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Abstract

Multiple phenotypic states of single cells often co-exist in the presence of positive
feedbacks. Stochastic gene-state switchings and low copy numbers of proteins in
single cells cause considerable fluctuations. The chemical master equation (CME)
is a powerful tool that describes the dynamics of single cells, but it may be overly
complicated. Among many simplified models, a fluctuating-rate (FR) model has been
proposed recently to approximate the full CME model in the realistic intermediate
region of gene-state switchings. However, only the scenario with two gene states has
been carefully analysed. In this paper, we generalise the FR model to the case with
multiple gene states, in which the mathematical derivation becomes more complicated.
The leading order of fluctuations around each phenotypic state, as well as the transition
rates between phenotypic states, in the intermediate gene-state switching region is
characterized by the rate function of the stationary distribution of the FR model in
the Freidlin—Wentzell-type large deviation principle (LDP). Under certain reasonable
assumptions, we show that the derivative of the rate function is equal to the unique
nontrivial solution of a dominant generalised eigenvalue problem, leading to a new
numerical algorithm for obtaining the LDP rate function directly. Furthermore, we
prove the Lyapunov property of the rate function for the corresponding deterministic
mean-field dynamics. Finally, through a tristable example, we show that the local
fluctuations (the asymptotic variance of the stationary distribution at each phenotypic
state) in the intermediate and rapid regions of gene-state switchings are different.
Finally, a tri-stable example is constructed to illustrate the validity of our theory.
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1 Introduction

Genes switch among different states due to the regulation of transcription factors
and synthesise proteins at a state-dependent rate. This paper considers self-regulatory
genes with positive feedback regulations, in which the transcription factors are syn-
thesised by the regulated gene itself and reversely help the genes switch to a state
with a relatively large synthesis rate. This may lead to a copy-number distribution
with multiple modals, which, from a biological point of view, correspond to multiple
phenotypic states of a living cell continuously exchanging materials and energy with
its surroundings (Choi et al. 2008; Gupta et al. 2011; Ozbudak et al. 2004). Transitions
among phenotypic states induced by intrinsic stochasticity are advantageous for cells
to survive in fluctuating environments (Kussell and Leibler 2005; Acar et al. 2008).

Early mathematical works use the reaction rate equation to model the expression of
a gene with two (Babloyantz and Sanglier 1972) or multiple (Santillan 2008) states,
which neglects the randomness. The chemical-master-equation (CME) model, on the
contrary, describes a random dynamics inside a single cell (Delbriick 1940; Gillespie
1977), and has been applied to study lots of gene-regulatory networks (Samad et al.
2005; Berg 1978; Thattai and van Oudenaarden 2001; Paulsson 2005; Jia et al. 2018;
Newby and Chapman 2014; Newby 2015). Although the CME captures both types of
randomness, i.e. stochastic gene-state switchings and low copy numbers of chemical
species inside a single cell (Li and Xie 2011; Taniguchi et al. 2010; Eldar and Elowitz
2010), its mathematical computation is usually complex, and the exact solution is only
available in simple cases (Hornos et al. 2005; Ramos et al. 2011).

Therefore, many algorithms have been proposed to numerically solve the proba-
bility distributions of CME accurately for problems of interests, without Monte Carlo
simulations which are usually computationally expensive. For example, the Finite
State Projection (FSP) algorithm (Munskya and Khammashb 2006) and its improved
versions (Peles et al. 2006; MacNamara et al. 2008; Kazeev et al. 2014; Hegland et al.
2008) utilize efficient projections in the vector-based state space of CME. Recently,
the FSP is further developed to efficiently estimate the stationary distribution and
the parameter sensitivities of the CME (Gupta et al. 2017; Diirrenberger et al. 2019).
Other examples include the on-the-fly variant of the uniformisation technique, which
improves the original algorithm at the cost of a small approximation error (Mateescu
et al. 2010), the method of conditional moments (MCM), which employs a discrete
stochastic description for low-copy number species and a moment-based description
for medium/high-copy number species (Hasenauer et al. 2014), and so on.

Alternatively, various simplified mechanistic models rather than just numerical
algorithms have also been proposed to approximate the CME and investigate the mech-
anism of single-cell dynamics. Their mathematical foundation is the limit behavior
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of general CME under different scales of reaction rate, species abundance, and time
(Crudu et al. 2012; Kang and Kurtz 2013). Specifically, for gene-regulatory networks,
simplified models are applicable under different parameter regions based on the rela-
tionship between the gene-state switchings and the birth—death kinetics of proteins.
Most previous works assumed that gene-state switchings are extremely slow (Kar-
makar and Bose 2004; Artyomov et al. 2007; Qian et al. 2009; To and Maheshri 2010;
Feng et al. 2011; Ochab-Marcinek and Tabaka 2010) or extremely rapid (Ge and Qian
2009; Wang et al. 2010; Zhou et al. 2012; Qian 2014; Lu et al. 2014; Hufton et al.
2019a,b) to avoid the mathematical difficulty in subsequent analyses. However, at
least in bacteria, the single-cell gene-state switchings are neither extremely slow nor
extremely rapid (Li and Xie 2011; Taniguchi et al. 2010; Choi et al. 2008; Gupta
et al. 2011; Ozbudak et al. 2004). The relative stability of phenotypic states and the
transition rates among them in such an intermediate region are far from quantitatively
understood.

Recently, Ge et al. (2015) have proposed a so-called fluctuating-rate (FR) model
for the more realistic intermediate region, which neglects the randomness caused
by the low copy number of proteins but retains the randomness caused by gene-state
switchings. The FR model is much more accessible for mathematical analyses than the
full CME model because its mathematical prototype, i.e. the piecewise deterministic
Markov processes (PDMP), has been well studied (Davis 1984, 1993). PDMP is
a Markov process, whose randomness is only given by the jumps among different
deterministic dynamics. PDMP has appeared in several previous studies of the gene-
regulatory networks (Kepler and Elston 2001; Newby 2012; Hufton et al. 2016, 2018).
These works are all restricted to the case of specific number (two or three) of gene
states. In addition, Lin and Doering (2016) studied two-state cases theoretically, but
only provided the numerical results for multiple-state ones.

Actually, it has already been proved that, after taking the limit of large active
synthesis rates of proteins, the full CME model approaches the FR model, and if the
switching rates between discrete gene states further tend to infinity, the FR model
finally converges to the deterministic mean-field dynamics (DMFD) (Crudu et al.
2012; Faggionato et al. 2010). Studying the relative stability of phenotypic states and
the transition rates among them should go one step further beyond this law of large
number. That is the large deviation principle (LDP), especially the Freidlin—Wentzell-
type one (Freidlin and Wentzell 2014). Although the general dynamic LDP theory of
PDMP models has already been derived (Kifer 2009; Faggionato et al. 2009, 2010),
explicit expressions of the LDP rate function of steady-state distribution as well as the
proof for its Lyapunov property for the DMFD are still lacking for gene-regulatory
FR models with multiple gene states. The case with only two gene states has been
solved via the WKB expansion in Ge et al. (2015). The connection between LDP and
WKB methods is justified in Bressloff and Faugeras (2017). People may believe that
the scenario with multiple gene states should share the same mathematical results as
the case with only two gene states, and the multiple-state FR model has indeed already
been applied to investigate the stochastic kinetics of lac operon (Ge et al. 2018), but
the mathematical methods in Ge et al. (2015) cannot be generalized straightforwardly.

Besides the rigorous LDP for PDMPs, there are a variety of application techniques
in solving the first-passage time problems of stochastic hybrid systems, which include
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WKB approximations and matched asymptotics (Bressloff and Newby 2014b; Keener
and Newby 2011; Newby 2012; Newby and Keener 2011; Newby et al. 2013), and
path-integrals (Bressloff and Newby 2014a; Bressloff 2015). But the calculation of
the LDP rate function by these techniques is still difficult for the multiple-state case
even numerically. That is why most applications of the PDMP so far are still restricted
to the case of two or three gene states.

We focus on the LDP rate function of the stationary distribution, which is a quasi-
potential of the FR model and describes the leading order of the fluctuations of the
protein abundance. We found out that its derivative with respect to the continuous
variable can be formulated as the unique nontrivial solution of a dominant gener-
alised eigenvalue problem in the case with arbitrary finite number of gene states,
which generalises the results in Ge et al. (2015). Main mathematical tools are the
famous Perron—Frobenius theorem (Frobenius 1912) and the convexity of the domi-
nant eigenvalue of an essentially nonnegative matrix on diagonal elements (Deutsch
and Neumann 1984). Such a detailed investigation of dominant generalised eigenvalue
problems promotes a new numerical algorithm for obtaining the LDP rate function of
steady-state distribution in the FR models. We further prove the Lyapunov property
of the LDP rate function with respect to the DMFD, based on the above analysis.
Whereas the results of Faggionato et al. (2009) are restricted to the case with unique
fixed point, our result of the Lyapunov property is general. The prefactor of the FR
model, which provides the next order of fluctuations, is also proved to be continuous
and positive.

We use a tristable example to numerically show that the rate function of the FR
model correctly predicts the transition rates between phenotypic states, i.e. different
attractors of DMFD, in the intermediate region based on the Freidlin—Wentzell-type
LDP. Moreover, the local fluctuations, i.e. asymptotic variance, of each phenotypic
state in the intermediate region of gene-state switchings are highly different from those
in the rapid region, even if their DMFDs are the same.

This paper is organised as follows. Heuristic derivation of the FR model with
multiple gene states as well as the associated LDP rate function is given in Sect. 2.
Mathematically rigorous proof of the LDP rate function as the unique nontrivial solu-
tion of a dominant generalised eigenvalue problem and the Lyapunov property with
respect to DMFD are given in Sect. 3. In the same section, we propose a new numerical
algorithm for the calculation of LDP rate function. In Sect. 4, a tristable example is
analysed in detail to further justify the main results. The conclusions and remarks are
presented in Sect. 5.

2 Approximate the full CME model with multiple gene states

We briefly describe the full CME model of protein syntheses in Sect. 2.1. In Sect. 2.2,
we reduce the full CME model to the FR model through the rapid limit of protein
synthesis. Then as the gene-state switching rates further approach infinity, the DMFD
of the FR model and the LDP for its stationary distribution are given in Sects. 2.3
and 2.4, respectively. We briefly introduce the reduced CME model in Sect. 2.5, which
approximates the full CME model through the rapid limit of gene-state switchings.
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Fig.1 Diagram of an example of the full CME model with three gene states

2.1 Full CME model

We assume the total number of gene states is G. A gene switches from state i to state
J by the rate h; ; (n), which depends on the protein copy number n. A gene in state
synthesises proteins by the rate k;, and a protein degrades by rate y. Without loss of
generality, assume that k| > k» > --- > k. Figure 1 is the diagram of an example of
the full CME model with three gene states. The state of a single cell is characterized by
the gene state and copy number of protein molecules. Define p; (n, t) as the probability
of the cell state in which the gene state is i and there are n protein molecules at the
moment t. The CME is (Delbriick 1940; Grima et al. 2012; Gillespie 1976, 1977)

ohpi(n,t)=kipin—1,0)+ym+Dpin+1,1)+ Zhj,i (n) pj (n, 1)
J#
—kipi (n, 1) — ynp; (n, 1) = Y hij () pi (n, 1) . (1)
J#i

2.2 FR model

Let h; j (n) and y be fixed, and define npax = % Denote k; = nmaxk? with k?
being fixed, in which k(l) = y. We give a heuristic derivation of the FR model which
approximates the full CME model as npax — 00. The FR model is actually a PDMP.
Rigorous definition and proof of the convergence of the full CME model to PDMP as
Nmax —> 00 are given by Theorem 3.1 in Crudu et al. (201%).

Define x := n/nmax, pi (x,1) 1= p;j (Nmax - x, 1) and h; j (x) = h; j (Nmax - X).
Then Eq. (1) becomes
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~ ~ 1 1 - 1
o pi (x,1) = nmaxk,opi <-x - s t) + Y lmax <x + )Pi (x + s t>
Nmax Nmax Nmax
D i () By (1) = nnaxk{ Bi (6, 1) = YrmaxX Pi (. 6) = Ry (X) P (x. 1)

J#i J#i
)
Substitute
~ 1 ~ 1 ~
pi| X — )R pi(x 1) — Oxpi (x,1),
Nmax Nmax
1 - 1 - 1 ~
x+ pi -x+ ’t %-xpl' ()C,t)+ 8)6 [-xpi (-xat)]v
Nmax Nmax Nmax
into Eq. (2), resulting in
05 o0y = =0 { [ = yx] B ()
+ Y Ry )Pyt = Y ki (x) pi (x. 1) 3)

J#i J#i

It is exactly the Fokker—Planck equation of a PDMP process, called FR model for
single-cell dynamics (Ge etal. 2015). The gene switches stochastically among different
states, while at each gene state, the fluctuation of the protein kinetics is eliminated
by taking the limit of the large active synthesis rate of proteins, leaving the rescaled
protein number x to follow a deterministic dynamics.

2.3 DMFD of the FR model

Define the negative transition rate matrix as

By () =i () - —hga(x)

~ —hip(x)  hy.(x) - —hg2(x)
H (x) := ) . . ) .

~hc (¥) ~hyg () -+ hg.(x)

where ﬁ,- (x):=> Hél hij (x). In the FR model of Eq. (3), let k0 and y be fixed,
and H (x) = HH (x) (hl )= Hh, .j (x)) with H (x) being fixed and ’H — oo. If
H (x) is irreducible, the Markov chain with the transition rate matrix —HH (x) has
the unique stationary probability ¢; (x) for gene state i. We give a heuristic derivation
of the DMFD of the FR model. The rigorous counterpart is the averaging principle of
PDMP given by Theorem 2.2 in Faggionato et al. (2010).

As 'H — oo, the characteristic time-scale of the gene switching becomes much
faster than the dynamics of the protein abundance x in the FR model, and Di (x,1) &
i (x) approximately. Thus, we define
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G
g(x) =) G (x)k). )

i=1

Let p(x,1) := ZZGZI pi (x,1). Then summing Eq. (3) over i, and substituting
Eq. (4), we have

WP (x, 1) =—0, {[g(x) —yx] P (x,0)}. 6))

Equation (5) is exactly the Louville equation, describing the evolution of probability
along the DMFD

dx

7 = 8w X (6)

2.4 LDP for the stationary distribution of the FR model

Except for the particular cases in Propositions 3.4 and 3.5 of Faggionato et al. (2009),
obtaining the exact stationary solution of the FR model with more than two gene
states is generally difficult. We alternatively give a heuristic derivation of the LDP rate
function for the stationary distribution of the FR model.

Assume Eq. (3) has the unique stationary distribution p?* (x), which is absolutely
continuous w.r.t. the Lebesgue measure. Then

0= =0 [k = yx| 7" o} + 3 Hh 0 5 00 = D Hhiy @) 5 ).
j#i J#i
™

The pathwise LDP has been proved for many mesoscopic models approaching the
macroscopic ones (including diffusion processes) (Freidlin and Wentzell 2014; Feng
and Kurtz 2015; Olivieri and Vares 2005; Touchette 2009). For PDMP, the LDP of the
path density is proved by Theorem 2.3 in Faggionato et al. (2010). Then by the same
classic techniques used in Freidlin—-Wentzell theory (Freidlin and Wentzell 2014), one
can prove that the limit limp/_, o —% log }; pi® (x) exists. We further assume that

the limit limy/_s oo —% log p?* (x) exists for each i and is independent of i, which is

denoted by @ (x).
In other words, the stationary distribution of the FR model satisfies pi* (x) =

Ci (x, H)exp (—Hg (x)) scaled by the gene switching intensity H, where C; (x, H)
is the prefactor satisfying limyy_, oo —% log C; (x, H) = 0.

We have assumed that ®; (x) = limH_wo—%log P;° (x) is independent
of i. This is based on the following heuristic argument. Substitute 175" x) =

Ci (x, H) exp (—H&AS,- (x)) into Eq. (7), and divide both sides by exp (—Hcii,- (x)).
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0=-9, {[k? — yx] Ci (x, H)} +H [k? — yx] Ci(x,H) 3x$i (x)

+ Y MR 00 Hyexp [ (@ 0 — B ()]

j#i
— > Hhi j (x) Ci (x. H). ®)
j#i

The third term on the right hand side of Eq. (8) will be exponentially large unless its
exponential parts vanish. Thus,

32(X)=$3(x)=---=gc(x) :=$(x).

)

1(x)

Define C (x, H) := [C; (x,H), Ca (x,H), -+, Cg (x, H)]. Assume that
lim  C(x,H)/IC(x. H)ll2 = C(x).

H—+00

lim L3 [log C; (x, H)] = 0
H X Og l(x9 ]_ .

H—o00

Then divide both sides of Eq. (8) by H||C (x, H)||2, neglect the first term in Eq. (8) as
H — o0, and substitute x* := k?/y, we have

0=y (-2 CWad @+ i C =Y i ®C®. ©

J#l J#L
Define
yi-x) 0 0
aw=| ° y(x;:_x) R (10)
0 0 0 y(xs-x)

then Eq. (9) can be rewritten in the matrix form:
[ﬁ (x) — axg(x)A(x)]é(x) —0. (11)
3C (x) # O satisfying Eq. (11) iff
det [ﬁ (x) — 0, (x) A (x)] —0. (12)

What we have used is the WKB method. The connections between LDP and less
rigorous WKB methods for Markov chains have been established for a long time
(Dykman et al. 1994; Hanggi et al. 1984; Knessl et al. 1985; Vellela and Qian 2008).
Similar results for PDMP are recently proved in Bressloff and Faugeras (2017). Such a

@ Springer



Fuctuating-rate model with multiple gene states 1107

LDP rate function also provides the transition-rate formula between different attractors
of DMFD, which takes the general Arrhenius/Kramers form (Keener and Newby 2011;
Ge et al. 2015). In literature, people sometimes call the LDP rate function @ (x) the
nonequilibrium landscape function (NLF) (Feng et al. 2011; Ge et al. 2015), which
is an analog of the equilibrium landscape function established in the field of protein
folding (Frauenfelder et al. 1991; Onuchic et al. 1997).

2.5 Reduced CME model

Let k; and y be fixed, and H (n) = HH (n) with H (n) being fixed and H — oo.
Resembling Ge et al. (2015), we give a heuristic derivation of the reduced CME model
which averages the full CME model over the stationary distribution of the gene state
as H — oo. The rigorous averaging principle of the full CME model is given by
Theorem 5.1 in Kang and Kurtz (2013).

Define p (n,t) := 216:1 pi (n,t). Let §; (n) be the stationary probability for gene
state i of the Markov chain with transition rate matrix —HH (n). As H — oo,
pi (n,t) « ¢ (n) approximately. Define k(n) := ZlGZI gi (n) ki. Sum Eq. (1) overi.

¥pmty=kn—Dpm—1LDymn+1)pn+1,1)
—k(n)p(n,t)—ynp (n,1t). (13)

Equation (13) is called the reduced CME model.

Note that the reduced CME is actually a full CME with only one gene state. Thus,
the FR approximation of it as in Sect. 2.2 directly leads to the DMFD. Use the same
rate scales as in Sect. 2.2, and define k (x) := k (n). By Eq. (4), k (x) = nmaxg (X).
Then Eq. (13) becomes

~ 1 - 1
0 p(x,1) = Nmaxg (x )p( )
Nmax nmax
+ ynmax < < t)
Nmax Nmax

— Nmax§ (X)P(x,f) Y Nmax X P p(x,1). (14)

Substitute

1 - 1 - 1 -
g<x— )p(x— J)%g(X)p(x,t)—n—Bx[g(x)p(x,t)],

max
1 ~ 1 - 1
X+ plx+ st~ px, 1)+
Nmax Nmax Nmax

into Eq. (14), one arrives at

x [xp (x, D],

alﬁ(xat) = _ax {[g (-x) - yx]ﬁ(x,t)} ’
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which is exactly Eq. (5). Therefore, the FR model and the reduced CME model share
the same DMFD in Eq. (6).
Define p** (n) as the stationary distribution of p (n, t). By Eq. (13), forn > 1,
O0=k(—=1p" (=D+y@+1)p” n+1)—knp™ n) —ynp™ ).

0=y p* (1) — k (0) p* (0) for n = 0. Therefore,

XNmax—1 /; (l) XNmax—1 /; (l)
p* (xnmax) = p* (0) ————=7p"0)exp log (— )
" E) y(i+1) ;0 y(i+1)
r XNmax— 1 -
— 1 k(i)
= p* (0 , 1
p (0)exp _”max ; P Og<)/(l+1)>:|
B XMmax — 1 i
o — 1 8 (nmax)
= p** (0) exp | Pmax Z log |
i i—o Hmax )/m
B X
~ p* (0) exp nmax/ log (M) dy:|. (15)
L 0 vy
R ,
Define g (x) :==1lim, oo —ﬁ log [p” (xnmax)] = — fg log (%) dy. Then
~R
3@ (x) = —log (g (x)) . (16)
yX

~R
By Egs. (6) and (16), we have the Lyapunov property of @ (x).
ad" (x) R d (x)
X = X g(x
— =0, — =—1 — — <O0.
- P () og( o ) [¢ (0) —yx] <

3 Rigorous analysis of the rate function and the prefactor of the FR
model

Based on the heuristic arguments in the previous section, we propose several basic
assumptions for the FR models:

Assumption 1 The stationary distribution p?* (x) of the FR model can be expressed
as

B ) = Ci (v, Hyexp (—HS ().

in which lim;_, o; —7; log C; (x, H) = 0 and limy_, o 779y [log C; (x, H)] = 0.
Furthermore, @ (x) is continuously-differentiable, and 8x<5 (x) satisfies Eq. (12).
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Assumption 2 C(x, H) in Assumption I satisfies limp;—, oo C(x, H)/[IC(x, H)|l2 =
C(x), and C(x) satisfies Eq. (11).

Assumption 3 The negative transition matrixes H (x) are irreducible and continuous
3 k *
in (xG, x) )

Generalised eigenvalue (GE) proposed in previous works (Chu 1987; Ikramov
1993) and dominant generalised eigenvalue (DGE) proposed in this work are the two
most important concepts in this section. The classical eigenvalue problem of a matrix
Z isto solve the equation det (A — Z) = 0. Replacing the identity matrix I by another
matrix D, roots of det (AD — Z) = 0 are called GEs of the matrix Z on D, which form
the generilised spectrum. Assume Z is a Z-matrix, i.e. all the off-diagonal elements
are nonpositive, then we can define the classical dominant eigenvalue problem for Z.
For A large enough, Al — Z is a nonnegative matrix with a real positive dominant
eigenvalue Ag due to the Perron—Frobenius theorem. Then A — X is a real eigenvalue
with the smallest real part among all eigenvalues of Z, which is called the classic
dominant eigenvalue of Z and denoted by r (Z). Obviously, such a definition does not
depend on the choice of 1. Note that Z —r (Z) I is still a Z-matrix, and the eigenvalue
of Z — r (Z) I with the smallest real part is exactly 0. Thus, r (Z —r (Z2) 1) = 0.
Replacing I by another diagonal matrix D, any solution of r (Z —AD) = 0 (see
Definition A1) is called a DGE of Z on D. N R

By Assumption 1 and Definition Al, 8,® (x) is a GE of H (x) on A (x). By
Assumption 3, Corollary Al and Theorem Al, H (x) has at most two DGEs on A (x)
for x € (x%, x7). One is always 0. The other, if exists, is defined as the nontrivial

DGE u (ﬁ|A> (x). Otherwise, define i (I?|A) (x) := 0 (see Definition A4). For
simplicity, define  (x) := (ﬁlA) (x) for x € (x%, x}).

3.1 The relation between a,,$ (x) and 1 (x)

First, we justify the continuity of 1t (x), especially at those x;*’s with degenerated A (x).
For x # x7, det [ﬁ (x) — 1A (x)] = 0is a A-polynomial of order G and has G roots

(GEs). However, det [ﬁ (xl*) — LA (xl*)] = 0isof order G — 1 and has only G — 1

roots (GEs). The following theorem shows that one of the G GEs for x # x*, denoted
by Aoo(x), diverges at x*, and the other G — 1 GEs for x # x/" tend to the G — 1 GEs at
xl.*. Furthermore, for x # xi*, the nontrival DGE is not Ao (x) near xl.*, and converges
at x* to the nontrival DGE at x;".

Theorem 1 Under Assumption 3, we have fori € [2, G — 1]

1. There exists a single root Lo (x) of det [ﬁ (x) —AA (x)] = 0 near x;“ such that

fl?,-,. (xl*) = lim,_, ;x ¥ (xl* - x) Moo (X).
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1110 J.Lietal.

2. VA,
lim p (v) () = det [ (x}) = A (xl-*)]/ T () [Ty (= 0) |
x—)xl‘
G-1( *
where for x € | J:7_; (xl.,H,xi,),

N G
P (xX) (1) := det [H (x) — LA (x)] / {[A e I (x - x;';)} (17
i'=1

30 limy e (x) = (x))-

Proof For x € Ul(,;z_ll (xl*, Ny xl"‘,) A (x) is nonsingular, thereby
det [ﬁ (x) — AA (x)] = det [ﬁ ) A~ (x) — u] det [A (1)],

and the GEs of ﬁ (x) on A (x) are the eigenvalues of ﬁ ) A7 (x). VA,

lim* det [y (xl* — x) I/? ) A" (x) — )J] = (=% 261 [A —;zN\i,. (xl*)] ,
)C*)Xi

soasx — xF,G—1 eigenvalues (count multiplicity) of y (x; — x) i (x) A~ (x) tend
to 0, and the remaining one tends to E,-,, (xl*) The eigenvalues of

y (xF —x) i (x) A~! (x) are just those of H (x) A~ (x) multiplying y (xf —x),
so we have the statement 1.
Multiply both sides of Eq. (17) by [ — Aoe ()1TT7_; ¥ (x — x3).

[T (= x5) | ¥ (x = %) [ = koo (0] p (¥) (B) = det [ﬁ (xX) — LA (x)] .
il £i

~
Because lim, , + ¥ (x = x) hoo (x) = h; . (x]"), for any fixed A,

Zi,. (xl*) 1_[ y (xl* — xl*,) xliﬂn;.* p @)L

i'i
= lim | [Ty (x =) |7 (v =) [ = Ao (0] p (1) (1)
i i/;éi
— lim_det [?7 (x) — AA (x)] — lim_det [?7 (x7) — 1A (x;")].

X—=>X;
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This is the statement 2. -
Because lim,_, ,» y (x}f = x) hoo (x) = h. (xF) > 0, we have

hm Aoo (X) = 400, lim Ay (x) = —00.
x—>xF— x—>x+

i

Denote the number of positive and negative diagonal elements of A (x) by m [A (x)]
and n[A (x)], respectively. Because m[A(xi*)], n[A(xlf")] > 0, some diagonal

element of ﬁ(x) — Ao (x) A(x) tends to —oo as x — x/. By the Ger-
shgorin circle theorem (Gershgorin 1931), limx_)x’_* r [ﬁ (xX) —Aoo (X) A (x)] =
—o0. Thus, p(x) # Ao (x) for x sufficiently close to x. By statement 2, the
roots of det [ﬁ (x) —AA (x)] = 0 except Ax (x) tend to the G — 1 roots of

~
det [H (x¥) — AA (x *)] = 0as x — x}, thereby continuous at x} and bounded near
x’; thus, —00 < hmx_> « ) (x) < llmxﬁx nx) < +oo Letlim; o0 yj = x be

a sequence such that hm]_>+oo nw (y]) = hmx_”i w(x). h,,. ( 1) > (0 because H(x)
is irreducible by Assumption 3. Then

~ =~
H(x) — Tim A — 1 [H»— -A»]:.
7= T tsn)| = [T -0 6)] =0
Thus, mx_)x uw(x) isaDGEofﬁ( *) onA( *) and so is limx_)x*,u(x).

Now we are going to prove that lim,_, xx i (x) = lim, .« u (x) by contradiction.

X*)X
If not so, then hmx_)xl_* w (x) and lim, .« u (x) are the only two DGEs of H (xi ) on
A (xl*) by Corollary A1, and one must be 0 by Theorem Al. Assume without loss of
generality that 0 = Tim, , ;= p (x) > lim,_ .« e (x). Let o= lim,_, .« p (x) /2 <
0. By Corollary Al, r [ﬁ (xl*) — A (xl*)] > 0 since lim, , ~u(x) < p <
mx_)xi* wu (x). For j large enough, i < u (y]) Then r [ (y]) nA (yj)] < 0 by
Corollary Al since z < 0 and i < pu(y;). As j — oo, r [H (x¥) — pA (xl*)] <0,
conflicts. Therefore, lim,,_, o () = 1im, ().

Now we show that lim,_, ,+ u (x) = (xl*)

1. If p (x¥) = 0, then by Definition A4, 0 is the only DGE of H (xF) on A (x}).
Then lim,_, = jt (x) = 0 = p (xF) because lim, = (x) is a DGE.

2. If o (x ( l*) > O, then following Definition A3, denote the number (count multiplic-

ity) of GEs with positive (negative) real parts of ﬁ (x) on A (x) by m (ﬁ |A) (x)
(n (?I|A) (x)). By symmetry, it is enough to prove limx_m;k_ wx)=pnu (x*)

1

By Theorem A1, m (§|A) (xl*) =m [A (xl*)] = i—1.By continuity, 36 > 0such
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1112 J.Lietal.

that for x € (xl* -8, xl*) the i — 1 roots of det [ﬁ (xl.*) —AA (xl.*)] = 0 with pos-
itive real parts at x* still have positive real parts at x. By lim, _, xi— hoo (X) = 400,

it is possible to decrease & such that A, (x) > 0, thereby m (ﬁlA) (x) > i for
x € (xf = 8,xf). Conversely, for x € (xfy, 7). m (HIA) (¥) < m[A (0] =i

by Theorem Al. Therefore, m (ﬁlA) x)=m[Ax)]=iforx e (xl* -4, xl*)
By Theorem Al, pu(x) > 0 for x € (x}—4,x). Denote the roots of
det [ﬁ (x) — 1A (x)] = 0 other than Aoo(x) and p(x) by {A; (x)} 2. Assume
without loss of generality that {2 ; (x)} have positive real parts in (x -4, X )

By statement 2, u(x) and {2 (x)} 2 tend to the roots ofdet[ (x}) — 1A (xF )] =
0. If hmx_)x _unx) = u( ) does not hold, then llmx_>x _pn(x) = 0. Also,

since {4} | have nonpositive real parts in (x* — 8, x7"), limy o= ML (0] <

Jj=i— 1
Ofor j eli—1,G 2] Thus,m (H1A) (v7) =i =2 <i—1=m[A(x)],
which conflicts Theorem Al.

3. The case for u (x}) < 0 can be proved similarly as if u (x}) > 0.

Theorems A2 and 1 imply Corollary 1.

Corollary 1 Under Assumption 3, u (x) is continuous in (xé, xf)

Remark 1 A generalisation of Theorem 1 is given in Theorem A3 under a weaker
assumptlon than Assumption 3 that for ie[2,G-1], H (x) is continuous at x;
ﬁ = +o00, and hmx_m Z-J(( )) exists Vj #i.

i,

hmx—))cl.*

The following lemma is essential for the relation between 8x$ (x) and u (x).

Lemma 1 Under Assumption 3, any real continuous GE A (x) in (xz"; xi“) satisfies
Ax) e{0,u(x)}, Vx € (x’&, xf)

Proof By Corollary 1, u (x) is continuous in (xG, ) By Lemma Al, wu(x) and
0 is not a single root of det [H (x) — 1A (x)] — 0iff 1 (x) = 0. So u (x) and 0

do not intersect any other GE of H (x) on A (x). Thus, 3x € (x%. x7) such that
A (x) € {0, (x)} implies A (x) € {0, u(x)} Vx € (x%, x}). So it is enough to
prove the former. By Lemma A6, 0 < A (x) for x € (xé‘;, ngl), and 0 > X (x) for
x € (x}, x}). By continuity of A (x), 3x € (x},. x7) such that 1 (x) = 0 € {0, p (x)}.

o

By Assumption 1 and Lemma 1, 9, @ (x) € {0, u (x)}. However, we still can not
uniquely determlne 8x<1§ It is because if u (x) has two roots x7;, < x’ < x” < x{,

one can let 8x® (x) = 0in (x/,x”) and axcp (x) = p(x) in (xf, x') U (x”, x7).
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Fuctuating-rate model with multiple gene states 1113

Then BX(S (x) is still continuous and does not violate Assumption 1 and Lemma 1.
Therefore, we have to add another assumption in order to not consider those trivial
scenarios.

Assumption 4 If 3, @ (x) € {0, & (x)}, then 8, @ (x) = ju (x).

3.2 The Lyapunov property of $(x) for DMFD

Theorem 2 proves the Lyapunov property of @ (x).
Theorem 2 Under Assumptions 1, 3 and 4, in (xf;, xf)

1. ,lé(x) =0iffgx) —yx=0;
2. @ (x) satisfies

ad (x) & dx
T =0 =pu[g) —yx] =0, (18)

and the equality holds iff g(x) — yx = 0.
Proof By Eq. (4) and Lemma A8,

Z?:l det [ﬁj (x)i| )/(x;f —X)

g(0) —yx = = (19)
Y, det [H (x):|
G aj ~
> det |:H (x)] > 0 because H (x) is irreducible. So
j=1
G A7
gx)—yx=0¢% Zdet |:H (x)] y(x;‘ —x) =0, (20)

j=1

where 7 x) is the submatrix of H (x) deleting the jth row and column. For x €
h Hj() he sub f H (x) deleting the jth d col F

?Z_]l (x;‘H, x;‘) denote the G roots of det [ﬁ (x) — 1A (x)] by {)‘j}JG=1v and for

x = x] forsome i € [2, G — 1], denote the G — 1 roots by {Aj}jqz_ll. Assume without

loss of generality that A1 (x) = 0. Observing the coefficients of det [I? (x) —AA (x)],

we have for x € UJGZ_II (x;‘H , x;’f>,

Z](»;:l det [?I] (x):| y (] —x) G G
c =S [lww=[nw, ey
[Ti=ry (xj _x> J=1j#j j=2
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and for x = x},

~j
Zszl det |:H (xl*)] y (&} —x7)
ﬁi,»(x;k) l_[j;éi 14 (X}k - x,*)

g T 1) =TT )

By Lemma A1, u (x) or 0 is not a single root of det [I/? (x) — LA (x)] =0iff u (x) =
0. In other words, ]_[J oA (x) =0(or ]_[ A (x) = 0 forx = x7) is equivalent to

w(x) = 0, thereby ijl det [H (x):| y(xj — x) = 0. This is the statement 1.
By Egs. (19) and (21), and Assumption 4, for x € U?;l (x;.‘H, xj),

=]
do (x)
dt

~ dx
= 0,® (x) E =u(x) [g (x) — yx]

1 (x) < ¢ .
= ~7 [T | TTr (x5 —x).
S5y det [HJ (x)} j=2 j=1

By Lemma A6, exactly one of the following occurs.

Lom (HIA) () = m 1A @)L (HIA) (6 = n[A @] =1, 1) > 0.

2. m (H|A) (xX)=m[A@)]—1,n (H|A) (x) =n[A @], i (x) <O0.

3. m (§|A) X)=m[A@)]—1,n (17|A) @) =n[A @] -1, 1) =0.

The signs of []_[jc=2 Aj (x)] and ]_[;ll y (x;‘ - x) are determined by n <ﬁ|A) (x)
and n[A (x)], respectively. In case 1, they have opposite signs, and p(x) > O.
In case 2, they have the same sign, and u(x) < 0. In case 3, u(x) = 0. Since

Z,G:l det |:ﬁl (x)i| > 0, dd;;” < 0 in all cases. Because u (x) and g (x) are contin-
uous in (xz";, x;‘) d%") is also continuous by Eq. (18). Thus, <Oforx =x;
withi € [2, G — 1]. The necessary and sufficient condition for the equality is 1mphed

by the statement 1. Hence the statement 2 is proved. O

dd>(x)

Proposition 1 Under Assumptions 2, 3 and 4, 51- (x) is continuous and positive in

(- x7)-

Proof By definition, r [ﬁ x)—ux)A (x)] = 0 for x # x7. By continuity,
[ﬁ x)—ux)A (x)] =0Vx e (xG, ) By Assumption 4, 9, CD (x) = ulx).

Then by Eq. (11), C (x) is the eigenvector of H xX)—pnx)A (x) corresponding to the
dominant eigenvalue r [H x)—ux)A (x)] = 0. Because H (x) — pu(x)A(x)is
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irreducible, by the Perron—Frobenius theorem, 5:‘ (x) > 0Vi,and 5,- (x) is continuous
since r [ﬁ xX)—pukx)A (x)] = 0 is a single eigenvalue. m]

Proposition 2 Under Assumptions 1, 3 and 4, for € > 0,

xGte o xf ~
/ 0P (x)dx = —o0, 0P (x)dx = +o0.
P xf—e

G

Proof Statement 1 in Theorem 1 is also true for x} and x/;. So

xgte xf
/ doo (X)dx = —o0, doo (X) dx = +o0.
X

G xj—e
By Assumption 4, BXS (x) = u(x). It is enough to prove that u (x) = Ay (x) in
(xf;, x5+ e) and (x}k — €, xi“) for € small enough. Since limx_”%_,r Aoo (x) = —00,
fore < xf,_; —x{; small enough, A (x) < Oin (xz‘;, x5+ E). Thus, n (ﬁ|A) (x) >
1 = n[A (x)]. By Theorem Al, n (ﬁlA) (x) = n[A (x)] (A (x) is the only GE
with negative real part) and 11 (x) < 0. Thus, 1t (x) = Aoo (x) in (x%, x% +€). The

case for x| can be proved similarly. O

By Proposition 2,

lim & (x) =+oo, lim & (x) =

*
X=X+ x—)xl

It is appropriate to define & (x) = +oo for x € [0, x%] U [x}, +00) because the
stationary distribution of the FR model vanishes outside (xG, ) In fact, once x
entering (xG, xl) it will never leave based on the piecewise- determmlstlc dynamics
of the FR models.

3.3 The numerical algorithm for &3(x)

We need the following proposition to support our numerical algorithm.

Proposition 3 Under Assumption 3, if i (x) # 0, then no real GE ofﬁ (x) on A (x)
locates strictly between pu (x) and 0.

Proof Assume without loss of generality that w(x) > 0. By Corollary Al,
[H (xX) — A (x)] >~ 0for0 < A < 1 (x). Recall that r [H (xX) — LA (x)] is the

elgenvalue of H (x) — LA (x) with the smallest real part. Thus, all eigenvalues of
H (x) — LA (x) have positive real parts. Therefore, det [H (x) —AA (x)] > 0. So any
X € (0, u (x)) cannot be a GE. m|
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Proposition 3 together with Theorem Al can be used to calculate u (x) in (xg, x]k)

numerically, thereby 8@5 (x) under Assumption 4. Then based on the fact that the
global minimum of the LDP rate function is always zero (Touchette 2009), one can
numerically obtain @ (x).

The rest of this subsection is the numerical algorithm for obtaining the nontrivial

DGE at any fixed x € U,G=_11 (xf;. x7). Since A is nonsingular, the GEs of Hon A

are the eigenvalues of HA™', which can be solved by existing numerical methods.
We first assume the ideal case that the numerically solved spectrum is completely
accurate. Then p can be obtained based on Theorem A1l and Proposition 3, following
the four steps:

1. Calculate m (ﬁ|A> and n (E|A) by the G eigenvalues of ﬁA‘l.

2. Ifm (ﬁ |A) = m (A), let u be the smallest real positive eigenvalue in the spectrum.
3. Ifn (ﬁ |A> = n (A), let u be the largest real negative eigenvalue in the spectrum.
4 Tfm (17|A) —m(A)—1andn (§|A) —n(A)—1,let u = 0.

However, in real applications, the solved eigenvalues have round-off error. So we
have to modify the above procedure as follows:

1. Set the eigenvalue with the smallest absolute value as 0.
~ ~
2. Calculate m (H|A> and n <H|A) by the G eigenvalues.

3 Ifm (ﬁm) > m (A), then

— find the eigenvalues with the smallest absolute imaginary part among all the
eigenvalues with positive real parts;
— let u be the smallest real part among the eigenvalues found in the above step.

4. Ifn (ﬁlA) > n (A), do symmetrically as the case when m <;7|A) >m (A).
5. Otherwise, let u = 0.

One may expect that the above modification is able to obtain an accurate j if the
round-off error is small. Nevertheless, no theory promises its correctness. Thus, one
still needs to check the obtained p. Corollary A1l provides a possible method, which
implies that

1. It r (17 — ,\A) > 0, then both (—oo0, 4] and [, +-00) contain DGE.
2. If A >0andr (I/T} — AA) < 0, then (A, +00) contains no DGE.
3. If A <Oandr (ﬁ — AA) < 0, then (—o0, A) contains no DGE.

We assume that the above numerical algorithm is accurate enough such that the
following statements are valid for some small error tolerances 7 > € > 0:

1. Ifr (ﬁ — AA) > 0, then both (—o0, A 4+ €] and [A — €, +00) contain DGE.
2. If A >tandr (ﬁ — AA) < 0, then (A — €, +00) contains no DGE.
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Fuctuating-rate model with multiple gene states 117

3. If A<tandr (I-I — AA) < 0, then (—o0, A + €) contains no DGE.

Denote the accurate value of u by p*. The following procedure checks whether p is a
good approximation of p*. If not so, such a check procedure still can further narrow
the possible range for the searching of u*.

1.

If |u| < 27, then

I (ﬁ + 2rA> <0andr (ﬁ — ZTA) <0, then u* € [=27 — €, 27 + €],
thereby w is a good approximation of p*.

If r (I?V + 2rA) > Qand r (ﬁ — 21’A> < 0, then (—o00, —27 + €] contains
DGE. Since 0 ¢ (—oo, =27 + €], u* € (—o00, =27 + €].

It r <H+2rA> < 0and r (H ZtA) > 0, then u* € [27 — €, 4+00)
symmetrically.

It r (ﬁ + ZTA) > 0and r (ﬁ - 2tA) > 0, then p* € (—00, =27 + €] N
[2T — €, +00) = @, conflicts.

2. If u > 27, then

3.

—Ifr( (M—I)A>>Oandr( (M+1)A><Othenu*e[u—t
— €, L + T + €), thereby p is a good approximation of p*.

- Ifr( (- r)A) <0Oandr (H (/L—}—‘L’)A) < 0, then 1* € (—o0, 1
— 7+ €].

—Ifr(ﬁ—(u—t)A>>Oandr< (u+r)A)>O,then,u*e[,u+t
— €, +oo)

- Ifr( (- r)A) <Oandr (H (,u~|—r)A> > 0, then 1* € (—o00, &
—t+e€e]lN[u+1t—¢, +00) =@, conflicts.

If u < —271, do symmetrically as the case when p© > 27.

Unless p is already a good approximation of p*, one should

. remove eigenvalues whose real parts equal to i, or do not belong to the possible

range of u* obtained from the above steps;

find one eigenvalue with the smallest absolute imaginary part among the remaining
eigenvalues, and let i be the real part of it;

check whether the new p is a good approximation of u*, and if not so, further
narrow the possible range of p*.

Repeat the above procedure until one of the following cases is encountered.

1.
2.

If u is a good approximation of p*, then return p.

Otherwise, if the possible range of ©* is small enough, then return the mid-point
of the range.

If all eigenvalues are removed, and the possible range of u* is still not small
enough, then apply a modified dichotomic search in the possible range.

In summary, we have Algorithm 3.1, where i and J mean the real and imaginary
parts, respectively, and [a, b] is the possible range of u*. The modified dichotomic
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search converges because b —a < (b’ —a’)/2 + t, where [d’, b'] is the possible range
of ;4* in the previous step. u at x* for i € [2, G — 1] can be obtained by continuity.

4 Local fluctuations and transition rates between phenotypic states
in a tristable example

We apply Algorithm 3.1 and Eq. (16) to a tristable example. The LDP rate functions in
the intermediate and rapid regions of gene-state switchings are calculated, and the local
fluctuations obtained from the rate function are compared. Here, local fluctuations are
just the second derivative of the LDP rate function at each local minimum, which
corresponds to each steady fixed point of the DMFD. To be more precise, we can
expand the rate function ¢ (x) near any local minimum x*, i.e.

9" (x*)

5 (x—x*)2+~-- . (22)

¢ () =¢ (x*)+

Then the asymptotic Gaussian variance of p** (x) close to x* is (H¢" ()~

In this section, we also show that the transition rates between phenotypic states in
the intermediate region are correctly predicted by rate formula proposed in the FR
model based on the Freidlin—Wentzell LDP (Freidlin and Wentzell 2014), and a direct
comparison with the stationary distribution of the full CME model further appreciates
the validity of the numerically obtained rate function of the FR model.

4.1 Tristable example

Let G = 3. By the definitions of g (x) and A (x) in Egs. (4) and (10), the fixed points
(phenotypic states) of the DMFD in Eq. (6) are the roots of

21 a2
det |:H (x)] y (xf —x) + det |:H (x)i| y (x5 —x)

3
+ det |:H (x):| y (xg‘ — x) =0, (23)

where H ! (x) is the submatrix of H (x) deleting the jth row and column. Let

2 = 2 S ¢
13 (x) = h3,1 (x) =0, h1,2 (x) = hl,2 =1, h2_3 (x) = h2’3 > 0,

21 (X) :=hy 1 x7 >0, h3z(x):=hs,x" > 0. (24)

=0

=

Then,
=1 = =
det| H (x)| =ho1(x)h32(x),
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Algorithm 3.1 The numerical algorithm for p

Require: H At>e>0.

Caleulate the eigemvalues I 1= (3} of HA™1i* = argmin| <; <11 A = 0.

) - 5-G F4) G
" (HLA) =21 O () =0 man (H1a) =20, i(r;)<0°
it m (ﬁ\A) > m (A) then
I=1{i €1, GIMGy) > 0).b = minge S| 1 = ming L3 )= Rk
else if 7 (E\A) > n (A) then

Do symmetrically as the case when m (H\A) > m (A).

else £ = 0.

end if

a = —00.b = +o0. flag = false.
repeat

if || < 27 then
Py ~
itr (H + ZIA) <Ouandr (H - 2m) < 0 then return t.

else if r (1? + ZrA) > Oandr <ﬁ - ZTA) < Othen b = min(b, —27 + €).

elseif r ( H + 2rA) <Oandr (17 —27A) > 0 thena = max(a, 2t — ¢€).
else return “The problem is too singular to be solved”.
end if
else if (£ > 27 then
if r (1’:7 —(n— '[)A) > 0andr (17 —(u+ '[)A) < 0 then return /.
else if r (ﬁ —(u— T)A) < Oandr (ﬁ —(n+ r)A) < 0 then
b=min(b, u — 7 + ¢€).
else if r (ﬁ —(u— T)A) >0andr (H —(n+ r)A) > 0 then
a=max(a, Lt + 7T —€).
else return “The problem is too singular to be solved”.
end if
else
Do symmetrically as the case of ;£ > 27.
end if
it b < a is empty then return “The problem is too singular to be solved”.
elseif b — a < 4t + 2¢ then return (a + b)/2.
end if
for 1. € E do
it R(1) ¢ [a, b] or R(X) = w then Remove A from [E.
end if
end for
if I is not empty then Find A € E minimizing [J(1)]. & = R(A).
else flag = true.
end if
until flag
if b = +00 then
K= mai(r, 1, a).
while 7 (ﬁ - KA) > 0do
a =max(a, K —€). K =2K.
end while
b=K +e.
else if ¢ = —o0 then Do symmetrically.
end if
while b — a > 47 + 2€ do
n=(a+b)2
if [14| < T then
ifT—p<pu+tthenp =r1.
else t = —T.
end if
end if
it ;& < O then
if r (ﬁ - /I,A) <Othena = — €.

elseb = +e.
end if
else Do symmetrically.
end if
end while

return (a + b)/2.
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cM[ﬁaw}=7mcm%2um
det [ﬁg (x)} =2 (ks (). (25)

Eq. (24) together with k; > k> > k3 describes a positive feedback regulation with
proteins attaching to the gene as dimers.
Substitute Egs. (24) and (25) into Eq. (23).

o ihs o (kl - Vx) X"+ hyohs <k2 - Vx> XAy ol <k3 - yx) =0.

(26)
Define uy := hy 5/h; 1, ua := hy 3/h;3 5, and divide Eq. (26) by h, 1 h3 5.
f(x,ur,up) = (k(]) — yx) x4 Ui (kg — yx) X2+ uiuo (kg — yx) =0.
We plot a curve
f(x ui,uz) =0,
27
{axf(x,ul,»u):o, 7)

in the phase plane of u1 and 1/u in Fig. 2a for k9 /k = 0.1283 and k3 /k) = 0.0078
(remind that k(l) =y).

The root number in each region divided by the curve is labeled in Fig. 2a. In one
region, f (x,u1,uz) = 0 has five roots. Fixing u; = 0.3329, we plot 1/us as a
function of x by f (x, u1, uz) = 0in Fig. 2b. As up = 0.0054 (vertical dotted line),
f (x,u1,uz) = 0 has five roots xD ) x13) @ 125 xG) These roots are the
fixed points of the DMFD (an ODE). Three stable fixed points x(1), x® and x® are
interlaced by two unstable ones x> and x>, which indicates that the FR model is
tristable.

4.2 FR model exhibits different local fluctuations from those of the reduced CME
model

= . R . .
In our tristable example, 3, @ (x) = 9,®@  (xV) = 0 at the stable fixed point x*) of
the DMFD by Theorem 2 and Eq. (16). Therefore, around xD we have the Gaussian
approximations

o 028 (x O N2
@ x)~ @ <x(’)> 4+ 7 2( ) <x — x(’)) ,
~R

R AR [ 2d (x@ N2
x)~ @ (x(l)) + XT() (x _x(l)> )

[
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Fig.2 aCurveinthe phase plane of #1 and 1/u5 by Eq. (27) withG = 3, kg/k(]) =0.1283, kg/k(]) = 0.0078.
As a function of x, the number of roots of f (x, uy, up) = 0 changes with | and u>. In each region divided
by the curve, we label the number of roots of f (x, u1,u) = 0 (i.e. the fixed points of the DMFD). b
Phase diagram with the same parameters as in a and u; = 0.3329. It shows the fixed points of the DMFD
vary with u5. Dash lines are the unstable fixed points indicated by x5 and x@) | while real lines are

=R
those stable ones indicated by x, x@ and x®_ ¢ The rate function @ (x) of the reduced CME model,
. R R ~R
and the Gaussian approximations around x@ with Bftp (x(l)> : 83@ (x (2)> : 3345 (x(3)) =1:

0.0056 : 0.0027. d The rate function @ (x) of the FR model, and the Gaussian approximations around x@
~ = =

with 928 <x<1>> L 02 (x<2>) 025 (x(3>) = 1:0.0163:0.0170. Inc, d, G = 3, k0/k0 = 0.1283,

KO /KO = 0.0078, 1) = 0.3329, uy = 0.0054. Ind, i3 5 /3 | = 1 and k¥ = y = 0.01

The local fluctuations around the fixed point x) for the FR model and the reduced

= . R .
CME model are indicated by 8%95 (x(’)) and 838 (x(’)), respectively. The larger the
second derivative is, the weaker the local fluctuation will be, illustrated by the ratio

028 (x1) : 928 (x@) : 928 (x@) (or 828" (x) : 928" (x@) : 028" (x®))
of the local fluctuations over all fixed points.

In Fig. 2c, we plot SR (x) of the tristable example in Sect. 4.1. Further fixing
Zg z/ﬁg 1 = 1land ko =y = 0.01, we plot q? (x) of the same example in Fig. 2d. The
Gaussian approximations Eq (28) around x¥) are plotted i in dash line in Fig. 2c, d.

The local fluctuations of (D (x) are different from those of @ (x) even if they share
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the same DMFD. Actually, we have

02 ( M) 10 323" (x@):a R(x<3)) = 1:0.0056 : 0.0027,

3
a§$(x<“) 37( ) ( ):1:0.0163:0.0170.

Thus, the local fluctuations at x®® and x are stronger in the rapid regime (the
reduced CME model) of gene-state switchings than those in the intermediate one (the
FR model).

4.3 Transition rates between phenotypic states

The mean first-passage time le from x ) to x(/) of the full CME model is numerically
calculated by the conventional first-passage theory (Redner 2007). In Fig. 3, Tli is
plotted logarithmically as functions of H in o, x, + for different Mimax -

le is insensitive t0 nyay in the intermediate region nmaxk; > Hh; j (x) > y of
gene-state switchings. The FR model is simulated by the Doob—Gillespie method to
obtain the mean first-passage time Tl{ (Gillespie 1976, 1977). In Fig. 3, Tl{ (real line)
agrees well with le for different nyax (o, X, +).

Refer to the discussion on the links between large deviations and WKB for the
PDMP (Bressloff and Faugeras 2017), the transition rate k;; from x to x) is approx-
imated by the general Arrhenius form

kij ~ K% exp (—HAES,,) , (28)

= = (’ﬂ) B g . . . . 0
where A®;; ==& | x 2 - [x(’)] is thebarrlerhelghtfromx(’) tox ), andkl.. is

a prefactor such that limy_, oo — H log kO = 0. Substitute k;; =1/ TC into Eq. (28).
c\ ~ 0 =
log (755) ~ log (1/k% ) + HA®,;. (29)

The linear relationship between log (Tl;) and H in Eq. (29) is observed in Fig. 3, by

which we fit and plot the slope A@i ; for different 7, in the insets of Fig. 3 by dash
-~ - i+ - .

lines. The real lines, which are calculated directly by A®;; := & x( z ) - [x1D],

match the dash lines. In conclusion, the LDP of the FR model correctly predicts the
transition rates between phenotypic states in the intermediate region of gene-state
switchings.
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Fig.3 Logarithmic mean first-passage time of the full CME model as functions of H for different nmax (o,
~C ~C

X, +), and that of the FR model (real lines). k(l) =y =0.01,u; = 0.3329, uy = 0.0054, h3 5/hy 1 = 1,

K9 k9 k§ =1:0.1283 : 0.0078. The insets show the barrier heights A®;; calculated by fitting Eq. (29)

for different nmax (dash lines), and those directly calculated by AP;; =P |:x( 2 ):| - [x(’)} (real

lines)

4.4 Comparison with the stationary distribution of the full CME model

By the same parameters as in Fig. 2d, we plot the stationary distribution p* (x)
(x = n/nmax) of the full CME model for nmax = 1000000 and H = 50 in Fig. 4a. As

expected, —% log p¥* (x) (real line) and @ (x) (dash line) are quite close (Fig. 4b).

5 Conclusions and remarks

A living cell usually has multiple phenotypic states to face fluctuating environments
(Kussell and Leibler 2005; Acar et al. 2008). The FR model proposed in Ge et al. (2015)
for single-cell dynamics with two gene states quantitatively describes the stabilities of
the phenotypic states and the transition rates among them in the intermediate regime,
which is the case in E. coli, but rarely studied before. Considering that genes often have
more than two states due to the combinatorial nature of transcriptional regulations (Zhu

@ Springer



1124 J.Lietal.

%107

25 T T T T 2 T
(@ (b)

2 -
I.5F

l -
05

0 pas . . q . . . . .
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Fig. 4 Parameters are the same as in Fig. 2d. a Stationary distribution pS* (x) (x = n/nmax) of the full

CME model for npmax = 1,000,000 and ‘H = 50. b —% log p&’ (x) (real line) and 13 (x) obtained by our
numerical algorithm (dash line)

et al. 2005), we generalise the FR model together with the LDP rate function of steady
state to the scenario with more than two gene states. We found that the derivative of the
rate function is just the unique nontrival DGE of the negative gene-state transition-rate
matrix on the protein birth—death matrix.

Given that several GEs exist, a method that determines the rate function from GEs
is necessary. Under appropriate assumptions, we prove that the nontrivial DGE is
continuous, the derivative of the rate function equals the nontrivial DGE, and the rate
function satisfies the Lyapunov property of the DMFD. The numerical results of a
tristable example support the equivalence of the nontrivial DGE and the LDP rate
function.

__The result in Corollary 1 is interesting because under Assumption 3 the matrix
H (x) A~! (x) is discontinuous at each x; but always has a continuous nontrival real
eigenvalue w(x) in the whole interval (x7;, x{). On the contrary, Example 1 will

show that even if H (x) A~ (x) is continuous in (xg» x7), it may have no continuous
nontrivial real eigenvalue on the whole interval.

Example1 Let x} = (5 —i) /4fori e [1,4],y =1,

00 0 1 —11 8 0 8
00 1 0 4 —16 10 1
T =lo 1 0 of =5 4 —17 o |’
1 0 0 0 2 4 7 -9
1 0 0 0 1 0 0 0
10 64(x—=3/4> 0 0 _lo 1 0 0
Ex(:=1, 0 1ol B®=lo 0 sa—1/22 o]
0 0 0 1 0 0 0 1
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Fig. 5 a—c GEs of ﬁ (x) on A (x), or equivalently, eigenvalues of ﬁ ) A~ (x) in Example 1 for x €
(xjf, xi“) a, b Real and imaginary parts of GEs. ¢ Corresponding 3D plot

FIA[(3/8), x € (0,3/8],
FIA[(3/8) E5 (x), x €(3/8,7/12],
= 12(2/3 — x) FIA| (3/8) E3(7/12)

HOY=1 112 —7/12) JFJ1A| (1/8) E2 2/3), x € (7/12,2/31,
JFJIA|(7/8) Ez (x), x € (2/3,7/8],
JFJIA|(7/8), x € (7/8, +00).

It is not hard to see that the limit of H (x) A~' (x) at each x7 is finite, hence

the matrix H (x) A~! (x) is continuous in the whole (xjf, xf) The eigenvalues of

H (x) A~! (x) given in Fig. 5a—c are also continuous in (xj{, xi") as expected, but

none of them is always real.

The realness of the nontrivial DGE is automatically promised by Definition Al,

whereas nondominant GEs may be complex. The nontrivial DGE u (x) of H (x) on
A (x) indicated by red lines in Fig. 5b, ¢, which should be continuous if Assumption 3
holds, is now discontinuous at x3 and x3 because H (x) becomes reducible.

In this paper, we have assumed a linear A(x) in Eq. (10). However, this is not
necessary. Generally, denote the ith diagonal element of A(x) by A;(x). If no two
diagonal elements A;(x) vanish at a same x, then simply replacing y (x/ — x) by
A;(x), the proof of Theorem 1 is still valid. After slight modification, other main
results in this paper are kept.

For now, we only considered the one-dimensional case (single self-regulatory gene).

For high dimensional cases, Eq. (12) becomes det [ﬁ x)—TF (x)] = 0, where

Vo) Fix) 0 0

0 Vo (x)- F
F () = . (x). 2 (x)

. (30)
0 0 0 VO (x) Fg (x)

and F; (x) is the vector field at gene state i. To apply the methods in this paper to high

dimensional cases, many concepts must be generalised since the derivative Vo (x)
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is now a vector but not a §§alar. The most crucial step should be to properly regard
the difference between V@ (x) and other solutions of the underdetermined system
det [17 x)—TF (x)] = 0. In one-dimensional cases, it is the unique nontrivial DGE.

Acknowledgements This work was supported by Natural Science Foundation of China, Grant No.
11971037 and 11622101 (Hao Ge), and Natural Science Foundation of China, Grant No. 11271083 (Yunxin
Zhang).

Appendix A: Results related to dominant generalised eigenvalue
problem

G > 0: matrix dimension/size.
g:: {152735“' aG}'
e B= (bivj)GxG: general G x G matrix.

o BS-S2forS), S, C G: principal submatrix of B formed by rows in S; and columns
in Sy. Particularly, BS .= BSSforS CG.

o i =G\ {i}.

L] |b-,j| = Zi;&j |b,',j|.

e Z: G x G Z-matrix (real matrix such that off-diagonal elements are nonposi-
tive) in the normal form (block upper-triangular form with each diagonal block
irreducible).

e 7:indices of irreducible diagonal blocks of Z.

e Z; fori € I: irreducible diagonal blocks of Z.

M: G x G M-matrix (Z-matrix such that all eigenvalues have nonnegative real

parts) in the normal form. Note that we allow singular M -matrix.

D: G x G real diagonal matrix.

D, for i € 1: diagonal blocks of D corresponding to Z;.

d; fori € G: the ith diagonal element of D.

Go:={ieGldi=0}.Gy:={i €eG|d; >0}.G_ :={i € G|d; <O}.

r (Z): dominant eigenvalue (the eigenvalue with smallest real part, which must be

real by the Perron—Frobenius theorem) of Z.

m (D) and n (D): the number of positive and negative diagonal elements of D.

D # O means m (D) +n (D) > 0.

O (0, p) :={z€Cl||lz—0| < p},whereo € Cand p > 0.

In this “Appendix”, we state results without proofs. Their proofs are given in “Appendix
B”. We always assume D # 0.

Definition A1 Denote the real part of € C by 9(A). Define
A (B|D) :={» € C|det (B — 1D) =0},
Ay (B|D) :={r € A(B|D) [} (}) > 0},

A_(BID) :={A € A(B|D)|% (») < 0},
Ao (B|D) = {L € A(B|D)|% (1) = 0}.
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A € A(B|D) is called the generalised eigenvalue (GE) of B on D (Chu 1987,
Ikramov 1993). For Ay € A (B|D), let c (Lo|B|D) be the multiplicity of Xy as a
root of det (B — AD) = 0. We define R (Z|D) := {A € R|r (Z — AD) = 0}, and
call . € R (Z|D) the dominant generalised eigenvalue (DGE) of Z on D. Define
E (Z — AD) :=det(Z — AD) /r (Z — AD), which is analytic even for A € R (Z|D)
because they are removable singular points.

Lemma A1 Assume that M is irreducible.

1. If n(D) = 0, then R(M|D) = {uy} with uy > 0 and c (uy|M|D)
r(M —AD) > 0forr < uyandr (M — AD) <O for A > 4.

2. If m(D) = 0, then R(M|D) = {u_} with u— < 0 and ¢ (u_|M|D)
r(M—AD)>0forr> u_andr (M —AD) <0 for A < u_.

3. Otherwise, R(M|D) = {uu—, uy} with iy >0 > p_. c(us|M|D) = 1 unless
u+ = 0, at which ¢ (u£|M|D) = c(O|M|D) = 2. r (M — AD) > 0 for u— <
A<pgandr (M —AD) <O fork < pu_ori > iy,

—

Il
=

Lemma Al justifies Definition A2.

Definition A2 For irreducible M, define ju4 (M|D) := max;crm|p) » for m (D) >
0, and p— (M|D) := minycgrm|p) A for n (D) > 0.

Definition A2 can be explained as follows. By Lemma Al, for m (D) > 0 and
n (D) = 0, there is only a nonnegative DGE for M on D, which is denoted by
U+ (M|D). Similarly, for m (D) = 0 and n (D) > 0, there is only a nonpositive
DGE, which is denoted by u_ (M|D). If m (D) > 0 and n (D) > 0, then there are
both a nonnegative DGE and a nonpositive DGE, which are respectively denoted by
p+ (M|D) and p— (M|D).

Since r (M — AD) = min;cg r (M; — LD;), the results in Lemma A1 can be gen-
eralised to reducible M (see Corollary A1) if for any irreducible diagonal blocki € Z
such that D; = 0, M; is nonsingular. Lemma A2 provides a sufficient condition for
this.

LemmaA2 K" := {i € I|m (D;) = n(D;) = 0,det (M;) = 0} = @ if and only if
det (M90) # 0.

Corollary A1 Assume that det (M90) # 0.
1. Ifn (D) =0, then R (M|D) = {ju4} with
Uy = py (M|D) = nll)lr; oHF (M;|D;) ,

i:m(Dj)>

r(M —AD) <OforA > puq,andr (M —AD) > 0 for A < i4.
2. Ifm (D) =0, then R(M|D) = {ju_} with

_=pu_(M|D) = max —_(M;|Dy),
w u— (M|D) i:n(Dl-)>()M (M;|D;)
r(M—AD) <O0forh < pu_,andr (M —AD) > 0 forx > p_.
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3. Otherwise, R (M|D) = {u—, 4} with

MUt = pu4 (M|D) := min py (M;|D;),
i:m(D;)>0

_=u_(M|D):= max _(M;|Dj),

M u— (M|D) i:n(D,-)>0M (M;|D;)

r(M —AD) < Ofork < p_ork > puy,andr (M — AD) > Oforpu_ < A < pig.
Corollary A1 extends Definition A2 to reducible M, and gives Lemma A3.

Lemma A3 Assume that M (0) is a continuous G x G M -matrix function of 0, D (6)
is a continuous G x G diagonal matrix function of 0 with constant G+ and Gy V6, and
det[M% (6)] # 0 V6.

1. If m[D (0)] > O, then puy (0) := uy (M|D) (0) is continuous.

2. Ifn[D )] > 0, then u— (0) := u— (M|D) (0) is continuous.

LemmaA4 1. Assume that |b; ;| > |b. ;| Vj € G, BY is irreducible, and djo € Go
such that |bj0,j0| > Ziego\{jo} |bi,jo|- Then

U 0 (bj.j/d;. 1b.j1/1dj1) =: O (BID) > A(BID).
7€G\G0

2. Under the assumptions in statement 1, further assume that b; ; > 0 for j ¢ Go
and B is diagonally dominant for all columns. Then

Y. cOIBID)=m (D), Y. cOIBID)=n(D),

1e[ANO4](B|D) re[ANO_](B|D)

where O+ (B|D) := g, O (bj.j/d;, |b. j1/d}).
Lemma A4 generalises the Gershgorin circle theorem to GEs.

Definition A3 Let T = (tl?j)GxG be a Z-matrix with } ;o j =0Vj € G. T is
called a negative transition rate matrix. Let m (T'|D) := ZAGA+(T|D) ¢ (MT|D) and
n(T|D) := ZAE[L(T'D) ¢ (AM|T|D).

Lemmas AS and A6, and Theorem Al connect the signs of the real parts of GEs
with the signatures of D for negative transition rate matrix 7" step by step. Since 7 is
diagonally dominant, it is not hard to prove by the Gershgorin circle theorem that T
is a singular M-matrix. Applying Lemma A4 to T, we have Lemma AS.

Lemma A5 Assume that T9 is irreducible, and 3jo € Go such that 1o, jol >
Ziego\{jo} |t jol- Then Ag (T|D) C {0}, and exact one of the following happens.

1. m(T|D) = m (D).

2. n(T|D) =n (D).

3. m(T|D) <m (D), n(T|D) < n (D).
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If T is irreducible, Lemma A5 becomes Lemma A6 by Lemma Al.

Lemma A6 Assume that T is irreducible, T9 is irreducible, and 3 Jjo € Go such that
2o, jol > Ziego\{jo} %, jo|- Then exact one of the following happens.

1. m(T|D) =m (D), n(T|D) =n(D)—1, u—(T|D) =0, c(u_|T|D) = 1. If
m (D) >0, us (T|D) > 0and c (us|T|D) = 1.

2. m(T|D) =m(D) — 1L, n(T|D) =n(D), py (T|D) =0, ¢ (u4|T|D) = L If
n(D) >0, u_(T|D) <0andc(u—|T|D) = 1.

3. m(T|D)=m((D)—1,n(T|\D)=n(D)—1, ux (T|D) =0, c(us|T|D) = 1.

Theorem Al generalises Lemma A6 to reducible 7', and concretizes Lemma AS.

Theorem A1 Assume that T is irreducible, and 3j, € Go such that |tj, j,| >
Ziego\{jo} |ti, j, |- Then exact one of the following happens.

1. m(T|D) =m (D), u_ (T|D) = 0. Ifm (D) > 0, uy (T|D) > 0.
2. n(T|D) =n (D), us (T|D) = 0. Ifn (D) > 0, u_ (T|D) < 0.
3. m(T|D) < m (D), n(T|D) < n (D), us (T|D) = 0.

Definition A4 T9% is irreducible. djo € Go such that |t} j,| > Ziego\{jo} |t;,jo|. For
m (D) ,n (D) > 0, define

_ Jus (TID), pn4+(T|D) >0,
w(T1D) = {u_ (TID), puy (T|D) =0,

as the nontrivial DGE of T on D.

By Theorem Al, at least one of w4 (7| D) is zero. Therefore, the nontrivial DGE in
Definition A4 is obtained by always choosing the nonzero DGE if possible.

Theorem A2 Assume that T = T (0) is a continuous G x G negative transition rate
matrix function of 0, D (0) is a continuous G X G diagonal matrix function of 6 with
constant Gy and Go Y0, and det [T9 ()] # 0 V6. Then p (0) := w (T|D) () is
continuous.

Theorem A2 proves the continuity of 1 (7| D) by Lemma A3.

LemmaA7 Fore > 0 and jy € G, let Z¢ := (zf])G G with ijo = €z;,j, and
J) Gx , :

25 v= zij for j # jo. Then sgn[r (Z9)] = sgnlr(Z)], where sgn is the sign

function.

Lemma A8 Assume that T is irreducible. Then v = (vj)le =% 0 satisfies Tv = 0 iff

V1 V2 U3 VG

det (17)  det (72)  det (79) W'
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Appendix B: Proofs of results in “Appendix A”

Proof of Lemma Al.

Proof Case 1: Since r (M — AD) has the smallest real part among all eigenval-
ues of M — AD, it is not hard to show by the Gershgorin circle theorem that
limy_ yoor (M —AD) = —00.Byr (M) > 0,3y > Osuchthatr (M — u+D) = 0.
Because D > 0, A < u+ = M —AD > M — uyD = r(M —1D) >

2
r(M—uyD) = 0. Ml r=p, < 0 since otherwise, by W < 0

(Deutsch and Neumann 1984) r(M—AD) < 0 for A < puy, conflicts. By
2

LrMAP) <0, 7 (M — D) < O for A > puy. B (M — D) > 0 because it is

the product of nondominant eigenvalues of irreducible M-matrix M — p D. There-

fore,

ddet (M — AD) _dr (M — D) & (M — \D)
dh A=y dX _—
dr (M — \D)
=— " "2 E (M- \D)
di s
d8 (M — AD)
+r (M —AD) —— =
dX s
_dr (M — D)

EM—unuysD) <0, (Al
A=py

dx

ie.c(uy|M|D) = 1.
Case 2: Similar as case 1.
Case 3: Resembling case 1, limy+oo 7 (M — AD) = —oco. If r (M) > 0, Iu4 >

0 > p_ such that » (M — u+ D) = 0. Because W < 0, we have
dr(M—AD)| 0 dr(M—AD)|
— =y, <0< —mm =,
dx A=pe dx A=p-

r(M—AD) >0foru_ <Xt < puy,andr (M —AD) <Oforh < p_or A > 4.
By Eq. (Al), LM =2D) ), < < 44MMAD) ), Thus, ¢ (| M|D) = 1.
If r (M) = 0 and LM=2D)| O(Mh o <0, =0 < py
(u— < 0 = py)such that r (M — uiD) = 0 since lim 4o 7 (M — AD) = —o0.
The subsequent proofs are the same as r (M) > 0. If M| 50 = 0, since
ErMiD) 0, r (M — 2D) < 0 for & # 0, and ¢ (0|M|D) = 2. 0
Proof of Lemma A2.
Proof Sufficiency: Define Kj°" := {i € Z|m (D;) = n(D;) = 0, det (M;) # 0}.Vi €

ICS"‘ U Ky°", M; is a principal submatrix of the nonsingular M-matrix M Y0, thereby
nonsmgular Thus, i € K§", which means ICS”‘ = 0.

Necessity: Assume without loss of generality that M 9 is in the normal form. Any
irreducible diagonal block MjgO of M9 is either an irreducible diagonal block M; of
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M , or a principal submatrix of that. For the former, Mjgo is nonsingular since IC(S)i“ ={.
For the latter, Mjg" is nonsingular since M; is an irreducible M-matrix. In summary,

M is nonsingular. O
Proof of Lemma A3.

Proof Case 1: Prove by contradiction thilimg_,go Ut (0) = p4 (6p). Otherwise,
since p4 () is bounded near 6y, +00 > limg_,g, 4 (0) > limy_ 5 p4 (6) > —o0.
Let lim;_, 4+ 0; = 6y be a sequence such that

im ey @) = lim s ).
9—)90

By continuity of » (M — AD),

i—400

0= lim r[M ) —p+(0:)DO)]=r [M ©0) = Tim py 0:) D (6’0)}

=r |:M (60) — lim gy (6) D (90)} .

9—)90

So limy_, 4 4 (8) € R(M|D) (6p). Similarly, limg g,y (6) € R (M|D) (6p).
Since limy_, g 1+ (6) 7 limg_g, i+ (F), the only possibility is that

e (B0) = Tim iy 6) > lim s (6) = lim pus (6) = p— (60).
-6 —+oo

For i large enough, 114 (6;) < [+ (60) + - (60)] /2 =: 7 (6p). By Corollary Al,
r[M (6p) — 1 (6p) D (6p)] > 0 since u— (6p) < w(6p) < u+ (6o), and for i large
enough, r [M (6;) — & (6p) D (6;)] < 0 since w (Bp) > w4 (6;). By the continuity of
r (M — AD),

0= lim r[M(6;)—m(6) D ()] =r[M () — ) D @®)] >0,

i—+400

conflicts. Thus, @4 () is continuous, and similarly, u_ (6) is continuous.

Case 2: Similar as case 1. m|
Proof of Lemma A4.
Proof V). € A(B|D), 3v = (vy, vy, -+, vg) such that v (B —AD) = 0. Prove
by contradiction that 3i; ¢ Go such that |v;,| = max;¢g |vi|. Otherwise, |v;,| =
max; g |v,'//\| for some i» € Gy. Because BY% is irreducible, there exists a path i =
i1,i2, - ,iqg = jo € Go such thatb;url;-/ > 0Va' € [1,a—1]. Because dj = 0
and |b; ;| = |b. ;| Vj € G, by consecutively vanishing components'z.'\l G2, Qg of
v(B —AD), |b~/7/| =1bz |and|v~ | = max; g |vi| Va' € [1, al. Since |bj, j,| >

Zzego\{/o} |bw0| Elz] ¢ Qo such that blw0 # 0. So |v;, | = max; ¢g |vi|, conflicts.
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Since component i1 of v (B — AD) vanishes, v;, (Adil — bil,il) = Zi#il vibj i

Thus,
/ldi1 |

%]
v_-bi’i1
i#ip !

i
A= biyiy Jdi | = || D v__lbi,il /dil <

itip '

<[> |pi] /|di1| = [b.i,|/1di |-

i£i

Therefore, A € O (bj, i, /di,, |b.i,|/di,|) C O (B|D). This is statement 1.
Let B¢ = (bie’j)GxG for e € [0,1]. bf ; = €b;j for j ¢ Go and i # J;
otherwise, bf’ j = b;,j. B satisfies conditions in statement 1. Define QS)F =

{]I] Gg,dj >Osbj,j =0} and 99 = {J|] eg’dj <0vbj,j =O}. For ¢ = 0,
A (B|D) = {bj j/d;j|j ¢ Go}. Fore <1,

U 0.i/dj.elb.jl/d;) = (0},

jeglug?

U o®jj/djebjiyd) 0| | 0(bsj/dj.elbjl/d)) | = 0.
j€G\GY jeG\G°

By statement 1 and the continuity of A (B€|D) on ¢,

mD)+16°1< > cGIBID),
re[ANOL](B|D)

n(D)+ 69| < > c@IBID).

re[ANO_](B|D)

This is statement 2. O
Proof of Lemma AS5.

Proof By Lemma A4, 37, .1 1n0, |(r1p) ¢ M TID) = m (D). [A-NOL|(T|D) =9
and ZkeA(T|D)C()‘|T|D) = m (D) + n(D), so n(T|D) < n(D). Similarly,
m (T|D) < m (D). Thus, if both cases 1 and 2 fail, then m (T|D) < m (D) and
n (T|D) < n (D). So at least one of the three cases happens. Obviously, case 3 cannot
happen simultaneously with any of cases 1 and 2. Because 0 € A (T'| D), cases 1 and 2
cannot happen simultaneously. In summary, exact one of the three cases happens. By
Lemma A4, Ao (T'|D) C O(T|D).So Ag(T'|D) Cc O(T|D)N{z e C|N(z) =0} =
{0}. O

Proof of Lemma A6.
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Proof Case 1: Starting from case 1 in Lemma AS, m (T|D) = m (D). T% is a
nonsingular M -matrix. So det (Tgo) > 0.For0 < A <minyeq, (7ipy N ()J),

det (T — AD) = det (Tg°> [T (=) 1)
i¢Go
= det (79) TT (=" ld;| (=1 TP o — 3
i¢Go
— det (T%) T tdilix = 21 > o,
i¢Go

where A; are the roots of det (T — AD) = 0. Moreover, since T is an irreducible
M-matrix, & (T) > 0 because it is the product of nondominant eigenvalues of M-
matrix 7. So for A > 0 small enough, Z (T — AD) > 0.In conclusion, r (T — AD) =
det (T — AD) /E (T — AD) > 0. By Lemma Al,if m (D) > 0,0 < A < uy (T|D).
Since r (T) = 0, u— (T|D) = 0. Finally, ¢ (u+|T|D) = 1 by Lemma A1. Together
with Ag C {0} by Lemma AS, there is n (Z|D) = n (D) — 1,

Case 2: Similar as case 1.

Case 3: Starting from case 3 in Lemma A5, m (T'|D) < m (D) and n (T|D)
n (D). Because ¢ (0|T|D) < 2 by Lemma Al, the only possibility is m (T|D)
m(D)—1,n(T|D)=n(D)—1,and u+ (T'|D) = 0.

ol A

Proof of Theorem Al.

Proof Case 1: Starting from case 1 in Lemma AS, m (T'|D) = m (D). T; is irreducible
and diagonally dominant in columns, so 7; is singular iff it has vanishing column sums.
Also, since T is irreducible, it is either an irreducible block of T, or a principal
submatrix of that. As a result, singular 7; satisfies all conditions in Lemma A6. So
there are three types of singular 7;.

L. m(Ti1D;) = m (D), n(Ti1Dy) = n(Dy) — 1, u_ (T;|Dy) = 0.1f m (D) > 0,
jur (T1Dy) > 0.

2. m(T;1Dy) = m (D) — 1, n(T;1Dy) = n(Dy), ps (T;1D) = 0.1 n (Dy) > 0,
- (T;1D;) < 0.

3. m(T;1D) = m (D) = 1,n (T;1Dy) = n(Dy) — 1, s (T;|D;) = 0.

Since m (T'|D) = m (D), only type 1 can happen. By Lemma Al, r (T; — AD;) > 0
for 0 = u_ (T;|1D;) < *» < puy (T;|D;) if m (D;) > 0; otherwise, r (T; — AD;) > 0
for 0 = pu_ (T;|D;) < A.On the other hand, r (7; — AD;) > 0 for nonsingular 7; and
A > 0 small enough. In summary, r (T — AD) > 0 for A > 0 small enough. Because
79 is nonsingular, by Corollary Al, puy (T|D) > A > 0 if m (D) > 0. Finally,
u—(T|D) =0since r (T) = 0.

Case 2: Similar as case 1.

Case 3: Starting from case 3 in Lemma AS, m (T'|D) < m (D) and n (T|D) <
n (D). If there exists singular 7; of type 3, then by Lemma Al, r (T; — AD;) < O for
A # 0, thereby r (T — AD) < 0 for A # 0. Thus, ut (T|D) = 0 by Corollary Al.
Otherwise, by m (T'|D) < m (D), there exists singular 7; of type 2. By Lemma A1,
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r(T; — AD;) < Ofor A > uy (T;|D;) = 0, thereby r (T — AD) < 0 for A > 0. Simi-
larly, by n (T|D) < n (D), there exists singular 7; of type 1, thereby r (T — AD) < 0
for A < 0. In summary, r (T — AD) < 0 for A # 0. Thus, u4 (T|D) = 0 by Corol-
lary Al. O

Proof of Theorem A2.

Proof By Lemma A3, . (0) are continuous. If py (6p) > u— (6p), by continuity,
35 > 0 such that puy (61) > w— (62) V61,62 € (6o — 8, 6g + ). Therefore, either
Uy (@) = 0or u_ (@) = 0in (g — 8, 6p + 8). Thus, either u (8) = p_ () or
(@)= pus (@) in (6g — 8, 6y + 5). Then w () is continuous at 6.

If ;14 (Bp) = 0, then since u € {uy, u—},

1 (00) =+ (Bp) =0= lim p4 (f) = lim p(0).
6—6y 6—06y

Proof of Lemma A7.
Proof First prove the case of irreducible Z.

1. Assume r (Z) = 0. Since Z is irreducible, 3v > 0 such that vZ = 0. Thus,
vZ€ = 0. Because Z°€ is irreducible and v > 0, r(Z€) = 0.
2. Assume r (Z) # 0. Prove by contradiction that sgn [r (Z)] = sgn [r (Z¢)]. Oth-

erwise, by continuity, 3¢’ > 0 such that r (Zel) = 0.Bycase 1,7 (Z) = 0,

conflicts.
If Z is reducible,
sgn[r (Z)] = sgn [minr (Z,-)i| = min sgn [r (Z;)]
ieZ iel
min sgn [r (Z7)] = sgn [Iggr ( z)} sen[r (29)]
O
Proof of Lemma AS.

Proof Sufficiency: Because column sums of 7" vanish, the following three steps trans-
form T/ to T4/ fori > j.

1. Sum all rows of T/ except row j to row j.

2. Multiply row j by —1.

3. Exchange row j withrows j + 1, j +2,--- ,i — 1 one by one.

During which there are totally i — j changes of sign. So Tii = (—1)i=J Ti =
(—=1)*J TJ fori > j.Thereare similar statements fori < j as well. Then component
i of Tv satisfies

G G
D 4T =3 (=) g ;T = det (T) = 0.
j=1 j=1
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Necessity: Because 7 is irreducible, its dominant eigenvalue O is simple, and the
corresponding eigenvector space is of dimension 1. O

Appendix C: Extension of Theorem 1

hi(x)

Theorem A3 Fori e2,G—1] sz (x) is continuous at x, hmxﬁx |X = = 400,

,()

and limx%x* ATy existsYj # i, then:

1. There exists a single root ,oo (x) of det [ﬁ (x) —AA (x)] = 0 near x;“ such that

~
hi. (x}) = llmxﬁx Y (xF = x) Ao (x).
2. H; = hmxﬁx;ﬂ H x) I; [l/h (x)] satisfies that Y.,

Jim p(x)(k)—det[ F— LA (x / [1r & :

i’ i

where I; [1/%, (x)] is obtained by replacing the ith diagonal element of the
identity matrix by l/h (x), and for x € U ( 1 x*,),

- G
P (xX) (1) := det [H (x) — LA (x)] / {[x oo I ] ¥ (x - xi*,)} (A2)

i'=1
3. limx—nclf" mx)=pi=pu [HZ|A (Xl*)]
Under the assumption of Theorem A3, it is possible that ;7, (xl*) = 0. Then the
characteristic polynomial of GEs degenerates, i.e. det [ﬁ (xl* ) — LA (xl*)] =0

P

VA € C. This explains the importance of irreducibility of H (x), which promises
E,". (xl*) > 0 in Theorem 1. By Theorem Al, u (ﬁ|A) (x) is still well-defined for

x e US (xr xf, 1. x}), and we define 11 (x) == (HlA) (x). Nevertheless, u (x7) no
longer equals to <H|A> (xi )

Proof For x € U i—1 ( IRTES ,), A (x) is nonsingular, thereby
det [ﬁ (x) — AA (x)] = det [ﬁ ) A~ (x) — u] det[A (1],

and the GEs of ?I (x) on A (x) are the eigenvalues of ﬁ (x) A7 (x). V2,

@ Springer



1136 J.Lietal.

lim det [y (xl* - x) I/T} x) A" (x) — )J] = (=% 61 [A _Z\i,. (xl*)] ,

x—x

soasx — x*, G — 1 eigzlvalues (count multiplicity) of y (xl* — ic) ﬁ @) A7 (x)

tend to 0, and one tends to A; . (xl*) The eigenvalues of y (xl* — x) H (x) A~1 (x) are

just those of 17 (x) A~! (x) multiplying y (xl* - x), so we have statement 1.
Multiply both sides of Eq. (A2) by [A — Ao (x)] ]_[,g:l y (x — xl*,) //i~z\l~,. (x).

[T7 (c =) |7 (5 = x7) [ = hoo )] /i (0) P () O0)
i i

= det { [ﬁ (x) — AA (x)] I [1/?7,,. (x)]} .
Because H := lim,_, .+ H (x) I [1 Jh:. (x)], lim, .y (x} —x) /B (x) = 0, and

lim,_, . y (xl* — x) Aoo (X) = 71), (xl*) for any fixed A,

l_[ y (xl* - xl*,) lim P (x) (1)

il i

= tim | Ty (r =) | 7 (v =) B = how 0] i () P (0) )
i

— lim_det [[ﬁ (x) — AA (x)] I [1/7,-, (x)]] = det [H; — 1A (x})].

This is statemeny 2.
The trace of H (x) A~! (x) tends to +o00 as x — x7— because

i hi. (x)
m

-y (x;k — x) = +00.

Since the GEs are the eigenvalues of H (x) A™! (x) forx e U,(/};ll (xfi p x;’i) ,the sum

of all GEs is the trace of H (x) A~ (%), thereby tending to +oo as x — x'—. By state-
ment 2, GEs other than A, (x) have finite limits as x — x/". So limx%x;ﬁ, Aoo () =
+00. Similarly, limx_m;ur hoo (x) = —o0. Because m[A(x})], n[A(x])] > 0, some

diagonal element of H (x) —Aoo (x) A (x) tendsto —coas x — xl?k. By the Gershgorin
circle theorem (Gershgorin 1931), limx_,xi* r [ﬁ (xX) — Ao (X) A (x)] = —o00. Thus,
M (x) # Aoo (x) for x near x}. By statement 2, the roots of det [ﬁ (x) —21A (x)] =0

except Aoo (x) tend to the G — 1 roots of det []I-]L- — AA (xl* )] as x — x;', thereby con-
tinuous at x; and bounded near x;'; thus, —oo < lim _, .« u (x) < ﬁx_m? uwx) <
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+oo. Letlim;_, ;o y; = x* be a sequence such that

lim /L(y,) = hm /,L()C)

Jj—>+oo

(X)

For j large enough, INz," (y,) > 0 because hmx_m | = +400. By Lemma A7,

r[H (55) =1 () A ()] = 0
A

As a result,

|:H — lim ,u(x)A( )i|

x—)x

PSS

~ ~
= tim o ([ () = () A O] 1 [/ )] = 0.
Thus, EHX u(x) is a DGE of H; on A( *) and so is lim _, « u (x). Prove
by contradiction that hmx_)x nx) = hmx_)x* u(x). Otherw1se hmx_)x u(x)
and lim x? i (x) are the only two DGEs of H; on A( ) by Corollary Al,
and one must be 0 by Theorem Al. Assume without loss of generality that 0 =

mxﬁx? p(x) > lim, o (x). Let fi = lim, . pu (x) /2 < 0. By Corollary Al
r[]HIi — A (xl*)] > 0 since lim X)) < p o< hmx_)x W (x). For j large
enough, it < i (y;). Then

)C*)X

x—)x

-

A7 0 =aa )] /A ()]} <0

by Corollary Al since it < 0and 1 < pu(y;). As j — 400, r [Hi — A (xl*)] <0,
conflicts. Therefore,

hm wx)= lim u(x).

)C*)X X—>X;k

Define 11 (x}) := lim,_, .+ ¢ (x). Then, u (x) is continuous at x;".

Now we show that u( *) = p;. If u; = 0, then by Definition A4, O is the
only DGE of H; on A (x}). Then 1 (x}) = 0 because u (x}) is a DGE. Otherwise,
assume without loss of generallty that u; > 0. By Theorem Al, m [H;|A (x})] =
m[A(xf)] = i — 1. By continuity, 35 > 0 such that for x € (x} —4,x}), the
i — 1 roots of det []HI — LA ( )] = 0 with positive real parts at x;" still have posi-
tive real parts at x. By hmx_mi _ loo (x) = 400, it is possible to decrease & such

that A (x) > O, thereby m (ﬁ|A) (x) = i forx € (xl* - S,xl.*). Conversely,
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for x € (x;ﬁrl,xi*), m (I?HA) (x) < m[A(x)] = i by Theorem Al. Therefore,
m (ﬁ|A) (x) = m[A (x)] = i. By Theorem Al, u(x) > 0 forx € (xf“ — 8,x;").

1

Prove by contradiction that u (xf) = w;. Otherwise, u (x}) = 0. By continuity, the
i roots of det [ﬁ (x) —AA (x)] = 0 with positive real parts in (xl* -8, x;‘), i.e. the

i — 1 roots of det [Hi —AA (xl*)] = 0 with positive real parts at x* and Ao (x), are

different from u (x) for x € (xl* -8, xl*) with 0 < 8 < § small enough. Thus,

m (ﬁ|A) (x)>i+1>i=m[A(x)], conflicts. Thus, we have statement 3. m|

Similar to Corollary 1, we have Corollary A2.

Corollary A2 Assume H (x) is continuous in (x}“;, xi“), limx_)xi* s =
[2, G — 1], and lim,_, * % exists Vj # i. Let u (xl*) = u; fori € [2,G —1].
i i(x

Then, 1 (x) is continuous in (xé, xi‘)

Remark A1 Assume Zl (x}) > 0. Then the characteristic polynomial of GEs
is nondegenerate. Since [4:, (x¥) —2A (xl*)] I; [l/ﬁi,. (x)] = H; — 1A (x}), we
have det [ — 24 (x7)] = det [7 (x7) =24 (x7) ] /hi (). By Lemma A7, V4,
r[H (x7) = 24 (x7)] = 0iffr [H; = 3.4 (x7)] = 0. Thus, GEs and DGEs of  (x7)

on A (x¥) are the same as those of H; on A (x7). So (ﬁ|A) (xF) = n[HilA (x))] =
wi- In summary, the statements in Theorem A3 are equivalent to those in Theorem 1
for h; . (x}) > 0. Since Z, (x) > 0 for irreducible H (x¥), Theorem A3 implies
Theorem 1.
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