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Abstract. We consider n phenotypes of a species in a continuous but hetero-
geneous environment. It is assumed that the phenotypes differ only in their
diffusion rates. With haploid genetics and a small rate of mutation, it is shown
that the only nontrivial equilibrium is a population dominated by the slowest
diffusing phenotype. We also prove that if there are only two possible pheno-
types, then this equilibrium is a global attractor and conjecture that this is true
in general. Numerical simulations supporting this conjecture and suggesting
that this is a robust phenomenon are also discussed.
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1 Introduction

Dispersal of organisms has important effects both from an ecological and
genetic point of view in a variety of situations. These effects have been much
studied recently; wide-ranging discussions of continuous models may be
found in [30, 10, 27, 2] and of discrete models in [28]. However, the evolution
of dispersal itself, although of obvious importance in this context, has received
a great deal less attention, although over the last few years more research has
been directed to its study. A recent review [21] contains a useful survey and
additional discussion, and further references may, for example, be obtained
from [31, 4, 24, 25].

A conclusion that is common to a large class of models (see [21]) is that
variability in space tends to reduce dispersal rates. The purpose of the present
investigation is to focus on the effect of spatial variability on its own by
considering a haploid model of a species where the only phenotypic difference
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is the dispersal rate, thus excluding all other effects, and to enquire whether the
above conclusion is confirmed. Although there are considerable differences in
detail, a number of investigations that have a broadly similar direction and con-
clusion have been carried out; see for example [24, 25,9, 22, 35, 36, 13]. The
model adopted here is continuous in space and time, and the basic equations
are of reaction—diffusion type. The general conclusion is that spatial variation
on its own causes a reduction in dispersal rates both in the absence of
mutation and with a small mutation rate, and the conclusion is robust in that
it remains valid even when slow diffusers suffer a penalty in their birth rate.

We consider n phenotypes of a species with densities u;(x, t), respectively,
at the point x in the bounded domain Q = R™ at time t. Dispersal is modelled
by a diffusion approximation, and phenotype i is assumed to have diffusion
rate d;, with 0 < d, <d, < ... <d,. The per-capita rate of increase of each
phenotype is identical, so phenotypes differ only in their diffusion rates, and
we assume that at low densities this rate of increase is represented by the
function a, which varies in space but is time independent. The genetics are
assumed to be haploid, and mutation is represented by the matrix eM, where
¢ 1s a small positive scalar. The structure of M is of course limited by biological
constraints, but it turns out that our conclusions require only very weak
conditions on M (see (H2) in Sect. 2), which are certainly satisfied in almost
any conceivable biological situation. The basic equations take the form

ou n n
;tl:diAui-i-ui(a(x)— Z uj>+8 ZMij“j
i=1

j=1
on xR, (1=Zi<n), (1.1

where 4 is the Laplacian. Zero Neumann conditions du;/0v = 0 (where 0/0v
signifies differentiation in the direction of the outward normal) are imposed on
the boundary 0Q of Q, representing the condition of no migration across J€2.
When ¢ = 0, i.e., there is no mutation, we shall require that there be a so-called
‘semi-trivial’ equilibrium on each axis, that is a stationary solution
U;=(0,...,0,1,...,0), where &(x) >0 (x € Q); conditions ensuring this
are discussed in Sect. 2, where technical assumptions are given in detail.

In outline, the aims of the analysis are as follows. We wish to show that if
& = 0, the phenotype with the smallest diffusion rate, that is, the first, will be
favored. In terms of the system (1.1) this means that U, is a global attractor for
all interior orbits, that is, for orbits with non-negative values none of which is
identically zero. We wish further to show that this broad conclusion remains
basically unaltered for small mutation rates, the precise meaning of this
statement being clarified below. From the point of view of the mathematical
theory of reaction—diffusion systems, this raises interesting questions because
the form of the reaction terms are such that they do not favor one phenotype
over another. Thus, it is the difference in the diffusion rates that principally
drives the dynamics of the system.

The plan of this paper is as follows. In Sect. 2, the basic assumptions are
given in detail and certain background results are stated. In Sect. 3, the case
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& = 01s first considered, and the key result that lies at the heart of the analysis
is established: U, is asymptotically stable, whereas all the U; (i = 2) are
unstable. Remarkably, this result holds independent of the form of a(x), so
long as it is not constant. This result suggests that the interior orbits are
globally attracted to U, with the consequence from a biological point of view
that evolution always favors the slowest diffuser. This conclusion is in accord-
ance with the tenor of the remarks in the introductory paragraphs. The main
thrust of the analysis that follows is first to attempt to show that the local
stability results are essentially unmodified when small mutation acts. We
show broadly that the equilibrium U, perturbs into the positive cone — that is,
the biologically feasible region — yielding an equilibrium U (¢), say, and that
U (e) is asymptotically stable, whereas the other U; do not enter the feasible
region. We also consider in detail (Theorem 3.7 and Corollary 3.8) how the
form of U, (¢) depends on the mutation matrix.

The second main object, considered in Sect. 4, is to see how far global
conclusions may be drawn. Using results from the theory of monotone
dynamical systems (see [19, 17, 32] for a general discussion) we first show that
if¢ = 0, then U,(0) = U, is globally stable in the case of two phenotypes. For
n > 2, this question appears to present a difficult mathematical problem. We
conjecture, but are unable to prove, that this result remains true. We then
consider the global stability of U (g). Using a result based on the perturbation
of a Morse decomposition, we show that for small ¢, U, (¢) is globally stable
whenever U,(0) has this property. Therefore, global stability holds when
n =2, and also if the conjecture is valid.

Section 5 contains a computational investigation partly undertaken to
confirm the global convergence discussed above. However, the main question
we consider concerns the robustness of the result. The question discussed is
the strength of the evolutionary force, that is whether or not a small penalty
for slow diffusers, as might be caused by a lower birth rate, would reverse the
conclusions. Numerical studies are described in detail, and we show that the
evolutionary force is rather strong: a considerable penalty is allowed without
modification of the results. In Sect. 6, the results are summarized and some
further directions of research on elaborations of the model are discussed.

2 Preliminaries

Here the basic assumptions are listed and some well known results that will be
used later are recalled. The reaction—diffusion system (1.1) is first rewritten in
more convenient form. Let U = (uy, ..., u,) and define the nxn matrix
D =diag{d,...,d,}. Put1=(1,...,1)and let <, > be the scalar prod-
uct in R". Then (1.1) may be compactly written in the following form:

U, = DAU + [a(x) — <1, UD]U + ¢eMU ,
(2.2)
U/ =0 (xeoQ),
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where 0/0v denotes differentiation in the direction normal to J©2. Neumann
boundary conditions are assumed throughout although much of the analysis
easily extends to more general boundary conditions. The domain Q is taken to
be open and bounded with smooth boundary, and a € C***(Q). The following
conditions are imposed throughout.

H1) O0<dy<d, < ... <d,.
(H2) The n xn matrix M is constant. Also, M;; <0 (1 =i<n)and M;; =0
I=ij=ni+)).

It may be remarked that, because of the special form of the basic equations
(2.2), there is no loss in generality in assuming the strict inequality d; < d;;; in
(H1). For if d; = d; 4, the jth and (j + 1)th equations may be added to yield
a new equation for u; + u;,, of exactly the same form as the other equations.

As the setting for the study of the equilibria of (2.2) we shall use the space
[C***(©Q)]". The norms in C***(Q) and C*(Q) are denoted by |||,., and |- |,
respectively. Let K™ denote the cone of non-negative functions in the particu-
lar space under consideration. We take 2 = {u e C*>**:0u/dv = 0 on 0Q} and
consider operators 2" — [C*]".

Consider first the situation on the ‘axes’ of (2.2), that is, the sequence of
scalar problems obtained by setting all the u; zero except for one component.
The following well known result (see [20] for example) will be central in the
sequel. Consider the eigenvalue problem

pdd + he =i, (2.3)

where u >0, he C***(Q) and as always zero Neumann conditions are as-
sumed. It is well known that there is a unique eigenvalue A(h, u), say, called the
principal eigenvalue, such that the associated ‘principal eigenfunction’ (unique
up to a multiplicative constant) is strictly positive.

Lemma 2.1. The principal eigenvalue A(h, u) of (2.3) is a continuous non-
increasing function of w, and is strictly decreasing if h is not a constant.
Furthermore, the following hold.

(i) A(h, w)Tmaxgh as u— 0.
(i1) A(h, ,u)lh as | — oo, where h denotes the average of h over Q.
(ii1) If hy(x) = hy(x) for x in Q, then A(hy, ) = A(h,, p) with strict inequality if
hy £ h,.

Lemma 2.2 [20]. Consider the initial value problem for the scalar equation
0
Tuz,uAu—l-u(h—u).
ot

If 2(h, u) £ 0, then O is the global attractor for positive solutions. If A(h, u) > 0,
then there is a unique, strictly positive steady-state solution which is a global
attractor for non-trivial positive solutions, the convergence in both cases being
in |-
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In addition to (H1) and (H2) we shall assume the following throughout.
(H3) The function a is non-constant and A(a, d;) > 0 for all i.

Note that by Lemma 2.1, for this condition to hold it is necessary that
a(x) > 0 for some x € Q. Also, in view of Lemma 2.2, the condition (H3)
ensures that there is a semi-trivial equilibrium U; = (0, . . . ,0,4;,0, ..., 0)on
the ith axis for each i. It is clearly essential that A(a, d;) > 0 as otherwise all
orbits of the system will tend to ¢ = (0, . . ., 0). The assumption used is not
indeed essential and the analysis may be carried through without it, but it
represents the most general situation and simplifies the flow of the account.
We note that if a is positive for some x € Q, from Lemma 2.1(i), (H3) holds if
every d; is small enough. Alternatively d > 0, by Lemma 2.1(ii), is also suffi-
cient.

We next turn to the dynamics of the full system (2.2). This type of system
has been much studied, see the extensive discussion in [23] for example, or the
outlines in [16, 6] of the basis for several of the following observations. We
first note that local existence together with L” a priori bounds ensure the
global existence of classical solutions. The a priori bounds and indeed dissi-
pativity follow from the next result.

Set a* = max,.ga(x) and take any 4 > a*. Let w be the solution of the
ordinary differential equation

D -,

dt
with w(0) = A4; clearly w is strictly decreasing and lim,_, , w(t) = a*.

Lemma 2.3. Assume that ¢eM;; < a™* for all i, j with i = j. For some T > 0, let
u be a classical solution of the system (2.2) on (0, T] and be continuous on
[0, T]. Suppose that 0 < uy(x,0) < A for xe Q and all i. Then for all i, on
Qx(0,T],

0= ui(x. 1) < Wit
and if uy(x, 0) £ 0, then u;(x, t) > 0.

Proof. This is a direct application of [23, Theorem 1.2-6]. In the notation of
that theorem L; = A4 — ¢/0t and the reaction terms of the system (2.2) are
fi(x, u). Let (v, . .., v,), (Wy,...,w,) satisfy the same differentiability condi-
tions as u, and define the region

0 ={(x, t,u):v;(x, ) S u; T wilx, 1), Vi, x, t e Q2% (0, T] .
Choose v;(x, t) = 0, wx, t) = w(t) for all i. We need to show that for each i,
L; + fi(x,9) =0 (2.4)
for all (x, ¢, i1) € Q with @; = v;, and

Liw; + filx, ) £ 0 (2.5)
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for all (x, t, 1) € Q with @i; = w;. The relation (2.4) is easy to check and (2.5) is
verified as follows using the definition of w.

ow; - .
Lw; + fi(x, i) = — i + didw; + wil a —w; — Y il |+ eMyw; + & Y, Myjii;
ot j¥i jEi
= —W[a* —a—SM,-i] - Z ﬁJ(W—sMU)
J*i
<0,
since a < a*(x € Q), M;; < 0 by (H2), and eM;; < a* < w(t) for t = 0. O

Our final remark is that the system generates a semi-flow on [C(€)]". This
follows from results of [ 34], see also [26] for a convenient review. The detailed
verification is rather straightforward and is given for example in [32] or [6].
The existence of a global attractor is standard [12].

3 Equilibria and their stability

We start by considering the situation when there is no mutation, that is ¢ = 0.
Recall from Sect. 2 that it is assumed that the diffusion rates d; are such that
there is a (semi-trivial) equilibrium on each axis: Uy, U,, . .., U,. The first
result, Theorem 3.2, is central. It states that for the full system (2.2), U, is
asymptotically stable, but all U; (i = 2) are unstable; furthermore there are no
other equilibria in the positive cone. This might be thought to be a rather
surprising result from a mathematical point of view as it holds without
restriction on the spatial environment described by the function a. From
a biological point of view it suggests but does not prove that evolution is
always towards a lower diffusion rate. We leave until the next section a de-
tailed discussion of the extent to which we are able to justify this statement
without and with mutation.

Next, the behavior of equilibrium when mutation is ‘switched on’ is
examined with the aim of seeing whether the broad conclusions for ¢ = 0 go
over. We show that under minimal conditions (H2) on the mutation matrix,
U, remains in the positive cone and retains its stability, and that under
stronger but natural conditions, it moves into the interior of the positive cone.
On the other hand, the other equilibria U; (i = 2) do not perturb into the
interior.

A preparatory result is needed. Let ue C>** be fixed and define linear
operators Ly, L,: 2 — C* by setting

Li[u;d]v=dAv + (a — u)v
Ly[u;d]v =dAv + (a — 2u)v .

Denote the principal eigenvalue of L; by A(u, d); the principal eigenvalue
of L, will then be A(2u, d).
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Lemma 3.1. The following hold

N >0 (j<i),
M, d)) { “0 (=1 (3.6)
M(2i1 d) < 0 . (3.7)

L, L, have bounded inverses whenever the corresponding principal eigenvalue is
less than zero. Furthermore, then ( — Ly)”" and ( — L,)™ " are positive in the
sense that v = 0 implies that — L7'v >0 and — L>'v >0, and if v % 0 the
inequalities are strict.

Proof. By definition ;, which is of course a positive function, satisfies the
equation
d;Ai; + d;[a — ;] =0 .
That is, #; is the principal eigenfunction of L, [1i; d;] with principal eigenvalue
zero. Hence (3.6) follows immediately from (H1) and the fact that the principal
eigenvalue is a strictly decreasing function of d (Lemma 2.1). Since &; > 0, it
follows from Lemma 2.1(iii) that A(2d;, d;) < A(#;, d;) = 0. We next want to
prove that L, is invertible under the given condition, the proof for L, being
similar. From standard a priori estimates ([26] or [30, p. 15]), thereisa ¢ > 0
such that
lull2,0 = ¢ Lillo,a + llullo,s) -

From this estimate and standard embedding results [11], it follows from
Theorem 12.12 [37] that L, is a Fredholm operator. Since O¢o(L,), where
¢ denotes the spectrum, the operator is invertible. The positivity is a conse-
quence of the maximum principle, see [15, Theorem 16.6].

The main issue in the following theorem is the question of stability of the
semi-trivial equilibria U;; the result is in essence close to that of Hastings [13].
The proof depends on knowledge of the sign of the principal eigenvalue of the
linearised system at each U, At first sight this seems to present a difficult
problem because the #; are not known explicitly — each is a solution of
a nonlinear elliptic problem. However, one observes that, as a is not constant,
the principal eigenvalues of the linear operators L,(ii;d,) decrease as k in-
creases (by (H1) and Lemma 2.1). The signs follow on noting that A(ii;, d;) = 0.
The details of the proof are given in Lemma 3.1.

Theorem 3.2. Assume that ¢ = 0. Then U, is hyperbolic and asymptotically
stable, whereas U; is unstable for i = 2 (although not necessarily hyperbolic).
Except for O there are no other equilibrium in K *.

Proof. For fixed i (1 £i<n) put u; = 4; + v;, u = vy (k & i). Then lineariz-
ation leads to the system

ov;
G_Utl = L[ d]v; — ﬁiz Vj,
j#i
(3.8)
ov

6_tk = Li[dzd]ve (k=*1i).
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It is sufficient to check the spectrum of the linearization, see [26, Theorem
6.2], and from compactness we need only consider the sign of the largest
eigenvalue of the above system. From the special form of (3.8) it is clear that
the largest eigenvalue is the largest of the eigenvalues of L,[#;d,] and
L,[d;d;]. Ifi = 1, from Lemma 3.1 all these eigenvalues are negative. If i = 2,
then A(d;, di) >0fork=1,...,(G0—1).

To prove the final assertion of the theorem we argue by contradiction. By
a rearrangement of indices we may assume that the equilibrium is of the form
(#y, iy, ..., 4;0,...,0)where2 < i < nandeachi; = 0 but @; F 0. Then for
1 <j <, u; satisfies the equation L, [i;d;]i; = 0 where i = ) i;. However,
from Lemma 2.1 this is impossible.

We now examine the equilibria of (2.2) when there is a small mutation rate,
that is ¢ > 0 is small. Define the operator F: %" x R — [C*(Q)]" by setting

F(u,e) = DAu + [a — {1, u)]u + eMu .

Equilibria of the system (2.2) are thus solutions of F(u, ¢) = 0, and the plan is
first to use the implicit function theorem to describe the perturbation of
U, =(i,0,...,0)

The Frechét derivative of F at (U,,0) is the linear operator
L:9" - [CHQ)]" given by

PP =DAP + [a— <1, U, >]® —<1,®>U, ,

and from the form of this in components,

(Z®), = Ly [ily;d, ]9y — Z i P; ,
= (3.9)
(L®); = Ly[uy;d;]10; (12 2),

it is clear that
o(&) < o(L,[iy;dy]) U?=2 o(Ly[di;d;]) .

It follows from Lemma 3.1 that g(%) lies in the open left half plane, and from
an argument similar to that used in the proof of Lemma 3.1, ¥ has bounded
inverse. Because of the simple form of (3.9), the structure of # ' may be
obtained explicitly:

P, Q0 - 0,
0O P, 0 - 0
—_ e | .
0 0 - P, 0
i 0 P, |
where P, = — L;'[i;d,], Pi= — L{'[d;;d;] for i=2. Thus from

Lemma 3.1, each P; is a positive operator, and the Q; are of course bounded.
We have thus proved the following.
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Lemma 3.3. . has a bounded inverse and — %~ has diagonal elements which
are positive operators.

Theorem 3.4. There is an ¢y > 0 such that the system (2.2) has an equilibrium
Ui(e) e [Cy14(Q)]" for |e| < &g with U,(0) = Uy, and U,(-) is real analytic.
Further, this solution is hyperbolically stable.

Proof. An analytic version of the implicit function theorem is used, see [14,
p. 15]. From standard results on products of Holder continuous functions (see
[39, p. 268]) it is easy to show that F is continuous. Indeed since F is quadratic
in U and linear in &, it is clear that it is analytic. Since . has a bounded
inverse, the existence and analyticity follow. The hyperbolicity and stability
are consequences of the corresponding property for U(0) [14]. O

This theorem shows that U; perturbs smoothly under &. However, we
want to prove that U () is a biologically relevant solution, that is it lies in the
closed positive cone. The following results show that a great deal of informa-
tion concerning U (¢) may be obtained under minimal assumptions on M,
which are biologically natural. A preliminary result concerning the powers of
M is needed; its proof follows from Lemma 8.1 in the Appendix.

Lemma 3.5. For each i with 2 < i < n there are precisely two possibilities:
(i) Thereis a p=p(i)with1 <p <n — 1 such that

=0 (I=sk<p),

(M");y {>0 (k=p).

The irreducibility of M [1] is sufficient (but not necessary) for this to hold
forall2 <i<n.
(i) (M5 =0 (k= 1).

Corollary 3.6. Suppose mutation is ‘step-wise’ [ 3], that is in addition to (H2) the
entries of M above and below the principal diagonal are strictly positive and all
other off-diagonal elements are zero. Then p(i) =i — 1.

Theorem 3.7. Put U(s) = U,(e) — U,. Fix i with 2 <i < n and suppose that
for this choice of i case (i) in Lemma 3.5 holds. Then for 0 < & < g,

Ule) = e"Pv; + 0?1 (3.10)

where v; is independent of ¢ and vi(x)>0 (xe Q). If case (ii) holds, then
Ue); =0 on Q.

Proof. From Theorem 3.4, U(g) is a real analytic function of ¢, so the aim is to
show that the first non-zero term in the Taylor series expansion of the ith
component is of the form (3.10). Define d*U(0) = [*U (¢)/d¢"], 0, and note
that U (e) satisfies the equation

LUE) = —eMU, + U(e)) + <1, U(e)> Ule) .
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Since U (0) = 0, differentiation of this equation yields on setting & = 0,

20,U(0)= — MU, (3.11)
~ k-1 k N i~ ~
200 =Y (k > <1,3790(0) > 00U (0) — kM*~1U(0) (k = 2).
j=1 —J

(3.12)

By Lemma 3.3, ¢ is invertible, Thus (3.11) and (3.12) may be solved by
multiplying (3.11) by # ™!, substituting for d,U(0) in (3.12) with k = 2, and

continuing inductively to back substitute in (3.12) with k = 3,4, .. . . Recall-
ing that U; = (i1;, 0, . . ., 0) and i = 2, one readily sees that if [0{U(0)]; = 0
forj=1,...,k—1, then the ith component of the first term on the right

hand side of (3.12) is zero. It follows from the form of %~ ! that [0¥U(0)]; is
non-zero if and only if [M&*~1U(0)]; + 0. That is a non-zero term appears
only through the second term in (3.12), and using Lemma 8.1 (and the remark
following the proof), we obtain for each i

[2500)1: =0 (k< p(),
[0200(0)]; = K [( — £~ 'MPOUL]; .

The lemma also shows that this term is positive. O

Corollary 3.8. For the step-wise mutation of Corollary 3.6,
[U@]i=¢""v;+0() Q<i<n).

The biological implications of Theorem 3.7 and Corollary 3.8 may be
briefly summarized as follows. Under minimal conditions on the mutation
matrix M, the stable equilibrium U, = (ii, 0, ..., 0) never leaves the positive
cone (and so is always feasible) and remains stable. If the first case of
Lemma 3.5 holds for each component (for which the irreducibility of M is
sufficient), the equilibrium U, enters the interior of the positive cone, that is
each component is strictly positive. In a special case (step-wise mutation), but
one with perhaps the most frequently encountered assumption on mutation,
the size of the components decrease in powers of ¢ as the ‘distance’ (in the sense
of mutation) from the first component increases.

The section concludes with some technical results needed in the next
section. Consider the situation near U; (i =2 2) and let u; = i; + v;, u; =
vj (j =1); note that v; =0 in K if j =i, but v; is not necessarily positive,
although u; = #; + v; = 0 obviously lies in K*. B(U;, ) will denote the closed
ball in [C(Q)]" with |- | ., center U, radius .

Lemma. 3.9. Fix any i with 2 <i < n. Let ., ¢ be the principal eigenvalue
and eigenfunction respectively of L[t d;—1]. Then A > 0, and there is a 6 > 0
such that for small enough ¢, p, v = yexp(pt)¢ is a subsolution for the (i — 1)th
equation in B(U;, $)nK ™.
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Proof. The (i — 1) equation is

ovi—q

ot

— di—lAUi—l — (a - ﬁi)vi—l =

n
eM_y il + eM_y oy + Moy i+ e Y My v —vimg Y, 0;.
jEhi-1 j=1

Substitution of v in the above equation shows that we need to prove that

yexp(pt)(p —A—eM; ;-1 + Z%‘)qﬁ SeM; (i + vy)

+e Yy My ;.
j*ii—1
Both terms on the right hand side are non-negative. With né < 4, for small
enough ¢ and p, the bracketed term on the left hand side is < 0.
We can draw two important conclusions from this Lemma. The first is the
following theorem. O

Theorem 3.10. The equilibria U,, (i = 2) do not perturb into int K™, i.e. there
are no equilibria in B(U;, §)nint K*. Similarly, O is the only equilibrium in
B(O, §)nint K.

The second point, which will be used in the next section, is that under the
hypothesis of Lemma 3.9 the invariant set of (B(U;, §)nint K*) under (1.1)
for small ¢ > 0 is empty, that is, any semi-orbit with initial condition in
(B(U,, 8)nint K*) eventually leaves this set.

4 Global dynamics under mutation

Having addressed the question of existence and stability of the equilibria of
(1.1) in the previous section, we now turn to the problem of describing the
global dynamics on K. When ¢ = 0, by Theorem 3.2 there are no equilibria
in int K*. As ¢ increases, by Theorem 3.10 none of the boundary equilibria,
except perhaps U, can perturb into int K. Furthermore, by Theorems 3.4
and 3.7, U (e) lies in K™ and is hyperbolically stable; if the mutation is
step-wise (Corollary 3.6), by Corollary 3.8, U,(¢) lies in int K *. It is, therefore,
plausible that U(e) is a global attractor for int K * and it is the purpose of the
present section to see how far we can go in proving this.

In outline the argument is based on assuming that the global dynamics are
known when ¢ = 0. This enables us to find a Morse decomposition of the flow.
The importance of this is that Morse decompositions in general are stable
under small perturbations, and this enables us to deduce the dynamics for
small e. The principal difficulty is in obtaining the unperturbed dynamics; we
shall see that this may be done when n = 2 for the system is competitive and
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may be made cooperative by a change of variable, see [17] for background.
The results of [19, 18, 33] may be used to yield Lemma 4.1 below, since by
Theorem 3.2 there are no equilibria in int K. For n > 2 this trick can no
longer be applied, but we conjecture that the dynamics has similar structure.
This does not seem to be easy to prove. In a fairly special case for three species
[7] the result holds, and numerical evidence supports the conjecture. The fact
that for a simple system of equations such as (1.1) there do not appear to be
any general techniques for determining when the set of critical points form
a Morse decomposition seems to indicate how poorly understood the interac-
tion between diffusion and heterogeneity of domain is for the dynamics
generated by reaction-diffusion systems.

The analysis is set in [C(2)]". From the remarks at the end of Sect. 2 it is
known that the system generates a semi-flow on this space and that there is
a global attractor. Let Inv K * denote the set of bounded solutions in K *. The
o and ¢-limit sets of a point u are denoted by w(u) and o(u) , respectively.
A finite collection of disjoint compact invariant subsets of InvK ",

{(Mp)cInvK":p=1,...,P},

is a Morse decomposition if for every uelnvK™ \U;’:lM(p), there exists
p with 1 < p <P such that w(u) = M(p), and for each full trajectory in
backward time through u there exists g such that p < g < P and a(u) = M(q).

Using this language, the above mentioned results for (1.1) when n = 2 can
be stated as follows.

Lemma 4.1. If n =2 and & = 0, the Morse decomposition for Inv K™ is given
by M(1) = Uy, M(2) = Uy, M(3) = €.

Proof. From Theorem 3.2 there are no equilibria in int K*. Furthermore,
U, is an asymptotically stable equlibrium and U, is unstable. It follows from
[18, Theorem 5.17 and [19, Theorem B] that the w-limit set of every
ueint K" is U;. On the boundary of K™ the flow is known from Lemma 2.2:
U,, U, are, respectively, global attractors for the flows in the interior of the
u, = 0and u; = 0 axes. The existence of the stated Morse decomposition is an
immediate consequence. O

We speculate that the following is true in general.

Conjecture 1. The set {U;: i=1,...,n}u0 is a Morse decomposition of
InvK™" for e = 0.

The rest of this section will be spent proving the following theorem.

Theorem 4.2. If Conjecture 1 holds, then for sufficiently small ¢ > 0, U (¢) is
a global attractor for all orbits in int K*.

Under appropriate conditions on M (essentially ensuring that if any
phenotype is not identically zero, mutation leads to all phenotypes being
produced), this result can be strengthened and int K™ replaced by K ¥ \{C}.
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Proposition 4.3. Under the hypothesis of Conjecture 1 the Morse decomposition
of InvK™ is given by

M(p=U, p=1....nand Mn+1)=0.

Proof. The assumption that {U;:i =1, ..., n}u0 is a Morse decomposition
implies that it is possible to order each equilibrium point according to the
dynamics. Consider the dynamics on

Kifi—13= (g, uy, .. »un)EK+|uj= 0,j=*ii—1}.

We are now in the setting of Lemma 4.1 in which case we know that the flow
induced order is @ greater than U; greater than U;_,. The only order on
{Uili=1,...,n}u0 which is consistent with the orderings from each face
K ;_1 is the one of the proposition. O

The importance of the Morse decomposition is that in general it is robust
with respect to perturbation. Unfortunately, in the setting we are considering
here we are not interested in the perturbation of invariant sets in [C(22)]", but
only in K*. From Theorem 3.10 it is clear that some of the Morse sets may
perturb outside of K . Therefore, rather than being able to quote the standard
perturbation results, we must reprove them in this special setting.

Remark 1. The existence of the above Morse decomposition of InvK™ is
equivalent to the existence of a continuous function V': N — R where N is any
neighbourhood of Inv K * relative to K* with the following properties:

(1) M(p)e V™ '(p),
(2) given ue N\U3LiM(p),
V(u) > V(p(t,u) (t >0).
The function V will be used to control the global dynamics for ¢ > 0.

Lemma 4.4. Given n > 0 there exists a neighbourhood W of Inv K™ relative
to K™, p>0,and T = T(u) > 0 such that for all t > T, if ue W and

@([0, 1], u) =« W\ (UHLIB,(M(p)) ,
then

V) = Vipt,u) > u.
Proof. Let W*(M(p)):= {ue K" | w(u) = M(p)} and let
ue W M(p))ndB,(M(p))nInvK™.

Assuming that u =+ M(q) for some ¢q=+p, V(u)> V(p(t,u) for t>0.
Since V is continuous and Inv K" is compact, there exists u, > 0 such that
V() =p+ pp.

The lemma now follows from a proof by contradiction. In particular, fix
T > 0 and assume that there exist sequences {u"} = N and {x,} < (0, o) such
that 11, = 0, @([0, 1, u) = W\([J£1B,(M(p))), and V(u") — V(p(T, u")) < iy
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Observe that since Inv K ' is compact it can be assumed that 4" — i € Inv K\
(Us2iB,(M(p))). Now

0 < V() — V(p(T, i)
= lim (V(u") — V(o(T, u"))

n— oo
< limpy, =0,
n— o0

a contradiction. O

From now on we assume that 0 < < d/2 where ¢ is chosen to satisfy
Lemma 3.9 and such that given u e B,(M(p)) and v e B,(M(q)) with p + g,
|V (u) — V(v)] > 1/2. We now choose 0 < u < 1/4.

Proof. (of Theorem 4.2). Let Inv K, denote the maximal invariant set in
K™ under (1) with ¢ > 0, and let ¢, denote the corresponding semiflow. By
upper semicontinuity of attractors, given W as in Lemma 4.4, there exists
&; such that for all £ (0, ¢,), InvK;7 = W. Since ¢ represents a continuous
perturbation of (1), there exists &, € (0, &;) such that for all e€ (0, &,), ue W,
and 1[0, T], [[o(t, u) — @.(t, w) || < p/3.

To complete the proof we shall show that for ¢ > 0, but sufficiently small, if
ueintK™, then w(u, ¢,) = U,(¢). Since V decreases uniformly with time on
InvK™* \(U"“B (M(p))), there exists T, > 0 such that ¢(T,, u) € B,(M(p))
for some p>1. Given our choice of n and u, it now follows that
@(t, u)¢B,(M(q)) for any ¢ > p and ¢t > T,". By induction we may now assume
that p and T, have been chosen such that ¢/(T,’, u) € B,(M(p)) and for all
t>T,., ot,u)¢B,(M(q)) for g #+ p. Let v, = @(T., u). By Lemma 4.4, for
any positive integer k, ¢.([kT,(k + 1)T],v,)nB,(M(p)) + 0. Therefore,
(v, ¢.) = o(u, ¢.)"B,(M(p)) & 0. However, by Lemma 3.9 and the follow-
ing remarks, (v, @.) € B,(M(p)). Let w, € w(v,, .)\B,(M(p)). By the com-
pactness of InvK™* we can choose a sequence {¢} such that g — 0 and
w, o> w. Then weInvK" and p — 3/4 < V(p(R, w)) < p + 3/4. Since {M(p)}
is a Morse decomposition of InvK™, w = M(p), a contradiction since
w¢B, (M (p)). Therefore, for ¢ > 0 but sufficiently small w(u, ¢,) = U,(¢) and
hence U,(¢) is the global attractor for int K. O

5 Convergence and robustness — numerical investigations

We consider in this section computations to elucidate the convergence to
U (e) for small mutation rates ¢ and the robustness of the results if the slowest
diffuser suffers a ‘penalty’ for a low diffusion rate. It will be assumed through-
out that the function a modelling the per capita rate of increase at low
densities has the form

a(x) = d + tanh <x _51/2 > : (5.13)
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where d, the average of a, and ¢ are parameters to be chosen. With 6 chosen
small, this choice of a reflects an environment divided into regions where the
per capita rate of increase is low for 0 < x < 1/2 and high for 1/2 < x < 1.

The theoretical investigation suggests that, for small ¢, the solution con-
verges to the equilibrium U,(g) which consists principally of the slowest
diffuser together with small populations of phenotypes with higher diffusion
rates in the proportions given by Theorem 3.7 and Corollary 3.8. As was
indicated in the previous section, a full proof of this result has only been
possible when n = 2. Furthermore, the theory as developed so far gives no
information as to the manner of convergence, its rate and so on. Numerical
calculations have been carried out in order to throw light on this question as
well as to demonstrate the ultimate convergence to U;. To set the scene, we
suppose that a region, possibly an island, has been colonized by a small
number of a species, and as is surely the most likely, that it is the fastest
phenotype that does the colonizing; subsequently there is no migration across
the boundary region. It is assumed there are 9 phenotypes with diffusion rates
dy, satisfying

do — d,
dk=d1+(k—1)T 1=5k<9). (5.14)

Here, d; = 0.01, dy = 1, ¢ = 0.01, d = 1, and the spatial domain is (0, 1). The
mutation matrix is chosen to have the simplest ‘step-wise’ form M; = — 2,
M;i-1=M;;x1=1 (I1<i<n), and M;; = —1, M, =1, Mg =1,
Moy = — 1 with all other elements zero. The initial value of the phenotypes is
taken to be u(x,0)=(0,0,...,0,0.1). The results are presented in Fig. 1
where the average values ii;(t) for each phenotype are plotted against time and
phenotype i. As expected, uq first increases rapidly towards its (unstable)
equilibrium value which is approximately (0,0, ..., 0, 1). Mutation slowly
produces small densities ug, u-, . . . until eventually an appreciable amount of
u; appears, which then increases rapidly towards the stable equilibrium U ,(g).
An interesting observation is that the phenotypes near the ‘center’ on the
phenotype scale, for example uy, us, never reach appreciable proportions and
are likely to be difficult to observe.

To test further the robustness of the phenomena observed in Fig. 1, we
submit a table of the maximal averages

1
U, = max j wlx, 1) dx
0
for different combinations of parameter values. It is evident from these results
that maximal averages are high only for the very highest and lowest dispersal
rates. Graphs similar to Fig. 1 (not shown here) confirm that the high maximal
average of ug is due to an initial transient, whereas the high maximal average
of u; is due to the attraction to the stable equilibria U,(¢). Furthermore,
intermediate phenotypes again never reach appreciable proportions.
We next turn to the question of robustness of the results concerning the
evolution towards small diffusion rates. It will certainly be the case in many
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\ /
——‘\

a'_._—_—___"_

_
=

° A

Fig. 1. Colonization figure: spatial averages i;(t) are plotted for each phenotype i. Note that
the slowest diffuser dominates the dynamics for large t. Parameter values for the run were
e=0=d;=001,do=1,d=1

realistic biological situations that the reaction terms will not be independent
of the diffusion rates. For example, if the diffusion rate of a phenotype is very
small, it may suffer a penalty from self-competition between parent and
offspring. On the other hand, there will be a cost in supporting high dispersal.
The second factor will produce an advantage for low dispersal rates, which
will reinforce the general direction of our results. However, the first will act
towards reducing and eventually destroying the advantage predicted for low
diffusion. In order to see how difficult it is to reverse the predicted direction of
evolution, we consider a simple model where there are 2 phenotypes and
mutation does not act. Consider then the system

U, = dyug, + u(a(x) —u —v), (5.15)
v, =dyv + 0(f(x) —u—v), (5.16)
where
oc(x)=o?+tanh<x_51/2>—/l, (5.17)
B(x) = & + tanh <x_51/2> : (5.18)

and d; < d,. Thus 1 is a penalty parameter for the slower diffuser.



78 J. Dockery et al.

In Fig. 2, AUTO [8] was used to compute the equilibria #, of (5.15)+5.16)
for fixed d; = 0.05. Curves AC and DF represent the L? norms of U; = (ii;, 0)
and U, = (0, i1,), respectively, as a function of 1. At the point B, U becomes
unstable, throwing off a stable coexistence equilibrium into the interior, which
at E is absorbed into U, producing a stable equilibrium.
By augmenting the system (5.15)—(5.16) with its linearization about U, and
U,, AUTO was then used to continue the branch points B and E in the (4, d,)-
plane. The results of these computations are shown in Fig. 3 where curves

@
=

1.4

1.2

1ol

1.0

0.8

0.6

Fig. 2. L? norm of equilibrium i, as a function of the penalty parameter /. Three branches
of the solution intersect at branch points labelled B and E. & = 0.25, 6 = 0.1, d; = 0.05,
d, =1

o
=

0.8

0.6

d

0.4

0.2
|

Fig. 3. Branchpoint continuation in (4, d;)-plane. Curves I and II are branchpoints
corresponding to the equilibria (i1(x), 0) and (0, #(x)), respectively. Between curves I and II,
the coexistence equilibrium is stable. & = 0.25, 6 =0.1,d, =1
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I and II correspond to branchpoints B and E, respectively. Thus, Fig. 3
describes the overall effect of varying A and d; on the equilibria U, and its
stability. To the left of the curve labelled I, U, is the sole stable equilibria.
Between the curves I and II a stable (coexistence) equilibrium has bifurcated
from U, into the interior of the feasible region. As A increases further, the
equilibrium moves towards U, = (0, ii,) and on reaching II is absorbed
into U,.

The firm conclusion is that the model is robust, almost surprisingly
strongly robust, at least if d; is small. A considerable penalty of 4 up to about
0.5 is allowed, which is the same order of magnitude as the variation in o.

6 Concluding remarks

We start by summarizing some of the implications of the results of the analysis
from a biological point of view. The equations model a situation where in
a spatially inhomogeneous environment the phenotypes of a species differ
only in their dispersal rates. Mutation is allowed and may be of a very general
nature. We show that there is a strong evolutionary force causing the pheno-
type with the lowest diffusion rate to be favoured. We are able to prove the
main thrust of this assertion analytically, but are not able to give a full proofin
the most general case. However, extensive numerical computations have been
carried out to confirm the assertions.

The computations highlight an interesting feature of the evolutionary
trend. Assume that an island is first colonized by the n-th phenotype, a plaus-
ible assumption because it has the highest dispersal rate. Then mutation
produces phenotypes 1, ..., (n — 1) and the dynamics rapidly drive the sys-
tem towards an equilibrium consisting of the first phenotype together with
small proportions of the others. The computations (see Fig. 1 and Table 1)
show strikingly that with stepwise mutation, the total populations of inter-
mediate phenotypes always remain extremely small. Thus, perhaps rather
surprisingly, it appears likely that these will not be observed.

A second important question concerns the robustness of the result. As has
been observed, the dynamics are driven by the difference in the diffusion rates
alone. This is a somewhat unfamiliar situation in models of this nature, but
intuition may suggest that the trend noted might be rather sensitive to
changes in the reaction terms. In particular, if, as is not unlikely, the slowest
diffuser suffers a penalty in its birth rate, the trend might be reversed. The
computations in section 5 do not confirm this view. These computations show
rather strikingly that the conclusions are extremely robust and a rather
substantial penalty is needed to reverse the trend.

The model raises some interesting mathematical questions. In the study of
the dynamics of reaction—diffusion systems, it is normally expected that
differences in the reaction terms will play a central role. However, in the
present case the per-capita rates of increase represented by these terms are
identical. Thus, the dynamics are principally driven by the differences in the
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diffusion rates. This situation seems not to be well understood, as is apparent
in the discussion in Sect. 4. There we wished to show that the set of critical
points (all of which are known, together with their local stability properties)
form a Morse decomposition. This follows from standard results on mono-
tone dynamical systems when n = 2. However, for n > 2 techniques do not
appear to exist for tackling this problem, and we have been forced to leave this
an open question.

The analysis raises some other questions that are all of mathematical and
biological interest and are worth further investigation. The first we mention is
to describe at least the gross manner of convergence to U,(¢g). An attempt
is being made to analyze this question by devising appropriate shadow
systems, but the results are as yet too incomplete to present here. The second
question is to enquire what form the results would take if the genetics were
diploid. The final question is to introduce an environment that is both
spatially inhomogeneous and temporally periodic. Even the local analysis
raises challenging questions concerning estimates for the eigenvalues of
periodic parabolic problems. However, it is a particularly interesting
problem because intuition does not suggest obvious answers. Preliminary
results in very special cases suggest that the effect of temporal variation,
if the frequency is sufficiently large, is to cause evolution to favour the
phenotype with the largest diffusion rate and so to reverse the trend discussed
in this paper.

Acknowledgements. V.H. and K.M. acknowledge partial support for this research by
NATO grant 930149. They are also grateful to the Erwin Schrodinger Institute, Vienna, for
its generous hospitality during a protracted stay. They express their gratitude to Pavol
Brunosky (University of Bratislava), Chris Welford (University of Sheffield), Tom Nagylaki
(University of Chicago) and wish to thank Montana State University for its hospitality.
K.M. was partially supported by NSF grants DMS-9302970 and DMS-9505116. J.D.
acknowledges support for this research by the National Science Foundation grants
OSR-93-50-546 and DMS-94-04-160. M.P. acknowledges support for this research by the
National Science Foundation grants OSR-93-50-546 and DMS-94-04-521. He would also
like to thank Georgia Institute of Technology for its kind hospitality during his leave there.
The authors are grateful to the referees for their very valuable suggestions.

Appendix

Lemma 8.1. Assume n > 1, and let N be an n x n matrix with N;; =z 0 for all i, j
such that i = 2 and i % j. Then for each i with 2 < i < n, one of the following
possibilities holds.

(i) Thereis a p = p(i) with 1 < p <n — 1 such that

o [=0 (1=k<p),
(N)u{>0 o).
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Proof. Fix i with 2<i<n throughout the proof. If (N*,, =0 for
1 <k <n—1, by the Cayley-Hamilton theorem, case (ii) holds. If case (ii)
does not hold, there is a p with 1 <p <n—1 such that (N*);; =0 for
1 £k < pand(N?);; #+ 0.1f p = 1, by a condition of the lemma, N;; = 0 and (i)
follows. Thus to prove the lemma it is enough to show that (N?);; = 0 for
p=2.

The key idea in the proof is to show that if a diagonal component N;; or
a component in the first row of N occurs in (N¥);y, it is multiplied by a factor
which is zero. Thus only non-negative terms can occur.

Throughout the proof, terms of the form j, are integers with 1 < j; < n. Set
Il = N;; =0, and for k = 2 let I be any product of the form

N. N,

Gt Vjuja ot

N,

Je-al -

The first step is to prove that if 1 £k <p — 1, I, =0 for any j; with
1 <5 <k — 1. The proof is by induction. The result is clearly true for k = 1. It
is thus enough to show that if k < p — 2 the statement (A,):

Hs:O (léjla---ajsflénalésék)a
implies that (4 ) holds. Now

0=N*"1;=YN; ...N (8.19)

il

where the summation sums over all j; with 1 < s < k. Thus each term in the
sum is of the form I, .. If any I, contains a diagonal term, there are
various possibilities. The first is that for some s with 2 <s <k —1 and
some I,

Hk+1:N N N N N

iyt Js—1ds™ Visis TV Jshs+1 t 0t Jil

= N, i
=0

by the induction hypothesis. Alternatively, the first term in I, 1 ; may be of the
form N;; or its last term may be N;;. By the same argument, I, . ; = 0 in these
cases also. A very similar argument shows that any product which contains
a term of the form N,,, is also zero. By the conditions of the Lemma, all the
other terms in the sum in equation (8.19) are non-negative. Hence every term
in this sum is non-negative, and it follows from (8.19) that each term is zero.
This proves the assertion (A4 + 1) and the result follows by induction.
It is now easy to complete the proof. We have

(N?)i1 ZZNU’, SNy
:ZHI’

in the notation above. By exactly the same argument as applied in the
previous paragraph, if I, contains a diagonal term N, say, then

M,=Nyl, ;=0
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by what was proved above. The same argument applies if II,, contains a term
of the form Ny,. Since by assumption of the Lemma all other terms are
non-negative, it follows that (N?);; = 0. O

Of course Lemma 3.5 follows immediately from this result. It is clear that

the result applies when the elements of the matrix are operators, positivity
going over unchanged. We note that from (H2) and Lemma 3.3, (— % ' M)
has the sign structure (in the sense of operators) asserted in the statement of
Lemma 8.1. This is central to the proof in Theorem 3.7.
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