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Abstract

We address several questions in reduced versus extended networks via the elimina-
tion or addition of intermediate complexes in the framework of chemical reaction
networks with mass-action kinetics. We clarify and extend advances in the literature
concerning multistationarity in this context, mainly from Feliu and Wiuf (J R Soc
Interface 10:20130484, 2013), Sadeghimanesh and Feliu (Bull Math Biol 81:2428-
2462,2019), Pérez Millan and Dickenstein (SIAM J Appl Dyn Syst 17(2):1650-1682,
2018), Dickenstein et al. (Bull Math Biol 81:1527-1581, 2019). We establish general
results about MESSI systems, which we use to compute the circuits of multistationarity
for significant biochemical networks.
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1 Introduction

The first systematic study of the role of intermediate complexes in the setting of
biochemical reaction networks and the extension of multistationarity results in this
context was introduced in the thoughtful paper (Feliu and Wiuf 2013). We clarify and
extend results from this paper and also from Miiller et al. (2016), Pérez Millan and
Dickenstein (2018), Dickenstein et al. (2019), Sadeghimanesh and Feliu (2019). In
particular, we give explicit open conditions on the parameters that ensure the lifting
of multistationarity. We rephrase the notion of circuits of multistationarity introduced
in Sadeghimanesh and Feliu (2019) and we compute the minimal additions of inter-
mediates that allow for multistationarity in different variations of the ERK pathway, a
cascade of protein reactions in the cell that communicates a signal from a receptor on
the surface of the cell to the nucleus (Patel and Shvartsman 2018). The MESSI net-
works introduced in Pérez Milldn and Dickenstein (2018) include the ERK pathway
and are abundant in the literature. They give us a unified framework to study different
properties for many classes of interesting networks that can be easily determined with
graphical tools. We concentrate on conditions to decide that the associated systems
are toric (Pérez Millan et al. 2012) by means of R-linear operations and we prove
that many interesting networks as the ERK pathway have this property. In order to
introduce the necessary definitions and state our results, we first recall the basic setup
of chemical reaction networks and how they give rise to autonomous dynamical sys-
tems under mass-action kinetics. For a more comprehensive overview of Chemical
Reaction Networks we refer to Dickenstein (2016, 2020).

Given a set of s chemical species X1, X», ..., X5, a chemical reaction network
on this set of species is a finite directed graph G whose vertices are indicated by
complexes (linear combinations of the species with nonnegative integer coefficients)
and whose edges are labeled by parameters (reaction rate constants). The set of species
is denoted by .7, the vertex set by €, the edge set by R, and the edge labels by
k= {kyy} € ngG. Here, «y,y is the reaction rate constant associated to the reaction
(v, ") € Rg, which is in turn denoted by y — y'.

The unknowns xg, x7, ..., x; represent, respectively, the concentrations of the
species X1, ..., X in the network, and we regard them as functions of time ¢. Under
mass-action kinetics, the chemical reaction network G defines the following chemical
reaction dynamical system for x = (xq, ..., xy):

o= fe) = Yk’ =), (1.1

y—=>y'

where x” = xi'---x;*. The right-hand side of each differential equation %, is a
polynomial f ;(x), in the variables x1, . .., x; with positive coefficients «.

A steady state of the system is a nonnegative concentration vector x* € RI at
which the ODEs (1.1) vanish, i.e., f,. (x*) = 0. We distinguish between positive steady
states x* € RY ) and boundary steady states x* € R (\RZ ;. Both the positive orthant

R? , and its closure R? ;) are forward-invariant for the dynamics.
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The linear subspace spanned by the reaction vectors S = {y/ —y : y — y'}is
called the stoichiometric subspace. Vectors in S* yield the equations of x? +S for any
xY € R*,and giverise to linear conservation relations of the system. If d = s —dim(S),
and W is a row-reduced d x s-matrix whose rows form a basis of S+, then W is called
a conservation-law matrix of G, and Wx = Wf,(x) = 0. Thus, a trajectory x(¢)
beginning at a nonnegative vector x(0) = x° € R? , remains, for all 7 in any interval
containing 0 where x is defined, in the following stoichiometric compatibility class
with respect to the linear conservation vector ¢ := Wx°:

Se = {xeRyy | Wx =c}

In particular, S, is also forward-invariant with respect to the dynamics (1.1).

The system is said to be conservative if there exists a positive vector in S*. In
this case, all the stoichiometric compatibility classes are compact and trajectories
around 0 are defined for any positive ¢ > 0. We say that the system has the capacity
for multistationarity if there exists a choice of rate constants « such that there are
two or more positive steady states in one stoichiometric compatibility class, called
stoichiometrically compatible (scpss). On the other hand, if for any choice of rate
constants there is at most one positive steady state in each stoichiometric compatibility
class, the system is said to be monostationary.

In this paper, we give the fundamental notions of intermediate species and com-
plexes in Definition 2.2 and of reduced and extended networks by intermediates in
Definition 2.3. The relations between the conservation laws in a given network G
and a reduced network G,.4 as well as the relation between the corresponding rate
constants as in (2.5) and steady states were studied in Feliu and Wiuf (2013). We
summarize their results in Sect. 2. We introduce the notion of non-confluent networks
in Definition 2.9 and we prove in Proposition 2.12 that a system does not have rele-
vant boundary steady states if and only if any of its non-confluent extensions has this
property.

The lifting of steady states to an extended network was first studied in Theorem 5.1
in Feliu and Wiuf (2013). The main result in the recent paper (Banaji 2023) studies
the lifting of multistationarity and of periodic orbits. Feliu and Wiuf proved that if we
consider a network G with rate constants k” and 70 = T () are the corresponding rate
constants of the reduced network G4, if G4 has m non-degenerate scpss then there
exist infinitely many rate constants « such that 7” = T («) and the extended system G
with these rate constants has at least m non-degenerate scpss. Note that this doesn’t
say that the original system G with rate constants «° is multistationary. Using the same
ideas of their proof, we improve their result in Theorems 2.15 and 2.16 by identifying
(a finite number of) explicit rational functions of ¥ which ensure multistationary of G
when they are small. In Corollary 2.17 we moreover make explicit an important and
intuitive consequence for basic extensions, which are the most common and abundant
extensions in the literature (see Definition 2.10): if the rate constants of reactions with
source in an intermediate complex are big enough, multistationarity can be lifted.

In Sect. 3 we recall and simplify results in Sadeghimanesh and Feliu (2019). They
introduced the notion of circuits of multistationarity (see Definition 3.7): given a
monostationary network G’ with steady states defined by binomial equations, a cir-
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cuit of multistationarity is a subset of the complexes of G’ such that the addition of
intermediates from these complexes gives raise to a multistationary system (for some
choice of matching rate constants), which is minimal with respect to inclusion. In fact,
we need to specify the meaning of defined by binomial equations. In Sadeghimanesh
and Feliu (2019) they present a very general setting of complete binomial networks.
We introduce the more restrictive but still quite general notion of networks linearly
equivalent to a binomial network (called lebn networks, see Definition 3.10). We prove
in Proposition 3.12 that one can check this condition computing a reduced row eche-
lon form of the matrix of the system and in this setting we state Theorem 3.20 (that
also holds with more general hypotheses). All examples in Sadeghimanesh and Feliu
(2019) are lebn as well as the important networks we study in the subsequent sections.

Section 4 is concentrated on the computation of the circuits of multistationarity
for the mitogen-activated protein kinase (MAPK) pathway, commonly known as the
MAPK/ERK signaling pathway. The acronym ERK refers to Extracellular Signal-
Regulated Kinase. The initiation of this signaling mechanism occurs when an external
stimulus, such as a growth factor, binds to a designated receptor on the cell’s surface,
followed by a cascade of enzymatic activations within the cell. Given the high number
of variables and parameters, we implemented the previous results in a computer algebra
system. We refer the interested reader to the section on “Signaling through Enzyme-
Linked Cell-Surface Receptors" in Chapter 15 in Alberts et al. (2002) for a biochemical
understanding of the ERK pathway.

In Sect. 6 we recall the notion of MESSI systems introduced in Pérez Millan and
Dickenstein (2018). We give in Theorem 6.6 and Theorem 6.7 simple combinatorial
conditions on the associated digraphs of a MESSI network that ensure that a system
is monostationary and lebn. Most common biological networks are MESSI, so our
results have wide applicability. In particular, the ERK pathway has a MESSI structure
as well as the mixed sequential distributive-processive phosphorylation mechanisms,
for any number of phosphorylation sites. We compute the circuits of multistationarity
of these networks in Sect. 5.

2 Intermediates

In this section, we give in Sect. 2.1 the definition of intermediate species and complexes
and the notions of extended and reduced networks via intermediates. In Sects. 2.2
and 2.3 we highlight in a concise way the results in Feliu and Wiuf (2013) concerning
the lifting of conservation laws and the reduction of rate constants. Then, in Sect. 2.4,
we introduce the notion of non-confluent extensions by intermediates and we prove
Proposition 2.12 about the lifting and reduction of relevant boundary steady states for
this kind of extensions. We finally identify in Theorems 2.15 and 2.16 explicit relative
open sets such that multistationarity is lifted to the mass-action systems of all the
extended networks with rate constants lying in these open sets. In particular, we show
that for standard enzymatic networks, this is the case when the catalytic rate constants
are big (see Corollary 2.17).
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2.1 Reduced and extended networks

We consider a reaction network G and a subset of species 7 = {Uy, Uz, ..., Up} C
¢ such that foranyi =1, ..., p, the only complex that involves species U; is U;.

Definition 2.1 We say that complex y reacts to complex y’ via Z if either y — y’
or there exists a path of reactions from y to y only through complexes U;. This is
denoted by y —, y'.

We now define the meaning of intermediate species and complexes.

Definition 2.2 (Intermediate and core) Let G and 7 be as above. A species U; € 7 is
called an intermediate species if there is a sequence of reactions y; —, U; —o yx,
with y;, yx complexes that only involve species in .#G\Z. When all species in T
are intermediate, we say that .#G\Z = {Xy, ..., X, } is the set of core species. The
complexes U; are called intermediate complexes and the complexes not involving
intermediate species are called core complexes.

Reduced and extended networks by intermediates are defined as follows.

Definition 2.3 (Reduced and extended networks) Consider a reaction network G and a
subset of intermediate species T = {Uj, Ua, ..., Up} C S The associated reduced
network G4 7 is obtained from G by removing the intermediate species in Z. The set
of species of G,.q 718 {X1, ..., X,}. The complexes of G,.4 7 are the complexes of
G which are not an intermediate complex and the set of reactions of G .4 7 is obtained
from the set of reactions of G by collapsing any sequence y; —, yx to the reaction
yj — Yx. We will omit the subindex Z when the set of intermediate species is clear
from the context. Reciprocally, we say that G is an extended network of G’ = G,y 7
via the addition of the intermediate species in Z and we write G = G/, (T

Example 2.4 Let G be the network with core complexes yj, y» and y3, and intermediate
complexes Uy, U, Uz depicted in Fig. 1. We show the associated reduced network
Geq On the right.

Y2 Y2

73

1 > Ys.

m/
Hx

Fig. 1 The networks G (on the left) and the corresponding network G4 (on the right)

Us >y3
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2.2 Conservation laws

The conservation laws in G are in one-to-one correspondence with the conservation
laws in G 4. This is detailed in Theorem 2.1 (and also Lemmas 1 and 2 of the ESM) in
Feliu and Wiuf (2013), which we now briefly recall. As S = {x € R*™? : W.x = 0},
we can extract linear equations definining it from the row span of W. Note that if a
system is conservative, by picking any basis of the conservation relations and adding
to the linear forms in this basis a sufficiently high multiple of any positive vector in
the orthogonal of the stoichiometric subspace S, we can assume that all linear forms
in the basis have positive coefficients.

We denote as before St the orthogonal of the stoichiometric subspace associated
to G and we let SrJ; ., be the corresponding subspace for G,.4. These two linear sub-
spaces in R"T” and R", respectively, are in bijection via the projection onto the first n
coordinates. The inverse linear mapping is given as follows: any linear conservation
relation £ of G ,.q is lifted to the linear conservation relation £ of G defined by:

p p
o u) = ¢ <x+2uky<k>> =)+ )L™, @D

k=1 k=1

where y®) is any choice of a core complex in the same connected component as Uy.
The following lemma is a straightforward consequence of this description.

Lemma 2.5 Let G be a chemical reaction network with set of intermediate species
1 and let G,.q,.7 be the associated reduced network. Then, the associated chemical
reaction system of G .q 1 is conservative if and only if the associated system of G is
conservative.

2.3 Steady states and rate constants

We first need to briefly introduce some facts related to the Laplacian £(G) of a digraph
G. Recall that a spanning tree of a digraph is a subgraph that contains all the vertices,
is connected and acyclic as an undirected graph. An i-tree of a graph is a spanning tree
where the vertex i is its unique sink (that is, the only node with outdegree zero). When
G is strongly connected (i.e., for any ordered pair of vertices of G there is a directed
path from the first vertex to the second one), the kernel of £(G) has dimension one
and there is a known generator p(G), where the i-th coordinate equals:

piG)= Y aT), 2.2)

T ani—tree

where 7 (7) is the product of the labels of all the edges of 7. We refer the reader to
Mirzaev and Gunawardena (2013), Tutte (1948) for a detailed account.

We now recall the relation between the steady states of the mass-action kinetics
system associated to a given network with intermediates and the steady states of the
corresponding reduced system. Consider the network G with reaction rate constants .
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By Theorem 3.1 in Feliu and Wiuf (2013) we have an expression of the concentration
of the intermediates at steady state in terms of the reaction rate constants « and the
concentration of the core species. The system of differential equations u#; = 0, for all
intermediates U;,i = 1, ..., p, is linear on the u;s, and the concentration u; at steady
state can be written as follows in terms of the concentrations of the core species:

=y piy)xt 23)

YECG, oy
Here, y denotes a core complex and it holds that w; , # 0if and only if y —, U;. In
this case, ;,y(«) is a nonnegative rational function on the reaction rate constants «
with homogeneous numerator and denominator. In fact, in the proof of Theorem 3.1 of
Feliu and Wiuf (2013) it is shown how to obtain y; , from a graphical procedure that
we briefly recall. For a fixed core complex y consider the digraph G” whith node set

Kii K)'U .
{x} and all the intermediates U; such that y —, U;, and edges U; L Uj, * = U,
. . . ZU,'%)'/ Ku;y! . .
if the corresponding constant is nonzero, and U; — * (i.e., if there are several

core complexes to which U; reacts, the edges are collapsed and the label equals the sum
of the labels of the corresponding collapsed edges). It is easy to see that G is strongly
connected. Consider the generator p(G”) of the kernel of £L(G”). If p; denotes the
entry of p(G”) that corresponds to U; and p, the entry of p(G”) that corresponds to
*, then p; , = /‘)’—i. Thus, the denominator does not vanish over the positive orthant.
We show an explicit computation in the following example.

Example 2.6 (Example 2.4, continued) Consider the reaction networks G and G .4 in
Fig. 1. Here we explain how to obtain 1y, .

Consider G, the digraph with node set ZU{} and labeled edges, constructed
from G in Fig. 1 as shown on the right. Call p the generator of the kernel of

Ui
L(G”), then: % XS

* <— Us.

4 K1K6K7 K1 “
:u'l,)’l(K) = —_—= = . \ /
Px K3Kek7 + K5K6K7 K3 + K5 K2 K6

U

Consider a network G with reaction rate constants «. Denote by ¢;(x) =
> vets : wiy()x? for i = 1,...,p, and ¢ = (¢1,...,¢p). After replacing
u = ¢(x) into the differential equations x; of G:

Xi=gx) = filx,px)), i=1,...,n, 2.4)

we obtain a dynamical system associated to the network G,.4 with mass-action kinet-
ics, with reaction rate constants defined by the application

#Rc #RGred

T:RI,)° =R, 2.5)
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given by the following assignments:

p
T()yy =T yy = Kyy + YKy 11,y (), (2.6)
j=1

depending on the reaction rate constants x of G (Feliu and Wiuf 2013, Theorem 3.2).

K\
. set yy . . .
Here, «y, is positive when y — y"in G (and «,, = 0 otherwise), and Kyjy 18

Krr.\
positive if U; i) y"in G (and ky;y =0 otherwise), where p; y is in (2.3).
It is important to note that if the network G ., has reaction rate constants 7 (k) as
in (2.6), the steady states of the mass-action chemical reaction systems defined by G
and G,.q4 are in one-to-one correspondence via the projection m (x, u) = x.

Example 2.7 (Example 2.6, continued) Using (2.6), we can express the reaction rate

constants 7 in terms of the reaction rate constants «. We then have 11 = «3 1y, (k) =

K1K3 _ _ _K4Ks _ __ K1K5+K2K5+K2K3
s T2 = KT U3y, () = (0, T3 = K7 43,y (K) = ===

From the proofs of Theorems 3.1 and 3.2 in Feliu and Wiuf (2013) it can be
immediately inferred that the system fi, ..., fu+p can be transformed via reversible
linear operations into the system defined by the equalities (2.3) and gy, ..., g,. We
state their result in the following lemma.

Lemma 2.8 (Feliu and Wiuf 2013) Let G be a chemical reaction network with set

of intermediate species Uy, ..., Uy, core species X1, ..., X, and rate constants k
with fei, i =1,...,n 4+ pasin (1.1), consider the reduced network G.q with rate
constantst = T (k) withg.; = gi,i =1,...,nandletv; = u;—@x),i =1,..., p,

with g; and ¢ as in (2.4). Then, the system

fK,l(xv u)=---= fK,n-Q—p(xa u) =0

is equivalent via R-linear operations to the system
gr1(X) =---=gru(x) =vi(x,u) =--- =vp(x,u) =0.
2.4 Non-confluent networks and boundary steady states

When studying the dynamics of a mass-action kinetics system in the positive orthant,
it is important to understand the occurrence of boundary steady states in stoichiomet-
ric compatibility classes that intersect the positive orthant. These are called relevant
boundary steady states. We now relate the absence of relevant boundary steady states
associated with a network with intermediate species and its corresponding reduced
network.

Definition 2.9 (Non-confluent networks) Let G be a chemical reaction network with
intermediate species Z. A core complex y with y —, U and U € Z, is called an input
of U. We say that G is non-confluent if any U € 7 has a unique input.
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Standard examples of non-confluent reaction networks include the distributive
sequential phosphorylations (see Fig. 5). We now define a common class of exten-
sions.

Definition 2.10 (Basic extension) Given a network G’, we call a basic extension the
addition of an intermediate U in the reacion y — y’ in G’ in one of the following
shapes:

K K
y=mUSs y ySulsy Ay 2.7

K2 K2

Note that any basic extension is a non-confluent extension.

Remark 2.11 Given a non-confluent reaction network G and Uy an intermediate
species, let y® be the unique complex in G with y® —_ Uy. Then, by (2.3) we
have that there exist a positive py such that

up = ,ukxy(k). (2.8)

Proposition 2.12 Let G be a non-confluent chemical reaction network with interme-
diate species I and rate constants k. Consider the reduced network G.q 7 with rate
constants T (k) as in (2.6). The reduced network G4 7 has relevant boundary steady
states if and only if G has relevant boundary steady states.

Proof Denote /G = {X1, ..., Xy, Ui, ..., Up}, withintermediatesZ = {Uy, ..., Up}.
Consider conservation laws £ of G,.47 and £ of G as described in (2.1). Let

(x,u) € R'lgp be a relevant boundary steady state of G. Then, there exists a pos-

itive point %, u% € ]RT(;[7 such that

2x,u) = 2(x°, u%). (2.9)

We can assume that there is an index j such that x; = 0. Indeed, if some u; = 0, we
have by (2.3) that some coordinate of x must vanish because all coefficients y; y are
nonnegative and at least one of them is strictly positive by the definition of intermediate
species. Moreover, if (x, u) # 0, we cannot have that all x; = 0 because this implies
by the same relations that all u; = 0. Then, 7 (x, #) = x is a nonzero boundary steady
state of G4 7.

We claim that x is a relevant boundary steady state of G,.s 7. We need to find a
positive point (x)° € R” ; such that

2(x) = £((x"). (2.10)

Given k, let y(k) be the unique core complex with y(k) —o Ug. Then, u; = /kay(k)
for some positive constant py by (2.11). Now, from (2.1) and (2.9) we can write

14
ey =¢ <x° + 30 (= ™) y(">> = 0",

k=1

@ Springer
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with v0 = x0 + Z,[::](ug — ,ukxy(k))y(k). Consider the affine combination v, =
av® + (1 —a)x. As x"’ # 0 if and only if {£ : y* # 0} € {€ : x; > 0}, whenever
v? < 0 necessarily x, > 0. We can then take oo small enough such that vy, > 0 and
pick the positive vector (x)0 = (O
Now, let x € RZ, be a relevant boundary steady state of G,.4 7. This means

that there exists a positive point x° € RZ, such that 2(x% = £(x) for any con-

servation law ¢ of G,.4.7. We can complete x to a steady state (x,u) € R’;gp

by (2.3) and we are then looking for a positive vector ((x9, @) e Rr:gp such

that £((x%)’, %)) = £(x, u) for any conservation law ¢ of Geq,7- We can pick
a positive vector (aq,...,a,) with each coordinate o small enough such that
X0 — Z/f:] ary® is a positive vector, where y*) is a core complex in the same
connected component as Ui. Then Lx,u) = 6% u) = e(x0 + Zle uy®),
which equals £ (x® = YF_ o y® + 3P (ug + a)y®). Consider then (x0) =
x0— Zle axy® and (u°) such that (uo);( = uy + . O

2.5 Lifting steady states

We now study the lifting of steady states from a reduced network G .4 to an extended
network G. This relation was first studied in Theorem 5.1 in Feliu and Wiuf (2013). We
also refer the reader to Banaji (2023), Banaji et al. (2022), Banaji and Pantea (2018).

We need to introduce the notion of non-degenerate steady states when the stoi-
chiometric subspace is not the whole space. In this case, there are non-trivial linear
relations between fi, ..., f; and the usual condition of non-degeneracy of a steady
state x* given by the non-vanishing of the Jacobian determinant det J (f)(x*) needs
to be extended.

Definition 2.13 Consider adynamical systemasin (1.1) with associated stoichiometric
subspace S. A steady state x* € R? ) is said to be non-degenerate if ker(J (f))(x*) N
S = {0}

Standard linear algebra arguments show the following result.

Lemma 2.14 Given a dynamical system as in (1.1) with associated stoichiometric
subspace S = {x € R® : Wx = 0} of dimension s — d, and a positive steady state
x*, the following assertions are equivalent:

(1) x* is non-degenerate.

(i1) There exist s — d linearly independent functions f;,, ..., fi,_, such that the s x s
matrix with first s — d rows given by the Jacobian of these functions evaluated at
x* and the last d rows corresponding to the matrix W, has nonzero determinant.

Of course, if condition (ii) holds, the determinant constructed as above for any
choice of s — d linearly independent functions f; will also be nonzero.

Let G be achemical reaction network with reaction rate constants x and intermediate
species T = {Uy, Ua, ..., Up}. Consider the reduced network G,oq = G, 7 With
rate constants defined by the application 7 in (2.5). In Theorem 5.1 in Feliu and
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Wiuf (2013) it is shown that if G has reaction rate constants «° and we consider the
reduced network G,.g with reaction rate constants 9 = T(ICO), then if G, .4 has m
non-degenerate steady states in a stoichiometric compatibility class, then there is a
curve of rate constants «’ with T'(k’) = t° such that the associated system has at least
m non-degenerate steady states in a compatibility class of G.

We extend their result in Theorem 2.15, by describing regions in the space of
parameters for which we can lift the steady states of the reduced network to the
original network. Given 7" in the image of T', we denote the fiber of 7° by

Fo={k>0:Tk) =1". (2.11)

In the next theorems, we describe open sets in F,o such that multistationarity is lifted
to the mass-action systems of all the extended networks with rate constants lying in
these open sets.

Theorem 2.15 Let G be a chemical reaction network with intermediate species
{U1, Ua, ..., Up} with associated map T as in (2.5). Consider the reduced network
G req with rate constants t° € im(7T).

Given ¢ > 0 and u; y as in (2.3), the open set of the fiber Fo:

Froe={keFo:uyk) <e Vyebs,,,i=1...,p}

is nonempty.

Moreover, fix c1,...,cq € R and consider the stoichiometric compatibil-
ity class S, defined by the equations £1(x) = ci,...,L4(x) = cq, where
L1(x), ..., Lq(x) is a basis of conservations laws of the system associated with G.g4.
Then, if G 0q has m non-degenerate positive steady
states in S, there exists a positive value &g such
that for all k € Fro, with 0 < ¢ < g, there
are at least m non-degenerate positive steady states
of G with reaction rate constants k in the stoi-
chiometric class of the system associated with G
defined by OG,u) = ¢yl u) = cg,
where €1, ...,Z_d is a basis of conservation laws
of the system associated with G obtained from
L1(x), ..., Lq(x) asin (2.1).

Theorem 2.16 With the same hypotheses as in Theorem 2.15, assume moreover that
G is an extension network obtained from Gr.q by adding basic extensions as in (2.7).
Consider the reduced network G,.q with rate constants t° € im(T). Given M > 0,
the open set of the fiber Fo:

From =1{k € Fro @ ky,y > M for all reactions U; — y,i=1,...,p}
is nonempty.
Moreover, if Groq has m non-degenerate positive steady states in the stoichiometric
compatibility class defined by the equations £1(x) = c1, ..., £Lq4(x) = cg4, there exists
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a positive value My such that for all M > M there are at least m non-degenerate
positive steady states of G with reaction rate constants k € F o y in the stoichiometric
class of the system associated with G defined by

L u)=cry ..., la(x,u) = cq, (2.12)

where £1, ..., 04 are obtained from £1(x), ..., £L4(x) asin (2.1).
We postpone the proofs of Theorems 2.15 and 2.16 to the Appendix.

Corollary 2.17 Let G be a chemical reaction network with p intermediate species with
associated map T as in (2.5). Consider the reduced network Gr.q with rate constants
inim(T). Assume that G is an extension network obtained from G.q by adding basic
extensions. Then, multistationarity can be lifted when either the unbinding reaction
or the catalytic reaction is “sufficiently fast”.

More concretely, if G,.q has m non-degenerate positive steady states in the stoi-
chiometric compatibility class defined by the equations £1(x) = cy,...,£L4(x) = ¢4,
there exist M = M(cy,...,cq) > O such that if for any intermediate species U at
least one of the rate constants corresponding to reactions with source U is bigger than
M, then G has at least m non-degenerate positive steady states in the stoichiometric
class (2.12) defined by the same constants cy, . . ., cq.

In the following section we study how multistationarity can appear through the
addition of intermediates even when the reduced network is monostationary.

3 Circuits of multistationarity

In this section, we retrieve and simplify the results in Sadeghimanesh and Feliu (2019)
about complete binomial networks. The condition of having a complete binomial net-
work is a very general setting for the theoretical results, but it cannot be checked
in general. We consider a subclass of complete binomial networks in the sense of
Definition 2.6 in Sadeghimanesh and Feliu (2019) that we call linearly equivalent
to a binomial network (see Definition 3.10 below) for which the technical hypothe-
ses of the main results can be ensured (cf. Proposition 3.12). These conditions are
more restrictive but we will show that they are satisfied by plenty of interesting bio-
chemical networks, including the examples in all the following sections and all the
examples in Sadeghimanesh and Feliu (2019). We show how to obtain the circuits of
multistationarity (see Definition 3.7) for networks of this type in Theorem 3.20.

As we are interested in the existence of positive steady states, we first introduce a
basic necessary condition. We write system (1.1) in the following form:

X = N-R¢(x), 3.1

where we order the set of reactions R¢g, R, (x) is the vector of size equal to the
cardinality r of R¢ defined as follows: if the i-th reaction is y — y’ then R, (x); =
Kkyyx? and N is the integer matrix whose i-th column equals y" — y, known as the
stoichiometric matrix of the network.
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Definition 3.1 A network is said to be consistent when ker(N) N R” ; # @.

Note that the existence of a positive steady state x of a reaction network with positive
rate constants k, gives the positive vector R, (x) in ker(/N) and so any network with a
positive steady state must be consistent. An interesting consequence of consistency is
the following well-known result (see e.g., Conradi et al. 2008).

Lemma 3.2 Assume that a reaction network with stoichiometric matrix N is consistent
and let v € ker(N) NR” . For any choice of x € RY ) there exists a choice of rate
constants k such that f,.(x) = 0, that is, for which x is a steady state of the associated
system.

Proof Weneedtofindavalueofx € R ;suchthat fi (x) = N-R (x).Itis thenenough
to find a value of « for which R, (x) = v, which is satisfied by setting «yy = vy, /x”
for every reaction y — y'. O

Lemma 3.3 Given any consistent reaction network G', any extension network G
obtained by adding basic extensions as in (2.7) is also consistent.

Proof 1t is enough to show that given a consistent reaction network G’, the extension
network G obtained by adding a new complex U to any choice of reaction y — y’ in
G’ and intermediate reactions of any of the forms depicted in (2.7) is also consistent.
Let N’ be the stoichiometric matrix of G’. As G’ is consistent there exists a vector
v € ker(N')N Rio- We show how to get from v’ a positive vector in the kernel of the
stoichiometric matrices of these extensions.

If G is obtained by adding a (reversible) reaction of the form y = U, there are
two opposite columns in the stoichiometric matrix N of G for these new reactions.
Then, the vector v € R, which coincides with v in the entries that correspond to
reactions in G’ and 1’s in the entries corresponding to the added columns belongs to
ker(N) NRL .

Assume we replace the reaction y — y’ in G’ (which we assume to be the r’-
th reaction). Assume first that G is obtained by replacing this reaction by the two
reactions y — U — y’. Note that slightly abusing the notation, we have that y’ —y =
(y/ = U) + (U — y). Then, the vector v € Rgo which coincides with v’ in the entries
that correspond to reactions in G’ except for the reaction y — y’ and v; , repeated in the
entries corresponding to the two added columns, belongs to ker(N) NRZ . If instead
G is obtained by deleting the reaction y — y’ and adding the reactions y = U — y’,
then (again with a slight abuse of notation) y' —y = (y/ = U) +2(U — y) + (y — U).
Then, the vector v € R, which coincides with v in the entries that correspond to
reactions in G’ except for the reaction y — y’, and v; , repeated in the coordinates
that correspond to U — y and U — y’ and 2v; , in the coordinate that corresponds to
y — U, liesin ker(N) NRZ . O

We next introduce the definition of extended systems.

Definition 3.4 Let G’ be a core network defining a mass-action system with vector
of rate constants t. Given a set of intermediates Z, we say that the extended network
G = G;X , 7 With rate constants « is an extended system if 7 = 7 (k) are related by

the Eq. (2.6).
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The following lemma is a consequence of item (ii) in (Sadeghimanesh and Feliu
2019, Prop. 5.3).

Lemma 3.5 Given a core network G’ with rate constants T and any extended network
G = Gé ;7 Obtained by adding basic extensions as in (2.7), there exist (infinitely
many) choices of vectors of rate constants k which define an extended system.

The main question we address is: given a core network, which are the minimal sets
of intermediates required for the associated extended network to have the capacity
for multstationarity (see Definition 3.7). From Proposition 3.8, based on Feliu and
Wiuf (2013, Thm. 5.1) and Sadeghimanesh and Feliu (2019, Prop. 5.3 (ii)), we deduce
that when G’ has two or more stoichiometrically compatible non-degenerate positive
steady states, all the basic extensions are multistationary and the only minimal set is
the empty set.

We now define canonical extensions of networks following Feliu and Wiuf (2013).

Definition 3.6 Given a network G’, a subset C C Cg and a choice of an intermediate

complex U(y) for each y € C, the associated canonical extension G = G’w,c =

Gé,xt’{U(y):yeC} of G’ is obtained by adding the reactions y = U(y) forall y € C.
Given an extension G of a network G’, let C C Cg be the set of input complexes

of G. We say that G/, - is the canonical extension of G’ associated to C.

Note that canonical extensions are basic extensions and thus, they are non-confluent.
The following definition is based on Sadeghimanesh and Feliu (2019, Defini-
tion 4.6).

Definition 3.7 Given a network G’ and a subset C" C Cg, the circuits of multistation-
arity associated to G'and C’ are the minimal subsets C of C’ (with respect to inclusion)
for which the canonical extension G/, , - is multistationary. In case C’ = C¢/, we say

that they are the circuits of multstationarity of G'.

In fact, the canonical extension associated to a subset of complexes is multistation-
ary if and only if the other two basic extensions in (2.7) are so.

Proposition 3.8 Given a network G’ and a subset C C Cg, the canonical extension
G;xt’c is multistationary if and only if adding to any reaction y — y' withy € C
an intermediate U with reactions either of the formy — U — y', y = U — y' or
y = U yields a multistationary network.

Proof The proof of the “if” direction follows from Feliu and Wiuf (2013, Thm. 5.1)
while the “only if” direction is a consequence of Sadeghimanesh and Feliu (2019,
Prop. 5.3(ii)). O

Remark 3.9 Note that by iterating the allowed addition of intermediates in Propo-
sition 3.8, it is possible to extend multistationarity if we add several intermediate
complexes. For instance, we can iteratively add two intermediates Uy, Uy to y — ¥/
by first adding y = U; — y’ and then y = U; — U, — y'. So, if the original
network is multistationary, this last one is so too. Moreover, if we add a backward
reaction from y’ to U;:
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y = 8= s
K2 K5
we don’t change the stoichiometric subspace. Then, the hypothesis of being non-
confluent is not satisfied but Theorem 3.1 in Joshi and Shiu (2013) asserts that this
last network is also multistationary.

This can be applied for instance to lift multistationarity to weakly irreversible
phosphorylation mechanisms from strongly irreversible mechanisms as defined in
the article (Nam et al. 2020), according to whether the product does rebind to the
enzyme or not. We explain this concept via the following relevant mechanism of
double sequential phosphorylation in Markevich et al. (2004). The chemical species
are the unphosphorylated substrate So, the singly phosphorylated substrate Sj, the
doubly phosphorylated substrate S,, two enzymes (the kinase E and the phosphatase
F) and 6 intermediate species.

k1 ko k3 Ky
So+E &= SoFE—> S1+E 2 S1E— SH+E
k—1 k_3

hy o h3 hy hs he
S+ F 2 SHF =SS F*28+F 2 S1F3SF & S+F. (32
h,] h73 h—4 h—b

The first component features a strongly irreversible mechanism, since no reaction is
assumed from S, + E to S1 E (nor from S| + E to So E). On the other side, the enzyme
F is assumed to rebind to S7 and Sy and is thus a weakly irreversible mechanism.

We will not recall the general notion of complete binomial network introduced in
Sadeghimanesh and Feliu (2019) because it cannot be checked in general. Instead,
we introduce a particular class of complete binomial networks which can be algorith-
mically checked in an easy way and we will show many interesting examples. We
will also replace their definition of surjectivity by the basic notion of consistency in
Definition 3.1, as it is already remarked in Pérez Millén et al. (2012), Sadeghimanesh
and Feliu (2019).

Definition 3.10 Let G be a network with r reactions and s species and let x = f(x)
denote the resulting mass-action system. Assume without loss of generality that
f1, ..., fs—a 1s amaximal set of linearly independent polynomials among fi, ..., f;.
We say G is linearly equivalent to a binomial network (denoted by lebn) if there
exist binomials hq, ..., hy_g in Q(«x)[x] with two nonzero terms with coefficients
of opposite sign, and an (s — d) x (s — d) matrix M (k) with entries in Q(x) :=
Q(k1, k2, ..., k) defined and invertible for all « € R’ ,, such that the binomials (%)
can be obtained as follows:

(hiy o hs—a) " == M) (fi, -\ fs—a) - (3.3)

If a binomial % ; has just one nonzero term or two terms with the same sign, then
there are no positive steady states.

@ Springer



18 Page 16 of 41 A. Dickenstein et al.

Fig.2 Two-layer cascade E
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Example 3.11 (Two-layer cascade) Consider the cascade motif from Feliu and Wiuf
(2012, Fig. 1k) with two layers. Each layer is a one-site modification cycle, and the
same phosphatase (F) acts in each layer, usually depicted as in Fig. 2.

Making explicit the usual intermediate species and naming the rate constants we
get the following reaction network:

SO+E ESO—>S+E S+F FSl—>SO+F

P0+Sl\_SlP0—>P1+Sl, P, +F <= FP, X2 p, +F
K8

K11

We order the species as X1=S,,, X2=ES,, X3=S,, X4=FS,, X5=P), X6=S,P,,
X7=P,, Xg=FP,, X9=E, X10=F. There are d = 4 conservation laws, which arise
from the total amounts of substrates and enzymes:

X1+ x2+x3+x4+x6 =c1, X2+ X9 =c3,
X4+ x8 +x10 = €3, X5+ X6 + X7 + X3 = 4. (3.4)

From these conservation laws, we see that this network is conservative. We consider
the following maximally linearly independent steady state polynomials:

f3 = K3x2 — K4X3X10 + K5X4 — K7X3X5 + K§X6 + K9Xe,
f6 = K7X3X5 — K§X6 — K9X6,

f1 = —K10x7x10 + K11X8 + K9X6,
fs = K10X7X10 — K11X8 — K128,
Sfo = —Kk1x1x9 + K2 X2 + K3X2,
flo = —Kax3x10 + K5X4 + KeX4 — K10X7X10 + K11X8 + K12X8.

Multiplying this system by the following matrix with positive determinant:

|
_

M) =

SO O OO -
S OO O = =
S OO = OO
—_—O = = O
S — OO OO
-0 O o O
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we obtain the binomial system:

h3 = K3X2 — KeX4, he = Kk7x3x5 — (K§ + K9)X6,
h7 = K9Xxg — K12X8, hg = Kk10x7x10 — (K11 + K12)X8, (3.5)
hg = —Kk1x1X9 + (k2 + Kk3)x2, hio = —kax3x10 + (K5 + K6)X4,

and we see that the network is lebn. This will also follow from Theorem 6.6.

An important practical consequence of the notion of a lebn network is that this
is an easily checkable condition. Given a network G and the associated polynomials
f1, ..., fu, we order the set of exponents occurring in them (that is, the source com-
plexes) and consider the associated matrix C y of corresponding coefficients. Let R ¢
be the unique reduced row echelon form of the matrix Cy and M («) in Q(x) be the
invertible matrix yielding the equality Ry = M () Cy.

Proposition 3.12 If a network G is lebn, then the reduced row echelon form Ry of
the matrix C ¢ has two non-zero entries with different signs on each row. The matrix
M (x) has rational form entries whose denominators are non-vanishing on the positive
orthant.

Conversely, if the reduced row echelon form Ry of Cy has two non-zero entries
with different signs on each row, it is enough to check if the invertible matrix M («) has
rational form entries whose denominators are non-vanishing on the positive orthant
to ensure that G is lebn.

The first assertion in Proposition 3.12 follows from (Prop. 2.2; Conradi and Kahle
2015) and Pérez Millan et al. (2012, Thm. 3.3) and the second assertion is straightfor-
ward.

The property of being lebn can be lifted to non-confluent extensions. Recall that T
is the map defined in (2.5).

Proposition 3.13 Given a lebn network G’ with rate constants t, any non-confluent
extension G of G" with rate constants « such that T () = t is also lebn. In particular
all canonical extensions of a lebn network are lebn.

Proof Let G be a non-confluent extension of G’ with reactions constants T =

T (k). We order the species of G as X1,...,X,, Ut,...,Up. If gji, ..., 8,4
is a basis of the Q(7)-linear subspace generated by gi,..., g, it follows from
Lemma 2.8 that fj,..., fj,_4» fat+1, ..., futp generate the Q(x)-linear subspace
spanned by fi, ..., fy. Asalready observed in Remark 2.11, the equations vy, ..., v,

in Lemma 2.8 are binomials of the form u; —u; x” ). We moreover know by Lemma2.8
that after linearly eliminating all intermediate species, we get the equations of G’ with
reactions constants T = T (k). Then there is an (s — d) x (s — d) invertible matrix M
with entries in Q(«) defined for all ¥ € R” , such that

T T
M] (fj[a-~-7fjn_d7fn+1’---afn+p) :(gjl,---,gj,,_d,vl,---,vp) .

As G’ is lebn and T = T'(k), there exist a set of n — d binomials {h,, ..., hj,_,}
with two nonzero terms with coefficients of opposite sign and an invertible matrix
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My € Q)= Dx=d_ which is well defined for all k € R, such that
My (gjs - 8jnu) = (hjyse.shj, ). Call M € Q)= D*6=D the matrix
obtained as the product of M7 with following block matrix:

M, 0
M = ( 0 1d,,> Mi,
where Id), is the p x p identity matrix, Then, M is invertible and well defined for all
K € RLO and, as we wanted to prove, it holds that

T T
M(fjl,...,fjn_d,fn+1,...,fn+p) =(hjl,...,hjn_d,vl,...,vp) .
O

Although we are not going to introduce the definition of a complete binomial
network from Sadeghimanesh and Feliu (2019), the purpose of introducing the algo-
rithmically checkable notions of lebn and consistent networks is explained in the
following remark.

Remark 3.14 All the references in this remark are from Sadeghimanesh and Feliu
(2019). A complete binomial network is characterized in Definition 2.7. It should
admit an admissible binomial basis (introduced in their Definition 2.1), which satisfies
the conditions (rank) and (surj) given before Definition 2.7. It is straightforward to
verify that a lebn network has an admissible binomial basis that satisfies (rank). The
equivalence between (surj) and consistency is proven in Lemma 2.6 in that article.
Therefore, any consistent lebn network is a complete binomial network.

Given a lebn (or more generally a complete binomial) network G with associated
dynamical system x = f(x), the positive steady states (that is, the positive solutions
of f1(x) =--- = fy(x) = 0) coincide with the positive solutions of a set of binomials
with coefficients which are rational functions on the rate constants (well defined over
the positive orthant). As in Proposition 3.12, if the system does have positive steady
states then the coefficients of these binomials must have different signs. Moreover, the
positive zeros of such a binomial coincide with the positive solutions of an equation of
the form x™ = y (k) with y (k) > 0 and x™ a Laurent monomial (that is, a monomial
with integer exponents m € Z°). We now define a polynomial associated to a set of
monomials and linear forms (that will be chosen to be a basis of the linear conservation
relations).

Definition 3.15 Given Laurent monomials x™ in s variables,i = 1,...,s — d, and
homogeneous linear forms £ = 3% wi;x;, ..., ¢a = Y j_; wajx;, we consider
the following matrices. We denote by Exp € Z**¢~9 the matrix with columns
mi, ..., mg_g and by Wx the matrix of linear forms:
wi11X] WisXg
Wx = : o : . (3.6)
Wq1X1 e WysXs
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We define the matrix Jgyy w, with first s —d rows equal to the transpose matrix Exp’
and last rows equal to Wx. We denote by B the homogeneous polynomial

B(x) = det Jgqp s 3.7)

Note that if B is not the zero polynomial then it has degree d in x = (x1, ..., X5)
and all its exponents are either O or 1.

Example 3.16 (Example 3.11continued) Recall the two-layer cascade from Exam-
ple 3.11. We can read from (3.4) the matrix Wx and from the binomials in (3.5)
we obtain the Laurent monomials x2x4_1, x3x5x6_1, xﬁxg_l, x7x10x8_1, )C]ngz_l and
X3X10X, ! to build the matrix Exp’. We then have

0 1 o -1 0 0 O 0 o0 o0
0 0 1 0 1 -1 0 0 0 O
O 0 o0 0 O 1 0O -1 0 O
o o o0 o0 o0 o0 1 -1 0 1
1 -1 0 0 O O o0 O 1 0
Bo=detlg o 1 —1 0 0 0 0 o0 1
X1 X2 X3 X4 0 X6 0 0 0 0
0O x» 0 O O O O 0 x9 O
0 0 0 x4 O 0 0 xg 0 xp0
0 0 0 0 xs x¢ x37 xg O 0

= —X]X2X5X8 + X1X2X5X]10 + X1X2X6X10 + X1X2X7X8 + X1X2X7X10 + X1X2X8X10
—X]X5X8X9 + X1 X5X9X]10 + X1X6X9X10 + X1X7X8X9 + X1X7X9X10 + X1 X8X9X10
—X2X5X8X9 + X2X5X9X [0 + X2X6X9X10 + X2X7X8X9 + X2X7X9X 10 + X2X8X9X[(
+X3X4X5X9 + X3X4X6X9 + X3X4X7X9 + X3X4X8X9 + X3X5X9X 10 + X3X6X9X10
+X3X7X8X9 + X3X7X9X10 + X3X8X9X10 + X4X5X6X9 — X4X5X8X9 + X4X5X9X1(
—X4X6X7X9 + X4X6X9X10 + X4X7X8X9 + X4X7X9X10 + X4X8X9X10 + X5X6X9X10-

The following lemma is a restatement of Miiller et al. (2016, Lemma 2.10). Given a
matrix K with s columns and a subset I C {1, ..., s}, we denote by K; the submatrix
of K consisting of the columns of K with indices in / (in the same order).

Lemma3.17 Let my,...,mg_gq € Z° and linear forms L1, ...,L4 as in Defini-
tion 3.15. Then for any subset I of {1, ..., s} with cardinality d, the coefficient of
the monomial [ |;; x; in the polynomial B in (3.7) equals—up to sign—the product
of the determinant of the submatrix Wx; times the determinant of the submatrix Exp.
indicated by the columns not in I.

The proof of Lemma 3.17 is a direct consequence of the Laplace expansion of the
determinant by complementary minors.

Corollary 3.18 In the hypotheses of Lemma 3.17, B is not the zero polynomial if and
only if there exists I C {1, ..., s} with cardinality d such that

det(W;) det(Exp.) # 0. (3.8)
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The proof of Corollary 3.18 is a straightforward consequence of Lemma 3.17
because the matrix Wx equals the product of the conservation-law matrix W and
the invertible diagonal matrix with entries (x1, ..., Xs).

The definition of the polynomial B in (3.7) is motivated by the following proposition
that permeates many different results in the literature; we refer in particular to Sect. 2
in Miiller et al. (2016) where several of the previous results were unified.

Proposition3.19 Let my, ..., ms_q € Z* and linear forms €1, ..., L, as in Defini-
tion 3.15. Then, there exist two different points x, y € RY ; satisfying

x™Mi

=y", for i=1,....,s —d, £;(x)=4L;(y), for j=1,....,d,
if and only if either B is the zero polynomial or it has two coefficients with different
Signs.

Assume we have binomials %1, . .., hs_g4 with coefficients of different signs defin-
ing the positive steady states of the dynamical system associated to a reaction network.
The positive zeros of each h; coincide with the positive solutions of an equation
x™i — yi(k) = 0 with y;(k) > 0, but one can also choose the monomial x =" (and
right hand side y; (/c)’l). Also, let ¢4, ..., £4 be a choice of a basis of the linear con-
servation relations of the network. For any lebn network, both the binomials and the
linear forms are defined up to multiplication by an invertible matrix not depending on
the x variables, so we can associate to the network a polynomial B as in (3.7), defined
up to non-zero constant.

Theorem 3.20 below is essentially a restatement of Lemma 4.7, Lemma 4.8 and
Algorithm 4.9 in Sadeghimanesh and Feliu (2019). We only write it for the case of
lebn networks, but it could be stated for complete binomial networks. Our variables

X1, ..., Xg are related to the variables A1, ..., A; in Sadeghimanesh and Feliu (2019)
via x; = (1;)~!. With our definitions, a basic step in the proof is the following result.
Given a complete binomial network G’ with concentrations x = (x1, ..., xy) and a

non-confluent extension G of G’ given by the addition of a single intermediate species
(whose concentration we denote by u), G is also complete binomial. Moreover, if G’
is lebn we have by Proposition 3.13 that G is also lebn.

Consider a basis of linear conservation relations for G’ and their extension to a
basis of linear conservation relations as in (2.1). We can linearly add to the binomials
describing the positive steady states of G’ a binomial of the form u — px” as in (2.8).
Then, we get the following relation between the corresponding polynomials Bgs and
Bg:

Bg(x,u) = &+ Bg/(x) + u P(x), 3.9)

where P is a polynomial that only depends on x. In particular, setting u = 0 in Bg
gives Bg'.

Theorem 3.20 Let G’ be a lebn network that is not multistationary. Let C C Cg' be
a subset of complexes such that the canonical extension G = G, , . associated to C

is multistationary. Let hy, ..., hy_g4 be binomials as in Definition 3.10 for G'. Add
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binomials hy_g411, ..., hs of the form (2.8) as in Proposition 3.13. Take a basis of
linear conservation relations for G' and consider their extension to a basis of linear
conservation relations for G as in (2.1). We call x the vector of concentrations of the
species in G’ and u the vector of concentrations of the intermediate species added in
G.

Let B(x, u) denote the associated polynomial of G in Definition 3.15, and write

B(,uy= Y byx"u” (3.10)

Then:

e The sign o of the all the terms in B(x, 0) is non-zero and for any fixed index v =
V', V") such that sign(b,) = —o, the subnetwork of G obtained by elimination
of the subset of intermediates {U; : Ulf’ = 0} exhibits multistationarity.

o Let Y = {v" € {0, 1} : there exists v = (V', v") with sign(b,) = —ac}. There
is a bijection between the elements of this set with minimal support and the circuits
of multistationarity associated to C.

e Call y; € C the input complex of the intermediate U;. For each v" € Y with
minimal support, the corresponding circuit of multistationarity is {y; : Ul(/ # 0}.

Note that B(x, 0) is the associated polynomial of G’ by equality 3.9. Then as G’
is not multistationary, it follows that B(x, 0) cannot be identically zero by Proposi-
tion 3.19 and then B(x, u) # 0.

Remark 3.21 We show in Sect. 6 how to check for monostationarity in the reduced
network by visual inspection of associated graphs in the case G is a MESSI network
(Pérez Milldn and Dickenstein 2018). The two-layer cascade (see Example 3.11), the
ERK signaling pathway (see Sect. 4) and the sequential phospho/dephosphorylation
networks (see Sect. 5) are examples of MESSI networks that verify the conditions to
have a monostationary core network.

Remark 3.22 In the case where G has no relevant boundary steady states (and con-
sequently G,.q¢ has no relevant boundary steady states if G is non-confluent, see
Proposition 2.12), the polynomial B can be obtained from a critical function (Dicken-
stein et al. 2019, Lemma 4.4) and the multistationarity results can be recovered using
degree theory (see also Conradi et al. 2017). One advantage of this approach is that the
system is multistationary if and only if the polynomial B has a coefficient with sign
(—1)dim($)Jrl (Dickenstein et al. 2019, Thm. 4.6). If moreover G is consistent, every
x* e R with sign(B(x*)) = (—1)dim(S)+1 yields a witness to multistationarity
(k*, c*) by defining ¢* = Wx* (with W the conservation-law matrix and «™* such that
fiex(x™) = 0). We expand on this approach in Example 3.23 below.

Example 3.23 (Example 3.16, continued) Recall the polynomial B from Example 3.16
for the two-layer cascade. By setting x = x4 = x¢ = x3 = 0 (i.e., by deleting
all the terms where an intermediate species is involved) it is easy to check that we
obtain a polynomial with positive coefficients only. If we inspect the negative terms in
B, we obtain Y = {(1,0,0, 1), (0,0,0, 1), (0, 1,0, 1), (0, 1, 1, 0)} (the coordinates
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correspond to the intermediate species X7, X4, X¢ and Xg, respectively). The vectors in
Y with minimal supportare (0, 0, 0, 1) and (0, 1, 1, 0). The set of inputs of the network
is {X1 + X9, X3+ X10, X5 + X3, X7+ X0} and then the circuits of multistationarity
associated to these inputs are the sets {X7 + X0} and {X3 + X10, X5 + X3}. This is,
{Pi+ F}and {S1 + F, Py + S1}.

We can go further and find a witness to multistationarity as it can be shown that this
system is consistent and does not have relevant boundary steady states (Pérez Millan
and Dickenstein 2018). Then, by Dickenstein et al. (2019, Thm. 4.6) we know that
any x* € R ; with sign(B(x*)) = (—1)%*! yields a witness to multistationarity. In
order to find it, define for instance x* € R19 with coordinates A (in indices 1, 2, 5,
and 8) and 1 (all others):

= (A1 1AL DAL, (3.11)
After replacing we obtain

B(x*) = —A*+23 + 702 4 140 + 5. (3.12)
It follows that B(x*) < 0 if A is larger than the largest positive root of the polyno-
mial (3.12). We can use an elementary bound for this root, for instance the sum of
the absolute values of all coefficients: 1 + 1+ 7 + 14 + 5 = 28. Let A = 29; then,
B(x™)|y=29 = —676594 < 0. To solve for c*, we substitute x*|,—29, as in (3.11), into
Eq. (3.4), which yields:

¢* = (61,30, 31, 60).
Finally, we choose «* for which fi«(x*) = 0:
= (@2,1,1,30,1, 29, 1, 28, 1, 2, 1/29, 1/29).

So, (k*, ¢*) is a witness to multistationarity. We can numerically approximate other
positive steady states in the same stoichiometric compatibility class. Using the com-

mand RootFinding[Isolate] in Maple we found the values

x™* = (30.833, 29.058, 0.036, 1.003, 57.85, 0.072, 0.003, 2.076, 0.942, 27.922),
X = (7.883, 26.623, 24.541, 0.918, 1.224, 1.036, 27.695, 30.045, 3.377, 0.037).

Note that the seventh coordinate on each steady state, which corresponds to the

concentration of Py, is very small in x** and big in x*** and the opposite happens
with the values of S;.

4 ERK pathway

The ERK cascade is primarily segmented into three stages: RAS activation, succeeded
by the MAPK kinase kinase (MAPKKK) or RAF, then by the MAPK kinase (MAPKK)
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or MEK, and lastly the MAPK or ERK. Each enzyme in this sequence activates the
subsequent one through a series of phosphorylation events. MAPKKKSs phosphorylate
MAPKKSs at two conserved serine residues, and MAPKKSs subsequently phosphorylate
MAPKSs at conserved threonine and tyrosine residues (Huang and Ferrell 1996). The
culmination of this cascade is marked by the activation of ERK. Once activated, ERK
possesses the ability to move into the cell’s nucleus. Within the nucleus, ERK assumes a
critical role, influencing the function of numerous transcription factors. This regulation
eventually affects particular gene expressions, inciting changes in the cell’s behavior
in response to the original external prompt.

In Examples 4.1 and 4.2 that follow, we compute the circuits of multistationarity
for both the Three-layer cascade and the Three-layer cascade with a feedback loop.
One can easily verify that these networks are conservative and have no boundary
steady states using the criteria in Pérez Milldn and Dickenstein (2018). We adopt a
simplified notation that deviates from conventional biochemistry nomenclature. Here,
E represents the RAS activation, R stands for the final output ERK of the cascade,
and F1, F,, and F3 denote the phosphatases in each respective layer (which might be
identical or distinct), among other notations.

Moreover, since the computations become much longer with the critical polyno-
mial B(x, u) in Theorem 3.20 having hundreds or even thousands of terms we do not
explicit all computations anymore. Instead, we use a Maplesoft (2014) script that can
be downloaded from https://archive.softwareheritage.org/browse/origin/directory/?
origin_url=https://github.com/RickRischter/Multistationarity-BioNetworks. The script
does what we have done in Example 3.23 in a automated fashion, one just needs to
insert the core reactions. It can be easily changed to work for other networks from small
to medium size. We used this approach for networks of about 30 parameters/variables.
The computations for all examples in the whole manuscript together took less than
1 min to run in a notebook with 16 MB of RAM and with 8 cores of 2.6 GHz of
processing.

Example 4.1 (Three layer ERK cascade) Consider the network in Fig. 3 from Huang
and Ferrell (1996, Fig. 1).

Fig.3 Three-layer ERK cascade E
with the same phosphatase (F>) s 7 s
acting in the last two layers and 0 <~ __~— |1
a different phosphatase acting on I ‘. .
the first layer (F) :C\ """"" -
v v
S1 S1
/_N /N
Py Py Py
~_ — R0 _— .
F2 F2 . l/\\ <
~ +
P, P,
/N /—N
Ro Ry Rs
v v
F F,
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Table 1 Canonical circuits of multistationarity for the three-layer cascade

Enzymes Canonical circuits of multistationarity

Fi, F1, Fy {Po+ S11{P1+ Fi} {P2+ F1}, {Ro + P2}, {Ry + F1}, {R2 + F1},
{P1 + 81, 81+ Fi}
Fi, F1, F3 {Po+ S1},{P1 + F1}, {P> + F1}, {Ro + P2}, {Ry + F3},

{

{

Py + 81,81+ Fi}

Fi, Py, Fy Po+ S1h {Pr+ F2}, {Ro + P2}, {R1 + F1}, {Ry + F1},
{P1+ S1,R1 + P>, S1 + F1}

Fi, Py, F) {Po+ S1},{P2 + F2}. {Ro + P2}, {R1 + P2}, {Ro + P2,
{P1+ F2, R + P}

F1, Fp, F3 {Po+ 811, {P2 + P2}, {Ro + P2}, {R2 + F3}

The first column shows which phosphatase acts on each layer

This network is a cascade motif with three layers; the first layer is a one-site mod-
ification cycle and the second and third layers are two-site modification cycles. The
same phosphatase (F,) acts in the last two layers but is different from the phosphatase
acting on the first layer (F1).

Following the same procedure as in Example 3.23 we obtain a critical function
B(x, u) which is a polynomial with 1334 monomials. Setting all concentrations of
intermediates equal to zero we get the critical function B(x, 0) corresponding to the
core system whose monomials have a fixed sign o € {4, —}.

In order to apply Theorem 3.20, we look at monomials in B(x, u) — B(x, 0) with
sign different from o. There are 458 such monomials with the wrong sign, among
which we consider only those monomials which depend on the concentrations of
intermediates species and we look for the monomials with minimal support. The set
of circuits of multistationarity is

{Po+ S1},{P> + F2}, {Ro + P2}, {R1 + B2}, {Ry + 2}, {P1 + F2, R + P}

We can similarly compute the circuits of multistationarity of variations of this
network considering equal phosphatases to act in each layer, or a different one in each
layer, etc. We summarize the results obtained in Table 1.

Example 4.2 (Three-layer ERK cascade with feedback loop) Consider now the network
in Fig. 4 which incorporates a negative feedback loop as in Fritsche-Guenther et al.
(2011), Dessauges et al. (2022), where the doubly phosphorylated ERK molecule
sequesters the phosphorylated RAF. The understanding of the effect of feedback loops
for cancer treatment is discussed for instance in Kolch et al. (2015).

We can compute the circuits of multistationarity of variations obtained using equal
or different phosphatases in the three layers of the cascade. We summarize the results
obtained in Table 2.

A closer look at Tables 1 and 2 reveals that all circuits from Table 1 are present in
Table 2. The only new ones in Table 2 are { P + F>, P; + S1} and {R| + F3, Ry + P>}.
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Fig.4 Three-layer ERK cascade E Ro<----__
with feedback loop P N BN
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Table 2 Canonical circuits of multistationarity for the three-layer ERK cascade with feedback loop

Enzymes Canonical circuits of multistationarity

Fi, F1, Fy {Po+S11{P1+ Fi}. {P2+ F1},{Ro + P2}. {R1 + F1}, {R2 + F1},
{P1+ 81,81+ Fi}

Fi, Fy, F3 {Po+ S1}1,{P1 + Fi}, {P2 + F1}, {Ro + P2}, {Ry + F3},
{P1+ 81,81 + Fi}

Fi, P, Fi {Po+ S1},{P2 + F2}. {Ro + P2}, {R1 + F1}, {R2 + F1},
{P1+S1, R+ P2, S1 + F1},{P1 + F2, Pt + S1}

Fi, P, {Po+ S1},{P2 + F2}, {Ro + P2}, {R1 + F2}, {Ry + F2},
{P1+ F2, Ry + P2}, {P) + F2, P1 + 51}

Fi, P>, F3 {Po+ S1}1,{P2+ P2} {Ro + P2}, {Ry + F3},
{P1+ Fp, P+ S1}.{R1 + F3, R + P2}

In all cases, the one element circuits {Py + St}, {P>» + Fi}, {Ro + P2}, {R1 +
F;}, {R2 + F;} are present and in the case in which the last and first phosphatases are
the same but different from the second one, then { P; + S1, R+ P», Si + F}} is acircuit
of multistationarity of cardinality 3 involving reactions in each of the three layers. It
would be certainly interesting to have a biochemical insight of why the ocurrence of
intermediates at these precise positions in the pathway allows for multistationarity.

5 Hybrid phopho/dephosphorylation mechanisms

We now consider the n-site phosphorylation system. For a more complete discus-
sion of this topic see Gunawardena (2007) and Suwanmajo and Krishnan (2015).
In Giaroli et al. (2019) the authors studied the n-site sequential distributive phos-
phorylation, see Fig. SA. In this kind of networks, there is an initial substrate S
that undergoes a post-translational modification by the attachment of phosphate
groups to different binding sites. In a sequential phosphorylation/dephosphorylation
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Fig.5 A n-site sequential distributive phosphorylation. B n-site sequential but not distributive phosphory-
lation

mechanism, sites are modified in a specific order. In this case, we denote by S;
the phospho-form with i phosphorylated sites. In a distributive mechanism, sites
are phosphorylated/dephosphorylated one by one. If all the sites are phosphory-
lated/dephosphorylated at once it is said that the enzymes act processively. In what
follows we discuss the case when the enzyme E acts distributively and the enzyme F
acts in a mixed fashion, part distributively and part processively, see Fig. 5B.

Definition 5.1 Let n be a positive integer and fix a set of indices I = {ip =0 < i] <
- < i,y = n}. The network Cj is defined by species So, Si, ..., Sn, E, F and the
following reactions:

Sj+E—>Sj+1+E, j=0,...,n—1
Si_/--l-F—)S,‘j_l-i—F, j=12,... k.

We computed the circuits of multistationarity of the network C; for all possible /
for up to n = 8 binding sites and our experiments suggested Theorem 5.2 below, valid
for any value of n.

As the networks C; are MESSI networks (see Sect. 6), it follows from Theorems 6.6
and 6.7 that all C; are monostationary and lebn and that any non-confluent extension
of them is also lebn. Moreover, they are s-toric MESSI systems, defined in Pérez
Millan and Dickenstein (2018).

We now state the main result in this section. Note that the case where I =
{0, 1, ..., n}is Proposition 4.11 in Sadeghimanesh and Feliu (2019).

Theorem 5.2 Let n be a positive integer and fixa set = {ip =0 <i] < -+ < i} =
n}. Consider the network Cj, as in Definition 5.1, the circuits of multistationarity
of Cy are the sets defined by every single source complex but S;,_, + E, S;,_,+1 +
E,...,S,,_l—i-EandS,-l + F.

E E E E E
/N /N /N /‘\’L PR ~4 ’,—-~\’1
SO Sl1 Sikfl Sn
T’\\\ ”, v &_/ \_/

e -~ F F
F F

Ifiy = n, ie., if I = {0, n}, the addition of intermediates cannot produce multista-
tionarity.
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In particular, if I = {ip = 0 < iy = m < i, = n} for some 0 < m < n then the
circuits of multistationarity are

{So+ E}.{S1+E}, ..., {Sm—1 + E}, {Sp + F}.

Inthecase I = {ip = 0 < i; = a < ip = b < i3 = n}, the circuits of
multistationarity are

{So+ E}{S1+E}, ... . {Sp—1 + E}LASp + F}{Su + F}.

The proof of Theorem 5.2 is postponed to the Appendix but we restate here with our
language Theorem 5.4 in Pérez Millan and Dickenstein (2018), which is essentially
contained in Miiller et al. (2016), because this is the main tool we use to prove our
result.

Given a lebn network, with associated matrix Exp as in Definition 3.15 of full rank,
we will denote by A € Z4** a full rank Gale dual matrix of Exp. This means that
A-Exp=0.

Theorem 5.3 (Restatement of Thm. 5.4 in Pérez Millan and Dickenstein 2018) Let G
be a lebn network, with conservation-law matrix W and associated matrix Exp as in
Definition 3.15. Assume that rank(W) + rank(Exp) = s and (3.8) holds. Then, the
following assertions are equivalent:

(i) G is monostationary
(ii) Forall I C {1,...,s} of cardinality rank(W),

sign(det(Wy)) = esign(det(Ay)),

with e = £1.
(iii) All the coefficients in the polynomial B in (3.7) have the same sign.

6 Certified lebn biochemical mechanisms

In this section we show that many common examples of MESSI systems can be easily
checked to be lebn. The key feature of MESSI networks is that the chemical species are
grouped into different subsets according to the way they participate in the reactions,
very much akin to the intuitive partition of the species according to their function.
We briefly introduce the basic definitions. For a more detailed explanation, see Pérez
Millan and Dickenstein (2018). We give in Theorems 6.6 and 6.7 simple combinatorial
conditions that ensure that a core network is monostationary or linearly equivalent
to a binomial network. Thus, any MESSI system without intermediate species that
satisfies the hypotheses in Theorem 6.6 is lebn and we can take C = % to obtain all
the multistationarity circuits, as in Sadeghimanesh and Feliu (2019). In particular, we
show in Example 6.5 that this happens for the three-layer cascade without intermediate
species studied in Sect. 4.
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Definition 6.1 A MESSI structure on a network with set of species . is given by a
partition as in (6.1), together with a partition on the set of complexes and restrictions
on the possible reactions described below:

s=1| |V ]?] - ]s?. a=1. 6.1)

where |_] denotes disjoint union. Species in Z are intermediate species and the species
in Sy = S \Z are core species.

Complexes are also partitioned into intermediate complexes and core complexes,
as we have defined in Sect. 2. However, core complexes in MESSI networks must
satisfy the following two conditions:

(1) They are monomolecular or bimolecular and consist of either one or two core
species.

(ii) If the core complex consists of two species X;, X j, they must belong to different
sets .7 @ #B) (witha # Band o, B > 1).

The reactions of MESSI networks are constrained by the following rules:

(iii) If three species are related by X; +X; —, Xy or Xy —o X; 4+ X, then X; € 7.

(iv) If two core species X;, X; are related by X; —, X, then there exists o > 1
such that both belong to .7®).

(v) If X; + X; -, Xi + Xy, then there exist @ # f such that X;, X; € S
Xi,Xee SPorX;, Xe € SO, X;, X € ISP,

A MESSI system is the mass-action kinetics dynamical system (1.1) associated with
a MESSI network.

Remark 6.2 Note that constraint (iii) imposed on the reactions makes the definition
of intermediate species and complexes in MESSI networks slightly different from the
definitions of core and intermediate species in Sect. 2. Any intermediate species of a
MESSI network can be considered an intermediate species but some core species as
in Sect. 2 could only be intermediate species in the MESSI setting. For example, if we
consider the network

X1+ X, — X3 — X4 — X1+ X5,

then necessarily {X3, X4} C 7.

Given two partitions, . and ./ we say that . refines .’ if and only if the set of
intermediate species of . contains the set of intermediate species of .’ and for every
set of core species of ., @ there exists a set of core species of .7, B such
that 7@ C .#/(®)_ With this partial order we have the notion of minimal partition.

We now present three associated digraphs G1, Gg, and G g associated to a MESSI
network G. We refer the reader to Pérez Millan and Dickenstein (2018) for complete
definitions.

Definition 6.3 Given a MESSI network G, we call G the associated digraph of the
reduced network G .4 7 introduced in Definition 2.3. The labels assigned to the edges
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are the rational functions of the original rate constants « defined in (2.6). In order to
construct the digraph Gg we first “hide” the concentrations of some of the species
in the labels. We keep all monomolecular reactions X; — X ; and for each reaction
X + Xy = X+ Xy, with X;, X; € LD X, X,y € P we consider two
reactions X; ox j and X, i Xn. We obtain a multidigraph M G, that may
contain loops or parallel edges between some pairs of nodes (i.e., directed edges with
the same source and target nodes). We define the digraph Gg by deleting loops and
isolated nodes and by collapsing into one edge all parallel edges in M G,. We define
the labels of each edge as the sum of the labels of the corresponding collapsed edges in
M G,. Note that these labels might depend on some of the concentrations. We finally
define the associated digraph G g. The set of vertices of G g equals {# @ | a > 1}.
The pair (@, #®)) is an edge of G g when there is a species in .7 in a label of
an edge in Gg between (distinct) species of . ®.

Remark 6.4 Note that G| and Gg together with the equations of the intermediate
species define the whole variety of steady states of the system associated to G. More-
over, when the set of intermediate species is empty (Z = ), then the equations of G
can be reconstructed from G(z).

Example 6.5 (Three-layer cascade, continued) Recall the three-layer cascade network
in Example 4.1. The s = 10 species of the network are:

X1=Sy,, X3=P),, Xs5=P,, X7=R;, Xg=E, X1 =F,.
X>=S,, X4=P,, Xs=R;,, Xg=R,, Xjp=F,,

We consider the following partition:
T ={ESo, F151,S1Py, S1P1, F2 P2, F, P1, 2Ry, PRy, F2Ra, FaR1},
is the set of intermediate species, and

W = (S, $1),.7@ = (Py, P1, P2}, #D = (Ro, Ri, Ra},
SO =(E}, 7O = (F}, 7O = (F),

are the subsets of core species. The intermediate complexes correspond to the interme-
diate species, and the remaining complexes are core complexes. This partition defines
a MESSI structure in the network. Moreover, this is the only possible minimal partition
(up to order) for the (core) species.

We present the digraphs G, G5, G, and the multidigraph M G, associated to the
three-layer cascade network in Fig. 6.

It is straightforward to check that the reduced network (without all intermediate
species) associated to the three-layer cascade satisfies the hypotheses of Theorems 6.6
and 6.7 below.

Our next theorems give simple combinatorial conditions to ensure monostationarity
and the lebn property of core MESSI networks.
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Gi: So+E S +E, S$1+F 25S,+F
Po+S1 =5 P1+81 =5 Po+8S1, Po+Fy 5P +F, 5 Po+Fy
Ro+Ps 5 Ry +Py 5 Ry + Py, Ro+Fy 2Ry +Fy 2% Ry + Fo.
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Fig.6 Thedigraphs G|, G5, G g, and the multidigraph M G associated to the three-layer cascade network.
It is easy to see that there are no parallel edges between different nodes of M G, there is a single directed
path between any two nodes of each connected component of G5, and G g has no directed cycles

We first recall that a directed cactus graph is a strongly connected digraph in which
each edge is contained in exactly one directed cycle or, equivalently, there is a single
directed path between any two nodes (Balaji et al. 2020; Hou and Chen 2015).

Theorem 6.6 Let G be the underlying digraph of a MESSI system without intermedi-
ates. Consider a minimal partition of the set of species as in (6.1) and the associated
digraph Gg from Definition 6.3.

Assume that the associated multidigraph M G, does not have parallel edges
between different nodes. If each connected component of Gg is a cactus digraph, then
G and any non-confluent extension G¢ of G are linearly equivalent to a binomial
network.

We next show that similar combinatorial conditions ensure monostationarity.

Theorem 6.7 Let G be the underlying digraph of a MESSI system without interme-
diates. Consider a minimal partition of the set of species as in and the associated
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digraphs G(z) and G g. If G has no directed cycles, and the assumptions on M G, and
Gg in the statement of Theorem 6.6 hold, then the system is monostationary.

The reduced networks of all the examples treated in Sect. 4 are MESSI systems;
furthermore, all of them but the three-layer cascade with feedback loop satisfy the
hypotheses of Theorems 6.6 and 6.7. In fact, the associated digraph G g for the three-
layer cascade with feedback loop has a directed cycle while the others do not. Before
we prove Theorems 6.6 and 6.7, we show the sets WD M) and the graph G g
for the examples we have seen previously.

Example 6.8 For the Example 3.11 (two-layer cascade) a minimal partition of the set
of species is:

IV =1{80. 81}, P =(p. P}, ISV =(E), SV ={(F)

and the graph G is
e

T

POy ) . g@

For the Example 4.2 (three-layer cascade with feedback loop) with three dis-
tinct enzymes we can consider the minimal partition . 0 = {So, S1, S2}, & @ =
{Po, P1, P2}, SO = (Ro, R, R}, 7Y = (E}, O = (G}, SO =
(F1}, D = (R}, .#® = {F3) and the graph G is

PO ) g0 g0

e T T

P40) 7 7D 7®

For distinct configurations of enzymes the only differences are in . ©, .77 #®
and the edges coming from them. For instance, if F» = F3 them .7 = .#® and
there is two edges coming from it, going to .#® and .7

Finally, for the n-site sequential distributive phosphorylation network in Fig. 5, take
D =(Sy, 81,..., 8}, SP ={(E}, P = (F} and the graph G is

RZC N A

When G is a directed cactus graph, we can consider the tree structure over the
underlying undirected graph G of G. For this purpose, the set of vertices of Gis parti-
tioned into three subsets: the set of vertices of degree two that are included in exactly
one cycle; the vertices that do not belong to any cycle; and the remaining vertices,
also called hinges, which belong to at least one cycle. The tree representation 7¢; of
G is obtained by keeping the vertices in the last two subsets and their corresponding
edges, and by replacing all the cycles in G with cycle nodes and adding an edge from
a hinge node to a cycle node if the hinge vertex belongs to the corresponding cycle in
G.
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Lemma 6.9 Let G be a directed cactus graph with n vertices and r edges, and let
IG be the n x r incidence matrix of the graph G. There exists an invertible matrix
K € Q™" such that the firstn — 1 rows of K - Ig have only two nonzero entries, both
with different signs.

Appendix A: Proofs of our main results

In this section we give the proofs of Theorems 2.15, 2.16, 5.2, 6.6 and 6.7. We also
include the proof of Lemma 6.9.

Proof of Theorem 2.15 The proof is an extension of that in Theorem 5.1 in Feliu and
Wiuf (2013). The species of G are ordered as: X1, ..., X, Uy, ..., Up, and the species

of Greq are X1, ..., X, Given reaction rate constants k = (k) and 6 € R, they
Ky . . . .

define a curve of rate constants x? = (Kﬁy,) by Kfy, = "Ty/ if y is an intermediate

species and Kﬁy, = kyy otherwise. Then it can be checked that for any ¥ € Fpo,

= Fro and u?,v = 0 u;,y. Therefore, given any positive ¢, if we take 6 small

enough it happens that « € Fro ¢, and then, Fro , is a nonempty open set of Fo.

Let now g1, ..., g, be the polynomials defined in (2.4) associated to the network
Greq- As there exists a non-degenerate positive steady state of G .4 in the stoichiomet-
ric compatibility class S;, without loss of generality we can assume by Lemma 2.14
that g4+1, ..., g are linearly independent and generate the R-vector space gener-
ated by all the g;’s. It follows that f;41,..., f, are also linearly independent and
generate all the f;’s. As we want to prove that there exist ¥ such that the system
G —cp = = La(x,u) = ca = fa(r,u) = -+ = fensp(x,u) = 0 has
m positive non-degenerate solutions, we can consider the solutions of the equivalent
system defined by

fC,K(-x9 M) = (El(x7 M) —Cly.vvy Ed(-x9 I/t) — Cd, fK,d-I—l(x’ l/t), ey ffc,n—&-p()ﬁ I/t)),
(A.1)

where fi i(x,u) is the i-th coordinate of the function f,(x, «) as in (1.1). Then,
a vector (x, u) is a steady state of G for the reaction rate constants k and for the
stoichiometric compatibility class defined by cy, ..., ¢4, if and only if f. . (x,u) = 0.

Analogously, we consider the system augmented by conservation laws correspond-
ing to the network G,.4. A vector x is a steady state of G4 for reaction rate constants
7 in the stoichiometric compatibility class defined by cy, ..., ¢g if and only if x is a
zero of the following function:

gC,T(x) = (gl(x) —Cly .., gd(x) —Cd, gt,d+l(x)7 DR gr,n(x)), (Az)

where

gr)= Y myx’( -

y—>y'eRg

red
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In the proof of Theorem 5.1 in Feliu and Wiuf (2013) and recalled in Lemma 2.8,
it is shown that the system in (A.1) can be transformed via linear operations into the
equations below. That is, there exists an invertible matrix K* such that:

fere,u) = K* (01 (x, p(x)) —c1, ..., L (x, 9(x)) — ca,
fK,d+l(-x9 (p(x))s tee fl{,n(x9 (p(x))s up — §01(.X), sy Up — QOp(X))[

p p
=K* (1) —c1 4+ Y angr(x), ..., La(x) —ca+ Y dar gx (%),

k=1 k=1
fed+1(x, 0(0), ..., fien(x, @(x)), u1 — @1(x), ... up — @p(x)),
(A3)
where ¢; (x) = Zye%mz miy(xYfori=1,...,p,0 = (p1,...,9p), asin (2.4),

and a;; = ¢; (y(k)) with y(k) a core complex in the same connected component as Uy.

Then, the Jacobian matrix of f. , evaluated at (x, «) is nonsingular if and only if the

Jacobian matrix of the right-hand side equations evaluated at (x, ) is nonsingular.
Notealsothat,if T (x) = 7,then fi 4+1(x, 9(x)) = gr.a+1(X), ..., fin(x, 0(x)) =

8r,n(x). Take now all the nonzero coefficients u; y, foralli =1, ..., p and all com-
plexes y € Gyeq, and let N be the number of nonzero u; y coefficients. Let u € Rgo
be the vector with coordinates u; y, in some order. Fix c1, ..., cq4, Ve im(7) and

consider the function F, .o: R" x R? x RN — R"™P defined by:

Li(x) —ci + Zlf:l Zyecgcred Mk yaigxy, i=1,...,d,
Foro;(x,u,mu) =19 g0,;(x), i=d+1,...,n, (A.4)
Uiy — Zyechred Wi—nyx?, i=n+1,....,n+p.

Assume now that G,.q has m nondegenerate positive steady states x e RZ .
i = 1,...,m in the stoichiometric compatibility class defined by the total amounts
c1,...,cq,and for the reaction rate constants 70,

For i = 0, F, ;0(x®,0,0) = 0, because £;(x)) = ¢; for j = 1,...,d and
gro,j(x(")) =O0forall j =d+1,...,m, and the Jacobian matrix of F, o(x,u,0)
has the form:

J 0
‘](x,u)(Fc,rO)(xa u,0) = < X(goc’f()) I ) .
p

Since the steady states x ) are nondegenerate, J, (8.70) evaluated at x@ is nonsin-
gularforeachi = 1,..., m. Then, Ji 4 (F, ;o) evaluated at (xV), 0, 0) is nonsingular
foreachi =1, ..., m. By the Implicit Function Theorem applied to F at x®,0,0),
there exists an open set 2f; C RY, with 0 € I/;, and an open set V; € R" x R”, with
(xD,0) € V; such that for all u € U;, there is a vector (x (u), u®(n)) € V; such
that F, o (x® (), u® (), n) = 0.

Because x) > 0 and x¥) is a nondegenerate steady state, we can take the open set
U; such that x(i)(u) > 0 and J(x,u)(FC’,o)(x(")(u), u(”(u), W) is nonsingular for all
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n €U Wetake Ut = U; NRY,,. Since xP (i) > 0, it follows that ) (1) > 0 for all
JIS Z/{l.+, by construction. Because the x@ are distinct, we can moreover choose the
open sets U; (smaller if needed, contained in the original 4;) such that N7 | V; = @.
Now we take U = m;’;luf. If « > 0 is such that 7 (k) = t° and u = p(x) as
in (2.6) is such that i € U, then the original network G has m nondegenerate positive
steady states (x @ (w), u® (n)),i =1, ..., min the stoichiometric compatibility class
defined by ¢y, ..., cq. O
Proof of Theorem 2.16 1f G is an extension network obtained by adding basic exten-
sions, by Remark 2.11 we know that u; = y,,-xyl , where in the first two cases we have:

Extension wi = (i) | Ty = Tyy (k)
kyu; Ku;y! K
) / yU;
y=—U y KUy i
kU;y 1 KU;y +KUi ¥ iy P
Kyu; Ku;y' , KyU;
y— U —y o KUy’ Wi
L
In the first type of extension, given any choice of positive rate constants ky,y, ky;y if
. Ku;y Ky, y .
we pick kyy; = T”’/Tv/l then T,/ (k) = 1,,/. For the second type of extension
i)
we can also solve for kg, for any choice of «y;, . In the case of a canonical extension,
kyu; .
y == U; we have that F,o is the whole set of parameters « because y = y’.
KU,‘)’

Consider &g as in the statement of Theorem 2.15. It is clear that there exists Mg > 0
such that if «y,,» > Mo then u; < &g for every i, and the result follows by Theo-
rem 2.15. O

Proof of Theorem 5.2 We apply Theorem 5.3. Suppose that we add one intermediate
Uy, in the canonical form:

S¢y + E 2 Uy, forcertain €9 with i;y <€y <ij+1, and 0=<jo<k—1.

By Theorem 6.6, this new network is lebn and we can therefore parametrize the
positive steady states by monomials. Call with small letters the concentrations of the
species. We can write the concentration of all the species at steady state in terms of
the concentrations s, e, and f in the following way:

soe! .. . soelot!
Sp = lﬂg(K)T if ij<f<ijy1, and ugy = K)———, (A.5)

fjo

where v, (k) and ¢ (k) are rational functions of the rate constants k which are defined

in the positive orthant.

We consider the matrix A of exponents of the monomials in the parametriza-
tion (A.5) with the following order of the species: So = Si;, S1, ..., Sp = Si;,
E, F and Uy,.

Sio Sii—1 iy Sij+1 Sig—1 - Siy E F Yy

1 o 1 1 1 . 1 1 00 1
A=lo - 0 1 1 o k=1 k 10 jo+1].

0 - 0 —1 =1 - —(k=1) =k 0 1 —jo
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We also consider the matrix W of conservation relations:

Sio Sij—1 Sip Sij+1 Sipg—1 Sip, E F Yy

1 .- 1 1 1 1 1 0 0 1
W= 0o - 0 0 0 0 0O 1 0 1 |.

0 0 0 0 0 0O 01 0

If we take the submatrices of W and A with columns corresponding to the species
So = iy, E and F, the corresponding determinants have the same sign. But if we take
the submatrices of W and A with columns corresponding to the species S, = S;,, F
and Yy, the determinants have opposite sign, and then the network is multistationary.

When we add one intermediate U; in the canonical form

Si; + F =2 Uj, with2 < j <k,

the network is also multistationary and the proof is analogous to the previous one. In
this case, we can obtain a parametrization of the concentration of the species at steady
state similar as in (A.5) in terms of s¢, e and f. We have the corresponding matrix of
monomials:

Sio Sii—1 Siy Sij+1 Sip—1 S, E F Uj
1 1 1 1 .. 1 1 0 O 1
A= 0 0 1 1 k—1 k 1 0 j ,
0 o -1 -1 -+ —k-=1) =k 0 1 —(G-1
and the matrix of conservation relations:
Sio Sii—1 Si; Sij+1 Sip—1 Sy, E F U,
1 - 1 1 1 . 1 1 0 0 1
W= 0 0 0 0o - 0 0O 1 0 O
0 0 0 o - 0 0 0 1 1

As before, if we take the submatrices of W and A with columns corresponding to the
species So = Sj,, £ and F, the corresponding determinants have the same sign. But
if we take the submatrices of W and A with columns corresponding to the species
So = Si;» £ and U, the corresponding determinants have opposite sign, and then the
network is multistationary.

Now, it remains to check that if we add the all the intermediates U, for each
ix—1 < £ < iy = n and the intermediate U;, in the canonical form, the network is
monostationary. That is, if we add simultaneously all the intermediates in the following
form:

Se+E2Y,, forall £ with iy <Ll <ix, S +F=U,,
the network is monostationary. In this case, any of its subnetworks is also monosta-
tionary and we are done. We can also express all the concentrations of the species in

terms of sp, e, and f, in a similar way as in parametrization (A.5). Then, we take the
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corresponding matrices A and W with the following order of species: So = Sj,, S1,

. Sn = S,’k, E, F and Yik—l’ ey Yik—l and Uili
Sio S, E F Y, Y1 U
1 1 0 0 1 1 1
A= 0 kK 1 0 k k 1],
0 -k 0 1 —(k-1) —k—-1) 0
Sio S, E F Y, Yii—1 Uj
1 1 0 0 1 1 1
W= 0 0 1 0 1 1 0
0 0 0 1 0 0 1

Note that the first columns corresponding to the substrates S; are the same as in
the matrices of the previous cases. Once again, if we take the submatrices of W and
A with columns corresponding to the species Sop = S;,, £ and F, the corresponding
determinants are equal to one. Now we have to check that det(W;) det(A;) > 0, for
all subset J, with |J| = 3 and we can conclude that the network is monostationary.

Since A and W have several repeated columns it is enough to check that for
all integers j with 0 < j < k and for all subsets J with |J| = 3 we have
det(W/) det(A’)) > 0, where

1 00 1 1 10011
A=]j 10 k 1 and W =[01010
—j0l1—-k-1)0 00101

This can be easily done in a Computer Algebra System or even by hand. O

Proof of Lemma 6.9 Consider a leaf of the tree representation Ty of G (that s, a vertex
of degree one). This leaf is associated to a directed cycle in G with n; vertices (n1 > 2)
and assume without loss of generality that the vertices in G are numbered so that the
first n1 nodes and n; edges correspond to thiscycle (1 - 2 — -+ — n; — 1). If
there is a hinge, assume 7 is the hinge. Then the first n columns of /g, the incidence
matrix of G correspond to this cycle, and the last r — n] columns have zeros in the
first n; — 1 entries:
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-1 0 01
1 -1
0o 1 0 0
: oo 0
le=149 .. 1 —1|o
0 0 1 |—1 IGnl,nl-i-l IGnl,r
0
0 . IG(n1+1.‘.r),(n1+1.‘.r)
0

ny
We can consider the invertible n x n block matrix K; as follows:

-1 0 ... 0
-1 -1 . : 0
Ki=1] -1 -1 0
1 1 1
0 Idy_p,
—

ny

By multiplying K and I we obtain the block matrix

—1

Idy -1 | : 0
—1

Kilg=]10 ... 0]0 IGn1,111+1--~IGn1,n (A.6)
0
0 . IG(n1+1“.r),(nl+l‘..,r)

0

—

n
whose last block equals the incicience matrix of the subgraph of G obtained by
removing the first n; — 1 vertices and the edges from the corresponding cycle. By
an inductive argument we see that we can obtain finitely many invertible matrices
K1, K> ... such that the product gives an invertible matrix K € Q"*” that yields the
desired result. O

We can now prove Theorems 6.6 and 6.7.
Proof of Theorem 6.6 We start by proving that G is lebn. As we pointed out in

Remark 6.4, as there are no intermediate species, the equations of the mass-action
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system determined by G can be reconstructed from G‘z) in a mass-action fashion by
treating the labels of the edges as if they were reaction constants. As the associated
multidigraph M G, does not have parallel edges between different nodes, these labels
are monomials in the species concentrations.

Consider 1 < o < d. By the assumption of minimality of the partition, there is
a connected component of GY, which we denote by H,, with vertices the species in
@ Consider, without loss of generality, that . @) consists of the first ny species,
ie, @ ={Xy,..., X,,}. By Eq. (3.1) and Remark 6.4, we have

(ft,---, fna)T = Ny - RK,a(x)a

where we order the r, edges in Hy, R, (x) is the vector of size r, where if the i-th

edgeis X K’—xy; X¢then R o (x); = kjxix and N, is the stoichiometric matrix which
in this linear case coincides with the incidence matrix of H,. Then, by multiplying
(fis..-, fna)T on the left by the invertible matrix K, from Lemma 6.9, we obtain
binomials in the monomials of R, 4 (x).

By repeating the reasoning above with each 1 < o < d, we obtain a block matrix
M € Q°* that yields the binomial equivalence for (f1, ..., fs). To end the proof, it
is immediate to see from Proposition 3.13 that any non-confluent extension G¢ of G
is also lebn. O

Proof of Theorem 6.7 Assume that G g has no directed cycles. We define the following
subsets of indices, as in the proof of Theorem 3.15 in Pérez Milldn and Dickenstein
(2018):

Lo ={B = 1 : indegree of P is 0}, andfor k> 1:
k—1
Ly ={B = 1: for any SV 5 P in Gg we have y € L; witht < k}\UL,.
t=0

It is important to note that Lo # ¢ because the graph G g has no directed cycles.
Foreachoa > 1,fix X;, € & (@ Because of the minimality of the partition, any other
X; € @ lies in the connected component Hy, of Gg containing X;,.

Choose X;,, ..., X;, species, with X; € F@ foreacha = 1,...,d. Take any
other species X; € .7 for some o € Ly, X; # X, , with Ly as above. As Hy is
strongly connected, let p(G) be the generator of the kernel of L(H,) as in (2.2). Then
we can write x; = p‘; ;((I;;‘a)) xi,. But as Hy is a directed cactus graph, there is a unique
Jj-tree for each node j in H, and then each entry p; (H,) is amonomial in the variables
Xig with 8 € L;, witht < k. Hence, the concentration of X; can be expressed in terms
of x;;, ..., xj, in the form:

xi = ¢(7) xj, X9, (A7)

for some ¢ (t) € Q(t), where x* is a Laurent monomial that depends only on variables
Xig with 8 € L;, with t < k. Note that, if k = 0, then x¢ = 1.
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Suppose that the species of G are ordered in the following way: first we put the
species in.%”®) for all B such that 8 € Lo, then the speciesin . suchthat 8 € L1,
and so on. With this order, from Eq. (A.7) we obtain Laurent monomials of the form
Xj, x° xi_1 withi # iy, @ € Ly and x involves variables x; with j < i for any i such
that X; € @ From these monomials we build the d x s matrix A as in Theorem 5.3.

On the other hand, there are d independent conservation relations by the hypotheses
of the statement and Theorem 3.2 in Pérez Milldn and Dickenstein (2018). They are:

b)) = Y xj a=1,....d. (A.8)

Xjef’(o‘)

Furthermore, dim(S L) = d, where S is the stoichiometric subspace.

Consider the conservation-law matrix W according to the conservation laws (A.8).
Note that by hypotheses and Proposition 5.6 in Pérez Millan and Dickenstein (2018),
rank (W) + rank(Exp) = s. We will now apply Theorem 5.3. We note first that if we
consider a submatrix of W with two columns corresponding to species in the same
set .® _ then, its determinant is zero, because the two columns are equal. So we
are interested in submatrices with columns corresponding to species in different sets
) Then, suppose that we choose the set I = {j, ..., js} such that the species
Xjﬂ e .Z®, for each B =1,....d. We then have W; = Id; and A; is an upper
triangular matrix with ones on its diagonal entries. Then, det(W) det(A;) = 1 in all
these cases, and zero in the other cases, as we wanted to prove. O
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