions (see, e.g., Bar-Shira
and Finkelshtain, 1999; Eichner, 2000; Löffler, 2001). Important new insights are
provided by the(µ, σ)-framework. We use this approach to examine risk effects
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on optimum insurance demand. For a(µ, σ)-risk averse agent our paper derives a
clearcut relationship between the demand for insurance and the elasticity of risk
aversion.

Our investigation proceeds as follows: Section 2 presents the insurance decision
problem and introduces the elasticity of risk aversion. Section 3 demonstrates the
relationship between insurance risk and insurance demand by applying the elasticity
measure. Our paper concludes with some brief remarks.

2 The elasticity of risk aversion

Consider a risk averse agent endowed with monetary wealthw̄, who faces a random
loss of amount̃z, which is insurable. Letα be the coinsurance rate and suppose
the agent has the opportunity to buy an insurance contract, which pays out the
indemnityαz̃, given the insurance premiumα(1 + λ)Ez̃, whereE denotes the
expectation operator andλ the loading factor. It is assumed that the loading factor
is positive and that the agent is risk averse (see, e.g., Mossin, 1968; Schlesinger,
1997).

Our agent is(µ, σ)-risk averse. This means that (i) the agent’s preferences can be
represented by a two-parameter functionΦ(µ, σ) defined over meanµ and standard
deviationσ of the underlying random variables and (ii) that the functionΦ satisfies
the following properties:∂Φ(µ, σ)/∂µ = Φµ > 0, ∂2Φ(µ, σ)/∂µ2 = Φµµ ≤ 0,
∂Φ(µ, σ)/∂σ = Φσ < 0, σ > 0 andΦσ(µ, 0) = 0. Furthermore, let us assume
that the partial derivatives∂2Φ(µ, σ)/∂σ2 and∂2Φ(µ, σ)/∂µ∂σ exist and thatΦ is
a strictly concave function. Hence, the indifference curves are convex in the(σ, µ)-
space as often assumed in the literature (see, e.g., Bodie, Kane, and Marcus, 1993;
Eichberger and Harper, 1997; Bamberg and Coenenberg, 2000).

Given(µ, σ)-risk aversion the insurance decision problem reads:

max
α

Φ(µw̃, σw̃),

wherew̃ = w̄− (1−α)z̃ −α(1+λ)E(z̃) denotes uncertain end-of-period wealth.
We setµw̃ = E(w̃) andσw̃ =

√
E(w̃ − E(w̃))2.

Before analyzing the relationship between changes in risk and the optimal
insurance demandα, let us define the elasticity of risk aversion. To simplify notation,
in what follows we drop the subscript̃w.

Definition (Elasticity of risk aversion). Letσ > 0. We define the elasticity of
risk aversion with respect to the standard deviation asεR,σ := −Rσ

σ
R , where

R = −Φσ/Φµ andRσ = ∂R/∂σ.

Note thatR is the marginal rate of substitution betweenµ andσ, and, therefore, we
interpretR as a measure of risk aversion in(σ, µ)-space (Lajeri and Nielsen, 2000;
Löffler, 2001). The elasticity of risk aversion,εR,σ, is – in absolute value – given
by the percentage change in risk aversion divided by the percentage change in risk
(i.e., standard deviation). The elasticity measure allows for an intuitively appealing
interpretation of the effect of risk on insurance demand.
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We model a change in insurance risk as follows:z̃(β) := Ex̃ + βη̃, η̃ :=
x̃ − Ex̃, where the random variablẽx has unit standard deviation and0 < β < 1.
Then, increasingβ models an increase in insurance risk. Substitutingz̃(β) for the
random variablẽz of the decision problem generates a relationship between optimal
insurance demandα(β) and the risk of losses measured by the standard deviation
of z̃(β).

3 Insurance demand

Now we are ready to examine the impact of an increase in risk on the optimal
coverage of the insurable risk.

Proposition (Effect of risk). Suppose that the insurance risk increases, i.e.β in-
creases. Then optimal insurance demand will decrease, if the elasticity of risk aver-
sion is greater than unity. Insurance demand remains unchanged, if the elasticity is
unity, and increases, if the elasticity is less than unity.

Proof. Expected end-of-period wealth and standard deviation of end-of-period
wealth read

E(w̃) = w̄ − (1 + αλ)E(z̃(β))

and

σ = (1 − α)σz̃(β),

respectively. Hence, the objective function becomes

Φ
(
w̄ − (1 + αλ)E(z̃(β)), (1 − α)σz̃(β)

)
.

By using risk aversionR = −Φσ/Φµ and standard deviationσ the first order
condition of the insurance decision problem reads:
(

−λE(z̃(β)) +
σR

(1 − α)

)
Φµ = 0.

This equation can be satisfied if and only if the term in brackets equals to zero,
sinceΦµ > 0. The implicit function theorem gives

sign

(
dα(β)

dβ

)
= sign

(
1

1 − α

{
∂σ

∂β
R + σ

∂R

∂σ

∂σ

∂β

})

= sign

(
R + σ

∂R

∂σ

)
,

since1 − α > 0 and∂σ/∂β > 0. With the definition of the elasticity of risk
aversion we get sign[dα(β)/dβ] = sign[1 − εR,σ]. q.e.d.

Note that the two-parameter functionΦ(µ, σ) = µ/(θ + σ)2, which is related
to Roy’s function (Roy, 1952), includes all three cases of our proposition, i.e.
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Fig. 1.Substitition and income effects under uncertainty

εR,σ < (=)[>] 1 if θ > (=)[<] 0. Furthermore, the recent study of Eichner (2000)
contains an example where the elasticity of risk aversion is greater than unity.

Adverse and nonadverse effects of insurance risk on the optimal insurance
demand can be explained by Figure 1, which assumes that the optimum coinsurance
rate is positive.

Let OL1 be the initial opportunity line on the relevant range as depicted in the
figure:OL1 := {(µ, σ) : µ = µw̃, σ = σw̃, 0 ≤ α ≤ 1, given z̃(β1), β1 > 0}.
Note that a positive loading factor, i.e.λ > 0, implies an optimumα < 1. The
optimal insurance decision satisfies the tangency condition (point A). The slope
of the opportunity line equals the marginal rate of substitution, whereΦ(µ, σ) =
const. denotes an indifference curve. If the standard deviation ofz̃(β) increases,
then the new opportunity lineOL2 := {(µ, σ) : µ = µw̃, σ = σw̃, 0 ≤ α ≤
1, given z̃(β2), β2 > β1} becomes flatter. Hence utility level decreases(c2 < c1)
and optimum moves from pointA to pointC.

Now suppose that expected end-of-period wealth increases for any level of
risk such that the agent reaches the initial indifference curveΦ(µ, σ) = c1. The
resulting opportunity lineOL3 (a parallel shift ofOL2) leads to the new optimum
point B. This shows the well-known negative substitution effect (see, e.g., Davis,
1989; Varian, 1992).

Let us now reduce expected end-of-period wealth for any level of risk. Changing
OL3 to OL2 leads to the optimum pointC. The movement fromA to B provides
the reason for the substitution effect and the movement fromB toC for the income
effect. In Figure 1 the income effect is dominated by the substitution effect which
is saying that the elasticity of risk aversion is less than unity. If the elasticity of
risk aversion is greater than unity, then the income effect dominates the substitution
effect. In this case optimum insurance demand decreases although insurance risk
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increases. In contrast to the existing insurance literature this is a remarkably simple
characterization.

Finally, note that our Proposition can also be used under the expected utility
hypothesis. Our(µ, σ)-decision model is not in conflict with maximizing expected
utility but has notably attractive properties. For example, it can be shown by the
findings of Schneeweiß (1967), Sinn (1980), Meyer (1987), and Lajeri and Nielsen
(2000) that the elasticity of risk aversion is always less than unity if preferences
display decreasing absolute risk aversion in the sense of Arrow (1971) and Pratt
(1964).

4 Concluding remarks

We have analyzed the revision of optimum insurance demand when insurance risk
changes. The elasticity of risk aversion determines whether or not a(µ, σ)-risk
averse agent (or, a risk averse expected utility maximizer) decreases/increases her
optimum insurance demand when the insured risk becomes greater.
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