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Abstract

The Moran discrete process and the Wright—-Fisher model are the most popular models
in population genetics. The Wright-Fisher diffusion is commonly used as an approx-
imation in order to understand the dynamics of population genetics models. Here, we
give a quantitative large-population limit of the error occurring by using the approx-
imating diffusion in the presence of weak selection and weak immigration in one
dimension. The approach is robust enough to consider the case where selection and
immigration are Markovian processes, whose large-population limit is either a finite
state jump process, or a diffusion process.

Mathematics Subject Classification 60J70

1 Introduction

Diffusion approximation is a technique in which a complicated and intractable (as
the dimension increases) discrete Markovian process is replaced by an appropriate
diffusion which is generally easier to study. This technique is used in many domains
and genetics and population dynamics are no exceptions to the rule. Two of the main
models used in population dynamics are the Wright-Fisher (see for example Fisher
1922, 1930; Wright 1931, 1945) and the Moran model (Moran 1958) which describe
the evolution of a population having a constant size and subject to immigration end
environmental variations. In the case of a large population limit, it is well known that
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the Moran process is quite difficult to handle mathematically and numerically. For
example, the convergence to equilibrium (independent of the population size) or the
estimation of various biodiversity indices such as the Simpson index are not known. It
is thus tempting to approach the dynamics of these Markovian processes by a diffusion,
called the Wright-Fisher diffusion, (see for example Ethier 1976, Ethier et al. 1986
or Kimura 1983), and work on this simpler (low dimensional) process to get good
quantitative properties.

A traditional way to prove this result is to consider a martingale problem, as was
developed by Stroock and Varadhan (1997). See also Dawson (2009), Ethier et al.
(1986) and Ethier and Nagylaki (1989) to illustrate the Wright—Fisher process with
selection but they do not provide any estimate of the error. This technique ensures
us that the discrete process converges to a diffusion when the size of the population
grows to infinity. If the setting is very general and truly efficient, it is usually not
quantitative as it does not give any order of the error done in replacing the discrete
process by the diffusion for a fixed population size. To obtain an estimation of this error
we will consider another approach by Ethier and Norman (1977), which makes for a
quantitative statement of the convergence of the generator using heavily the properties
of the diffusion limit. For the Wright—Fisher model with immigration but without
selection they showed that the error is of the order of the inverse of the population
size, and uniform in time. Our main goal here, and the improvements compared to
existing results, will be to consider the more general model where

(1) weak selection is involved
(2) immigration and selection may be also Markov processes.

To include selection, constant or random is of course fundamental for modelisation,
(see for example Ewens and Warren 2004; Depperschmidt et al. 2012; Kalyuzhny
et al. 2015; Danino et al. 2016; Fung et al. 2017; Danino and Shnerb 2018a,b) for
recent references. Also, to study biodiversity, a common index is the Simpson index
called also heterozigosity, which is intractable in non neutral model (see Etienne and
OIff (2004) or Etienne (2005) in the neutral case), and is not even easy to approximate
via Monte Carlo simulation when the population is large. Based on the Wright—Fisher
diffusion, an efficient approximation procedure has been introduced by Jabot et al.
(2018). Other properties, such as estimating the invariant distribution of the Moran
process or fixation probabilities when the population is large are intractable. It is thus a
crucial issue to get quantitative diffusion approximation results in the case of random
selection to get a full approximation procedure for this biodiversity index.

We will focus in this paper on the two species (or dialellic) case. We may then
denote the proportion of one species by X/ when the total population size is J, and
Y/ the rescaled Wright Fisher process (see Sect. 2). Let us now state the main result of
this paper: for f regular enough, when immigration and selection are weak (namely
scaled in 1/J) we have

B - £ ], = 2
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where K () may be exponential or linear in time (#) depending on the coefficients
of immigration (or mutation) and selection. One point is that we may consider here
random immigration and selection (under proper scaling).

It gives the first order of the error made in approximating the discrete Moran model
by the Wright—Fisher diffusion in weak selection and immigration when the population
size tends to infinity. Here the error is inversely proportional to the population size.

Let us give the structure of this paper. First in Sect. 2, we present the discrete
Moran model. As an introduction to the method, we first deal with the case of constant
selection and we find an error of the order of the inverse of the population size but
growing exponentially or linearly in time. It will be done in Sect. 3. Sects. 4 and 5
deal with the case of random environment. Section 4 considers the case when the limit
of the selection is a pure jump process and Sect. 5 when it is a diffusion process. We
will indicate the main modifications of the previous proof to adapt to this setting. An
“Appendix” indicates how to adapt the preceding proofs to the case of the Wright—
Fisher discrete process.

2 The discrete Moran model and its approximating diffusion

Consider to simplify a population of J individuals with only two haploid species (in
genetics diallelic). At each time step, one individual dies and is replaced by one member
of the community or a member of a distinct (infinite) pool, which is called immigration
(but can also be interpreted as mutation in genetics). We may refer for example to
Etheridge (2011) or Moran (1958) for the genetics point of view for the description
of this simple birth and death process, or to Hubbell (2001), Kalyuzhny et al. (2015)
for the population dynamics point of view. To clarify the evolution mechanism, let us
introduce the following parameters:

e m is the immigration probability, i.e. the probability that the next member of the
population comes from the exterior pool;

e p is proportion of the first species in the pool;

e s is the selection parameter, which favors one of the two species when the parent
is chosen in the initial population.

Let us first consider that m, p and s are functions depending on time (but not random
to simplify) and taking values in [0, 1] for the first two and in ] — 1; 4-o0[ for the
selection parameter.

Note that our process may also be described considering mutations, rather than
immigration but there is a one to one corres. Our time horizon will be denoted by T, it
corresponds to the upper limit of the time interval during which the process evolves.
Rather than considering the process describing the number of elements in each species,
we will study the proportion in the population of the first species. To do so, let I; =
{§ :i=0,1,2,...,J}, and we denote for all f in B(/;), the bounded functions on
I,

£l = max|f(x)].
xely
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And for bounded a function g : R — R, we denote by ||g|| = sup |g| the supremum
norm of g.

Then, let C? the set of i times continuously differentiable functions, and for f € C',
let £ be the ith derivative of f.

Let X, with values in 1, be the proportion of individuals of the first species in
the community.

In this section, X ,{ stands for the Moran process, namely a Markov chain with the

following transition probabilities: denote A = }

P(X;,y =2+ AlX; = x) = (1 —x) (mnpn +(1 - mn>w>

14 xs,
= Px+
x(1 4 sp)
]P(Xg-',-l =X — A|Xz :_x) =X (mn(l — pn) + (1 —m,,)(l _ 1+xsn ))
n
= Py
P(X), . =xIX; =x)=1—=Pey — P,_.

To study the dynamical properties of this process a convenient method developped
first by Fisher (1922, 1930) and then by Wright (1931, 1945), aims at approximating
this discrete model by a diffusion when the size of the population tends to infinity.

In the special case of the discrete Moran model with weak selection and weak
immigration, meaning that the parameters s and m are inversely proportional to the
population size J, we usually use the diffusion process {Y/ }r>0 taking values in
I = [0, 1] with the generator:

2

1 1 0
L = ﬁx(l —x)@ + 7[sx(1 —x)+m(p —x)]a.

Note that, in weak selection and immigration, s = s'/J and m = m'/J, so the
process defined by {Z;};>0 = {Y),z,}tzo does not depend on J. Its generator is

32 ) , 9
Z =x(1 —x)ﬁ—l-[sx(l —X)+m (p—x)]a.

Equivalently, we can consider (Z;);~¢ as the solution of the stochastic differential
equation

dZ; =+2Z;(1 — Z)dB, + [s'Z,(1 — Z;) + m'(p — Zp)] dt.

Our aim is to find for a sufficiently regular test function, say f € C*, an estimate
of:

E, [f(Z[t])] —E, [f(X[Jﬂr])] HJ
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forO <t < T and for all x in /. By replacing Z, by Yle we thus get:

[ ] B reran]|
forO<r<T,andx € 1.
So equivalently it is convenient to study, if we note n = [J2¢]:

IE:[ £ ] =B FD s

on0<n< JZT, andx € [;.

Note, once again, that such a limit has been derived (non quantitatively) in many
papers, by the martingale methods (or convergence of the generators in this simple
setting), see for example Etheridge (2011) where it is even hinted that the order of
error should be 1/J but no quantitative statements are given. The only quantitative
statement that we know is given by Ethier and Norman (1977), both without selection
and in the case of a constant non random selection coefficient.

3 Estimate of the error in the approximation diffusion for constant
weak immigration and selection

3.1 Main result

We now state our main result in the case where immigration and selection are constant.
It furnishes an estimation of the error when the discrete Moran process X,, converges
toward the Wright—Fisher diffusion process Y;,. The method used here is that developed
by Ethier and Norman (1977). In the present section, we extend their results to the
case of a constant selection, and we still find a error inversely proportional to a given
population size.

/
Theorem 1 Let us consider the weak immigration and selection case, so that s = %

and m = %, for some s’ € R, m' € Ry. Let f € C*(I), then there exist positive
functions a, b and K (depending on m’ and s’ but not on f) such that:

IFDU + 1Py 4 el
| )+K2=wf|u.

J J?
If we suppose moreover that m' > |s’| then there exists a positive constant a such that

()] () .
| TR M)+2Lwﬂ%j
J J? '

B[ £ O = 10y ], s =0 (<

B 1! - 1! 0]|, <at4) ((

Remark 1 In the case s = 0, the previous theorem still hold with » = 0, and we
find back the uniform in time approximation diffusion with speed 1/J. Our method
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Error in approximation diffusion Error in approximation diffusion
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Fig.1 Conditions: s = 1,m = 0.2, p = 0.5, X¢ = 0.7, for each point 1000 trajectories has been simulated.
Left hand side : Monte Carlo estimation of the error in the approximation, using f(x) = x. Right hand
side: same Monte Carlo estimation of the error times J

of proof, requiring the control of some Feynman—Kac formula based on the limiting
process, seems limited to give a non uniform in time result. Our hope is that we
may get weaker conditions than m > |s| to get linear in time estimates. Another
possibility is to mix these dependance in time approximation with known ergodicity
of the Wright—Fisher process, as Norman (1977) do. It is left for future work.

Remark2 We have considered to simplify s = ST/ andm = ’”7/ but one may generalize
a little bit the condition to locally bounded s and m such that limJs < oo and
lim Jm < oo. In the same way, one can also follow closely our proofs to get estimates
based directly on s, m, p without requiring any scaling (in the population size).

Remark 3 The following figures show that the obtained rate } is of the good order.

Indeed, on the left figure, the trajectory is (roughly) proportional to } whereas it has
a quasi-constant (random fluctuations) trajectory if we multiply the error by J.

Remark 4 By using an approximation procedure, one may show that for f € C>(I),
then there exist positive functions a, b and K (depending on m’ and s”) such that:

lim
J—>o0

B[O = £ ]| = ae =D (171 + 17 Pl))

so that we may relax assumptions on the derivatives of f but only gets asymptotic
result. One can also get non asymptotic results with an approximation procedure of
C? functions by C* functions, but then losing the decay in 1/J (by playing with the
approximation bounds and the already obtained decay rate 1/J).

3.2 Application: Simpson index

This index commonly used in ecology to measure abundance was proposed by Simp-
son in the late 1950s, and repeated in many articles dealing with neutral models (e.g.,
Etienne and OIff (2004); Simpson (1949)). The Simpson index measures the probabil-
ity that two individuals randomly selected (and uniformly) belong to the same species.
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Approximation for Simpson index average
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Fig.2 Simpson index expectancy

It thus varies from 1 to 0 and makes it possible to express the dominance of a species
when it tends to 1, or the codominance of several species when it tends to 0. Thus it is
a good indicator of the community’s heterogeneity, which is called heterozigosity in
genetics.

Let S,{ denote the Simpson index for the discrete Moran process, and S; the Simpson
index for the Wright—Fisher diffusion. Itis a polynomial function of X, or ¥, verifying:
S = Y,(1 — Y;). There exists an efficient algorithm able to approximate E[S;] see
Jabot et al. (2018). Let us denote by S, this approximation and ¢, the error made in
this approximation.

Then, thanks theorem 1 it is possible to estimate the full error made in the approx-
imation of E[S]] by &;:

Eu[187:) = S| = Eu[1802)) = Sienl | + Ex[ 1S = Sl

- +4a(eb’—1)+ 1
6 —_— —
=« 7 \J

J
[12J]

tories, with S’,. Parameters are J/ = 1000, m =0, s = 1.

The following figure compare S, calculated by Monte-Carlo with 1000 trajec-

Remark 5 There are also other applications that can be considered, such as estimating
the stationary distributions, fixation probabilities, average time to fixation to a mutant.
It has been explored for example by Biirger and Ewens (1995), McCandlish et al.
(2015), Chumley et al. (2018) for the fixation probabilities. Note however two impor-
tant characteristics of our results. The first one is that our bounds depend on time, so
that for the estimation of the invariant measure it may needs a careful tuning of the
speed of convergence to equilibrium of the Wright-Fisher process and a quite large
J to get good approximations. Of course, when the error between the Moran process
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and the Wright-Fisher one is linear, it may give interesting results with a limited size
of population. The second point is that we need to consider regular functional, and
fixation probabilities are by essence discontinuous (namely an indicator function). It
will thus need further approximations to consider such a case that we will consider in
future work.

3.3 Proof

The proof relies on three arguments:

(1) a “telescopic” decomposition of the error;

(2) a quantitative estimate of the error at time 1 of the approximation of the Moran
process by the diffusion;

(3) a quantitative control of the regularity of the Wright—Fisher process.

Note also that in the sequel we will not make distinction between function on C (1) to
Iy.
Let S, be defined on B (/) (the space of bounded functions on /) by:

(Spf)x) =E[f(X]] VneN.

As isusual S, verifies for all k in N the semigroup property, namely that S, x = S, Sk.
Let T; be the operator defined on the space of bounded continuous function by:

(T, )(x) = B [f(¥,)] Ve >0.

It also defines a semigroup Ts1, = TsT;, Vs > 0.
Thanks to these properties, we have

n—1

SnTOf - SOTnf = an—kaf - Sn—k—lTk+lf
k=0

n—1

=Y Syt 1SiTf = Sps 1 VT f
k=0

n—1
=Y Suk1(S1 =TT f
k=0

and as ||S, f1l7 < |l fll; by triangular inequality, we getthatVn € N,Vf € C(I;).

n—1 n—1

1Suf = Tuf s < D WSut1 (St =TTk flls < Y NS =TT f Nl (1)

k=0 k=0

We have two mains operations to analyze : S; — 77 for a “one-step” difference
between the Moran process and the Wright—Fisher diffusion process, and T} f for
which we need regularity estimates.
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Control of (51 — T4)

Let us first study, for f in C*, (S; — T}) f. The main goal is to obtain the Taylor
expansion of this function when J is big enough.

Lemma1 Assume s > —1 + ¢ and write s' = Js, then there exists Ki(¢) > 0
independant on J such that

|s’| ’ ’
Is'lm’ + s ) m'p+ g +m (15D o
S =T <= -
ST =T flls < e 70 + E (Vs
4
Ki@( X 1791)
i=1
+ 3

Proof Letus begin by some known facts on the Wright—Fisher diffusion process. Note,
as usual for this diffusion process

=0,Vf € C>(]).
J

lim
t—0

Iif—f :
oy

The Chapman—Kolmogorov backward equation reads

a
E(Trf)(X) = L(T; f)(x) = T, (Lf)(x)

and more generally if f is regular enough, for j in N it is possible to define L/ the
J — thiterate of L, which satisfies:

J .
%(th)(x) = (T;L' f)(x),Vx e I,t > 0.

For this proof, we only need to go to the fourth order in j. Solet f € C*(I) (possibly
depending on J), using the Taylor expansion of (77 f)(x) there exists wy, independent
of J, such that:

1
(T1 f)(x) = (To f)(x) + (To )P (x)(1 —0) + wzf(Tof)(z) (x)

= f@) + L H) + %(szxx) @)

Recall

L'f(x) = Mf(z)(x) n sx(1 —x)+m(p —x
J2

7 )f(”(x).
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By direct calculations, we have

1 — 2
L2 f(x) = (X(J—f))f“”(x)
n [2(1 — 2);):((1 —X) n 2x(1 —x)(sx(1 J_3X) +m(p — x))]f(3)(x)
—2x(1 —x)
=
2x(1 —x)(s(1 —2x) —m) + (1 —2x)(sx(1 —x) + m(p — x))
+ 73
(sx(1—x)+m(p—)*7 . —2sx(1 — x)
+ 7 Jrow+ [—=5—
L 60 -20 m)(sxj(zl SRR L) TS

Remark now that by our assumption on the boundedness of the successive derivatives
of f that there exists Ko (depending also on m’, p, s”)

K
2 0
IL2f1s < -

Thus, in the following this term could be neglected.

Let us now look at the Moran process and so get estimates on S;. The quantity
X 1’ — x is at least of the order of } and when J goes to infinity, goes to 0. So using
Taylor’s theorem, there exists ¢ such that:

Fxh=ro+ rPmed] -0+ @(X{ —x)’+ %(x{ —x)’ f&
] 0t )
and thus
(S1£)(x) = B[ £(X])]
= 700+ FO@ENX] — 2+ 2B 01D

1 1
+§EX[(X~{ — 1P ) + EEXKX{ -0 P01 B

Direct estimates on the centred moments of the Moran process give:

B [X{ — x] = 20700 4 m )
]Ex[(X]J -x)¥ < Kgﬁ (6)
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EL(X{ —0)*1 < Ka7s ©)

where K3, L4 are constant (independent of J).
We may then consider (S| — T7) f through (3) and (2) so that there exists a constant
K such as:

1
(S1/)@) = (T1f)(x) =f D @ELX] —x)] + EE"[(X{ — )
1 1
+ SEAC] =D 00 + ZEA] — 017V
(@' pHw+2arHm) "

and

ki S 1701)

i=1

S1H@) = @ H@| <y IF Pl + 1y 12 + 1 ©
with
7 —sx(1 —x)(m + sx)

= J(1+5x)
1 (I —m)(1+s)x(1 —2x)

7 = 2J? [’"1’(1 —+ 1+ sx —a- 2x)}
1 —x) —m(l

2,]2 [mp(l—Zx)+x(1—2 ) sd x1)+:})1€( +S):|.

As selection and immigration are weak, ylj and )/2] are at most of the order of %

Then the fact that s > —1 + € and x < 1 implies T < = and we obtain:

m'p 4+ Bl (14 1s'])
2eJ3

|s/|m/ +S/2
W”.f(l)nl +

Ki@ (17 +1791)
J4

ISt =T flls < WasdlF;

+

which concludes the proof. O
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In the following we write:

Te Is'|m’ + 5”2
I E

s mp+Elem a5
20 = 2eJ3

Regularity estimates on T;

We now need to prove regularity estimates on 7;. By (Ethier 1976, Th.1), we have
that T, : C/(I) — C/ (1) for all j. Assume for now that f € c*() andVj € {1, 2},
Vk < j, there are ¢; and a;,j € RT independent of J such that:

J
AP <7 a Il f Dl (10)
i=1

withc; = sup [j(j — 1) —Js(1 —2x)— Jm].
x€[0,1]
Let us first see how to conclude under the assumption (10). For 1 < j < 4, there

exists a continuous function R ; of the time variable ¢, which is independent of J and
a function of €, K (¢€) such that:

n—1
ISuf = Tufls < D NS =TT flls
k=0
4 .
w1 | 2 ST
. =

<> | M@l + Ko =

k=0 | i=1

2 J n—1
. k
< 21D a I F Ol Y exples )
j=I1 k=0

i=1

. n—1
.y .
Yo X ai Ol kzo exp(cj )

+K1(€) J4

2
J, i
<Y I x RO < L f PN
j=1

Yo DI R; ()

+ K J? J—+00
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since for J large enough,
—exp(c; Jz)
ZaszeXp<ch2> Za,] exp( )

exp(cj—=) —
sﬂ—p( ol (lz)
Cj J

exp(‘] [2) . 2 .
is finite because n < tJ~“. So there exists a, b €

and R;(t) = sup,eyn

RT such as a(e” — 1) 2 SUp;cny Max je(1,2) <|yj]’€|Rj(t)J3) and a(e” — 1) >
max je(1,....4) R (¢). The conclusion follows:

E

L - rad ]|

4 .
SFDN,
UFOU +1£20) =

J J?

<a(e” —1)

This concludes the proof in the first case. Indeed, we see that the function R;(¢) is
exponential in time in the general case.

But we will see later how, when some additional conditions are added on m’ and
s’, one may obtain a linear in time function.
We will now prove the crucial (10). It will be done through the following proposition.

Proposition 1 Let ¢ (¢, x) = (T, f)(x), x € [y and t > 0. Assume f € CIT2(I) then
for fixed t, ¢(t,x) € CI*2(I) and for j € N, Yk < j, there are cjand ar j € R
independent of J such as ¢ (1, )| < exp(c;7) Xp_y ax, i f P

Proof First remark that the Chapman—Kolmogorov backward equation may be writ-
ten:

0
5P ="Lo ¢0,.) = f.

The following lemma gives the equations verified by i%qb(j ).

Lemma 2 Let ¢') be the jth derivative of ¢ with respect to x then we get:
3 , , . , ,
E¢(j) — Lj¢(j) _ vj(p(j) + 1ﬁj¢(j 1)’ ¢(j)(07 ) = f(j)

where

. . 1—2x .
Lj.¢(]) — L(P(]) +j ¢(}+1)
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JjG=1 s(1-2x)—m
Uj(x)=( —J )

J? J
—sj(j =D

V= 7

Let us remark that there are two new terms when there is selection in Moran processes,
i.e. ¥; which will lead to the dependence in time of our estimates handled via the
Feynman—Kac formula, and one in v; which will be the key to the condition to get
only linear dependence in time.

Proof A recurrence is sufficient to prove this result; for for the sake of simplicity, let
us only consider the case j = 1,

ot ox \dr dx
0 /x(1—x) @) sx(1 —x)+m(p —x) (1)>
8x( J? ot J ¢
1-— 1 1-2
= X060 1 S ox(l =)+ m(p — 09 4+ )
— 20—y Le®
+ (s(1 —2x) —m) ¢
—2x 0 s(1—2x)—m
= (L (1) i S Y O}
( + 77y —)¢ 7 ¢
_ L 4 S =20 = m )
J
With L¢V) = LoD 4 =2 2‘ 3¢ , we find the good initial coefficients. o

Let us now use the Feymann-Kac formula to get,

. o _ 72
oD, x) = K, |:f(~j)(1?,])exp (_/ jG—1  m=sd 2Yu)du>
0

J? J

t
_/S‘J(J )d)(] l)(Y Yo fh f(/ 1)+%d dh
J

0

with ¥ ,j the Markov process with generator L ;. Then look first in j = 1. As we are
in regime of weak selection and weak immigration,

eV (x, )|l < E, [uf(”(Y )|l exp <J— sup J(m —s(1 —2x>>}

xel0,1]
) !
<IF s exp ( zh
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where Aj = sup,¢o.1)/ (m —s(1 —2x)) = m’ + |s’| is independent of J. The result
in case j = 1 is proved.

We will then prove the result by recurrence: suppose true this hypothesis until j — 1.
For j > 1, denote ¢ = sup,¢o 13 |.12vj (x)], and remark that ¢; is no equal to zero
and is independent of J because the selection and immigration are weak. Thus

t
1600l < B[IFOE)1ET + [ LD U e an]
0

t

. ot ST hej
<IfDPNye77 + ’( U =D 5070y, / 7 dh
0

M= gty (*5—1)

Cj

iy sj( —1)

<1fPlse

. il
<IfDY e

j—1 Lo
t Jsj(j—1) /X
+exp(cjo173) Y ar -l Yl R (e - 1)
J

J=1

1) ; L Jsj(j—1)
< e I Pl +e7772 ) Ta ol fOl ==
k=1 J
e [ J
<e | allf Pl
The ay, ; do not depend on J, because %j_l) , the ay, j—1 and exp(A ﬁ) can be

bounded independently of J.
To conclude we have to justify that ¢; is finite for all ;. For it we just need to note that

the processes Yt/ are bounded by 0 and 1 for all j.

This is partly due to the fact that their generator L ¢/ (x) = Lo + j 1;—%‘4)0 +D
has a negative drift at the neighbourhood of 1 and a positive drift in the neighbourhood
of 0 and the diffusion vanishes at these points, see Feller (1954). This argument
completes the proof. O

Let us now consider the case where m > |s|, we will show that in this case we obtain
a linear in time dependence rather than an exponential one. Then, in the equation (11)
we can use the following:

t
IV, 0l < ||f<“||1exp(—ﬁm

16@ ¢ 0l < e (171 +1F21)
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where ¢ is a constant independent of time. And then,

n—1
ISnf = Tuflls < YIS =TT f Il

0
1

s >
Il

- 1
< (IV{’EIII(ka)“)IIJ 17 NTH@Ny + 0 (ﬁ))
k=0
n—1 k
=1 UF Ol Y exp(=5 x w +1v Lot (171 + 172l ) m
k=0
1
+0 (53
1
< max(y{ I, 13 D x e+ 1 (17 Vs +1£ PN ) + 0 (ﬁ)

because if J is big enough,

1— exp(—ﬁ X A1)

n—1 k
exp(——5 X A1) = < J?

and ¢ = max(cy, ¢2) is independent of J and independent of time.

4 Random selection as a limiting jump process

To simplify, we will consider a constant immigration, in order to see where the main
difficulty arises. The results would readily apply also to a random immigration case.
Let us now assume that s is no longer a constant but a Markovian jump process (s, )neN
with homogeneous transition probability (PS‘{ ) We are in the weak selection case so
sy, 1s still of the order of } and takes values in a finite space E, having the cardinality
K.

Assume furthermore that there exists Q € Mg (R) and o € (RT)K

P/, xJ? — a0y Vs £ 5. (11)

5,8 J——+o0
As in the previous section, (X ,{ )neN is the Moran process, but with a Markovian
selection and (X;),cn takes values in 7,. Finally denote W,/ = (X!, s,). Consider

now the Markov process W,J tacking values in .# = [0, 1] x E; with the following
generator:

Vfe C*(7) Lysf(x,s)=Lyf(x,s)+Lsf(x,s)
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with Ly f(x,5) = (1= )25 f(x,5) + Lsx(1 = x) +m(p — 1)1 f(x.s) and
( )Qv 5
Lif.s)= 3 =5 (f0r.s) = fx.9)
s'€Ey
Its first coordinate is the process Y, t" having the same s-dependent generator as in
the first part and the second is §; the Markovian jump process having (Qy s)s.s'cE,
for generator and % for transition rates.

As in the previous part we want to quantify the convergence of (W,{ )NeN towards
( W,',’ )nen inlaw, when J goes to infinity. We now write f(/ ) for the the jth derivative in
x of f. And let denote in this section, for f : I; X E; — R, || fll; = sup |f(x,s)].

IJXE;

Moreover T, f (x, s) = By ;[ f(W/)] and S, f (x, 5) = E, ([ f(W])].

Theorem 2 Assume Vs andVf € C*(%), T, f(.,s) is in C*(¥) . Let f such as Vs
f(,s) € C*(.F) then it exists a, b € R and a function ko linear in time (t) which
verifies when J goes to infinity:

ae®” — 1)
[Ecs[r W ep = s W ]|, = == (1r V1 + 1721
+ko max |J2Ps g —asQs oIl
s,8'€Eg

bz _
ate’ ~ 1 Z 1F O

The theorem shows the balance between the approximation of the Moran process
and the random selection process.

Proof The structure of proof is the same as for constant selection. Let us focus on the
first lemma, where some changes have to be highlighted.

Lemma 3 There exists bounded functions of (x, s), l"f (j = 1,2) of the order of %

and a constant K' such that :

ISt =T flly < 1T PN + 103 L@y

s / K’ 4— -
1Y (Pl = 5500) (Flros) = fEe )l + %

Proof We provide first the equivalent of (1) in our context, i.e. there exists |w)| < 1
such that

(S1 =T () = Ea[ FX 0] = £0009) = L f e, ) + whLd (2. 5)
=)o — rx{ o+ B r X 9 = r0)]
~Lafrs) = Y. 50 (Frs) = f(x.9))

s'€Eg
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+wiL? (f(x,s)

Note that L%ys f is still of the order of %, then

1= T 0| =

E[Bo[f G = fO9)1X] =x]] = Lof(e,s)
+E[fX ) = For9)] = Y T30 (Frs) = fx.9) |

s'eEy
Ky 1Ol
4 KXz 170
= B[ X, P (P8 = X 09)) = S5 000 (£ s) = Fx.9)
4 @)
FE[FO 0 = £09)] - L) + K=l
J
< [Bc| X P (P os) = £esh) + Frs)(Pos = T5000) ||
_s’eEJ
+ 2 |- Prad 9+ 00 fs)|
s'€Eyg
KY* I f®
[0 — pn)] - Lot o] + K=t Tl
< B 9 = foe 9] - Lofs) (12)
| X Pos (BLF X os) = fOesh] + EfF ) = £ X 9)]) |
13)
1Y (Pos = 500) (Fs) = FOr)l
s'€Eg
Ky 1Ol
+ + (14)

Let now look at the order in J of each term of the previous inequality. First with

the arguments used in (9), there exists K| constant , 1"‘1’ and l"‘2’ of the order of %
such as:

K
B[ £X1.9) = )| = Laf o)l < 1T AP + 1031172l + T3

Then recall that P ¢ is of the order of ﬁ and by the same calculations than in (4), |

E, [f(XJ, s — f(x, s/)]l is also of the order of % so (13) is at most of the order of
] .
F.
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Finally (14) can be written

1Y 75 (2P =) (£ = r )l

s'€Eg

and by (11) is at least 0(%).
Note, if f is Lipschitz in the second variable, since s is of the order of %, it is
possible to obtain a better order, 0(1—13). Anyway,

1(S1 =T f, )| <D +109 112

FIY (7P = a0 () = )

s'€Eg
K/
+ 57

O

Note that the Lemma 2 holds even if s is no longer constant. Indeed L; is not
affected by the derivative in x. So we get Vj € {1, 2}and Vk < j, that there exist
c’iand a. ;€ R independent of J such that:

J

, t .
1T DN < exp (c;ﬁ) > a1l

k=1

with ¢’; = supeio 1y 1/ (j — D = Js(1 = 2x) — Jm|.

We still have T;(.,s) : C2(I) — C?(I),Vs. And then, there exists a continuous
function R; at most exponential in time and a linear function of time ko independent
of J verifying:

n—1
1Suf = Tuflls < D S =TT f s

k=0
n—1
=Y (i na@n®is + 10 @@
k=0
1
1Y 5 (1P = Qo ) (Tef (o8 = Tif (v 9) s

s'€Ey

+0<1))
_]4
2 J ) n—1 x 1
<D a1 Pl D exp <c;ﬁ> L0 (ﬁ>
k=1 k=0
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+ko max |J2P; ¢ — o Qs Il flls
s,8'€Eg
2
<Y ITYIR; (l)lelf(’)llJ-Fko max |J2Pyy —as Qs |l flls
j=1
+ 0 ! 0
— —>
J2 ) J54
because if J is big enough,
J n—1 J
k 1 — exp(c; 4%)
St e (€5 ) = Yk < PRy
k=1 k=0 k=1 1 —exp (ﬂ)

and R;(7) is finite and independent of J, because n = [J?¢] is of the order of J2.
Finally, it exists @, b € R such as a(exp(bt) — 1) = sup maxc(1 2 |FIJ.|Rj(t)J3.
JeN ’

Then

bt) — 1
10/ = Tuflls < M(nﬂ% +1521)
1
is1s+0( ).

And this concludes the proof. O

+ ko max
s,8'€Ey

2
J Ps,s’ _O‘SQS,S’

5 Random limiting selection as a diffusion process

In this section, we assume that the limiting selection is an homogeneous diffusion
process. Once again for simplicity we will suppose that the immigration coefficient is
constant. First consider the following stochastic differential equation:

V2

1
A5 = ﬁb@ﬂ/)m + 70(5//)013,

yo‘]:s

with b and o are both bounded and Lipschitz functions, i.e.: V¢ > 0,s, s’ € R, it exists
k > 0 such that:

b(s) = b(sH| +lo(s) —o(sH] < Lls — 5|
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for some constant L. These assumptions guarantee the existence of strong solutions
of (.7);>0 and (7}),>0 has for generator

- o2(s) 32 b(s) 9
ST g2 9s2 J2 9s’

Let . = .77

2> then the process (5’?,),20) is independent of J.

d.7 = 20 (F)dB, + b(F)dt, Fp=s.

Suppose now that T € N, We use the standard Euler discretization and consider
(U, - 27 defined by the relation:

1
Ul =0l + ﬁb(U,;’) + V20 (UH(BLL, — B)

where the quantity (B,‘(’Jrl - B,'{’)ki_,zT are i.i.d and follow a .4/ (0, ﬁ).

It is of course possible to use another discretization to approach 5”[[’] and the fol-
lowing method will still hold. There is however a small issue: in the model described
in first part, for rescaling argument, the selection parameters must be in ] — 1, oo.
Our Markov process (%J )i>0 lives in R.

It is thus necessary to introduce the function 7 : R — E where E; is a closed
bounded interval included in | — 1 + &, oo[ for some & > 0.

We assume / is in C2 and is of the order of % We consider now /((-%7))>0 for the
selection parameter.

Let denote in this section, for f : [; x R — R, || fll; = sup | f(x,s)].
Iy xR
Note that to have a non trivial stochastic part in our final equation, we need as in

the first section that /4 is of the order of % Many choices are possible for 4 and will
depend on modelisation issue.
Let us give back the definition of our Moran process in this context.

14+h
Pov=(1—1x) (mp+ a —m)%)

B x(1+h(s))
P _x(m(l—P)+(1_m) (1 B m)>

Its first moments are given by, still denoting A = J~!,

(I —m)h(s)x(1 — x)]
1+ h(s)x

(I —m)h(s)x(1 —x)(1 — 2x)

1+ h(s)x

E, [XJ_H —x|X,{ =x,U,{ =s] = A[m(p—x) +

n

Var (Xr{-i-l —x|X’{ =x,UnJ = S) — AZ[
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(1 — m)h(s)x(1 —x)>2]

+mp(1 —2x) +x — <m(P—x)+ 1+ h(s)x

As in the previous case we use the process (Y,J ) ;=0 having the following generator
to approach the Moran process when J tends to infinity:

x(1—x) 0 f

Lif(ns) === 550+ [m(p—x>+h(s>x<1—x>]—f(x 5)

So our aim is to give an upper bound for the error done when

(X,{,U,{) s (Y’ yf)

no
J—o00

Let denote by H the generator of the two dimensional process (Y,, .%).

x(1 —x) 32
J2  ax Pyl

o2(s) 92 N b(s)
J? 09s? J? 9s

H=1!+1! = S[rerx =0+ mp - 0]

Let now state the main result of this section:

Theorem 3 Let f be in C* then there exists a, b € RT such that

a(e’ — 1)
”]EX,S (f (X[[JZ]v [l‘J2 f(Y[tJZ]a [tJZ])) ”J _f(“VfHJ + ”HCSSf”])
a(e’ — 1) _
+ = (I + 17 D0).

Proof Let P, be the operator defined on the space of bounded functions on E by:

(P f) (x,s) =FEy [f (an Uf[) ]

It is of course a semigroup so that Py, = P, Py, Vm,n € N. In parallel, let (7;);>0
be defined on the space of bounded continuous functions by :

(T f) (x,5) =Ey [f (YIJ, x]) ]

also verifying,T;+s = TsTy, Vs > 0,¢ > 0. The starting point is as in the first part of

D,

n—1

|Puf(x,8) = Tuf ()] < (Pr—=T) Tl

k=0
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We now focus on the quantity || (P; — T1) Tx f |7, the following lemma gives a
upper bound of the quantity || (P} — Ty) f|ls for f in C*.

Lemma4 Let f be in C* it exists ylj ,and yzj such as :

1
ICPLAY(x, 8) = (T )G ) =i II—f(x s +vd || f(x sy + 0 ( >

e

where ylf and y2J are of order 73

Proof We will use the same methodology than before. First the Taylor expansion (in
space) of Py gives:

9 9
(PLF)(x,5) = (x, ) + Exs [X{ _ x]af(x, 5) + ]EX,S[U{ _ s]af(x, 5)

1 9? 1 9?
+ 5B ] - x)z]mﬂx, )+ 3B [0 =97 |5 f (o)

(7)

+ 2B, (] = 0w - s)]

Indeed we have the quantities:

E“[le _x] = %[m(p —x)+ a —mh(s)xd —X)]

14+ h(s)x
£ [ 7] = it 20 44 Lm0 RO =2
]EH[U ] b(s)
[l -o7) =272 4 22 = 22 o)
IE”[(XJ — (U} —s)] “[x{ —x]IEx,S[U{ —s]
EYRITE h Je
ol =o(k) Efot o] o(k).

And the Taylor expansion of 77 in times gives:
. 1
(T1f) (x,8) = [, 8) + L{fx,9) + L] f(x,9) + O <F> :
Indeed it is easy to see that H Zis 0( 7). We now evaluate the difference

9 d
(P =T f (68) =B [ X{ = x| o= ) + B [Uf = 5] f (o)
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1 9
+ 5[ o] —x)z]—zf(x,s)

N [ e

_fo(xvs) L f(‘x s)+0(J4>
Finally,

Py =T f(x,s)
_ Irh(s)x(1 —x)
= _F[W( +h(s)x)] fx,s)
h(s)x + x(1 = 2x)(h(s) — m — mh(s)) — 2x(1 — x)h(s) 9>
1+ h(s)x ax FreRASE

b2(s) 9%
+ gl G s>+0(J4)

Let us conclude by taking the norm to get

11h(s)x(1 —x)
J
vi= s SR k(o))
D meR 0 J | THh(s)x

1 1 —m)(d + h(s)x(l —2
vi =  sup —zlmp(l _opy g AT aonxd =20 g
(x,8)€Esx[0,1] 1+ h(s)x

so that we obtain the result. O

Then (11) still holds for this case as the Proof of 1 is exactly the same, so the end
follows as in the first part. O
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6 Appendis: Discrete Wright-Fisher model and its approximating
diffusion

Let consider the Wright—Fisher discrete model with selection and immigration. The
population still consists of two species, immigration and selection are still the same.
But the Markovian process X} evolves according to the following probability:

J _
P(X,{+1 71X =x) = (k) Pi(L =Py

14s)x

with P, = mp + (1 — m)(H_w .
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At each step, all the population is renewed, so this process runs J times faster than
the Moran process. And we usually, in the case of weak selection and immigration,
it is usual to use the diffusion {Y;};-o defined by the following generator to approach
this discrete model, when the population goes to infinity.

2

1 9 9
L= EX(I _X)ﬁ + (sx(1 = x) +m(p — x)) P

Theorem 4 Let f be in C3(I) then there exista, b € RT, depending on m' and s’ (but
not on f), and a constant K which satisfy when J goes to infinity:

3

1B £ | =B £D |l ate” =1 | 3

i=1

5 .
+ K=
J J?

Proof Even if the structure of the proof is the same as for the discrete Moran model,
however the difference of scale (in l, now) causes some small differences. Mainly,
the calculation of the {y;}e(1,2,3,4) is a bit different. Note that we need to have
f € C? in the present theorem, which is stronger than for the Moran process. The
main explanation comes from the calculation of E[(X n’ - PORID.¢ ,{ = x], for which
for the Wright—Fisher discrete process it is no longer of the order of JLA Let us give
some details.

First consider the moments {E[(X,{Jrl — x)kIX,{ = x]}k<s:

sx(1—x)

EX;y = xIX;) = x] =m(p —x) + 1+ sx

E[(X],, - x)2|x,{ = x] :%x(l —x)+ % (m(p —x)+ M)

1+ sx
sx(l—x)\? 1
#(mr =0+ 50 +o(5)

E[(X],, —x) IX] = x] =x(x — )(2x — 1)%
Ly 1 1 o(
-7 x(x — )(m(p—x)+sx( —x))—i— <F)
1 1
El(x!,, —x)*1x] = x] =321 =) + O<F)

1
E[(X],, —x)’1X] = x] =O<F)‘
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To get a quantity of the order of % we need to go to the fifth moment of X n’ 11— %
50 in the Taylor development we need to have f in C>. Then,

Llf(x) = %;X)f(z)(x) +sx(1—x)+m(p —x)f(l)(x)
2
2 = T2 o
2(1 —20)x(1 —x)  2x(1 — L= ) 4 mip —
T T B A
—2x(1 — x)
e
2x(1 = x)(s(1 —2x) —m) + (1 = 2x)(sx(1 — x) + m(p — x))
" 2J
1— — 2
+ (sx( x)‘:'];”(l? X)) ]f(Z)(x)
—2sx(1 —x)
+[ 2J

4+ (s(1 =2x) —m)(sx(1 —x) +m(p — x)):lf(l)(x)

3 _ 1
L3 f(x) = o(ﬁ).
We are now able to give the expression of the {y;}e{1,2,3,4}» as in the Lemma 1.

Lemma 5 It exists bounded functions of x, {y} je(1,2,3) such as when J is big enough,

K,
1ST =Tl < i FP N+ 15 120 + 135 e + -
wherefori =1, ..., 3, |yl-J| is of the order ofﬁ.

Proof The proof of this lemma is exactly the same as in lemma 1. Just the calculations
are a little bit more tedious:

7 —sx(1—-x)

= ———— + 60 =20 —=m)(sx(l =) +m(p - x))
4o el o)
vy = %ﬁxq) 0(%)
=0 (5)
O
The end of the proof follow exactly the same pattern. o
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So The Wright—Fisher dynamics requires more tricky calculations than the discrete
Moran model but the spirit of the proof is the same. All the methods studied in this
paper can be adapted in order to treat the Wright—Fisher model.
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