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Abstract

A nonlocal and delayed cholera model with two transmission mechanisms in a spa-
tially heterogeneous environment is derived. We introduce two basic reproduction
numbers, one is for the bacterium in the environment and the other is for the cholera
disease in the host population. If the basic reproduction number for the cholera bac-
terium in the environment is strictly less than one and the basic reproduction number
of infection is no more than one, we prove globally asymptotically stability of the
infection-free steady state. Otherwise, the infection will persist and there exists at
least one endemic steady state. For the special homogeneous case, the endemic steady
state is actually unique and globally asymptotically stable. Under some conditions,
the basic reproduction number of infection is strictly decreasing with respect to the
diffusion coefficients of cholera bacteria and infectious hosts. When these conditions
are violated, numerical simulation suggests that spatial diffusion may not only spread
the infection from high-risk region to low-risk region, but also increase the infection
level in high-risk region.
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1 Introduction and model formulation

Cholera is a severe infectious disease which threats a large population in the world.
It was associated with the death of 50,000 refugees during the first month after
500,000-800,000 Rwandan refugees flew into Zaire in July, 1994 (Goma Epidemiology
Group 1994). It caused “an extraordinary public health crisis" during the 2009 Zim-
babwe outbreak (Koenig 2009). Form mid-October to late-December, 2011, cholera
infected more than 170,000 people and killed more than 3,600 in Haiti (Dowell et al.
2011). Cholera is spread by Vibrio cholerae bacteria through two major transmis-
sion mechanisms: direct human-to-human infection via faecal-oral route; and indirect
environment-to-human transmission from polluted aquatic reservoir (Miller et al.
1985; Mukandavire et al. 2011). The direct transmission is rare in the areas with good
hygiene, but it contributes a significant proportion of cases in developing countries.

To understand the complex dynamics of cholera, one should consider the trans-
missions of pathogens among the human hosts and the environment (Nelson et al.
2009). Numerous cholera models incorporating both direct and indirect transmission
routes have been developed and analyzed (Andrews and Basu 2011; Eisenberg et al.
2013; Hartley and J. G. M., and Smith, D. L. 2006; Joh et al. 2009; Mukandavire
et al. 2011; Nelson et al. 2009; Tian and Wang 2011; Tien and Earn 2010). Most of
these models were based on autonomous ordinary differential equations with con-
stant parameters, and did not consider the spatial heterogeneity. This, however, may
induce deficient and limited understanding of the spatial spread of cholera infection.
As shown in Mukandavire et al. (2011); Tuite et al. (2011), the (local) basic repro-
duction numbers vary in 10 different regions in Zimbabwe and Haiti. In fact, spatial
heterogeneity is universal due to the variance of temperature, humidity and resources
at different locations. Therefore, it is important to consider spatial heterogeneity in
cholera transmission, and construct a unified model that incorporates spatial variance
in geographical environments, human activity and pathogen characteristics. Bertuzzo
et al. (2010) introduced a spatial movement of the pathogen in cholera epidemic set-
ting, and calculated the traveling speed of cholera wave in difference topologies. A
host-pathogen model with a common diffusion on both susceptible and infected hosts
but no diffusion on the pathogen was proposed in Wang et al. (2015), where thresh-
old dynamics and bifurcation analysis was investigated. Wang et al. (2018) studied a
reaction-convection-diffusion model with time-periodic coefficients and obtained the
spatiotemporal dynamics of cholera transmission. In this paper, we will incorporate
incubation period of cholera in the diffusions model with both direct and indirect trans-
missions. As remarked in Azman et al. (2013), it is important to consider incubation
period in clinical practice and making decision for public health. Incubation period has
been widely studied in many other infectious diseases such as dengue (Wang and Zhao
2011), HIV (Shu et al. 2013, 2018), and others. In the followings, we will propose
an age-structure model and then derive an equivalent diffusion system with both time
delay and nonlocal terms.

Assume that a human population lives in a bounded spatial habitat 2 with a smooth
boundary 9€2. Denote S(x,t), E(x,t), I(x,t) and R(x,t) as the densities of sus-
ceptible, exposed, infectious and recovered hosts at location x at time 7, respectively,
and B(x,t) measures the density of the bacteria in the contaminated environment

@ Springer



Threshold dynamics of a nonlocal... Page3of33 41

at location x at time . We further assume that a susceptible host becomes infected
either by direct contact with infectious hosts or via contaminated environment with
bacteria shed from infectious hosts. The second transmission mechanism does not
involve direct contacts among the hosts and is thus referred to as the indirect transmis-
sion. Applying the standard SIR epidemic framework for the infection with the host
population, we find the equations for susceptible and recovered populations

3S(x, 1)
o =V @sVSE.0) + Ax, Sk, 1)
— f(S(x, 1), I(x,1)) — g(S(x, 1), B(x, 1)), (1.1)
AR(x, 1)
= V- drx)VRx, 1) +yx)I(x,t) — ur(x)R(x,1), (1.2)

and the equation for the bacteria/vibrios density

0B(x,1)

rra V.- (dp(x)VB(x,1)) +0o(x)I(x,t) + h(x, B(x,1)) — up(x)B(x, 1),

(1.3)
where V and V- are the gradient the divergence operators; A (x, S(x, t)) is the growth
rate function of susceptible hosts, which includes the influx (or, recruitment) and
the natural death. The nonlinear functions f(S(x, 7), I(x,t)) and g(S(x, ), B(x, 1))
describe the direct (i.e., human-to-human) and indirect (i.e., environment-to-human)
transmission rates, respectively. ds(x), dr(x) and dp(x) are the diffusion coefficient
of susceptible hosts, infectious hosts and bacteria, respectively. y (x) is the recovery
rate of infectious individuals, g (x) is the natural death rate of recovered hosts. o (x)
is the shedding rate of bacteria by infectious hosts, 4 (x, B(x, t)) denotes the growth
rate of bacteria, and g (x) is the natural death rate of the bacteria. Here we consider
a closed environment in the sense that Neumann (no-flux) boundary conditions are
assumed for each of these four sub-population and bacteria.

To incorporate the latency into the model suitably, we leti (x, ¢, a) be the density of
infected population at location x time ¢ with infection age a, and propose the following
structured population model with spatial diffusion

a a
(E + 8*) i(x,t,a) = —p(x,@)i(x,t,a) + V- (di(x,a)Vi(x,t,a)),x € 2,t,a > 0,
a

i(x,1,0) = f(Sx, 1), I(x,1) +g(Sx, 1), B(x,1)), x € Q,t >0,

(1.4)

where d;(x, a) > 0 is the diffusion rate at location x and with infection age a, and
w(x,a) > 0 is the removal rate of infected population at location x and age a which
combines natural and disease-induced death rates as well as recovery rate. We assume
that the initial density i(x, 0, a) at any fixed location x is integrable for a € R,.
Especially, i(x, 0, 00) = 0 for all x € Q. This assumption is biologically relevant
because the age of infection cannot be infinitely large.

Let t be a cutoff age for the incubation period of the infected population, and
assume the diffusion rate and mortality rate are stage-specific:

dp(x), xe€Q,a<r,
di(x), xe, a>r,

me), xe€Q,a<xr,
nrx), xe€Q,a>rt,

di(x,a) = { and pu(x,a) = {
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where dE, d;, wg and p; are continuous and positive functions on Q. Now, we
introduce

E(x,t) = /t i(x,t,a)da, I(x,t) = /ooi(x, t,a)da.
0 T

Given a fixed time ¢, we regard i (x, 7, @) as the density function (up to a multiplicative
constant) for the joint distribution of infected host population at location x and with
infection age a. Moreover, E (x, t) and I (x, t) are proportional to the density functions
for the marginal distributions of exposed and infectious host populations, respectively,
at location x. It follows from (1.4) that

IE(x, 1) . .
oy = V.- (dpg(x)VE(x, 1) —pep(x)E(x, 1) +i(x,t,0) —i(x, ¢, 1),
al(x,1) : .

o = Vo dix)VI(x, 1) — () I(x, 1) +i(x,t,7) —i(x,t,00).

To solve the stage-structure model (1.4) along the characteristic line s = ¢t — a, we
define u(x,t,s) =i(x,t,t — s) and rewrite (1.4) as

d 1. 5) —pE@u(x,t,s) + V- (dpg(x)Vu(x,t,s)), xe€Q, 0<t—-s=<r1,
—u(x,t,s) =
ot —pru(x,t,s) + V- (d(x)Vu(x,t,s)), x€Q,t—s>r1,

u(x,s,s) =i(x,s,0) = f(Sx,s), I(x,5)) +g(S(x,s), B(x,s)), s=0,
u(x,0,s) =i(x,0,—s), s<0O.

We treat s as a parameter and find the solution of the above equation:

Te(t —s5)i(-, s, 0), XeEQR, 0<t—s<t1,t>5>0

u(x.1.s) = Ti(t—s—10)i(,s+1,71), x€Q, t—s>71,1t>s5>0,
Te@)i(-, 0, —s), xe, 0<t—s<t,t>0>s5,
T ()i, 0, —s), xeQ, t—s>1,t>0>5,

where T (t) and T7(¢) are the Cy semigroups generated by V - (dgV) — wg and
V- (d;V)— uy, respectively, with Neumann boundary condition on 2. Especially, we
obtain

Te(v)i(,t —1,0), t > 1,

i(x,t,t)=ulx,t,t — 1) = {TE(t)i(',OvT —1),t<Tt.

Let K (x, y, t) be the kernel function for the solution operator Tg(¢). We can rewrite
Te(t)i(-,t —1,0) as

/QK(x,y, D) (fSG. =), I(y. 1 = 1)) +g(S(y. 1 = 1), B(y.1 — 1)) dy.
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Substituting this into the equations for E(x, t) and /(x, r) gives

0E(x,1)
at

=V - (dp()VEX, 1) — pp()EQ@, 1) + f(SC, 1), 1(x, 1) + g(Sx, 1), B(x, 1))
_/QK(x)y? f) (f(S(yﬂt_T)?I(y7t_f))+g(S(y3z_ T),B(y7t_f)))d}’a (15)

dl(x,t)
ot

= V- (di(x)VI(x, 1)) = pyp ()1 (x, 1)

+/QK(x,y,mf(S(y,z—r),1<y,r—r)>+g(3(y,t—r),B<y,t—r)>)dy, (1.6)

where we have made use of the fact that i (x, 7, co) = 0, which can be proved using
the assumption i(x, 0, co) = 0 and the formula i(x, ¢, s) = Tg(¢)i(x,0,s — t) for
large s. The above equations and the equations (1.1), (1.2) and (1.3) formulate a
system of five reaction-diffusion equations for S, E, I, R, B. Since the equations of
E and R can be decoupled from this system, we only need to study the equations for
S, I, B. For convenience, we set (dy, d», d3) = (ds,d;,dp), (2, u3) = (g, uB),
(u1,uz,u3) = (S, 1, B), and denote u; _.(x,t) = u;(x,t — ) fori = 1,2,3. The
equations (1.1), (1.6) and (1.3) can be rewritten as

0
% =V (dy()Viuy) + ACx, uy) — f(uy,u2) — gluy., uz),
0
% =V - (day(X)Viuz) + K(T) f Wy 7. ttr, 1) + K(D)g (1 3, —1) — po(x)it2,
0
% =V .- (d3(x)Vuz) + o (x)uz + h(x, uz) — pu3(x)us,
(1.7)

forx € Qandr > 0, where

(K@) (x) = /Q K(x. y. DY ()dy, (1.8)

for any ¥ € C(Q). Motivated by the properties of the kernel function for the solution
operator Tg(t), we generalize the above system in the sense that the kernel function
is more general. For convenience, we still use the same notation but now K (x, y, 7)
is a general nonnegative kernel function satisfying the following assumption.
(Hp) For any v > 0, [, K(x, y, T)dy is continuous in x € Q, [, K(x,y, T)dx
is continuous in y € Q, and fQ K(x,y, 0¥ (y)dy > 0 for any x € Q and
/S C(Q, R4) with ¥ > 0. Moreover, there exists Cx (t) > 0 such that

/ vl / K (x,y, D)w(y)dyldx < Ck(t) / [v?(x) + w?(0)ldx,  (1.9)
Q Q Q

for any v, w € C(Q).
If K(x,y, ) is the kernel function for the solution operator Tg(¢), then a standard

energy estimate implies that the L? norm of fQ K(G,y,Dw(y)dy = Tg(t)w is
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bounded by the L? norm of w. This together with Cauchy inequality gives (1.9).
In the rest of this paper, we will investigate the nonlocal delayed system (1.7) with
general kernel function K (x, y, 7) satisfying the assumption (Hp).

Let X = C(Q,R?) be the Banach space equipped with the supremum norm || -
lx and a nonnegative cone X+ = C(%, Ri). For any > 0, we also introduce
the Banach space C; := C([—t, 0], X) equipped with the supremum norm ||¢| :=

. rPaxO] (-, 0] x and a nonnegative cone Cj := C([—1, 0], X*). It is readily seen
el—r,

that both (X, X*) and (C;, C;") are strongly ordered (Smith 1995).
To be consistent with the derivation of (1.7), we impose the Neumann boundary
condition
Vu; -v=0, i=1,2,3, x €0, t >0, (1.10)

and nonnegative initial condition u(x,6) = ¢(x,0) for x € Q and 6 € [—1,0],
where ¢ = (¢1, ¢2, P3) € Cj . Throughout this paper, we assume that the diffusion
coefficients d; (x) with i = 1, 2, 3, the shedding rate o (x), and the death rates u; (x)
with i = 2, 3 are positive and continuous functions on Q. The only exception is in the
section of numerical simulation where we will compare the steady state of diffusion
system with that of diffusion-free system (d; (x) = 0). We also make the following
biologically motivated assumptions.

H)) A e CO(Qx R ) is decreasing with respect to the second variable. For each
x € Q, there exist a unique i1 (x) > 0 such that A(x, it; (x)) = 0. Moreover,
i € C(Q,Ry).

(Hy) f,g e C'(Ry x Ry) are strictly increasing with respect to both variables and
concave down with respect to the second variable. Furthermore, f (v, w) = 0
(resp.g (v, w) = 0) if and only if vw = 0.

(H3) he CONQ xRy is nonnegative and strictly concave down with respect to the
second variable. h(x, v) = 0 if and only if v = 0. For all x € Q,

lim

V—>00

h(xv’ L (1.11)

Throughout this paper, we assume that (Ho), (H;), (H>) and (H3) are satisfied. The
rest of this paper is organized as follows. In Section 2, we obtain some preliminary
results on well-posedness of our model system. In Section 3, we study the dynamics
of a single environment model without shedding source. In Section 4, we define the
basic reproduction number of infection. In Section 5, we investigate global dynamics
of nonlocal and delayed cholera model. In Section 6, we consider a special case
when all coefficients are spatial homogeneous. In Section 7, we conduct numerical
computation and simulation for our model. In Section 8, we conclude this paper with
a brief discussion.

2 Well-posedness

For each i = 1,2, 3, let T;(¢) be the Cy semigroups generated by the second-order
differential operator A; = V - (d; V) — u; with Neumann boundary condition, where,

@ Springer



Threshold dynamics of a nonlocal... Page70f33 41

for convenience, we set pj(x) = 0. It then follows from (Smith 1995, Corollary
7.2.3) that T;(¢) is compact and strongly positive for all t > O and i = 1,2,3.
Moreover, T (t) := (T1(t), T>(t), T3(t)) is a Cop semigroup on X with an infinitesimal
generator A = (Aj, Az, A3); see Pazy (1983). Given a vector-valued function u =
(ur, uz, uz) € C(Q x [—1, 00), R?), we define ii(t) = u(-,t+-) € Ctfort > 0. The
system (1.7) can be written as an abstract differential equation

aam] . _
[ﬁ/(t)](-, 9) _ 39}\ ( s 9), R = [ T, 0)7
A{lu()1¢, 00} + F(u@)), 6 =0,
with initial condition #(0) = ¢ € C;, where F = (Fy, Fa, F3) : C; — X is defined
by

Fi(p)(x) = Alx, 91(x,0)) = f(@1(x,0), 92(x,0)) — g(@1(x, 0), ¢3(x, 0)),
Fa (@) (x) = [K(0) f(o1(, =), 92 (-, =) (1) + [K(T)g (@1 (-, —1), @3(-, —1))] (%),
F3(p)(x) = 0 (x)@2(x, 0) + h(x, p3(x, 0)),

forany ¢ = (¢1, 92, ¢3) € C;. Recall that the kernel function K (x, y, 7) is nonnega-
tive and has a continuous total integral |, o K(x, y, t)dy.Itfollowsthat K (t)y € C (Q)
for any ¥ € C (). This implies that F(¢) € X for any ¢ € C}. Given any ¢ € C;F,
there exists ¢ > 0 such that f(¢1(x, 0), @2(x,0))+ g(¢1(x, 0), p3(x,0)) < ce(x, 0)
for all x € €. It is readily seen that

@(x,0) +eF () (x) > (p1(x,0)(1 — ec), ga(x,0), g3(x,0)7 for x € Q.

By choosing & > 0 sufficiently small, we have ¢(-, 0) + e F(¢) € X . Especially,
1 N
lim —dist(e(-,0) +eF(p), X)) =0.
e—>0t &

By using (Martin and Smith 1990, Corollary 4) or (Smith 1995, Theorem 7.3.1), we
establish the existence of the solution to the system (1.7). Note that F = (F1, F3, F3)is
mixed quasimontone, it then follows from the comparison principle that the solutions
are nonnegative. To summarize, we obtain the following lemma on the existence and
nonnegativity of the solution to system (1.7).

Lemma 2.1 For each initial condition ¢ € C;t, the system (1.7) with Neumann bound-
ary condition (1.10) admits a unique solution u(x, t) on a maximal interval of existence
[0, thax), and if tyyax < 00, then lim sup ||u(-, t)||x = o0o. Moreover, u(x,t) > 0 for

t—>tnax

allt € [—1, typayx).

To show that #,,,,, = 00, we need to prove that the solutions are bounded. First, we
state the following lemma.

Lemma 2.2 Assume that the function A satisfies (Hy); namely, A € C 0IQ xRy) is
decreasing with respect to the second variable; for each x € Q, there exist a unique
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i1(x) > 0 such that A(x,i;(x)) = 0; and ii; € C(L, Ry). For any positive and
continuous diffusion coefficient d(x), the reaction-diffusion equation

dw(x, 1) .
= V.-di(x)Vw(x, 1) + Alx, w(x, 1)), x € 2, t >0, @0

Vw(x,t)-v=0, x€dQ, t >0

admits a unique and strictly positive steady state w*(x), which is globally asymp-
totically stable in C(2, Ry). Furthermore, if d(x) = d and A(x,v) = A(v) are
independent of x, then u(x) = uy is also independent of x and w*(x) = u.

Proof A standard theory of parabolic equations (Pao 1992) gives existence of a com-
pact semiflow W, for (2.1) in C (L, R, ). Choose a pair of positive constants & and M
such that ¢ < u1(x) < M forall x € . By (H;), we have A(x,¢) <0 < A(x, M).
Thus, the comparison theorem and maximum principle (Pao 1992) indicate that W,
has a global compact attractor K C (¢, M). By (Hirsch 1984, Theorem 3.1), K con-
tains a positive steady state w*(x). A simple application of strong maximal principle
(Protter and Weinberger 1984) and monotonicity of A with respect to the second
variable shows that the positive steady state of (2.1) is unique. Finally, according to
(Hirsch 1984, Theorem 3.2), w*(x) attracts all solutions of (2.1) with nontrivial initial
condition ¢ € C(Q, R,). This completes the proof. O

Now, we let ©() : C;" — C;L with ¢ > 0 be the solution semiflow associated with
(1.7); namely, if u(x, t) is the solution of (1.7) with initial condition ¢ € C;, then
O =u(-,t+-)eCy.

Theorem 2.3 For each initial condition ¢ € C;, system (1.7) has a unique global
solution u(x,t) > 0 fort > 0. There exists a constant M > 0 independent of ¢ such
that limsupu;(x,t) < M forall x € Qandi = 1,2, 3. The solution semiflow ®(t)

11— 00
admits a global compact attractor in C.

Proof Given any initial condition ¢ € C;", by comparison principle and Lemma 2.2,
we have ui(x,t) < w(x,t) for all € [0, Tu4x), Where w(x, t) is the solution of
(2.1) with initial condition w(x, 0) = ¢;(x, 0). Since w(x, t) — w*(x) as t — o0,
u1(x, t) is uniformly bounded for ¢ € [0, T,4x)-

On account of (H3), there exist co > 0 and ¢3 > 0 such that i (x, v) — u3(x)v <
co — c3v for all v > 0. Especially,

h(.x, u3(-x» t)) - /LS(X)M3(X, t) =co— C3u3(x1 t)v X € Qvt € [_Tv tmax)- (22)

LetT>(¢) and fg (1) be the Cg semigroups generated by V-(d2 V) —ur and V- (d3 V) —c3
with Neumann boundary condition, respectively. It follows that

t
us(x, 1) =T2(t)<t>z(~,0)+/0 Tt — s)K(O[f (u1,—¢, uz2,—1) + guy,—v, uz —¢)1ds
=T

=D(0)¢$2(-,0) +/ Dt — 1 = )K@f Wi, 8), u2(, 8)) + gwi(, s), uz(, 5)lds,

-7
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~ [~
uz(x, 1) < T3(H)¢3(-, 0) +/0 T3(t — )louz (-, ) + colds.

Let —12 < 0 and —A3 < 0 be the principal eigenvalues of V - (d2V) — s and V -
(d3V) — c3 with Neumann boundary condition, respectively. We have || 7> (t) || < e~

and ||73 ()|| < e?3. Denote v; (t) = max u;(x, t). Clearly, v; is uniformly bounded
xe

in [0, t,,4x)- By (H2) and continuity of [IC(7)1](x) = fQ K (x,y, 1)dyin Q, there exist
c12 > 0 and c13 > 0 such that (2)[f(u1(, 8), u2(-, 8)) + gu1(-, s), uz(-, $))] <
c1pv2(s)+cr3vz(s) forall s € [—1, tay ). It then follows from the above two formulas
that

t—T
v(t) < cny +/ e [epua(s) + c13v3(5)1ds,
0
t
v3(t) < ¢31 +/ e ey (s)ds,
0

where c11, 31 and ¢z, are positive constants. Substituting the second inequality into
the first one gives vy () < Cy + fé_r Cruva(s)ds < Cy + fé Crvy(s)ds for some
generic positive constants C| and C,. Thus, Gronwall’s inequality implies that va (¢) <
C1e%" fort € [0, tmax)- This together with the last inequality yields v3(t) < ¢31 +
632C1eC2’/C2 for t € [0, tjyax). In view of Lemma 2.1, t,,,, = o0 and the solution
u(x,t) exists for all r > 0.

Next, we will prove that the solution u(x, ¢) is ultimately bounded by a constant
independent of the initial condition. By comparison principle and Lemma 2.2, we

have limsup u;(x, t) < w*(x). Especially, there exist 7; > 0 and M; > 0 such that
11— 00

uy(x,t) < M forallt > t;. By (Hy), there exists ¢, > 0 such that

Slur(x, ), ua(x, )+gi(x, 1), uz(x, 1)) < colua(x, )+uz(x, )], x € Q, t > 1.

(2.3)
Now, we define U; ,(t) = fQ uip(x, t)dx withi = 1,2,3 and p > 1. An integration
of the reaction-diffusion equations for # and u» gives

U{,l(t)Z/ A(x,ul(x,t))dx—/[f(ul(x,t),uz(x,t))+g(u1(x,t),u3(x,t))]dx,
Q Q
N0 561/[f(ul(x,t—f),uz(x,t—r))
Q
+g(l/ll(.x, t— T)’ u3(x, r— T))]d.x _&Uz,l(t)a
where ¢ = mag(fQ K(x,y,t)dx > 0 and pup = minus(x) > 0. ¢ is finite
yeQ - _ xeQ
because fQ K(x,y, t)dx is continuous for y € Q. For t > #; + 7, we choose

co = paciM || + ¢t fQ A(x, 0)dx. It then follows from the above two formulas,
u1(t — v) < My, and monotonicity of A in the second variable that

Uit —1)+ Uy (1) < 01/ A, ui(x,t —1))dx
Q
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—p2Uz1(t) < co — palc1Un1(t — ) + Uz, 1(0)].

By comparison principle, we obtain lim sup U 1(t) < co/u2. Especially, there exist
t—00 -

ty > t; and M > O such that Uy () < M, forall t > 1.
In view of (2.2), we integrate the reaction-diffusion equation for u3 on €2 and obtain

Ué,l(t)=/QU(X)uz(x,r)dx+/Q[h(x,u3(x,t))—us(X)us(x,t)]dx < oMy +col2] — c3U3,1(0),

for t > tp, where ¢ = max o (x). By comparison principle, there exist 13 > f, and
xeQ
M3 > O such that Uz 1(t) < M3 forall t > t3.

Assume ¢ > t3. We want to estimate U, 2(¢) and U3 2(t). First, we multiple the
equation for uy by u» and integrate on €2. It follows from (2.3) and (1.9) that

1
3 520 < —f{zd2|Vu2|2dX+szQuz(x,t)/QK(x,y,t)[uz(y,t—r)+u3(y,t —1)]dydx

< —@/ |Vuz|*dx + c2Ck (D)[2U22(1) + Upp(t — ) + Us p(t — )],
Q
where dp = mind,(x) > 0. Similarly, we multiple the equation for u3 by u3 and

xXER
integrate on 2. It follows from (2.2) and Cauchy inequality that

IA

1 /
= 3,20)

- - f a5V Pddx + / o (O (x, s e, Ddx + coUs 1 (1)
Q Q

IA

—d_3/ |Vus|?dx + G [U2(t) + Uz 2()] + coUs 1 (1).
Q

where d3 = mindz(x) > 0 and ¢ = max o (x). Adding the above inequalities and
- xXEQ xeQ
making use of the Gagliardo-Nirenberg interpolation inequality: there exists ¢ > 0

such that

—n/2

lwl3 < el Vw3 + ce ™/ |lw|} (2.4)

for any w € WH2(£2) and small ¢ > 0, we obtain
Uy 2 (1) + U3 5(1) < C1 + Co[Uan(t — 1) + U3 2(t — 1)] — (C2 + C3)[U22(1) + U3 2 (D],

for some generic positive constants C, C2, C3. A simple application of comparison
principle gives

lim sup[U32(1) + Uz 2(1)] < C1/Cs.

—>00

Especially, there exist t4 > 13 and M4 > 0 such that U »(¢) 4+ Uz 2(t) < M4 for all
t> .
Finally, we set L, := lim sup U3 ,(¢) +Us3 ,(¢) and use a similar argument as in the
—00

estimation of L, to obtain that L, < Cp"/ 2(L »t+ 1)2, where C is a generic constant
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independent of p and initial condition ¢. To achieve this, we multiple the equation for

up by 2 pugp ~!and integrate on 2. It follows from (2.3), (1.9), Young inequality and
p > 1 that

Uﬁ,z,,(l) < —2@/ |Vug\2dx +20Ck (D[@p —=2)Uppp(t) + Uz pp(t — ) + Uz 2p(t — 7).
Q

We also multiple the equation for u3 by 2 pugp ~!and integrate on 2. It follows from
(2.2), Young inequality and p > 1 that

Uz, (1) < —2@/9 |Vuf Pdx +5[Q2p — DU22p(1) + Uz 2p ()] + col2p — DU3.2, (1) + |2]1.

Letd = min{2d,, 2d3} and C; = 8c2Ck (7) + 20 + 2cp. Denote V,,(¢) := U ,(¢) +
Us,p(t). We add the above two inequalities and make use of (2.4) to obtain

Vy, (1) < —dle™ ' Vap (1) — ce " PTIVI)] + CrplVap (1) + Vap(t — T)] + ol .

Since lim sup V,,(¢) = L, there exist, > O such that V,,(t) < L, + 1 forallt > ¢,.
t—00

Choose ¢! = pC, with C; = (2Cy + 1)/d and set C3 = cc_z'Cz_n/z_1 + co|2|. We

obtain
Vs, () < CiplVap(t = T) = Vap()] = pVap(t) + C3p" > (L, + 1)

fort > t,. By comparison principle, Ly, < C3 p”/2 (Lp+ 1)2, where Cj3 is a constant
independent of p and ¢. We can prove by induction that Lo« < oo for all &k =
0,1,2,---. Let C = C3 + 1 and a; be an infinite sequence defined recursively as
g1 = 2" pkn27"2 1 ith initial condition ap = Ly + 1. It is readily seen that
Ly < (ak)zk and

lim Ina; =1 1cool n2$ InC+ 22
kinolonak_nao+n §W+n ;W—HGO'FH +En.

Hence,

. 2~k . n/2
lim sup(Lyk) < khm ar = (L1 +1)C2 <M,
—00

k— o0

where M = (M + 1)C2"/* + M. This implies that lim sup u; (x,t) < M for all
[—00

x € Qandi = 1, 2, 3. Especially, the semiflow ®(7) is point dissipative. It follows
from (Wu 1996, Theorem 2.1.8) that ®(¢) is compact for all t > 7. Hence, by (Hale
1988, Theorem 3.4.8), ©(r) admits a nonempty global attractor in C;. The proof is
complete. O

The following results give the positivity of the solution of (1.7) and the persistence
of ui(x,t).

@ Springer



41 Page120f33 H.Shuetal..

Proposition2.4 Let u(x,t) = (u1(x,t),uz(x,t),us(x,t)) be the solution of (1.7)
with initial condition ¢ € Cj, thenui(x,t) > 0 forallt > 0 and x € Q, and there
exists a positive constant m1 independent of ¢ such that

liminf uy (x, 1) = my uniformly for x € Q.
—00

Moreover, if there exist some xo € 2 and ty > 0 such that either ua(xg, to) > 0 or
u3(xog, t0) > 0, then uj(x,t) > Oforalli =2,3,t > to+ v and x € Q.

Proof If u;(-,0) # 0, then the strong maximum principle (Protter and Weinberger
1984, Theorem 4) yields to u1(x,?) > Ofor¢t > 0 and x € Q. If u1(-,0) = 0, then
W = A(x,0) > 0. Thus, there exists . > Osuchthatu(x,t) > Ofort € (0, t¢)
and x € €2, which together with strong maximum principle implies the positivity of
ui(x,t)forallr > 0and x € Q.

We next show the persistence of u1(x, t). By Theorem 2.3, there exist r; > 0 and
My > 0 such that u; (x,t) < My for all t > t; and x € Q. It then follows from the
first equation of (1.7) and (H») that

% >V . (di(x)Vui(x, 1)) + Alx, u1(x, 1)) — cour(x,t)

for all # > #; and some positive constant cg. Note that A (x, u1) — cou satisfies (Hyp).
Lemma 2.2 and comparison principle that u1 (x, ¢) is ultimately bounded below by a

unique positive steady state w* (x). Letm; = min w*(x) > 0. Thenlim sup u; (x, t) >
xeQ t—00
m forall x € Q.

Now, we assume that either u;(xg, o) > 0 or u3(xg, o) > 0 for some xg € Q2
and 79 > 0. It follows from the equation for #3 and strong maximum principle that
uz(x,t) > Oforall t > tp and x € Q. We then apply strong maximum principle to
the equation for u» and obtain us(x, ) > O forallt > ty + 7 and x € Q. O

3 Dynamics of environment model without shedding source

Without shedding source, the dynamics of bacteria is determined by a single reaction-
diffusion equation:

0B(x,1)
ot
VB(x,t)-v=0, x €0, t > 0.

=V .(d3(x)VB(x,1t)) + h(x, B(x,1)) — u3(x)B(x,t), x € 2, t >0,

3.1
Clearly, this system is well-posed, that is, for every initial condition u3y € C (2, R4),
system (3.1) admits a unique, nonnegative, and ultimately bounded solution B(:, t) €
C(Q, R, ). Moreover, if u3g # 0, then B(x,7) > 0 forall # > 0 and x € Q. Since
h(x,0) = 0, system (1.7) has a trivial steady state 0 and the corresponding linearized
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equation is

d0B(x,t)
o V.- (d3(x)VB(x,1)) + hi(x)B(x,t) — u3(x)B(x,1),x € 2,1t > 0,
VB(x,t)-v=0, x €9, t >0,
3.2)
where, for simplicity, we denote
dh(x,0)
hi(x) = . 3.3)
aus

Denote Az = V- (d3(-)V) — u3(-) with Neumann boundary condition. The linearized
system (3.2) becomes d; B = (A3 + h1)B. We define the basic reproduction number
for cholera bacterium in the environment as the spectral radius of the next generation
operator —hjAj L.

R. :=r(=h1A;") = sup{|Al, A € o(=h A7)

Given small initial bacteria density ¥ (x), the density of survived bacteria at time 7 is
[T5(¢)vy](x), which generates new bacteria of density /1 (x)[73(t)¥](x), where T3(t)
is the solution semigroup associated with the differential operator A3. Now, the total
density of next generation bacteria during the life cycle of initial bacteria is calculated
as the integral

/O h@IT3(OY1x)dr = —hi ()[A3 Y1),

which implies that —h1 A5 Uis the next generation operator; see (Zhao 2017, Chapter
11) for more details about basic reproduction number of biological models with dif-
fusion. By (Du 2006, Remark 1.6) and (Wang and Zhao 2012, Theorem 3.2), 1/R,
is the principal eigenvalue of the following elliptic eigenvalue problem with positive
eigenfunction.

=V (d3(x)VY) + u3(0)y =1 (x)y, x € 2,
Vi -v=0, xedQ.

Moreover, R, has the following variational representation:

3.4)

Jo h1 () y2dx
Jo [d3C)IVY 12+ pax)y?)]dx |

R, = sup
YeH (Q),¥#0
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On the other hand, we obtain from Krein-Rutman theorem that the spectral bound of
h1 4+ As is the same as its principal eigenvalue and it has the following variational
representation:

A3 = —inf {/ (d3(x)\V1p|2 — () — M(x))xpz) dx: ¥ € H(Q) with/ vidx = 1}.
Q Q

Since Aj3 is resolvent-positive with negative spectral bound and &1 + A3 is resolvent-
positive, it follows from (Thieme 2009, Theorem 3.5) that R, — 1 has the same sign
as A3, which can be also observed from the above two variational formulas.

Theorem 3.1 The trivial steady state for (3.1) is globally asymptotically stable if
R, < 1 and unstable if R, > 1.

Proof If R, < 1, by (Du 2006, Remark 1.6) and (Wang and Zhao 2012, Theorem 3.2),
there exists 1 (x) > 0 such that

1

=V [d3(x)VY ()] + uz(x) ¥ (x) = R

hi ()Y (x) = hi(x)¥(x)

for x € Q and V¢ (x) - v = 0 for x € 9Q2. Following the idea in Cui et al. (2017), we
define

B(x,t)
c(t; B) = max ,
xe W(X)
where B(x,t) is a solution of (3.1). By (H3) and (3.3), we have h(x, B(x,?)) <
hi(x)B(x,t) and thus,

IB(x, 1)

a7 Vo d3(x)VB(x, )] + hi(x)B(x, 1) — u3(x)B(x, 1).

It follows from strong maximum principle that B(x, ) < c(t1; B)Y¥(x) and thus
c(tr; B) < c(t1; B) forall tp > t; > 0. Let ¢ := tlim c(t; B). If ¢ > 0, then there
— 00

exists a subsequence t, such that B(x, t +t,) — E(x, t)as n — 0o and §(xo, to) #0

for some xo € €2 and 79 > 0. By strong maximum principle, B(x, t) > Oforallz > #o.

Using a similar argument, we have c(t2, B) < c(t1, B) for all t, > #; > ty. However,

c(t, §) = nli)ngo c(t+1t,, B) =cforallt > t, a contradiction. Thus, we have ¢ = 0.

This implies that the trivial steady state O is globally attractive. Moreover, for any

e > 0, we set § = e min ¥ (x)/ max ¥ (x). It follows from monotonicity of c(¢, B) in
Q Q

xXe Xe
t that | B(-,t)|| < e forallt > 0if || B(-, 0)]| < &. Hence, the trivial steady state O is
also stable.
If R, > 1, then the spectral bound of & + Aj3 is positive, which implies that the
exponential growth bound of the solution semiflow of (3.2) is positive. Hence, the
trivial steady state O is unstable. This completes the proof. O

We now investigate the existence and global attractiveness of the positive steady
state of (3.1) when R, > 1.
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Theorem 3.2 If R, > 1, then system (3.1) admits a unique positive steady state B*(x),
which is globally attractive in {¢p3 € C(22, R;) : ¢3 # 0}.

Proof The steady state of (3.1) satisfies the following boundary value problem

— V- (d3(x)VB(x)) = h(x, B(x,t)) — u3(x)B(x,1), x € Q, 35

VB(x)-v=0, x € 0Q2. (3-5)
It follows from (1.11) that there exists a sufficiently large constant M; such that
h(x, M) < pu3(x)M; for all x € Q. Thus, M is an upper-solution of (3.5). On the
other hand, R, > 1 implies Ao > 0, where A is the principal eigenvalue of 1 + A3
with a positive eigenfunction ¢(x) > 0. By chosen ¢y > 0 sufficiently small, we have
eop(x) < My and h(x, eop(x)) > [h1(x) — oleop(x) for all x € Q. Hence, gop(x)
is a lower-solution of (3.5). By (Protter and Weinberger 1984, Theorem 2.13), there
exist a solution B*(x) such that yvyg < B*(x) < M.

We then construct a Lyapunov functional W : C(2, R;) \ {0} — R as follows.

Wi(p) = fg B*(x) (p(x) — B*(@) Ing(x)) dx.

Notice that the steady state solution B*(x) satisfies —V - (d3(x)VB*(x)) =
h(x, B*(x)) — u3(x)B*(x). Thus, the time derivative of W along a positive solu-
tion of system (3.1) is given by

aw . B*(x)
W[ g (1 - ) (V- (ds()VB) + h(x. B) — p3(x)B) dx
dt Q B
- / (B*(x)(l B0 awve) BT - =2y (ds(X)VB*(X))> dx
Q B B*(x)
* " h(x, B*(x))  h(x,B)
+,/;zB (x)(B (x)—B)( B (x) — 3 )dx.

Green'’s identity and Neumann boundary condition imply that

* 2
aw =_f d3(x) (VB*(x)— B OC)VB) dx
o B

dt
h(x, B*(x)) h(x,B))
— dx.
B*(x) B

+ f B*(x)(B*(x)—B)(
Q

In view of (H3), h(x, B) is concave down with respect to B, which yields

h(x, B*(x)) h(x, B)
B*(x) B

(B*(x) — B) ( ) <0in C(Q,Ry)\ {0}

Hence, we have dW /dt < 0. Since the largest invariant set on which dW /dt = 0 is
a singleton {B*(x)}, By Lyapunov-LaSalle invariance principle, the positive steady
state B*(x) is globally attractive, which implies the uniqueness of the positive steady
state. This ends the proof. O
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4 Basic reproduction number for infection

Recall from Lemma 2.2 that the single reaction-diffusion equation (2.1) has a unique
steady state w*(x). So, the system (1.7) has a unique infection-free steady state
(w*(x), 0, 0). For simplicity, we denote

d * ’0 9 * ,O
Ba(x) = M, Bi(x) = M

4.1
oun ous @1

Linearizing system (1.7) at (w*(x), 0, 0) gives a single equation for u;(x, t) and the
following cooperative system for (ua(x, t), uz(x, t)):

duy

- = V- (d2Vuy) — pouz + K(t)(Bauz, - + Biuz,—1),
dus

T V - (d3Vuz) +ouz + (hy — u3)us,

with Neumann boundary condition, where for convenience, we denote u; . (x,t) =
ui(x,t—1)withi = 2, 3. Let U(¢) be the solution semigroup of the above decoupled
system. Denote by w (U) the exponential growth bound of U (7). Define

Fo (/C(T) o B4 K(t)o ,3i> V= (-V (d2V) + 2 0 )
= 0 o ) V= o Vo (d3V) —hy 4 pu3)

4.2)

According to (Kerscher and Nagel 1984, Section 4) and Krein-Rutman theorem, we
have the following lemma.

Lemma4.1 Let F and V be given as in (4.2). The spectral bound s(e™F —V)
is a continuous and decreasing function of A. Let Ly € R be the unique solution
of ko = s(e™MTF — V). We have Ay = w(U). Furthermore, Lo is the principal
eigenvalue of e T F — V with positive eigenfunction and it has the same sign as
s(F—=1V).

Let (¢, V) be the positive eigenfunction corresponding to the principal eigenvalue Ao
of e %07 F — V. We have

2o =V - (daVeo) — dago + e T K (1) (Bago + Bivo).
Ao =V - (d3Vio) + oo + (ha — u3) o,

with Neumann boundary condition. Recall that A3 is the principal eigenvalue of A3 +
hy =V - (d3V) + hy — n3 with a positive eigenfunction 3. We write

M3 =V - (d3Vy3) + (hy — u3) s,
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with Neumann boundary condition. Multiplying the last two equations by ¥y and 3,
respectively, and then integrating the difference of resulting equations on €2, we find

(o — 23) fQ Vo) Y3 (x)dx = fg & ()0 (Y3 (0)dx > 0,

which implies L9 > A3. Recall that A3z has the same sign as R, — 1. We have the
following lemma.

Lemma4.2 If R, > 1, then 1y > 0.

Now, we assume that R, < 1 and define the basic reproduction number as Ry =
r(F V_l), the spectral radius of F vV~ Since R, < 1, the operator —V is resolvent-
positive with s(—V) < 0. Obviously, F is positive. Moreover, by (Thieme 2009,
Theorem 3.12), F — V is resolvent-positive because it generates a positive semigroup.
It follows from (Thieme 2009, Theorem 3.5) that Ry — 1 has the same signas s(F — V).
Recall from Lemma 4.1 that s (F — V') has the same sign as 1o. We obtain the following
lemma.

Lemma4.3 If R, < 1 and Ry > 1, then Ly > 0.

To find a more biologically relevant expression of R(, we need to make use of the
following lemma.

Fi1 Fio
0 0
be a resolvent-positive operator with s(—V) < 0. We have

Lemmad.4 Let F = < be a positive operator and —V = <_V” 0 )

—Vo1 =V

r(FV™Y =r(Fvy = FiaVs, ' Var Vi h.
Proof Since V is lower triangular, it follows from s(—V) < 0 that both V| and V»,
Vi

are invertible. Furthermore, V™! = ( 1 1 o—1
=V ViV Vp

). Consequently, we have

Fy-1— (1”11V111 - 1”12V{21V21Vﬁ1 F12V221>
0 0 ’

which implies that #(FV~') = r(F11V};' — Fi2Vy,' Va1 V;;"). This completes the
proof. O

Now, we find another expression of the basic reproduction number:
Ro =r(La+ Li), (4.3)
where

Lo =K(t)oBaolur— V- (V)™ (4.4)
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is the next generation operator for direct (human-to-human) transmission, and
Li=K@opiolus—h =V- (V)] ooelua =V - (V] @45

is the next generation operator for indirect (environment-to-human) transmission.

Next, we analyze the dependence of Ry of diffusion coefficients d> and d3. For
simplicity, we assume that the kernel function K (x, y, t) is a constant multiplication
of delta function such that (/C(t) o ¥)(x) = k(t)¥ (x). We also assume that d» and
ds are constants. By Krein-Rutman theorem, Ry is a principal eigenvalue of Ly + L;
with a positive eigenfunction, denoted by ¢ (x); namely,

K(T)Ba(pa — daA)Y ' + i (T)Bi (w3 — by — d3A) o (2 — daA)"'¢] = Rog.

Define A = «(7)/Ro, ¢ = (2 —daA) ‘¢ and ¥ = (uz — hy —d3A)~(o¢). Since
R, < 1, it follows from strong maximum principle that both ¢ and i are positive
functions. Thus, we have

ABay + MV = (2 — 2 A)g, (4.6)
op = (u3 —h1 —d3A)y. 4.7

We treat d> as a variable and take the derivatives with respect to d on both sides of
the above equations to obtain

N (Bap + Biv) +2Ba¢’ + 1By = (12 — daN)g’ — Ag, (4.8)
0@’ = (u3 —hi — M)y 4.9)

We multiply (4.6) and (4.8) by ¢’ and ¢, respectively, and then integrate the difference
over 2. The resulting equation becomes

% /Q (Baw + Biy)gdx = 1 /Q By — ' p)dx + /Q Vo Pdx.

Similarly, we multiply (4.7) and (4.9) by ¥’ and v, respectively, and then integrate
the difference over €2 to find

/ o (¢’ — ¥ p)dx =0,
Q

If the ratio §; /o is independent of x (especially, if both B; and o are constants), then
we obtain from the above two equations that A’ > 0. Recall that > = «(7)/Ry. We
conclude that Ry is a decreasing function of d>. A similar argument shows that Ry
is also a decreasing function of d3, provided that 8; /o is a constant function. We
summarize the result in the following proposition.

Proposition 4.5 Assume that dy, d3 and Bi/o are constant functions on Q. Assume
Sfurther that (KC(t) o ¥)(x) = k()Y (x) forall x € Q and ¥ € C(RQ), then Ry is a
decreasing function in both d» and d3.
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As we shall see later in the simulation, Ry may not be a decreasing function of d> or
ds if B; /o is not a constant function.

5 Global dynamics of the nonlocal and delayed cholera model

In this section, we demonstrate that the global dynamics of (1.7) are completely
determined by the basic reproduction number for cholera bacterium in the environment
R, and the basic reproduction number of infection Ry.

Theorem 5.1 If R, < 1 and Ry < 1, then the infection-free steady state (w*(x), 0, 0)
for (1.7) is globally asymptotically stable.

Proof Recall that Ry— 1 has the same sign as s (F — V'), which, according to Lemma 4.1,
has the same sign as Ao, where Aq is the principal eigenvalue of e T F — V with a
positive eigenfunction (¢, ¥); namely,

2p(x) =V - [d2(x)p(x)] — 2(x)@(x) + e K (D) [Ba ()@ (x) + Bi ()Y ()],
AP (x) =V - [ds(x)ex)] + h1(x)e(x) — uz ()P (x).

If Ry < 1, then ¢ < 0. Given any solution u = (u1, us, u3), define

1) { ur(x,t+6) usz(x,t+0) |

¢(t; u) = max max _—
xe$,0e[—7,0] €0 (x) " xeq pe[—1,01 0T Y (x)

for t > 0. If either u, or u3 is not identically zero, then by strong maximum principle,

there exists 79 > O such that uy(x, t) > Oand u(x, t) > Oforallt > ty— 7. If further,

u(x,t) < w*(x) forall r > —r, it then follows from (H;) and (H3) that

dup(x,t)
< V- (da(x)Vuz(x, 1)) — pa(x)uz(x, t) + K(t)[Baua (-, t — ) + Bius(-, t — 1)](x),
duz(x,t)
o < V- (d3(x)Vusz(x, 1)) + o (ua(x, 1) + [h1(x) — u3(x)usz(x, 1).

By strong maximum principle, uz(x,t) < c(t; u)e)‘f”w(x) and usz(x,t) <
c(ti; u)e*y(x) forall t > 11 > to. Thus, c(¢; u) is strictly decreasing in ¢. We claim
that us(x, ) — Oand usz(x,t) — Oast — oo.If Ay < 0, then the claim is obvious. If
Lo = 0, then the claim is true when ¢ = lim;—,  ¢(¢; u) = 0. Assume that Ao = 0 and
¢ > 0, then there exists a subsequence 7, such that u(x, r +1,) — U(x, ) asn — o0
and either u(x, t) or u3(x, t) is not identically zero. Moreover, u(x, 1) < w*(x) for
all + > —t. A similar argument shows that ¢(; ) is strictly decreasing for all suffi-
ciently large . However, ¢(f; ) = lim,, o0 c(t + f; u) = ¢, a contradiction. Hence,
we have proved the claim. Since the limiting system when u» = u3 = 0 has a unique
globally asymptotically stable steady state u; = w*, we obtain from (Thieme 1992,
Theorem 4.1) that (w*(x), 0, 0) attracts all initial conditions in the positively invari-
ant set D := {¢ € CI : ¢1(x) < w*(x)}. Since limsup,_, o, uj(x,1) < w*(x), any
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omega limit set of any positive orbit lies in D. It follows from (Zhao 2017, Theorem
1.2.1) that (w*(x), 0, 0) is globally attractive.

Now, we want to prove stability of (w*(x),0,0) when Ry < 1. In view of
Lemma 4.1, we have w(U) < 0. Especially, there exists a generic constant C; > 0
such that ||U(¢)|| < C; forall r > 0. Let u be a solution of (1.7) with initial condition

u(t+-) € Bs:={p € CF : g1 — w*l| + 2|l + llg3ll < 5}

On account of Theorem 2.3, there exists a generic constant M such that 0 < u;(x,t) <
M forallx € Q,t > —tandi = 1, 2, 3. By (H;), we have

dA(x,v)
—a = max — <
xeQ,0<v<M ov

0.

It then follows that

A, ui(x, 1)) — Alx, w*(x)) -
up(x,t) — w*(x) - '

E(x, 1) =
Subtracting the equations of u and w* gives
8 * * *
o = w) =V iV —wH]+ & —w?) = fur,uz) — gy, u3).

It then follows from comparison principle that | (x, 1) < w*(x)+8e~* forall x € Q
and ¢ > —t. Making use of (H;), we have

K(T)[f(ul(s r— t)v MZ(', r— T)) + g(ul('s r— t)» M3(', r— T))]
<K(@)[Baua(-, 1 — 1) + fius(-, 1 — 1)1 + Ca8e™*

for some generic constant C; > 0. Consequently,

0

% < V- (d2Vua) — pous + K(@©)[Bauz (-, 1t — ) + Biuz (-, 1 — 1)] + Cade™ ™,
ous

T < V- (d3Vuz) +ous + (hy — u3)us.

Since |U(t)|| < Cy, we have
t
luz(x, )| + uz(x, 1)| < C18 +/ C1Crée™"ds < 8(C1 + C1C2/a)
0

for all x € Q and ¢t > 0. On account of (H»), there exists a generic constant C3 > 0
such that

fui(x, 1), uz(x, 1)) + gur(x, 1), uz(x, 1)) <8C3
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forall x € Q and ¢t > 0. Recall that

0
S W =) =V V@ —u)]+EWT =) + [, u2) + g, u3),

where £(x,f) < —oa for all x € Q and ¢+ > 0. By comparison principle, we have
w*(x) —uy(x,t) < 8Cz/a forall x € Q and ¢+ > 0. Choosing a generic constant
C=C+CiCy/a+ C3/a, we have

lur(x, 1) — w* ()| + lua(x, O] + luz(x, )] < C8
for all x € Q and t > —rt. This implies that the solution lies in C Bs if the initial
condition lies in Bs. Since C is a generic constant independent of §, we obtain the
stability of (w*(x), 0, 0). This together with the global attractiveness implies globally

asymptotic stability of (w*(x), 0, 0) under the condition Ry < 1. O

Denote

Xo := {(¢1, ¢2. #3) € C = ¢ # 0 and ¢3 # 0}

and

3Xo 1= C\Xo = {(¢1, 2, $3) € CF : ¢ =0o0r ¢p3 =0}.

Let Mj be the largest positively invariant set in dXg. It follows from strong maximum
principle that

My = {($1.¢2.$3) € Cf : ¢ =0and ¢3 = 0}.

In view of Lemma 2.2, (w*(x), 0, 0) is globally attractive in Mj. Introduce a gener-
alized distance function p : C — Ry as

P@)= min @(x,0

xeR,i=2,

for each ¢ = (¢, P2, P3) € Cj . Recall that ®(¢) denotes the solution semiflow of
(1.7) on C. By strong maximum principle, p(©(t)¢) > 0 for all ¢ € Xo. Since
p~ 10, 00) C X, the condition (P) in (Smith and Zhao 2001, Section 3) is satisfied.
We have the following uniform persistence result.

Theorem 5.2 [f either R, > 1 or R, < 1 < Ry, then there exists an n > 0 such
that for any ¢ € Xo and u(-,t + -) = O(t)p, we have litm infu;(x,t) > n for all
—00

i =1,2,3 and x € Q. Moreover, system (1.7) admits at least one endemic steady
state (w7 (x), u5(x), uz(x)).
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Proof If R, > 1, then Lemma 4.2 implies 19 > 0. If R, < 1 but Ry > 1, then in
view of Lemma 4.3, we still have Ao > 0. Recall from Lemma 4.1 that A¢ is the
principal eigenvalue of e =07 F — V with positive eigenfunction. For any sufficiently
small ¢ > 0, we consider a small perturbation of F:

Fo— (’C(T) o (Ba—e) K(r)o (B —8))
& 0 0 ’

By (Kerscher and Nagel 1984, Section 4), there exists a principal eigenvalue A, with
positive eigenfunction (¢g, V) of e MTF —V; namely,

Ae@e = V- (daV@e) — page + e TK(T)(Ba — €)¢e + (Bi — )Vrel,
reWe =V - (d3VYe) + 0@e + (h1 — u3)Pe.

By continuity of the operator, we have A, — Ao > 0 as ¢ — 0. We may choose a
small ¢ > 0 such that A, > 0. Now, we claim that the stable manifold of (w*(x), 0, 0)
does not intersect p~!(0, 00). Assume to the contrary that there exists ¢ € CH with
p(¢) > O such that u(x,t) - (w*(x),0,0) ast — oo, where u(-,t + -) = O(t)¢.
Especially, f(u1,u2)/uy — Pg4 and g(uy, u3)/us — B; ast — oo. Hence, there
exists 1 > O such that f(uy,uz) > (Bg — e)up and g(uy,u3) > (Bi — &)us
for all t+ > #; — 7. Choose § > 0 such that up(x,t; +60) > (Se)‘s(’l"’g)goe(x) and
uz(x, 11 +0) > ety (x) for all x € Q and @ € [—1, 0]. It follows from
maximum principle that us(x, 1) > 8e**'p.(x) and u3(x,t) > 8e*! . (x) for all
x € Q and ¢t > t;, which contradicts to the fact that (u,u3) — 0 ast — oo.
Thus, we have proved that the stable manifold of (w*(x), 0, 0) does not intersect
p‘l(O, 00). By (Smith and Zhao 2001, Theorem 3), there exists n > 0 such that
h}l{ ior.}f p(O(t)¢) > nforany ¢ € Cj‘ . This, together with Proposition 2.4 (by choos-

ing n < my), implies that litminfui(x, t) > nforalli = 1,2,3 and x € Q. On
—00

account of (Magal and Zhao 2005, Theorem 4.7), system (1.7) admits at least one
endemic steady state (u] (x), u3(x), u3(x)). This completes the proof. O

6 Homogeneous system: a special case

In this section, we consider the special case when the system becomes homogeneous;
namely, we assume that

di(x) =di, pi(x) = pi, o(x) =0, Alx,v) = A(v), h(x,v) = h(),

and [K(7)1](x) = k (t) forallx € . Note that both heat kernel and deltakernel satisfy
this condition. We further assume that f (v, w) = vfa(w) and g(v, w) = vgz(w). It
then follows that w*(x) = i1, where it is the unique positive solution of A (i1) = 0.
The formula (3.4) can be simplified as R, = h{/u3, where hy = h’(0). If R, < 1, by
Krein-Rutman theorem, Ly + L; is a compact and positive operator with a positive
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eigenfunction 1 corresponding to a positive principal eigenvalue

Ry = KDBa _K@Pio 6.1)

w2 pa(ps — hi)’

where B; = iy f,(0) and B; = i1£5(0). This implies that the basic reproduction
numbers for the system (1.7) and the diffusion-free (d; = 0) system are the same.

Lemma 6.1 Ifeither R, > 1or R, < 1 < Ry, then the system (1.7) with homogeneous
coefficients has a unique positive homogeneous steady state (uy, us, u3).

Proof A homogeneous steady state u = (u1, un, u3) satisfies the equations

w2
k(T)o

A(uy) = url f2(u2) + g3(u3z)] = %Mz = [n3uz — h(us)].

Consider u1 € [0, #1] as an independent variable, and regard u» and u3 as functions
of uy defined by uy = «(t)A(u1)/pn2 and

k(t)o

A(ur) = psuz — h(us).
2

In view of (H;) and (H3), the above equation has a unique solution for u3 > us,
where u3 = 0if R, < 1 and u3 > 0 is the unique positive solution of p3uz = h(u3)
if R, > 1. Now, we introduce the function

Guy) = A(uy) —uilf2(u2) + g3(u3)l, uy € [0, u].

A homogeneous positive steady state exists if and only if G has a root in (0, u1).
Clearly, G(0) = A(0) > 0. If R, > 1, thenup = 0 and u3 = u3 > 0 when u; = u;.
Consequently, G(i1) = —u1g3(u3) < 0, which implies that G («#) has at least one
root uT € 0,uy). IfR, <1 <?o, then up = u3 = 0 when u; = u;. Moreover,
up(ity) = k(r) A (1) /2 and ufy(iny) = k (v)o A’ (i) /[1e2 (3 — h1)]. Consequently,
G(u1) = 0and

kK(Opa  k(®)pio
M2 w23 — hi)

G'() = N (@[l - 1= A(@)(1 = Ro) > 0.

It then follows that G (1) has atleast one root u} € (0, ii1). For the critical case R, = 1,
we still have ur» = u3 = 0 when u; = 1. Thus, G(u;) = 0 and

[fé(uz)ic(f)A’(ul) N f3uz)k(t)o A (ur)

G’ =A — —
(u1) (u1) = [f2(u2) + g3(uz)] — e 12 (is — W)

As u approaches it from the left, u3 approaches 0 from the right, and 3 — h'(u3)
approaches zero from the right, and consequently, G’ (1) — o0o. Especially, G (1) <
0 for uy close to it1. This again implies that G (u) has at least one root u € (0, it1).
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Letu3 = «(t) A(u}) /2 and u3 be the unique positive solution of k (1) A(u})/p2 =
u3uy — h(u3). This proves the existence of positive homogeneous steady state.
To prove uniqueness, we consider the ordinary differential system

uy (1) = A (1)) — ui (1) fo(uz(t)) — ui (1) g3 (u3 (1)),
uy (1) = k() [u1 (1) f2(ua (1)) + ui (1) g3 w3 (1)1 — paua (),
ui(t) = oua(r) + h(us(r)) — usus(r).

The set of positive homogeneous steady states of (1.7) is the same as the set of positive
equilibria of the above system. For simplicity, we introduce a basic Lyapunov function
J(z) = z — 1 — Inz, which is concave up on the positive real line and has a unique
minimum at z = 1 with minimum value J(1) = 0. Now, we construct a Lyapunov
function W : R? — R as

W(g) = utJ (¢—1)+ K(f)u%w% &)
2 2

for ¢ = (¢1, ¢, ¢3) € R3. We restrict W on the solution trajectory u(t) =
(u1(t), uz(t), uz(r)) of the ordinary differential system and take derivative with respect
to ¢. It follows from a tedious calculation that

W) = (1 — ”—U[A(ul) _ A+ 8D mh(”” w3),
ol us3 usz
uj B g3(u3)  g3(u3) fz(uz) L)
e )[g3(u3) g3l o p 1+ f( )[fz(uz) L) o s —1
—ui‘fzw’z‘)w(—‘)w( D)) i),

;f( 2) u2”1f2( 2)

— Ui W 1)-‘,—]( 2”3)+ (a8s0) ) | g ar183ws)
uyu u383(u3) uzuyg3(u3)

)1

The last two lines are non-positive due to nonnegativity of L on the positive line.
Since g3 is increasing (i.e., g5 > 0) and concave down (i.e., g5 < 0), it follows that
[g3(u3) — g3(u3)]1[g3(u3)/uz — g3(u3)/u3] < 0. Similarly, since f5 is increasing and
concave down, we have [f2(uz)—f2(u;)][fz(ug)/uz—fz(u;)/uz] < 0.Consequently,
the second line in the expression of W (u) is also non-positive. Finally, the first line
in the expression of W (i) is non-positive because A is decreasing and & is concave
down. Therefore, we conclude that W(u) < 0. The largest invariant set of W(u) =0is
a singleton {u*}. By LaSalle-Lyapunov invariance principle, u* is globally attractive,
which implies that it is the unique positive equilibrium for the ordinary differential
system, and also the unique positive homogeneous steady state for the system (1.7).
This completes the proof. O

When R, > 1 or R, < 1 < Ry, we want to prove global attractiveness of (u}, u3, u3)

by making an additional assumption: [K(7) o ¥](x) = x(z)¥ (x) for all € C(S).
This restrictive technical condition requires the kernel to be local and hence is not
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satisfied by the heat kernel. Recall that J(z) = z — 1 — In z. We construct a Lyapunov
functional W : C — Roas

W(e) Z/QW(tb)dx,

where

¢1(0 x) 7,820, X)) n uTg3(u*§‘)u§ J(¢3(0*, X))
(r) ujy ouy u3

W () =ujJ(

0
+uj foa(u3) J(¢1(9,X)fz(¢2(9,X))d9 +uigs@y) | J(91(0, x)g3(¢3(0, x))d0,

-7 —T

for ¢ = (¢1,¢2,¢3) € Cj . We restrict YW and W on the solution trajectory
u(t,x) = (u1(t, x),ux(t,x), u3(t, x)) and take derivative with respect to 7. After
a simple (though tedious) calculation, we obtain

W) = dl(l——)A +—(1——>A BB (15,
Kk(t) oul u3
h h(ui
+<1——‘>[A(u1>—A<u1*)]+ ‘i"(g*) ! (”:) (;;3)]
uy B g3(u3z)  ga(u3) fz(uz) _ faw3)
g3( )[gz(ux) g @I - w3 1+ f( )[fz(uz) L) P w3 ]
. JJ ; ua f2(u3) ; ujuy,—¢ fr(uz,—7)
ui frw3)[J(—) + J( ﬁf( 2))—|— wo o) )]
usu 3)+ (u3g3(u3))+J(Mﬁul.figﬂui,fr))]’
2 3g 3(u3) uuyg3(u3)

Note from Neumann boundary conditions that
u* u*
/(1 — D Auidx = —/ —L|Vu;Pdx <0, i=1,2,3.
Q uj Q Uu;

It then follows from a similar argument as in the proof of Lemma 6.1 that YW =
fQ Wdx < 0.The largest invariant subset of W = Qis the singleton u™ = (u7, u3, u3).
By LaSalle-Lyapunov invariance principle, the positive homogeneous steady state u*
is globally attractive.

To obtain globally asymptotic stability of u* when R, > 1 or R, < 1 < Ry,
we shall establish locally asymptotic stability of u*; namely, all eigenvalues of the
system (1.7) linearized about ™ have negative real parts. Assume to the contrary that
the linearized system has an eigenvalue A € C such that Re A > 0, then there exists
an eigenvalue £ > 0 of —A with Neumann boundary condition on €2 such that the
following determinant vanishes.
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NWy) = fru3) — g3f) —r —di§ —uf fy(u3) —uygs(u3)
K(D)e T f2(u}) + g3 ()] K(De Tl fiW) — puy — 2 —daé  k(De M Tufghwy) | =0.
0 o W u3) — p3 — r—dsé

A simple calculation gives

A+ da + p3 — h' WD+ dag + )+ diE — A'W}) + fo(u3) + g3(u3)]
=ic(D)e A+ diE — N @D+ dsé)ui fh) + (s — B @] f3) + oujgsy@h)),

which can be rewritten as

A+ ds3g + s — b (uF) A+ drE n 1) rHdiE = AN+ fr(u3) + g3w3)

[p3 —=h' @)lu} f5(u3) Y ( o M+ diE— AN ub)
(G +ds8) (s —h' W3)lu f3(uh)+ouy gs () +us—h (u3) 1

ou’gyuy) :|
3 — h'(u3)

_Kk(m)e™T

H2

[ui‘fz’(u’b +

Recall that the positive homogeneous steady state u™ = (u}, u3, u3) satisfies the
equation ou; = u3u3 — h(u3). Especially, in view of /" < 0, we have uz —h'(u3) >
u3 — h(uﬁ)/u%‘ = ou3/uj > 0. This together with A <0,Rer >0and & >0
implies that the left-hand side of the above equality has a modulus larger than one.
However, the modulus of the right-hand side of the above equality is less than

k(7) [ (S0 GuTgs(uéf)/”?} _ 1

u
7% ! ul ous/uj

where we have made use of f;' < 0, g5 < 0 and « (T)uf[f2(u3) + g3(u3)] = pouj.
This leads to a contradiction. Therefore, u™* is locally asymptotically stable if either
R, >1orR, <1 < Ry.

We summarize our results in the following theorem.

Theorem 6.2 Assume (Hy), (H1), (H>), and (H3), with A(x,v) = A(v), h(x,v) =
h(v), f(v,w) =vfa(w), gv, w) = vgz(w) and [K(t) o Y1(x) = k()Y (x) for all
Y € C(K2). Assume further that d;, |;, o are constant functions, Let R, = hy/o with
hi = KW' (0) and Ry be defined as in (6.1). We have the dichotomy result.

(i) if Re < 1 and Ry < 1, then the infection-free steady state (i1, 0, 0) for system
(1.7) is globally asymptotically stable;

(ii) if Re > lor R, < 1 < Ry, then system (1.7) admits a unique positive steady state
(uy, u3, u3) which is also homogeneous and globally asymptotically stable.

7 Numerical computation and simulation

For simplicity, we choose 2 = (0, 1) and use finite difference method to conduct
numerical simulation. To implement the Neumann boundary conditions, we make
use of staggered mesh points: x; = (k — 1/2)h fork = 1,--- ,N and y; = jh
for j =0,1,---, N, where N is the number of mesh points and # = 1/N is the
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mesh size. For any given diffusion coefficient d; (x) and death rate u; (x), the operator
A; = V - (d;V) — j; can be approximated by a tridiagonal matrix A; in R . For
any ¢ € CI[0, 1], we approximate (A;¢)(xx) = (di¢")' (xp) — pi ()@ (xx) with k =
2’ cee, N by

di (k) — di k=19’ (k-
(Aip) (x) ~ SRLASD) h(Yk D@ (Vk—1)

~ di Yo Girs1) — ()] — di =)@ (x) — @(xk—1)]
h2

— i () (xk)

— i (i) (xg).

When k = 1 or k = N, we use Neumann boundary conditions ¢’(yp) = ¢'(yy) =0
to approximate

di(y1)¢’ d; -
(i) = TEVEOD gy o TOODZOCDT 1y,
and
—d; e’ _
(Aip) () ~ 0N ‘;“’ OV ey
_ —dilyn—DIe(xn) — pxn-1)]
~ — wi(xn)exn).

h2

It then follows that

. 1 [/oT0 o d: di o 007 .
A' - N 1 _ 1 _ N _ .
T [(d,- 0) * (o oT> <oT o) \od )|~

where o is the (N — 1)-dimensional zero column vector, c?,- is the (VN — 1)-dimensional
diagonal matrix with jth diagonal term d; (y;), and fi; is the N-dimensional diagonal
matrix with kth diagonal term u;(xx). The basic reproduction number for cholera
bacterium in the environment R, can be approximated by

~

R =r(—hiA3"), (7.1)

where the hat symbol denotes the numerical (resp. matrix) approximation of a
number (resp. operator). To approximate the basic reproduction number of infec-
tion Ry, we shall first solve for the infection-free steady state (w*(x), 0, 0), where
Aw* + A(-, w*) = 0 with A} = V - (d1 V). For any § > 0, the steady state w* is a
fixed point of the map G (w) = (6 — AD ' Sw+ A, w)]. Let Az (x, v) be the partial
derivative of A(x, v) with respect to the second variable v. The Frechét derivative of
G (w) with respect to w € C(Q) is G'(w) = (8 — A1) 7'[8 + Aax(-, w)].

Proposition 7.1 Assume (H1). Denote

Uj = maxii(x), 8:=— _min Ar(x, v).
xeQ xeQ,vel0,U1]
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Ifs > 5, then the map G(w) is a contraction on [0, U] C C(Q) and the iteration
wi+1 = G(wg) with k > 0 converges to the unique fixed point w* with any initial
point wy € C(Q) such that 0 < wo(x) < U; forall x € Q.

Proof If follows from (H;) that Ao (x, v) < O forall x € Q and v > 0. On the other
hand, (§ — A;) 'isa positive operator for all § > 0. For any § > é and w € C(£2)
such that 0 < w(x) < Uj for all x € 2, we obtain from a standard variational method
that

/ fsz[5 + Ao (x, wx) Y2 (x)dx
G fr—
e weH‘S(l;zI;n/f;éo Joldi () IV ()2 + 892 (x)]dx

Jo6 = Y*()dx 58

< sup 5 5 = = <1,
YeH (Q),¥#0 fQ[dl(x)|V1/f(x)| + 8y=(x)]dx )
where § := —max, g ,¢0.p,] A2(x, v) > 0. Thus, G(w) is a contraction map. The
convergence of iteration follows from contraction mapping theorem. O

In practise, we choose § = 8. Then the number of iterations to reach an accuracy of &
is about In &/ In(1 — §/8). For the critical case § = §, we have A(x, v) = b(x) — ju1v.
By choosing § = ,u 1, the iteration map actually gives the exact solution: G(w) =
(w1 — A~ 'b = w* forany w € C(Q).

Recall from (4.3) that Ry = r(L4s + L;), where Ly and L; and the transmission
operators defined in (4.4) and (4.5), respectively. We then approximate Ry by

Ro = r[K(0)Ba(= A~ + K(0)Bi(—hi — A3) 16 (—An 7", (7.2)

where /% and Bi are approximation of 8 and §; in (4.1), and ’6(1’) is the approximation
of the integral operator K(7). Especially, if K(7) is a semigroup Tg (7) generated by
the operator A4 := V(- «d4V) — p4 with Neumann boundary condition, then IC(r)
exp(tA4) If K(z)y¥ = k (7)Y, then IC(‘L’) = k(t)I, where I is the identity matrix.

First, we consider the homogeneous model and set A(S) = w1 (S, —S), f(S,I) =
BrSI, and g(S, B) = B.SB/(B., + B), where the parameter values are chosen as
in Table 1, with time unit in week (wk). We also assume h(B) = hiB/(K + B)
with A7 = 0.1/wk and K = 10° cells/ml. The diffusion coefficients are chosen as
d; = 0.1/wk, d» = 0.01/wk, d3 = 0.1/wk. The integral operator /C(7) is taken to
be a delta function multiplied by « (t) = e~ with us = 0.001/wk. As demonstrated
in Section 6, the basic reproduction numbers are exactly the same. And our numerical
computation supports this result. By using (7.1) and (7.2) with N = 100 mesh points,
we obtain ﬁe = 0.5 and Iéo = 14.6, which coincide with the values calculated from
R, = hi/un3 and (6.1).

Next, we introduce spatial heterogeneity to the model system by choosing

Br(x) = 0.001(1 +0.1x), B.(x) = 1.5(1 — 0.1x), o (x) = 70(1 — 0.1x),
wi () = 0.0006(1 — 0.2x3), pua(x) = 1.4(1 4+ 0.1x2), p3(x) = 0.2(1 + 0.2x3).
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Fig. 1 Level curves of Ry with various d and d3. Left panel: §; /o is a constant function. Right panel:
Bi /o is not a constant function

Itis readily seen that 8; /o is a constant function, which, according to Proposition 4.5,
implies that R is a decreasing function in both d» and d3; see the left panel of Fig. 1.
However, if we choose B, (x) = 1.5(x +0.1), then §8; /o is not a constant function and
Ry is no longer decreasing in d;; see the right panel of Fig. 1. When we make some
changes on the other model parameters, Ry may not be decreasing in d3 (figure not
shown here).

Next, we consider the heat kernel when /C(7) is the semigroup generated by an
operator V - (d4V) — 4 with Neumann boundary condition, where d4(x) = 0.1[1 +
0.5cos(2mx)] and pe4(x) = 0.001(1 + 9x). The other parameters are chosen as

Br(x) = 0.001(1 — 0.9x), Be(x) = 1.5(1 — 0.9x), o (x) = 70(1 — 0.9x),

S (x) = 10,000[1 + 0.5 sin(27x)], 121 (x) = 0.0006[1 + 0.5 sin(27x)], p2(x) = 1.4(1 + 9x),
u3(x) = 0.2(1 4 9x), hi(x) =0.1(1 —0.5x), K(x) = 10°(1 — 0.5x), B. = 10%, r = 0.3
di(x) = 0.1[1 — 0.5cos(27x)], da(x) = 0.01[1 — 0.5sin(27x)], d3(x) = 0.1[1 + 0.5 sin(27x)].

The basic reproduction numbers are computed as R, ~ 0.17 and Ry ~ 3.38. Theo-
rem 5.2 implies that infection will persist and at least one endemic steady state exists.
Numerical simulation supports this and further indicates that the endemic steady state
should be globally attractive; see the red dashed curve in the right panel of Fig. 2.
Define the local basic reproduction number for the cholera bacterium in the envi-
ronment Ré(x) = hi1(x)/u3(x), and when Ré(x) < 1, the local basic reproduction
number of infection

e ML (x)Su(x) e M B (X) S, (x)0 (%)
142 (x) 12 (03 (x) — A1 (x)]

R)(x) =

Following the ideas in Allen et al. (2008), we then divide the spatial domain into high-
risk region 2, where either Ré (x) > 1lor Ré x) <1< R(l) (x), and low-risk region €;
where Ré (x) < land Ré (x) < 1. Numerical calculation shows that Ré (x) < 1forall
x €10, 1], and R)(x) > 1 whenx < x, ~ 0.46 and R)(x) < 1 when x > x.; see the
left panel of Fig. 2. Without diffusion, the infection will persist only in the high-risk
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Fig. 2 Impact of diffusion on infection. Left panel: local basic reproduction number of infection R(l) (x).
Right panel: steady state solutions I (x, co) with diffusion (red dashed curve) and without diffusion (blue
solid curve)

region; see the blue solid curve in the right panel of Fig. 2. However, the diffusion
will spread the infection from the high-risk region to the low-risk region. Numerical
exploration also suggests that the diffusion may increase the level of infection even
in the high-risk region, which agrees with a study of a nonlocal dispersal epidemic
model in Yang et al. (2019).

8 Discussions

In this paper, we propose a general nonlocal delayed reaction-diffusion system to
investigate the direct (human-to-human) and indirect (environment-to-human) trans-
missions of cholera in a spatially heterogeneous habitat. The general model reduces
to the age-structure model when the nonlocal kernel function takes the form of a heat
kernel. Global dynamics of the general model system is determined by two basic
reproduction numbers for the cholera bacterium in the environment (R,) and for the
cholera disease in the host population (Ry), respectively. Our theoretical results imply
that the disease will persist if the environment is seriously contaminated (R, > 1). On
the other hand, if the cholera bacterium can not survive in the environment without
host infection (R, < 1), then the extinction threshold of cholera disease is given by
Ry < 1, where Ry characterizes the combined effect of direct and indirect transmis-
sions. We also study the impact of spatial diffusion on cholera dynamics. If the habitat
is homogeneous, then the diffusion will always reduce cholera infection. However, in
a heterogeneous environment, the relation between cholera infection and diffusion is
more complicated. In the absence of spatial diffusion, the cholera infection will only
persist in the high-risk region. One significant impact of diffusion is the spreading of
infection from the high-risk region to the low-risk region. Simulation results indicate
that diffusion may also increase the infection level in the high-risk region. Based on
our study, three types of cholera control strategies are suggested: (1) reduce cholera
bacterium in the environment such that R, < 1; (2) reduce the spatial diffusion of
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infectious hosts and cholera bacterium from high-risk region to low-risk region; and
(3) reduce both direct and indirect disease transmissions such that Ry < 1.
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