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Abstract. A generalized transport model is derived for cell migration
in an anisotropic environment and is applied to the specific cases of
biased cell migration in a gradient of a stimulus (taxis; e.g., chemotaxis
or haptotaxis) or along an axis of anisotropy (e.g., contact guidance).
The model accounts for spatial or directional dependence of cell speed
and cell turning behavior to predict a constitutive cell flux equation
with drift velocity and diffusivity tensor (termed random motility tensor)
that are explicit functions of the parameters of the underlying random
walk model. This model provides the connection between cell locomo-
tion and the resulting persistent random walk behavior to the observed
cell migration on longer time scales, thus it provides a framework
for interpreting cell migration data in terms of underlying motility
mechanisms.
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1. Introduction

The active migration of blood and tissue cells is essential to a number
of physiological processes such as wound healing, inflammation, meta-
stasis, and embryogenesis. A salient feature of the blood and tissue cell
locomotion (and that of and some amoebae) is a polarized morphology
as illustrated in Fig. 1A. Locomotion requires the coordination of
several complex physicochemical processes to yield a displacement in
the direction of cell polarity. Typically, a crawling tissue cell extends
pseudopods from the leading edge which subsequently adhere the
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Fig. 1. Cell locomotion. A A schematic of a blood or tissue cell crawling on a surface.
Pseudopods extend from the leading edge, adhere to the substratum via the binding of
cell surface receptors to adhesion ligands, and contract to pull the cell in the direction
of polarity. Pseudopodial extension and contraction may be mediated by binding of
chemotactic receptors to chemoattractant ligands. B A schematic of a swimming
bacterium. During a “run”, the flagella align and rotate to propel the cell in the
direction of cell polarity until the next “tumble”, where the flagella rotation direction is
reversed causing them to slay and the cell to rotate in place for a short time before the
subsequent run. Although not shown, receptor binding to chemoattractants may also
mediate the average time length of a run.

surrounding substratum and contract to pull the cell forward (see
Fig. 1A). The contractile force is generated in an intracellular contrac-
tile protein network and is transmitted to the substratum via bound
adhesion receptors, which create a cross-membrane linkage between
extracellular adhesion molecules and the cell cytoskeleton. The exten-
sion and retraction of pseudopods may be stimulated by the binding of
another class of cell surface receptors to soluble extracellular molecules
known as chemoattractants (For reviews of tissue cell motility, see, e.g.,
Trinkaus (1984) and Lauffenburger (1991)).

The motility mechanisms of a swimming bacterium such as
Escherishia coli differ from those of blood and tissue cells (Berg and
Brown, 1972). The path of a swimming E. coli bacterium is a sequence
of “runs” and “tumbles”. As illustrated in Fig. 1B, the rotation of
several coiled filaments on the cell surface, called flagella, propels the
cell through a liquid medium. During a run the flagella align for
efficient swimming in the direction of the cell polarity. However, during
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A. 2-D Path of Murine Melanoma

B. 3-D Path of Escherichia coli
2

Fig. 2. Cell trajectories showing discrete and continuous cell turning. A The path of
a K1735 murine melanoma cell on a surface coated with adhesion ligands (from
Dickinson and Tranquillo (1993b)). Notice that cell turning results primarily from the
accumulation of small changes in the movement direction between time points. B Two-
dimensional projection of the path of an Escherichia coli bacterium swimming in three
dimensions in water (from Berg and Brown (1972)). In this case, cell turning results
primarily from discrete changes in orientation direction.

a tumble, the rotation direction of the flagella is reversed, splaying the
flagella in various directions, which results in a change in orientation
before the subsequent run. Bacterial motility may also be mediated
by receptor binding to chemoattractants, which alters the frequency
of tumbles when the cell is exposed to an increasing concentration of
chemoattractant (Berg and Brown 1972).

Although the short term result of both general types of motility is
locomotion in the direction of the cell’s polarity, cumulative changes in
the direction of motion on a longer time scale lead to a meandering
path, which has often been modeled as a persistent random walk
(Furth 1920; Gail and Boone 1970; Hall 1977; Dunn, 1983). Depending
on the type of cell and its environment, this meandering path results
from both continuous and discrete changes in cell orientation, as
shown in Fig. 2, which compares paths of a crawling tumor cell and
a swimming bacterium. On a time scale much longer than the charac-
teristic time of directional persistence, cell migration can be modeled as
a spatial diffusion process (Furth 1920; Gail and Boone 1970; Keller
and Segel 1971). Following the time scale classifications used in
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Dickinson and Tranquillo (1995), we label these three time scales in
this paper as locomotion, translocation, and migration, respectively. On
the shortest time scale of locomotion, the cell’s dynamic motility ma-
chinery propel the cell forward. However, fluctuations in velocity and
turning on the locomotion time scale lead to the meandering path
observed on the time scale of translocation. These random changes in
orientation on the translocation time scale ultimately lead to the
diffusive behavior observed on the time scale of migration.

In an isotropic environment, the correlated random walk behavior
is termed random motility. The rate of cell dispersal by random motility
can be quantified by the random motility coefficient, u (Keller and Segel
1971), analogous to the diffusion coefficient for molecular diffusion.
However, the presence of a directional cue such as a concentration
gradient of chemoattractant or adhesion ligands, or a structural cue
such as aligned grooves etched into a surface (Matthes and Gruler
1988; Dunn and Brown 1986) or aligned fibrils in a collagen matrix
(Dunn and Ebendal 1978; Dickinson et al. 1993), may cause cells to
exhibit a net directional bias in their motion. (Hereafter, for generality,
the factor affecting the motility is be referred to as the stimulus, which
may be spatially non-uniform or directionally anisotropic.) A uni-
directional migration bias in the direction of a gradient of a stimulus is
generally known as taxis (Tranquillo and Alt 1990) (e.g., chemotaxis for
a response to a chemoattractant concentration gradient, haptotaxis for
a response to a adhesion ligand concentration gradient, galvanotaxis
for a response in gradient of electrical potential, etc.), and the unidirec-
tional bias in migration can be quantified by the drift velocity vector,
V (Keller and Segel 1971). A number of different modifications of the
cell path have been suggested to contribute to the net taxis drift
velocity (Tranquillo and Alt 1990). These include a bias in turning
toward the gradient direction, a response known as tropotaxis; a direc-
tionally-dependent cell speed or random turning frequency, termed
orthotaxis and klinotaxis, respectively; or a dependence of cell speed
or turning frequency on the magnitude of the stimulus, termed
orthokinesis and klinokinesis, respectively. The migration bias due to
orthokinesis and klinokinesis does not result from the directional an-
isotropy of the stimulus, per se, rather from a dependence of the
random walk behavior on cell position due to the non-uniform distri-
bution of the stimulus (Wilkinson 1988).

A bi-directional cell migration bias along an axis of structural
anisotropy is known as contact guidance, and can be characterized by
a directionally-dependent random motility coefficient (Dickinson et al.
1993). For example, the rate of dispersion of migrating fibroblasts in
gels of aligned collagen fibrils was shown to by greater along the axis of
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fiber alignment, and lower in the orthogonal direction, and this bias
increased with increasing degree of fiber alignment (Dickinson et al.
1993). Hence, in an anisotropic environment, directionally-dependent
cell dispersal is more generally characterized by a random motility
tensor, M (Dickinson and Tranquillo 1995).

V and M appear in a constitutive flux equation for the diffusive
motion of cells of the form

J.=—Moa,c(r,t) + Ve(r, t) (L.1)

where is c¢(r, t) is the concentration of cells at position, r, at time, t. (In
this paper, we adopt the notation that all vectors are considered
column vectors and transposes of vectors are row vectors. Hence, for
two vectors v and w, v"w is the dot product (a scalar), and vw? is the
dyad product (a tensor), upon applying normal matrix multiplication.
The partial with respect to a vector can be represented as a column
vector; e.g.,if r =[x y z]" and v = [v, v, v,]" then d, = [0, 0, .]"
such that d,c = [0.c d,¢ 0.c]", 0fc = 0fd,c = 02¢ + 0%c + 0%¢, and
0fv = 0w, + 0,v, + 0,v,.) Neglecting changes in concentration due
to cell growth or death, a population balance yields the continuity
equation

dc= — dTJ, = 0TMé,e(r, t) + oI Ve(r, t). (1.2)

Because of the exact analogy between the concentration of non-inter-
acting cells and the probability density function, p(r, t), of the position
of one cell, c(r, t) and p(r, t) are interchangeable in Egs. (1.1-2).

A central goal in modeling cell movement is to predict cell migra-
tion behavior, reflected in Egs. (1.1-2), based on a mechanistic under-
standing of the processes involved in cell locomotion. This requires
derivation of the governing equations for cell migration in terms of
parameters which reflect cell movement on the shorter time scales, as
has been done previously for migration in response to a concentration
gradient of chemoattractant (chemotaxis) (Keller and Segel 1971; Alt
1980; Rivero et al. 1989) or of adhesion molecules (haptotaxis) (Dickin-
son and Tranquillo 1993a, 1995). Each of these models develops
a reasonable method to relate the physicochemical motility mecha-
nisms in the presence of a stimulus to the persistent random walk
behavior, then derives a cell flux expression of the form of Eq. (1.1),
which is valid for a time scale much longer than the characteristic time
of directional persistence. The derived forms of V and M depend on the
number of dimensions (one, two, or three) in which the cell is confined
to move, on whether discrete or continuous turning is assumed, and on
the assumed dependence of the parameters in the underlying persistent
random walk model on the magnitude of the stimulus and the
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steepness of the gradient. However, the mathematical similarity of the
approaches and the resulting constitutive equation suggest these mod-
els may be special cases of the long-time-scale approximation of a more
general persistent random walk model in an anisotropic environment.
The purpose of this manuscript is to derive Eq. (1.2) for biased cell
migration in a general anisotropic environment, allowing for both
discrete and continuous turning and a generalized dependence of cell
velocity and turning on cell position and orientation. As is demon-
strated below, many of the previous cell migration models are are
special cases of the more general model derived here.

After derivation of the general model in Sect. 2, the simplest case of
migration in an isotropic environment is examined in Sect. 3. In Sect. 4,
the first order biased response to a general anisotropy is determined,
then applied to the specific cases of taxis and contact guidance in
Sects. 5 and 6, respectively.

2. Derivation of general model
2.1. Generalized persistent random walk model

As depicted in Fig. 3, the relevant stochastic vector quantities which
describe the cell path are position vector, r(t), and the direction of cell
orientation, @ (¢) (a unit vector in the direction of cell polarity). While
r(t) is a continuous function of time, both discrete and continuous
transitions in @(t) are allowed, which accounts for the possibility of
both discrete and continuous cell turning. For example, for blood and
tissue cell locomotion, discrete turning may correspond to a spontan-
eous discrete re-polarization of the cell to a new direction. For a swim-
ming bacterium, discrete turning would correspond to a tumble and
initiation of a run in a new direction. In either case, the time required to
complete the discrete turn is assumed negligibly small compared to the
time between discrete turns. During locomotion, fluctuations in the
forces on the cell will lead to fluctuations in the cell’s translational
velocity and in the rate of continuous changes in the cell polarity
(hereafter termed “rotational velocity”, although changes in polarity
do not require the assumption of rigid body rotation). If the fluctu-
ations in cell translational velocity and rotational velocity are uncor-
related with each other and relax quickly relative to the time required
for significant changes in r(t) and ©(¢), then r(tf) and @(t) can be
approximated as a coupled stochastic process on the time scale of
translocation, with r(t) and @(t) being stochastic variables (Dickinson
and Tranquillo, 1995). The time evolution of the joint probability
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Fig. 3. The relevant coordinate system for three-dimensional cell motion. At
time, t, the cell has position vector, r(t)=[xyz]?, and orientation vector,
O(t) = [cos Osin 0 cos @ sinOsin @]”. In the spherical coordinate system, 0 is the angle
between @ and the x-axis, and ¢ is angle between the projection of @ in the y-z-plane
and the y-axis. (0 <0 <; 0 < ¢ <2n). Similarly, for a cell moving only in two
dimensions (e.g. on a surface), () = [xy]7, and 0(t) = [cos0sin0]T with 0 < 0 < 2.

density, p(@, r, t), is governed by the continuity equation,
atp(@a r’ t) = L(@’ r’ t) p(@s r’ t) + Lr(@’ r: t) p(@s r: t)) (21)

where L(©,r,t) and L.(O,r,t) are linear operators that account for
changesin p(0, r, t) due to turning (changes in the direction of polarity)
and due to translation (changes in position), respectively. The transla-
tion operator, L,(O, r, t), acts on functions of r, and is defined by

L(O,r,t) f(r)= — 0 [v(O,r,t)f(r) — B(O,r,1)0,f(r)], (2.2)

where v(0, r, t) is the mean velocity of a cell moving in direction @, and
B(O,r,t) is a diffusion tensor resulting from fluctuations in the cell
velocity that lead to a dispersal in cell position. In other words,
Eq. (2.2) accounts for the deterministic and stochastic motion of a cell
with a given orientation, @, with v(©, r, t) accounting for the determin-
istic motion and B(@, r, t) accounting for the dispersion effect of short-
time-scale velocity fluctuations. For example, a swimming bacterium
on a run may have fluctuations in cell speed that lead to a spreading
distribution of possible positions over the time of the run, even though
the orientation is fixed. Only if the motion is completely deterministic
(B = 0) will the cell position over the time of the run be completely
specified by the mean cell speed. The diffusion tensor, B, reflects this
spreading distribution. As shown below, B is distinguished from the
random motility tensor, M, which accounts also for changes in © that
lead to cell dispersion on a longer time scale.
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If {r(t), ©(t)} is a Markov process (an assumption made in the
sections to follow but not necessary to the results in this section), then the
turning operator, L(0, r, t) , acts on functions of @, and has general form

L(©.r,0)f(@) = — 0o[(w(O,r,1)x 0)f(@) — D(O, 1, )06 [ ()]
+ f dO'[O, 0';1,1)f(O) — (O, O;1,1) f(O)],

(2.3)

where w(0, r, t) and D(O, r, t) are the rotational drift velocity vector and
rotational diffusion tensor, respectively, and (O, @';r, t) is the probability
per unit time of a discrete reorientation of the cell polarity from direction
®' to new direction @. The first term in Eq. 2.3 accounts for continuous
changes in @(t), and the second term accounts for discrete changes.

Egs. (2.1-3) allow for a general dependence of the coefficients,
v, B, w, D, and Q, on (O, r, t). In many applications, this dependence is
attributed to the position and orientation in a gradient field of a stimu-
lus. For example, a bacterium undergoing chemotaxis in a gradient of
chemoattractant may have the velocity and turning frequency that
depend on magnitude of chemoattractant concentration, o(r, t), as well
as its perceived temporal gradient (Berg and Brown 1972, Alt 1980, Alt
1981), given by

D, o(r, t) = d,0(r, t) + v70,0(r, ). (2.4

If o(r, t) is a known function of (r, t) such that J,0(r, t) and 0,0(r, t) are
known, then v(o(r, t), D, o(r, t)) is an implicit function of (&, r, t) and
can be simply written as v(0, r, t). Likewise, all other coefficients in
Egs. (2.1-3) that depend on (o(r, t), D,o(r, t)) can be written as explicit
functions of (@, r, t). In other applications, such as contact guidance,
v, B, w, D, and Q may be explicit functions ® because of a directionally
anisotropic property the cell’s environment.

In the following section, we examine the asymptotic behavior of
Eq. (2.1) to derive a diffusion equation of the form of Eq. (1.2). First, we
consider the case where the parameters v, B, w, and € are not explicit
functions of time. The time-inhomogeneous case is deferred to Sect. 2.4
where it is shown that the same resulting diffusion equation holds as long
as the parameters vary slowly in time relative to the relaxation time of .

2.2. Diffusion approximation

To describe cell motion on the time scale of migration, we seek an
approximate equation of the form in Eq. 2.1, which governs the
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probability density of r(t) alone, i.e. p(r, t) = [dOp(O, r, 1), and is valid
for times much larger than the characteristic relaxation time of O ().
On this time scale, deviations of p(®,r,t) from p(r, t)p(©;r) relax
quickly, where py(©;r) is the pseudo-stationary density of @ for fixed r,
defined by the solution to

L(O,r, t)p(O;r) =0. (2.5)

Our approach is to apply an adiabatic elimination of fast variables
procedure with projection operator formalism developed in Kubo et al.
(1991) and Gardiner (1983).

Let T, be the time scale on which cell migration is observed,
assumed much longer than the relaxation time of @ as measured by /4,
the least negative eigenvalue of L. Let n = T/(— 44) then be a large
parameter that reflects the disparity in time scales (y > 1). Also, we
choose the relevant length scale, R, such that v(©®,r)~Ry/T,. We
further assume that the contribution of short time scale velocity fluctu-
ations is small relative to deterministic motion, such that v(©,r)
Ro~7yB(O,r), where y is also a large parameter. We now introduce
dimensionless time and position, which are scaled with respect to
T, and Ry, respectively, and are again denoted as t and x. Eq. (2.1) is
now scaled with respect to Ty and Ry and rewritten in dimensionless
form as

0p(0,1,1) =nL(O,r) p(O,r,1) + L(O, 1) p(O,1,1), (2.6
where dimensionless L(®, r) is defined as in Eq. (2.3), and now

L(@,nf()= —0dw(O,1 )]+ '6/[B(@,7r) 0.f(N]. (2.7)

The analysis to follow assumes that all terms in Egs. (2.6-7) have been
scaled appropriately to be proportional to the powers of # and 7~ ! as
shown. This assumption also requires that v(@,r) and B(O,r) are
sufficiently weak functions of r such that dimensionless 0/ v(@, r) and
o0IB(O,r) are O(1).

We now examine the asymptotic behavior of Eq. (2.4) based on the
above assumptions. Let f(r) be the pseudo-stationary mean of any

function f (O, r) under the pseudo-stationary density, py(@; r); i.e.,

[ = fd@’f (@', 1) ps (O 7). (2.8)

The translation operator, L0, r), is divided into components L, (r) and
L.(O, r), corresponding to the mean and the fluctuations of the transla-
tional motion respectively; i.e., L@, r) = L(r) + L0, r), where

L) f(r)= — o/ (o) f (0] + 7~ ', [B(r)0.f (1] (2.9)
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and
L/(©,n f(r) = — o/ [w(©,r) — o) f ()] + 7~ '0;[(B(O, 1) — B(r))o, [ (1)].
(2.10)

Let P be a projection operator that projects any function, (O, r, t),
into the subset of functions proportional to p(@;r); i.e.,

Pf(O,r,t) = ps(O;7) Jd@/f(@/, r,t). (2.11)

Defining (0,1, t) = Pp(O,r,t) = p(0,r)p(r,t) and Y'(O,r,t) =
(1 — P)p(®, r,t), then operating on Eq. (2.6) by P and (1 — P), respec-
tively, yields

oy =PL+ L.+ L) +y)=PLy +PLy (212
0y =1 —=P)(L + L, + L)W + ') = [nL + (1 — PYL, + L)Y/’
+(1 = P)(L, + L), (2.13)

where we have noted that PL=LP=0,PLP=0, and
PL.(1 — P) = 0. Solving Eq. (2.13) to O(y~!) for Y provides

Y'= —n 'L7'A = P)(Li+ L)Y + 0(n?), (2.14)
which is substituted into Eq. 2.12 to give
oy =Ly —n *PLIL™*(1 — P)(L,+ L)y + O(n~?. (215
Upon dividing through Eq. (2.15) by pJ(®;r), we have

atp(ra t) = Lrp(r: t)
—n ! fd@'L;L_l(l — P)(L; + L,) py(@;1)p(r, 1) + O(n?).

(2.16)

We now wish to represent the right hand side of Eq. (2.16) in terms of
the conditional probability, p(@, 7|@,, 0;r), which is the probability
density of the cell having orientation, @, at time, 7, given a specified
initial orientation, @, at time zero (for fixed r). Because p(©, 7|0, 0;r)
is the solution to

atp(@9 T|@Oa 07 r) = Lp(@z ‘C|@09 07 r)? (217)

we can formally write any function, (@, 7;r), as

f(6,11) =€""f(60,0;1) = jd@op(@, 1100, 0;1) f (O3 1), (2.18)
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and because
L1 -P)= —J dre®, (2.19)

we have

L 1 —=P)f(O,,0;r)= — fd@() foo dtp(@, 1|0, 0;7) f (O, O; 7).

(2.20)
Substituting (0, 0;7) = (L.(O¢; 1) + L,)p{@o;r)p(r, t) as the initial
condition and combining Eq. (2.20) with Eq. (2.16), we have

atp(r: t) = Erp(ru t) + %J\d@J'dQOJ\ dT L;‘(@a r)p(@: T|@Oa Oa V)

0

(Li(@0, 1) + L) ps(O0; 1) p(r, 1) + O~ 2). (2.21)

2.3. Generalized diffusion equation

Eq. (2.21) is recognizable as a diffusion equation when written as
0p(r,t) = — 0f [V (r)p(r, )] + 67 [M(r)0,p(r, 1)]
+0(n 3 +0@H nh). (2.22)

where the O(y~ 5~ 1) results from the O(y ') term in Eq. (2.10). Here,
M (r) and V(r) are the random motility tensor and drift velocity vector,
respectively, given by

M(r) = Jd@o Ay I(Oy;1)T + 7y~ 1B(r), (2.23)

V) = 6(r) — Jd@o A(@;1) 0T T(Oy; 7). (2.24)

The vectors, I'(Og; ) and 4(Oy;r), which appear in Egs. (2.23-4), have
physical significance related to the persistent motion of the cell with
given initial orientation, @,. I'(@y;r) is labeled the directionally
weighted velocity and is defined by

I(Og;1) = v(O0, 1) p(Oo; 7). (2.25)
A(O;7) is labeled the persistence displacement, defined by

ABy;r)=n1 Lw dz jd@ [v(O,7r) — 0(r)]p(®, 1|O, 0;7), (2.26)



108 R. B. Dickinson

and can be interpreted as is the mean displacement relative to expected
position, o(r)t, due to persistence of a cell with initial direction @,

Note that in deriving Eq. (2.22), we have not required that
{r(t), ©(t)} be a Markov process nor that L be of the form in Eq. (2.3).
The requirements on L in deriving Eq. (2.22) are only that it is a linear
operator on functions of @, that its eigenvalues are non-positive, and
that a non-trivial solution to Lp(@;r) = 0 exists.

2.4. Time-inhomogeneous case

We now drop the assumption that coefficients, v, B, w, and D, are
independent of time to derive a more general form of Eq. (2.22).
However, these parameters are assumed to evolve on a time scale much
slower than the relaxation time of @. To remove the explicit depend-
ence of the coefficients on time, ¢ is replaced in L and L, with a new
variable, t;, which is defined as simply t; = t; i.e. t; is a process with
deterministic velocity equal to one. The joint probability, p(@, r, ty, t)
is then governed by

atp(@: r, tla t) = WL(@: r, tl)p(@a r, tla t)
+ Lr(@a r, tl)p(@, r, tl: t) - atlp((aa r, tla t) (227)

Now define L.(@,r,t;) and L,(r,t;) as in Egs. (2.9-10), but with
dependence now on (r, t;) instead of only on (r). Let L; be a new
operator defined by

Ll(r> tl) = L_r(ra tl)f(rs tl) - atlf(rs tl)' (228)

From here, the asymptotic analysis proceeds as above with the deriva-
tion of Eq. (2.21) for the time-homogeneous case, only (r) is now
replaced with (r, t;), and L,(r) is replaced with L, (r, t;). The resulting
analog to Eq. (2.21) is

0

_ 1
atp(ra tla t) = Ll(ra tl)p(ra tla t) + Ej‘d@ JdQOJ‘ dT

0
X L;(@a r, tl)p(@a T|@Os O: r, tl)(L;’(@Oa r, tl)
+ L (r, t)) pl O3 7, t1) p(r, 1, t) + O(n2). (2.29)

(Note that L, instead of L; appears in the integral in Eq. (2.29)
because (1 — P)o, P =0 [cf. Eq. (2.15)].) Reverting back to the time-
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inhomogenous form by eliminating ¢, in terms of t, we have

Op(r, 1) = L{r, )p(r, 1) + %Jd@ Jd@of dt L0, 1, 1)p(0, 1|00, 07, t)

X (LO@q, 1, t) + Lr, ) p(Oo; 1, ) p(r, t) + O(n~3).  (2.30)

Eq. (2.30) is identical to Eq. (2.21), except for the explicit time-
dependence of v, B, w, D, and  appearing in the operators L, L,, and
L,. The resulting diffusion equation is

op(r, ) = — 07 [V (r, )p(r, 0] + 0, [M(r, )0,p(r, )]
+0( )+ 0@ ') (2.31)

where M(r,t) and V(r, t) are defined as in Eqgs. (2.23-4), except that
I'(®g;r, t) and A(Og;r, t) are now explicit functions of time. The con-
clusion is that the time-inhomogenous case requires no special consid-
eration, as long as stimulus field varies slowly relative the relaxation
time of @. Hereafter, the possible dependence of the various para-
meters on time is not shown explicitly, but is implied.

2.5. Examples

To illustrate were cell path modifications contribute to the net drift
velocity, we examine three special cases as examples. (Hereafter, the
equations are re-scaled to remove the explicit dependence on # and y.)

Example 1. Let L and therefore p(@) be independent of » and let
v(0, r) be given by v(0, r) = S(r) ®, where S(r) is the cell speed. In this
case, Eq. (2.23) simplifies to

M) = S(?T + B(r) (2.32)

where T is the directional persistence tensor (Dickinson and Tranquillo,
1995), which reflects the mean time of directional persistence in any
direction relative to the mean direction, @ = jd@o@ops(@o), and is
given by

T = Jw drfd@o jd@(@ — 0)0{p(6,1]0,,0)ps(Oy)

0

= j : dt{O(z), ©(0)). (2.33)
0
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Here (O (7), @(0)) is the directional autocorrelation tensor, defined by
(O(1), 0(0)) = JdQOJd@(@ —0)0p(0,1]00,0)p(O0).  (234)

The drift velocity in this case is
V(r)=S(r)O@ — S(r)To,S(r). (2.35)

In this case, a directional orientation bias reflected in non-zero @ and
a dependence of cell speed on position contributes to the net drift
velocity. The former is consistent with the definition of taxis, and the
latter is consistent with the definition of orthokinesis. As shown in the
sections to follow, the directional orientation bias can result from
a bias in the direction of turning (tropotaxis) or a direction-dependent
frequency of turning (klinotaxis), both of which may result in a direc-
tionally non-uniform py(@;r).

Example 2. Let L be defined such that p,(@;r) is a directionally
uniform distribution (i.e. ps(©;r) is a constant, p{®, which is indepen-
dent of @ as well as r), making @ = 0. Let v(®) be independent of r but
depend on @ in the form of v(@) = SO + v'(O), where v'(®) represents
the additional cell velocity attributed to a dependence of velocity on
the direction of cell polarity in an anisotropic environment. The drift
velocity is then

Vir)=1v = Jd@’v’(@’) PO (2.36)

Although there is no bias in directional orientation in this case, the
dependence of cell velocity on the direction of orientation (orthotaxis),
reflected in ¢/, can lead to a separate contribution to V.

Example 3. Let v(®) be independent of r, but let p,(®;r) depend on r as
well as on @. In this case, Eq. (2.24) reduces to

V(r) = i(r) — <A(@)v" (©)0, Inpy(O;r) > . (2.37)

Here, cell speed is independent of position, but the dependence of
ps(©;7) on position contributes to the total drift velocity. This contri-
bution results from a dependence of turning behavior on the position
of the cell in the anisotropic environment, hence on the magnitude of
the stimulus, which is consistent with the definition of klinokinesis.
Note, however, that the second term in Eq. (2.37) can only contribute
to V(r) when p(@;r) is not a uniform distribution, for which p(©;r)
would be a constant, p,o, thus independent of both r and ©.
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2.6. Fourier expansions

Explicit expressions for M (r) and V (r) require solutions to Eq. (2.5) and
Eq. (2.17) for the probability densities, py(®o;r) and p(O, 1|@,, 0;7),
respectively, with initial condition, p(®, 0|@,, 0;7) = 6(® — O,), for
the latter. In the specific cases of the following sections, these solutions
are obtained by expanding all functions of @ into Fourier series of
orthonormal circular or spherical harmonic functions, written gener-
ally as {¥,(0)}. For two-dimensional motion, @ = [cosf sinf]" and
the {¥,(0)} are {—A=¢™’}, with — 0 <m < o0. For three-dimen-
sional motion, ® = [cosf sinfcos ¢ sin Osin]’, {¥,(0)} are the
spherical harmonics, {Y},(0, )}, given by

2m + 1)(m — |I|)!
4. (m + |I)!

1/2
YL(@0, @) = [ } P (cos 0) e, (2.38)

where 0 <m < oo, —m <1 <m, and {P,} are the associated Leg-
endre functions. In general, all functions of @ are expanded as
a Fourier series: /(@) = ), f,¥,.(0) with the Fourier coefficients given
by f, = [dO'P}¥(0) f(©'). Furthermore, the conditional probability,
(0O, 1|10, 0;r), is doubly expanded as

p(0, 1100, 0;7) = 33 p, (T;1) ¥, (O) ¥, (O0)*. (2.39)

Transformation of Eq. (2.17) provides the governing equations for the
coefficients, p, ,(t;7):

depyy (T1) = 3w (1) Prc o(T37) (2.40)
where the coefficients {,A.(r)} are defined by
wel1) = J'Pu(@’)*L(@, 1Y, (O). (2.41)

Transformation of the initial condition, p(@, 0|@,, 0;r) = 6(@ — Oy),
implies that the initial condition for Eq. (2.40) is p, ,(0;r) = J,.,, Where
0,.v 1s the Kronecker delta. Also, the stationary probability density,
ps(©;7), is expanded as
pO;7) = . ps, (1) ¥, (O). (2.42)
u
Note that

ps(©;r) = lim J dB,p(0, 1|0, 0;r), (2.43)
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which, from Eq. (2.39), implies
Ps.u(r) = im pyo(x;1) ¥o. (2:44)

From Egs. (2.23-4), the migration parameters, M(r) and V' (r), can
be written in terms of the Fourier coefficients of A4, I and B, as

M) =) A,)* T (r)" + B,(r)* ps,.(r) (2.45)
and
V(i)=Y 6Lo(r) =Y 4,(r)*0F T, (r), (2.46)
respectively, with 4,(r) and I',(r) given by

Au(r) = ZUV(V)J

0

o0

dT |:pv,u(f; V)* - 5;1,0 q/()_ lps,v(r)*:| (247)
and

r,r)= Jd@’?’ﬂ(@’)*v(@/, 1 p(O’;r)

= Zps.v(r)fd@"f’u(@/)*v(@’, n¥.,(0), (2.48)

respectively. The primary benefit of representing M and V' in this form
is that now only the coefficients {p,.,(7)} are required, which can be
obtained by solving Eq. (2.40).

In the following section, these general results are first applied to
examine cell migration in an isotropic environment, where the analysis
is greatly simplified by the fact that {¥,} are eigenfunctions of L, which
uncouples the infinite set of differential equations represented in
Eq. (2.40). In the later sections, the more complex cases of taxis and
contact guidance are addressed, where we apply a small bias approxi-
mation to find first-order corrections of solution for an isotropic
environment.

3. Cell migration in an isotropic environment

In this section, the random motility tensor, M, as defined in Eq. (2.23)
and evaluated in Eq. (2.45), is determined for cell migration in a two- or
three-dimensional isotropic environment. Let L© be L(O;r) [defined
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in Eq. (2.3)] for an isotropic environment, with the general form
L®p(©) = D{”d5p(0) + Jd@, [2%©, 0)p(0) — (26, 0)p(0)],

(3.1)

where D{® and Q©(©, @’) are the rotational diffusion coefficient (scal-
ar) and random turning kernel, respectively, in the isotropic environ-
ment. Assuming random turning is symmetric about the direction of
cell polarity then Q© (@', ©) = Q©(O, @’'), which implies Q© (O, @)
can be expanded as

Q0,0)=) QY,(0)V,(0)=)Q,YV.(0)V,(0)* (32)

u u
Because { ¥, } are eigenfunctions of L'® with eigenvalues obtained from
A0 = fd@"[’u(@’)* LOY, (0, (3.3)

the coefficients 4, are equal to J, A.

3.1. Two-dimensional isotropic migration

For two-dimensional movement, Eq. (3.1) becomes

271619’[9(0’(9, 0)p(0) — QO Op(O)], (34

0

L@p(0) = Dy 05p(0) + J
and the turning kernel, Q(0, 0'), can be expanded as

Q90,0)= Y Qe im0, (3.5)

m= — o0

with Q, = Q_,, because of symmetry in turning about ©. From
Eq. (3.3), the eigenvalues of L® are

IO = —m?DP — (Qy — Q,). (3.6)
The solution to Eq. (2.40) is simply
P2,(1) = Oy €™, (3.7)

and because /) = 0 and p{%, = lim,_, ., p. o (t) W0, then pl), = 5,,,,0\/%7.
Furthermore, because v(0, r) = S in an isotropic environment,
the Fourier coefficients of v(0) can be written as v!? = §©@,, where
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{0,,} are the moments of O, given by

_[* 1 ..l cos0 T 1 1
@m:JO dG\/ﬂe sin 0 = E 5m,—1 i +5m,1 i .

(3.8)

This implies that the only non-zero coefficients I''?) from Eq. (2.48) are
§(0)

ro ==-6.. (39)

It can be shown immediately from Eq. (2.46) that because I'” = 0, then
V =0, and from Eq. (3.8) that @ = 0, implying there is no drift velocity
nor directional orientation bias in an isotropic environment. Upon
integrating Eq. (2.47) and applying Eqgs. (3.7-8), the only non-zero
expansion coefficients of 4(®) are

S0

A0 —
+ 0
— 2

6. .. (3.10)

Finally, if fluctuations in cell velocity on the time scale of locomotion
reflected in B are assumed to occur only in the direction of cell polarity,
then B (@) = b0 OT such that

(0) 2 (0) o [T Lo
BO = | dow,BO0)=b* |Z(8, ols + S| .
0 2 i —1
1 i
+5m,z[ _; _IID (3.11)

where I, is the two-dimensional identity tensor.
Combining the above terms with Eq. (2.45) provides:

MO = A$ IO, + 4O+ + BPp, o

! il bO NI, = ul 3.12
_§<D50)+(90—91)+ >2:H29 (3.12)
where u is the random motility coefficient (a scalar). This result is
similar to that derived previously by Dickinson and Tranquillo (1995),
which also accounted for velocity fluctuations (leading to the ' con-
tribution), but did not account for discrete turning. The inclusion of
discrete turning in the underlying random walk model results in the
additional (Q, — ©,) term in the denominator, effectively decreasing
the random motility coefficient. Physically, Q, is the overall frequency
of discrete turns, and ,/Q, = {cos(0 — 0')> reflects the average
magnitude of the discrete turns.
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The directional persistence tensor for the isotropic environment,
T© [cf. Eq. (2.33)], can also be found by applying Egs. (2.34) and (3.7).
In terms of the expansion coefficients, @,,, the autocorrelation function
of O is

{O(1), 0(0)) = jd@’Z O% YO e 0 p®

1 : 1
_ % T i 2%
=5 mE 0;,0,¢ 5€ I, (3.13)
therefore
0) 1 200 1 0) -1
T = dTE e 12 = E[Dg =+ (QO — Ql)] 12. (314)

By combining the above, we see that M@ = SO°T© 4 LpOr,

3.2. Three-dimensional isotropic migration

For three-dimensional cell movement in an isotropic environment,
L© has the form

LOp(0, 9) = DI 02 (0, 0) + =2 2o [DFsin 020p 0, )]

0

2n T
+ f d(p/j do' sin0' [QO0, ¢, 0, ¢)p(0, @)
0

0

- Q(O)(H’ ®, 0/, (p,)p(es (P)], (315)

where we have noted that the rotational diffusion tensor is isotropic
with respect to turning direction, such that DY’ = D{®. Also, because of
turning symmetry, the turning kernel, Q(O)(Q’ ¢, 0, ), can be ex-
panded as

QO ¢, 0, @) Z Z Q.Y N0, @) Yh(0, @). (3.16)

m=01=—m

The eigenvalues of three-dimensional L® are then

2O = — m(m + 1)DP — (2o — ). (3.17)
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The normalization condition requires p{® = Y3 = 1/4x, such that
Phm = Om.001.01/</4m. Also, the modes of @ are

. i cos 0
o= J d(pJ d0sin0Y,,(0, ¢)| sin0cos ¢
° ° sin 0 sin ¢
V2 0 0
2n
- 5m,1 ? 51’0 0 + 51,1 1 + 61’_1 1 . (318)
0 —1 i

Egs. (2.47-8) and (3.18) imply that the non-zero expansion coefficients
of I''® and A% are

(0) S(O)
i’ =—e! (3.19)
4

S©
l([)l _ 1
1 — 0) @1
2Dy + (Qo — 24)

for [ = {—1,0,1}. Also, if B?(®) = b Y067, then

(3.20)

2n T 2
B = f do J d0sin0 ¥, b 0007 = % bOIs  (321)
0

0

Combining the above into Eq. 2.41, we have

1 S0?
M = 3 <2Dg,0> T (Qo — Q) + b“”) Iy = ul;. (3.22)
The only differences between this result and the two-dimensional
motility tensor are pre-factor of § instead of 3, and 2D{” instead of
D in the denominator. These differences result from the additional
degree of freedom in translation and rotation, respectively.

Eq. (3.22) is a generalization of results derived previously by
others. For example, for the special case with negligible fluctuations in
translational and rotational velocities on the time scale of loco-
motion such that »'® and DY are zero, this result reduces to
M© = (1/3)S”/(Q, — Q,)I5, which is equivalent to the well-known
result for the random motility coefficient derived by Lovely and
Dahlquist (1975). In the more general model presented here, the effect
of small fluctuations in cell orientation and speed during a run are now
also accounted for in D{” and b'”, respectively.
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Proceeding as in the two-dimensional case [Egs. (3.13-4)], the
directional autocorrelation function and directional persistence tensor
for the three-dimensional isotropic environment are

(O(1), O(0)) = Jel 22" @ —2le (3.23)
and
TO =3[2D + (2o — 2,)] 'I5 , (3.24)

respectively.

These results indicate that for two- or three-dimensional migration
(ng = 2 or 3), the general resultis M = SO° T© + 1/n, b1, , where the
tensor T‘? is given by Eq. (3.14) or Eq. (3.24) respectively [see also
Eq. (2.32)]. If fluctuations in cell speed are negligible (b'® = 0), and
defining the directional persistence time, P, as the scalar trace of T'?,
then we have the well-known result p = 1/n,S% P, (Dunn, 1983).
However, the more general form of the directional persistence time
derived here accounts for both discrete and continuous random turn-
ing and velocity fluctuations.

Another definition of directional persistence time proposed by Alt
(1990) is

_ J§ diz {o(O(x)) v(0(0)
— J§drw(@E) v(O0))

However, because <v(0(1))"v(0(0))> = S©’¢*", both definitions of
directional persistence time yield the same result in this case.

These results for migration in an isotropic environment serve as
a basis for the following sections where M and V' are derived for an
anisotropic environment.

p (3.25)

4. Cell migration in an anisotropic environment

M(r) and V (r) are evaluated in an anisotropic environment by assign-
ing a bias parameter, ¢, to reflect the magnitude of the cell response to
the anisotropy. The turning operator, L(®, r) can then be expanded in
powers of ¢, i.e.,

L(O,r) = L) + eLY(O,r) + 2 L0, r) + ..., 4.1)

where L (r) has the same form as in the previous section, but evalu-
ated at the stimulus field encountered at position r. Similarly, the
coefficients, {,4,(r)} can be expanded as

(1) = 200) + 6,40 (r) + 2,220 + ... (4.2)
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where
viﬁf)(r) = Jd@"l’v(@’)* LYO,nY,.(0). 4.3)
For two-dimensional cell motion, these coefficients are
. 1 2n o . o
AD(r) = —f do'e " LYW, r)e™, (4.4)
27'5 0

and for three-dimensional motion, they are

. 2n T
L) = f dqff d0'sin0 Y, K0, ') LV, ¢, r) YL(0, ¢').

(4.5)

Recall that {¥,(0)} are eigenfunctions of L® with eigenvalues, A (r),
such that V/ILO’(F) = 6ﬂ,v/1f40)(r). (Hereafter, to simplify notation, the de-
pendence of the Fourier coefficients and eigenvalues on r is not shown
explicitly.)

Our goal is to find a first-order approximation for the biased
migration response by determining M (r) and V' (r) to first-order of &,
although this procedure can be used to sequentially determine terms of
higher order of ¢, too. The coefficients v,, B,, 4,, I',, and p, , are now
general functions of r. We proceed by expanding these coeflicients into
powers of ¢ then substituting these series into Egs. (2.45) and (2.46). The
results are

M(r) — M(O)(V) + Z E[ALI)*FLO) + ALO)*FLI)]
u
+ PoeBY + &Y BOp) + 0(e?) (4.6)
u

V(r)=W bel'y) =Y A 0,T — ey [0 0,I7,
u u

+ A0,V 4 0(&?). 4.7)

Note that if the bias parameter, ¢, is proportional to the magnitude of
a gradient of a stimulus, o(r) , (e.g., chemoattractant concentration),
then 0, = do/dr d, is O(e) which makes the final term in Eq. (4.7) also
0(&?).

To obtain the perturbation coefficients of I', and 4,, the
coefficients, p, ,(t), are solved by expanding in the form p, , =
pﬁf)v + spff,)v + ..., substituting the expansions of p, , and ,/, into Eq.
(2.40), collecting terms of equal order of ¢, then sequentially solving the
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resulting ordinary differential equations for increasing orders of ¢. To
lower order, we have

(DI.E

P (7) = 8. (4.8)

Upon substitution of p(o) (7) into Eq. (2.40), the differential equation for
first-order terms becomes

d.p(t) = Ve + 10 ph (0, (4.9)

which, for A{” # 2", has the solution

)Ls)l) (0).’: (“).[
szl)v(f) W(e“ —e), (4.10)
and, for /1(0) /1(0) has the solution
PAAE) = W e, (4.11)

From Egs. (4.8) and (4.11), the zeroth and first-order coefficients of
ps(©) are, for u # 0,

pou="0 (4.12)
(1) (1) W0
Ps.n = lim p, o(1) Yo = Yo'— 0 (4.13)
and for u =0,
P = Po. (4.14)

The Fourier coefficients, v,, B,, 4, and I', are now expanded into
powers of e. From Eq. 2.47, the first two terms of 4,, are

. S(O)
u

Z (0) < ;“Ll)* )“(1)* 1 1
+). 890, ¢y u o5z + (1 —¢ )7<———>>
. ﬂ(},LO))Z Sl /1(0) )“510) /l(vO) /“LO)

(4.16)

where ¢, , =1 if A0 = )»flo), otherwise, ¢, , = 0. From Eq. (2.48), the
zero and first-order terms of I, are

Y = yise, (4.17)

(1)

VA0
M = Wi + 59T Hoty jd@'wu(@')*@wm (4.18)
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We can reduce Eqs. (4.16) & (4.18) further by taking advantage of the
results in the previous section for the isotropic environment. For
two-dimensional motion, we found that the only non-zero coefficients
of A% and I'\Y were for m = + 1. This implies only 47, and '}, are
needed to evaluate Egs. (4.16-7). From Egs. (4.16) and (4.18), these
coefficients are

) o, §(0) . .
A9, = W + )z 5 (012210 + 140 0)) (4.19)
1 i
'y = 2—n<1)(?1 + 2 ﬂ°o)s<°>@ > (4.20)
We also found in the previous section that A = 1©),, A = A and

' = r'%. Noting that v{"’ = v*; and Am = _,/M which imply
AV = A and 'V =T, we have AYTO" + ADTO =
ZYR(A(“*F‘O)') and A<°>*F“>‘ + A9TTY = 2R{AC TV There-
fore, combining the above into Eq. (4.6) yields the first-order correction
to the random motility tensor for two-dimensional motion in a general
anisotropic environment:

1 SO 1 220
M =M +o5— )(O)zm{@ W+ 0 e, + SO /1(0’@ 107,

IO
— 24

1
+ & 777:( B + 2R {B(O) 213(20) }) + 0(62), 4.21)

where M© is given by Eq. (3.12).
Evaluation of V(r) requires I'y’, which, from Eq. (4.18), is

1 o'
o _ E(”E’U + S‘O)ZSR{ 1 0/1(0)@ }) (4.22)

Introducing Eq. (4.22) into Eq. (4.7) yields

1 140
vy’ + 25OR —m O

S©)
—m 0,8 — 2eR{AV0,I'” + 4% 0TV} + O(e?)

(4.23)

1 )
+ 2500101 + 0,01 }

where, again, the final term is O(¢&?) if 9, is O(e).
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For three-dimensional biased migration, the coefficients of 44 and
I'' are similarly evaluated from Egs. (76) and (78) to be

) Ul (1) S(O) (1> (* *
Ay = _11(10) + o2 ;024007 + 177 el + 1 e ) (4.24)
forl= —1,0,1, and
1
rov — —p0
! 47‘E
4 (z)}vgm 3 %/18“) - 3 7%/18(1)
(4.25)
1
[l = Lyl
4nv
6 348" 198" 3558"
+S(O)<\ﬂ 0 61 —\ﬂ _;L(20)@i11 + \/;T(ZO)@? :
(4.26)

Combining these coefficients into Eq. (4.6) and noting that
O] = 09[6*1]" =0 yield the general first-order correction
for M in an anisotropic environment:

(0)
©) e S
M=M +4—4/1(0)

2 Oﬂho(“ 010(1)
+S‘°’[ +—= J@?[@?]T

Ny Y

+2R{O 1ol + 0 170177

2S(0)5R 6 _%)\,8“) _il,{%(l) @1 @1 r
+ g _/1(0) + _;(0) 1[ 1]
2 Y1
1}1“‘ 1 0/10‘” B
+ S(O)|: _ i(o) \/% iz(zo):|@ %[QHT}>

(1)
c 070
J4an

<Bg‘” + By 220 _ ) +0(2) 4.27)
Evaluation of the three-dimensional drift velocity requires

<@°[v°“’]T + 08" [69]7

+

IO

= L 50 8 g goaq [ 18 o (4.28)
A7 0 _ }(0 1 _ /1(0) '
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which, combined with Eq. (4.7), yields

V) 1 s(vom 4 5O 9,00 00" + S(0)2‘R{ L o
= 0 0) o1 (0) 1
Ja4r — 2% — A1
1 S(O) (1) (0) (0) (1),
—gwars(o)—g[A? 5,F(1) +A? arF(l) ]
- M
—2eM {4V 0,11" + 46,1} + O(£2). (4.29)

To this point, no assumptions have been made as to the type or the
directionality of the anisotropic stimulus. However, the small bias
approximation provides equations for first-order corrections in M and
V which only require the Fourier coefficients of B and v'*) and
determination of the coefficients, ,4,, appearing in Egs. (4.21), (4.23),
(4.27), and (4.29). As shown in the following sections, these coefficients
can be evaluated if the dependence of L™ on @ is known. In the cases
to follow, we propose appropriate forms for these dependencies for
two- and three-dimensional taxis and contact guidance in the anisot-
ropic environment.

5. Biased cell migration by taxis

In this section, the above general results are applied to the specific case
of biased cell migration by taxis in a spatial gradient of a stimulus. Let
¢ reflect the magnitude of the response, assumed to be proportional to
the steepness of the gradient, and assign the x-direction as the gradient
direction. In this case, we assume v, B, 2, and L depend on both ®
and x.

5.1. Two-dimensional taxis

For two-dimensional migration, L(6, x) is assumed to have the form

L(0, x)f(0) = — 0p[5(0, x).f (0) — Dy(0, x) 0 ()]
+ rn d0'[Q0, 0;x) f(0) — QO 6;x) f(0)],  (5.1)

where wy(0, x) and D0, x) are the rotational drift velocity (scalar) and
rotational diffusion coefficient, respectively. The 0-dependence of
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wy, Dy, B, and v are approximated by expanding in the various param-
eters terms of &

(0, x) = — wi(x)esin O + O(&?) (5.2)

Dy(0, x) = D(x) + DM (x)ecos 0 + O(e?) (5.3)
B(0, x) = (b'©(x) + bV (x)ecos 0)OOT + 0(c?) (5.4)
v(0, x) = (SO(x) + SV (x)ecos 0)@ + O(&?). (5.5)

To simplify the analysis somewhat, we have again assumed in
Egs. (5.4-5) that the cell velocity is confined to the direction of cell
orientation, thus allowing v and B to have only components propor-
tional to the vector ® and the dyadic @O, respectively. The cosf and
sinf dependencies result from the parameter being symmetric func-
tions (f(0) =f(— 0)) or anti- symmetric functions (f(0) = — f(— 0))
of 0, respectively, about the gradient direction, 6 = 0. Furthermore,
(0, 0') is assumed to have the form

Q0, 0;x) = Q90, 0)(1 + e[a(x)cos 0 — B(x)cos 0]) + O(&?), (5.6)

where Q©(0, 0') is given by Eq. (3.5). The factor «(x)cos 0 reflects the
enhanced probability of turning to new direction with a component in
the gradient direction, and f(x)cost’ reflects the decreased probability
of turning from a direction with a component in the gradient direction.

Introducing the above expansions into Eq. (5.1), and collecting
terms of O(g), we find

LY £(0) = 05 [w§"(x) sin Of (0)] + 04[ D" (x)cos 00, f(0)]

+ J?n dO'[QN0, 0'; x)(a(x) cos 0 — B(x)cos ) f(0)

— QO 0)(a(x)cos 0 — B(x)cos 0) f(O)]. (5.7)

Determination of M(x) and V (x) now only requires evaluating the
various necessary coefficients which appear in Egs. (4.21) and (4.23).
Upon applying Eq. (4.4), we find ,A" = AV = _1{" = 0. Also, by
transforming the first-order terms in Egs. (5.4-5), one finds

1 2n .

(1 _ (1) Fi0 _

vy, = S dfe ¥ cos 0O =0,
! J2n Jo

and

2n
B = L bV J dOcos0 @O = 0.
27 0
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These imply that there is no first-order dependence of M on ¢; i.e.,
M (x) = M9(x) + O(&?). Evaluation of V(x) requires

1) 1 n 1 ' T 1
vy = d0SV(x)cos 0O = |=SH(x) (5.8)
2 Jo 2 0

and
1 2n

=1 gge o Lor = Lo 1 @ — 2 + Pl (5.9)
21 0 2

which, from Eq. (4.23), yield

@ +(Qo — (oc +B)
Dy + (Qo — 21)

1
V(x) = 2<8S(1)+ 5@ 2

S S\ ,
o )axs< ))[O} +0(e?),  (5.10)

where we use the fact that 0, = O(¢) in a gradient of a stimulus, such
that the last term in Eq. (4.23) is O(&?).

The terms in Eq. (5.10) show the contributions to the drift velocity
from the various cell path modifications. The first term with S results
from the enhanced cell speed of the cell when moving in the gradient
direction and a corresponding decrease in the opposite direction,
consistent with the definition of orthotaxis. The second term results
from the directional orientation bias (i.e., non-uniform py(0)), which
results from both continuous and discrete biased turning toward the
gradient direction, reflected in wy" and «, respectively. This response is
consistent with the definition of tropotaxis. Non-uniform p,(6) also
results from a directional dependence on turning frequency, consistent
with klinotaxis, and reflected in the parameter, . The final contribu-
tion results from a dependence of the cell speed on the position,
therefore is consistent with orthokinesis.

For a cell with only continuous turning, Eq. (5.10) reduces to

+ D

N S(O) (1) s 0,5 ! 0(&? 5.11
Vix)=3|¢ + D(O) + D(O) 0 +0(), (5.11)

which is the result derived previously in Dickinson and Tranquillo
(1995). For a cell with only discrete turning, Eq. (5.10) becomes

S© 1
V(x)= <£S(“ + eSO + B) + ﬁa S(0)> [O} + 0(&?).
0o 1

(5.12)
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5.2. Three-dimensional taxis

The three-dimensional analog to Eq. (5.1) can be expressed in spherical
coordinates as

D, (0, x 1
L0950, 0) =225 52 1(0.9) —

0o [e(0, x) sin Of (0, @)
— Dy(6, x)sin 89, £ (6, ¢)]

27 n
+ J dgo’f d0'sin0' (0, ¢, 0, ¢";1) f (0, @)

0 0
- Q(els (P,: 9’ ®; l’)f(g, (P)) (513)

where D, (0,r) is the rotational diffusion coefficient in the ¢-direc-
tion, wy(0, r) is again the rotational drift velocity (scalar) in the 0-
direction, and Dy(0, r) is the rotational diffusion coefficient in the
0-direction. Axial symmetry is assumed around the x-axis (gradient
direction), such that the coefficients are independent of ¢ and the
rotational drift velocity in the ¢ direction, w,, is equal to zero.

The expansions in Egs. (5.2-6) are again applied to determine L),
along with following expansion for D, (0, x):

D, (0, x) = D{(x) + DV (x)ecos 0 + O(?) (5.14)
(recalling DY’ = DY), to obtain

Di,“(x) cos 0

1 .
20 0510, ) + s 0o [y” (x) sin Of (0, )

L0, x) (0, 0) =

+ DM(x) cos 0 sin 00,1 (0, ¢)]

27n T
+J dqo'f d0'sin 0 (20, @, 0, ¢'; x)

0 0
x [o(x)cos 8 — B(x)cos O] f (0, ¢')
— Q0. ¢, 0, ;)

x [o(x)cos @ — B(x)cos O] f (6, qo)) (5.15)

M (x) and V(x) are determined from Eqgs. (4.27) and (4.29). In this case,
o1 9 BS99, 72227, 1317 are all found to be 0, therefore,
for three-dimensional migration, we again have M(x) = M‘9(x) +
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0(&?), where M® is given in Eq. (3.22). Evaluation of V requires

1

2n T \/
v = 1 f d@'f d0 sin 08" cos 0O = 347I SO0 (5.16)
0

J 0

0
and
070 o i 0 1) 1
29" = do' | df'sin0' Y10, ¢') L' —
140 J; (Y \[O 1( (P) \/477_[
1
=3 [wh” + (2o — Q1) + B)]. (5.17)

Combining the above into Eq. (4.29) yields

1 of +(Qo — Q1) (e + p)
— (1) (0270 0 1
V(ix)= 3 <8S + &S 3D + (@ J

S(O) a (0) 1 2 1
+2Dgo)+(90_91) .S > 8 +0(c?).  (5.18)

If the cell only undergoes only continuous turning, this reduces to
(1) 50

1
1 %)
V(x) = g(eS‘” + &S©@ —2D0§,°’ + 30D axS(‘)’) 0|+0(%. (519
0

For a cell with only discrete turning, Eq. (5.18) reduces to

1
axs<°>> 0|+ 0()
0

S©

V(x) = %(sS(” + eSO + p) + @)

(5.20)

The expression for three-dimensional drift velocity is very similar to
that for the two dimensional drift velocity, with the primary differences
being the factor of 1/3 instead of 1/2 and a factor of 2 preceding Dy”.
These factors again result from the additional degree of freedom for
translation and rotation, respectively, for cell movement in three di-
mensions. As seen in the following section, this similarity between two
and three dimensional cell flux expressions is not as apparent for
contact guidance.
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6. Biased cell migration by contact guidance
6.1. Two-dimensional contact guidance

In this section, M and V are derived for cell migration by contact
guidance. Here L is assumed to depend only on @, not r (the anisot-
ropy is assumed uniform with respect to position).

For two-dimensional contact guidance, L is assumed to have the
form

L(0)f(0) = — 0 |:0)9(0)f (0) — Do(0)d f (9)}

27
+ L do'[Q(0, 0N f(0)) — 0, 0)f(0)]. (6.1)
As in the previous section, the 6-dependence of wy, D, B, and v are
approximated by expanding in terms of & which now reflects the
magnitude of influence of the structural anisotropy on cell movement.
Based on the bi-directional symmetry, the following expansions are
applied for small &:

we(0) = — wiPesin 20 + 0(e?) (6.2)
Dy(0) = D + D§Vecos 20 + O(e?) (6.3)
B(O) = (0 + bWecos20) 06T + 0(c) (6.4)
0(0) = (SO + SV c0520)O + O(&2). (6.5)

Also, we give (0, 0) the form
Q0,0) = Q0,0 [1 + e(xcos 20 — PBcos20')] + O(c*), (6.6)

where o and f are defined as in the previous section, reflecting the
increased probability of turning toward the axis of anisotropy, and
decreased probability of turning away from the axis of anisotropy,
respectively. Introducing Egs. (6.2-6) into Eq. (6.1) provides L

L) £(0) = 05 (0Vsin 201 (6) + DPcos 20 0,1 (0))
+ Jzndﬁ’ [QY0, 0') (o cos 20 — Pcos 20') f(0)

— QYO 0)(0cos20" — B cos20) f(0)]. (6.7)

In contrast to the results for taxis in the previous section, a number of
terms contribute to MY, The non-zero coefficients ,/,, appearing in
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Eq. (4.21) ar

arc
J dOe L[ 1] = [2w<“ +(Q— Q)+ p]  (68)
D= o f " 000 L e

= JTof + DI+ B — ) 22— )] (69

Also, v, BY and BY’ are non-zero, and given by

2m ) 1 /n 1
o = [Tdosevcos20 =L Eso[T] 610)
o 24 2 i
B9 = [Tape—2moer =L [Fpol T (6.11)
2n Jo 24 2 —i =17/ ’

and

1 [ 1 |z 1 —1i
(1) — (1) T__ [Zpm
By o L dob' cos2000 2\/;13 [ o 1] (6.12)

Upon combining the above into Eq. (4.21), the first-order corrections
to the xx- and yy-components of the random motility tensor become

S© +(Qo — Q)+ p)
MY = - M) = 0 — &)
= » 2D‘9°’ +Qo— 4D},°> + Qo — @

<5“> 5022

4 502 o + DY + B(Qo — Q1) + x(Q; — Q,)
D<°> + Q0 —
1 1 0205 + (20 — ;) (o + B)
b 4 —p© . 6.13
*3 2 4D(9°’ + Qo — Q, (6.13)

This result shows that, in the presence of the bi-directional anisotropic
environment, the xx-component of the random motility coefficient is
increased and the yy-component is correspondingly decreased by
a number of cell path modifications: Enhanced cell speed when moving
along the axis of anisotropy, reflected in S, increases M along this
axis. Because of the analogy to orthotaxis, this effect is labeled ortho-
guidance. Preferential turning toward the axis of anisotropy, reflected
in parameters w$" and o, also contributes the enhanced diffusive flux in
this direction. This effect is analogous to tropotaxis, hence it is labeled
tropo-guidance. Finally, a dependence of cell turning frequency on the
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movement direction also contributes, reflected in parameters Dy’ and
f. Because of the analogy to klinotaxis, this effect is labeled klino-
guidance.

For a cell moving only with continuous turns, Eq. (6.13) reduces to

1 $© S© (3
MY = 3y =35+ S (St + 010 ))
0

2Dy’ Dy’
1 1 oy
+ b 4 ZpO =2 6.14
2 27 2Dy (6.14)

which was derived previously using a different approach for two
dimensional contact guidance (Dickinson, 1997). For a cell moving
with only discrete turns, Eq. (6.13) becomes

1 SO Q—Q
MY — _p =2 S 4 g0 142 "2 2
XX yy 2 QO _ Ql + o + QO _ 91 + ﬁ

+ %b(“ + %b(o’(a + p). (6.15)

6.2. Three-dimensional contact guidance
For three dimensional contact guidance, we again apply the expan-

sions in Egs. (6.2-6), to find

_ Dcos20

LYO)£(0, p) = ey o*f (0, p)

+ mTIH Op[yVsin 201 (0, ) + D§"cos 20sin 00,1 (0, ¢)]

2n T
+ f dgo’f d0'sin 0’ (Q(0, @, 0', ¢')
0 0
X [ocos20 — fcos20] f (0, @)
— QOO @', 0, )[ecos20” — Bcos 20] £(0, @)).

(6.16)

The non-zero coefficients {¥A.’} in Eq. (4.27) are obtained from
Eq. (4.5) to find:

09" = 3 5+ ng)I) + 506(91 — Q) + §°‘(Qo — )

LB — 21, (6.17)
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oY = %Dfp” — gwg” — 1—101)‘0“ — %a(()l —Q,)
+ % Qo — Q,) — %ﬁ(QO —Q)), (6.18)
and
929" = %(d” + = (a + B)(Qo )>. (6.19)

Also required are

27 T
I J d(pf d0sin0Y?(0, ¢)S™* cos 200
0

0

S g \/E
0

and

-+

SN
—_
(SN

2n T
EJ d(pj dOsin0Y ~1(0, ) SM cos 200
0

0

0
350 h
- /?” 1. (6.21)

Fi

Finally, the required Fourier coefficients for the contribution of the
velocity fluctuations are

0

2n T
By = J ol(pJ~ dOsin0Y{pM cos 200607
0

| 13 0 0
=Janz b 0 —1 0 (6.22)
0 0 —1

27 T
B = f dqoj d0sin Y @O
0

0
1 0 0

2
= J4n——bpV |0 —1 0 . (6.23)
3ﬁ

0 0 —1



Cell migration in an anisotropic environment 131

Combining the above yields

2 102
ML — Zg0g1) 4 —g0)
o 15S S+ 3S

y i + ¢DWY + Jau(Qo — Q) + 50(Q) — Q2) + $B(Q0 — Q1)
2Dy + (R0 — Qs)

8wy + L+ B(Qo — Q,) 1
5 6D +(Qy— Q,) T

o] @6 3@+ P — Q)

6.24
5 6Dy + (2o — Q) (624
and
M(l) M(l) is(o)s(l) +ls(0)2
z 15 3

y 1D — 2o — 5DV + 1a(Q — Q1) — T5u(Qy — Q,) — 2B(Q0 — Q)
2D + (Qo — Qy)

. iwél) + %(O{ + ﬁ)(QO - QZ) o lb(l)
5 6DY +(Qy — Q)

_ ib(0)< oy + 30+ B)(Ro — 2,)
5 6Dy +(Q0 — Q) )

(6.25)

In contrast to the result for three-dimensional taxis in the previous
section, the expression for three-dimensional M) is more considerably
complex than the corresponding term for two-dimensional migration.
However, the ortho-guidance, tropo-guidance, and klino-guidance
contributions are still be identifiable as for the two-dimensional case.

For a cell with only continuous turning, these expressions reduce to

(1)
M = Zgogw 18 (2 0+ ED(a”> Loy b“”( >
Ry 15

15 3D‘°> 39 T 13 DY
(6.26)
3 1S(°)2 8 1 1
M(l) M(l) — —s0Oeg) _ Z (1) D(l) D(l)
= 15 3D (5@ T 5P — 4P

1 (1)
— gb(l) b(0)<D(o)> (627)
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And, for a cell with only discrete turning, Egs. (6.24-25) reduce to

MY = 2 Z o5 4 15(0) <16ﬁ + ia[gu + 11})

15 3 15 15 Qo — 24
Loy, 40
+ b+ b @+ f) (6.28)
3 1 13 1 Q Q
(1) 1) _ 2 Qo)) (0)? 1 2
M;,) =M., = 15S S 3S (15ﬁ+15a[8£20 Q, ID
Ly _ 2y 4op) (6.29)
5 15 o . .

7. Discussion

The model presented here is a generalization of previous cell migration
models by Keller and Segel (1971), Alt (1980), and Dickinson and
Tranquillo (1995). A diffusion equation is derived from a generalized
random walk model with a turning operator, L, that allows for both
discrete and continuous transitions in cell orientation. The model also
allows for a general dependence of cell velocity on cell orientation, cell
position, and time, which allows the model to be applied to different
types of anisotropic environment such as in a gradient of a stimulus
(taxis) and in bi-directionally aligned substratum (contact guidance).
This general dependence also allows determination of the relative
contributions of the various path modifications, tropotaxis, orthotaxis,
orthokinesis, klinotaxis, and klinokinesis, to the overall taxis drift velo-
city. Similarly, when applied to contact guidance, the analysis predicts
previously undefined contributions to the preferential migration along
an axis of anisotropy, including ortho-guidance, for a dependence of cell
speed on the direction of cell polarity relative to the axis of anisotropy;
klino-guidance, for a dependence of cell turning frequency on the
direction of cell polarity; and tropo-guidance for preferential turning
toward the axis of anisotropy. Although not shown in the examples
provided, the model can also be applied in environment with multiple
stimuli, where both guidance and taxis is present. Furthermore, it
predicts of other interesting migration phenomena. For example,
a gradient in structural anisotropy is predicted to result in a drift
velocity when the cell velocity, v(@, r) or the orientation distribution,
p4(®;1), depend on position, r [c.f. Egs. (2.24-5)].

In addition to the more general form of the turning operator,
a primary difference between the underlying random walk model used
here and the seminal model of Patlak (1953) is the assumption that the
statistics of cell velocity and cell turning depend on the instantaneous
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position of the cell, as was assumed by Alt (1980), rather than on the
position of cell before of a step, as assumed by Patlak. Because cell
locomotion depends primarily on encountered stimulus for a given cell
position and orientation, this assumption is more appropriate for
cell migration. This model can therefore be applied to any motion of
a polarized object in an anisotropic environment where translation
and turning depends on local conditions, such as that of many insects
and other organisms.

In the examples given here, specific forms of the turning operator,
L, were provided which corresponded to reasonable models for taxis
and contact guidance. However, the general approach can be applied
to any cell migration model where the appropriate form of L is known
to O(e). The problem has been reduced to simply finding the coeffi-
cients {,4,”}. For example, for chemotaxis of E. coli, the turning
frequency decreases when the cell is moving with a component of its
velocity in the gradient direction, but does not modify its turning
behavior when moving down-gradient (Berg and Brown 1972). In this
case, the turning kernel, (O, ®') would simply have the form of
Eq. (5.6) of for 050 <mn/2, but QO,0)=Q%6,0) for
/2 < 0" £ n. Assuming no other contributing cell path modifications
(ie., SV = " = o = 0), the result for the x-component of drift velo-
city is then simply V' (x) = £ &S B. This example illustrates how simply
the general model can be reduced and applied to specific cases.

In principle, all parameters in the resulting equations for M and
V can be derived from an underlying mechanistic model of a single cell
that can predict cell turning, cell speed and associated fluctuations as
functions of the cell orientation, as has been developed previously for
chemotaxis or haptotaxis (Tranquillo and Lauffenburger 1987; Dickin-
son and Tranquillo 1993a). This analysis therefore provides a frame-
work to predict and interpret observed “macroscopic” cell migration
behavior (i.e., cell transport and cell movement statistics) by contact
guidance or taxis in terms of the molecular and physical properties of
a single moving cell.
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