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Abstract How the neutral diversity is affected by selection and adaptation is inves-
tigated in an eco-evolutionary framework. In our model, we study a finite population
in continuous time, where each individual is characterized by a trait under selection
and a completely linked neutral marker. Population dynamics are driven by births and
deaths, mutations at birth, and competition between individuals. Trait values influ-
ence ecological processes (demographic events, competition), and competition gener-
ates selection on trait variation, thus closing the eco-evolutionary feedback loop. The
demographic effects of the trait are also expected to influence the generation and main-
tenance of neutral variation. We consider a large population limit with rare mutation,
under the assumption that the neutral marker mutates faster than the trait under selec-
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tion. We prove the convergence of the stochastic individual-based process to a new
measure-valued diffusive process with jumps that we call Substitution Fleming—Viot
Process (SFVP). When restricted to the trait space this process is the Trait Substitution
Sequence first introduced by Metz et al. (1996). During the invasion of a favorable
mutation, a genetical bottleneck occurs and the marker associated with this favor-
able mutant is hitchhiked. By rigorously analysing the hitchhiking effect and how
the neutral diversity is restored afterwards, we obtain the condition for a time-scale
separation; under this condition, we show that the marker distribution is approximated
by a Fleming—Viot distribution between two trait substitutions. We discuss the impli-
cations of the SFVP for our understanding of the dynamics of neutral variation under
eco-evolutionary feedbacks and illustrate the main phenomena with simulations. Our
results highlight the joint importance of mutations, ecological parameters, and trait
values in the restoration of neutral diversity after a selective sweep.

Keywords Mutation-selection - Measure-valued individual-based model -
Neutral diversity - Hitchhiking - Selective sweeps - Adaptive dynamics -
Limit theorems for multi-scale processes - Substitution Fleming—Viot Process

Mathematics Subject Classification 92D25 - 60J80 - 92D15 - 60J75

1 Introduction

The science of biodiversity currently faces the challenge of understanding how ecolog-
ical processes shape evolutionary change, and reciprocally how evolution affects the
structure and function of ecological systems (Schoener 2011). Such eco-evolutionary
feedbacks determine the dynamics of so-called adaptive traits -quantitative characters
that are heritable yet mutable from parent to offspring (Dieckmann and Law 1996;
Metz et al. 1996). Under the combined assumptions of large population and rare muta-
tion scalings, the time evolution of an adaptive trait can be described as a sequence
of mutant invasions, each being driven by positive selection in the ecological con-
text set by the ‘resident’ value of the adaptive trait (Metz et al. 1992). The resulting
evolutionary model is a jump process called the trait substitution sequence (TSS):
every new mutant trait either goes extinct, or replaces the resident, causing the TSS to
jump from the former resident population equilibrium to a new equilibrium (Metz et
al. 1996; Champagnat 2006; Champagnat et al. 2008). In population genetics, these
jumps are known as selective sweeps (Barton 1998; Stephan et al. 1992). Previous
works support the view that the TSS as a model of long-term phenotypic evolution
is relatively insensitive to the details of the genetic determination of the trait (Lloyd
1977; Christiansen and Loeschcke 1980; Hammerstein 1996; Weissing 1996; Matessi
and Schneider 2009; Eshel et al. 1998).

Whereas eco-evolutionary feedbacks can result in variation of adaptive traits among
populations (and even within populations when evolutionary branching occurs, Geritz
et al. 1998), much of the molecular diversity measured by population geneticists
involve DNA sequences of no known adaptive value, i.e. selectively neutral. A neutral
sequence that is physically linked in the genome to the sequence that codes for the
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Stochastic dynamics of adaptive trait and neutral marker 1213

adaptive trait is called a marker of that trait. A longstanding question in evolutionary
theory is understanding how variation in such molecular markers evolves, and how
patterns of neutral molecular evolution can be used to infer the history of trait mutation
that have driven past adaptation.

When adaptive mutations are rare, adaptation proceeds as a series of selective
sweeps: a trait mutation occurs while the population is monomorphic for the trait,
and increases rapidly in frequency toward fixation. Following on from Kojima and
Schaffer (1967), Smith and Haigh (1974) pointed out that selective sweeps purge
genetic variation at linked sites: a particular marker allele goes to fixation as a conse-
quence of linkage with the selected allele, a phenomenon they dubbed the ‘hitchhiking
effect’. Maynard Smith and Haigh’s deterministic model was revisited in a stochastic
approach by Ohta and Kimura (1975). These seminal studies of hitchhiking focused
on the short-term dynamics of an interaction between two alleles at the locus under
selection and two alleles at the neutral locus. Long-term dynamics were considered
first by Kaplan et al. (1989) who developed a stochastic model for finite populations
to describe the effect of recurrent hitchhiking. In order to describe stationary levels
of nucleotide diversity at the marker locus, they used the infinite site model and a
coalescent approach under the assumption of constant population size and constant
selection coefficients. This has generated an abundant theoretical literature on mod-
eling the impact of selection on neutral polymorphism (Barton 2000; Etheridge et al.
2006; Durrett and Schweinsberg 2004 and references therein). Recent deterministic
models have relaxed the assumption of constant selection either because of the pres-
ence of genetic backgrounds (e.g. assuming a quantitative trait, Chevin and Hospital
2008) or in the case of a parasite, because of the complexity of the demographic events
involved in the life cycle (Schneider and Kim 2010). All previous models assume con-
stant population size and constant selection, or that the population size is independent
of the selective value of the individuals.

In this article, our goal is to relax these key assumptions. Under general ecological
scenarios, eco-evolutionary feedbacks operate: as the adaptive trait evolves, popula-
tion size and selection co-vary. The eco-evolutionary process of adaptive trait and
neutral marker dynamics requires a rigorous mathematical framework, the foundation
of which we establish here. We start with a ‘microscopic’, individual-based model
where individuals have two heritable characteristics: (1) an adaptive trait that influ-
ences their intrinsic demographic rates and ecological interactions, and (2) a genetic
marker that has no demographic or ecological effects, hence, is selectively neutral. This
work focuses entirely on asexual populations and short genomic regions that remain
perfectly linked to the loci under selection, neglecting recombination. The population
is described by a measure according to which each individual is represented by a Dirac
mass that weights its characters. This leads to study the population eco-evolutionary
dynamics as a measure-valued stochastic process.

The dynamics are driven by competition between individuals, asexual reproduction
without or with mutation, and death. Variation in population size and selection as the
trait evolves are mediated by the demographic effects of change in the trait. These
effects are expected to influence the generation and maintenance of neutral variation.

The effect of mutation on the marker can be continuous or discrete. Our framework
thus encompasses a variety of conventional mutation models such as the two-alleles
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model, the stepwise mutation model, and the continuous state mutation model. Our
distinctive assumption here is that the marker mutation process is much faster than
the trait mutation process but much slower than the ecological time-scale of birth and
death events. This is supported by the fact that most mutations are neutral or nearly
neutral (such as mutations involved in microsatellite variation). Therefore, there are
three time scales in the model: the fast ecological time scale of birth and death events,
the slow time scale of trait mutation, and an intermediate time scale of marker muta-
tion. We study the joint process of trait and marker dynamics on the trait mutation time
scale.

We are interested in limit theorems when the population carrying capacity goes
to infinity. Then, the population size stabilizes in a neighborhood of the ecological
equilibrium and jumps to another equilibrium when a successful trait mutant goes to
fixation in the population. This is the TSS dynamics of the adaptive trait. It does not
depend on the marker and has been mathematically proved by Champagnat (2006).
The novelty in the model and in the proofs comes from the time-scales difference
for the marker and trait mutations. The study of the marker distribution during the
invasion period requires careful consideration of the individual process and of the
different scales involved. In a first period, starting with the single invading mutant,
we prove that the marker distribution remains close to a Dirac mass at the value of
the initial mutant. Until the next jump of the TSS, the marker evolves as a stochastic
distribution-valued process. In the case where the marker mutation effects are contin-
uous and small, this is a Fleming—Viot process whose drift and covariance depend on
the resident adaptive trait. In every cases, for any marker mutation model, the collated
dynamics define a measure-valued diffusive process with jumps that we call Substi-
tution Fleming—Viot Process (SFVP). The convergence of the microscopic process to
the SFVP is shown both in the sense of finite dimensional distributions and in the
sense of convergence of trait-marker-time measures, thus improving previous results
of Champagnat (2006).

From a biological standpoint, we recover the conventional hitchhiking phenom-
enon: when a new mutant trait appears and sweeps through the population to fix-
ation, the marker carried by the mutant individual is hitchhiked, and the marker
distribution undergoes a genetical bottleneck. The mathematical construction of
the SFVP process has new implications of biological relevance. Neutral diver-
sity is restored after each adaptive jump, but as the adaptive trait evolves, popu-
lation size, the mutation rate, genetic drift and demographic fluctuations change,
which causes the rate of neutral polymorphism build-up and the moments of the
marker distribution to change too. This suggests that the nature and structure of
the whole eco-evolutionary feedback loop (i.e. how adaptive traits influence demo-
graphic rates and ecological interactions, and how ecological processes shape selec-
tion pressures on adaptive traits) may be important to explain the extreme dis-
parities in genetic neutral diversity observed among species, even closely related
ones and in the absence of differences in recombination profiles (Cutter and Pay-
seur 2013). In fact, it is well-known that demographic differences due to exter-
nal causes (demographic bottleneck or population expansion due to environmen-
tal changes) can affect neutral diversity of a population and that closely related
species can show very different neutral diversity patterns. Here, we show that inter-
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Stochastic dynamics of adaptive trait and neutral marker 1215

nal causes of demographic variation involved in adaptation can also affect species
differently.

The article is organized as follows. In Sect. 2, we start with the model descrip-
tion. The stochastic individual-based process and its key assumptions are carefully
described and examples are provided. A key parameter is K, an integer that gives the
order of the population size and is used to rescale the mutation rates and kernels. By
letting K go to infinity we study the large population limit of the stochastic process.
The main theorem is enounced and discussed in Sect. 3, where biological implications
are also highlighted. Time scale separations implied by the dependence in K of the
trait and marker mutations lead to homogenization phenomena and then to the SFVP.
Our mathematical analysis provides a precise description of the genetical bottleneck
that occurs at each trait substitution. We show that the marker of the initial mutant
individual dominates in the marker distribution of the mutant population until this pop-
ulation reaches a neighborhood of the new ecological equilibrium. Then, we present
two numerical examples based on an ecological model adapted from Dieckmann and
Doebeli (1999). In the first example, marker mutation is described by a continuous
state model that leads to a piecewise Fleming—Viot process (Sect. 3.3) for the marker.
In the second example, marker mutation follows a discrete two-allele model and the
classical Wright-Fisher diffusion (3.5) is recovered. Further generalizations are dis-
cussed. The proof of the main theorem in the adaptive dynamics scaling is in Sect. 4.
After having introduced a semi-martingale decomposition of our stochastic measure-
valued process, we start with recalling and refining the result of Champagnat (2006)
for the convergence of trait-marginals. For this purpose, we introduce the M 1-topology
on the Skorokhod space where the TSS lives, using some ideas of Collet et al. (2013).
The second part of the proof focuses on the marker distribution in an invading mutant
population. This gives the result on the genetical bottleneck. Then, between two trait
substitutions, the dynamics of the marker converges to a diffusive measure-valued
process. As a conclusion of the proof, we show the convergence to the SFVP in the
space of trait-marker-time measures.

2 The stochastic model

We consider an asexual population driven by births and deaths where each individual
is characterized by hereditary types: a phenotypic trait under selection and a neutral
marker. The trait and marker spaces X and I/ are assumed to be compact subsets of R.
The type of individual i is thus a pair (x;, u;), x; € X being the trait value and u; € U
its neutral marker. The individual-based microscopic model from which we start is
a stochastic birth and death process with density-dependence whose demographic
parameters are functions of the trait under selection and are independent of the marker.
We assume that the population size scales with an integer parameter K tending to
infinity while individuals are weighted with % At any time ¢ > 0, we have a finite
number NX of individuals, each of them holding trait and marker values in X' x U.
Let us denote by ((x1, u1),..., (x NEo U NIK)) the trait and marker values of these
individuals. The state of the population at time ¢t > 0, rescaled by K, is described by
the point measure
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NK
] t
VK = = lea(x,.,m), 2.1
1=
where §(y ;) i the Dirac measure at (x, u). This measure belongs to the set of finite
point measures on X’ x U with mass 1/K. This set is a subset of the set M (X x U)
of finite measures on X' x U/, which is embedded with the weak convergence topology.
We denote by (v, f) the integral of the measurable function f with respect to the
K
measure v and by Supp(v) the support of v. Then (vtK 1) = NT’

For any ¢+ > 0, we also introduce the trait marginal of the measure vtK on X, denoted
by X tK and defined by

e
K _ J—
XK= 21 5.
i=

Therefore, the population measure vtK writes
vE(dx, du) = XK (dx) 7K (x, du) (22)

where X (x, du) is the marker distribution for a given trait value x defined by

NE
Z,’:l Lyi=xdu;
NK

S e

X (x,du) = (2.3)

Our purpose is to study the asymptotic behavior of the measure-valued process vX

at large times, when the trait and marker are inherited but mutations occur. The main
interest of our model is that these mutations happen at different time scales for trait
and marker, but both longer than the individuals lifetime scale. The trait mutates much
slower than the marker and drives the evolution time scale. Thus, the limiting behavior
results from the interplay of three time scales: births and deaths, trait mutations and
marker mutations.

We describe the individuals’ life history. The trait has an influence on the ability
of individuals to survive (including competition with other ones) and to reproduce but
the marker is neutral. The demographic parameters are thus functions of the trait only
and are defined on X’

Assumption 2.1 e An individual with trait x and marker u reproduces with birth
rate given by 0 < b(x) < b, the function b being continuous.

e Reproduction produces a single offspring which usually inherits the trait and
marker of its ancestor except when a mutation occurs. Mutations on trait and
marker occur independently with probabilities px and gg respectively. Mutations
are rare and the marker mutates much more often than the trait. We assume that

gr(10g K)> > k00 0, 7Kk = K00 +00.

(2.4)

. 1
gk = pk Tk, With pg = X2
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e When a trait mutation occurs, the new trait of the descendant is x + k € X with k
chosen according to the probability measure m (x, k)dk.

e When a marker mutation occurs, the new marker of the descendant is u + h € U
with & chosen according to the probability measure G g (u, dh).
For any u € U, Gk (u, .) is approximated as follows when K tends to infinity:

lim sup
K—+00,c14

rg

' /u(qﬁ(u +h) —¢w)Gk(u,dh) — Apu)| =0, (2.5)
where (A, D(A)) is the generator of a Feller semigroup and ¢ € D(A) <
Cp(U, R), the set of continuous bounded real functions on /. B

e Anindividual with trait x and marker u dies with intrinsic deathrate 0 < d(x) < d,
the function d being continuous. Moreover the individual experiences competition

the effect of which is an additional death rate n(x) C * vtK (x) = % ZlN:’Kl C(x—
x;). The quantity C(x — x;) describes the competition pressure exerted by an
individual with trait x; on an individual with trait x. We assume that the functions
C and n are continuous and that there exists n > 0 such that

Vx,ye X, nkx)Cx—y)=n=>0. (2.6)

A classical choice of competition function is C = 1 which is called “mean field
case” or “logistic case”. In that case the competition death rate is n(x)NlK /K.

Remark 2.2 Let us insist on the generality of Assumption (2.5) which allows a larger
set of possible dynamics.

e Equation (2.5) is for example true for Y = [u1, uz], Gg a centered Gaussian

law (conditioned to /) with variance ox — 0 such that limg o2& = o2 and

Ap = %" for ¢ € C2 with ¢/ (u1) = ¢/ (u2) = 0.

Choosing for example rx = K3/% gx = 1//K and 01% = 1/+/K works. This
choice can be seen as a continuous state generalization of the stepwise mutation
model (Ohta and Kimura 1973).

e If in addition the distribution G g has a non zero mean g such that % —
© > 0 corresponding to a mutational directional drift, then the operator A will be
defined by Ap = %" + ue’.

e If we relax the compactness of U and assume that I/ = R, a third example consists
in taking for G the law of a Pareto variable with index « € (1, 2) divided by
K"/® for n € (0, 1]. Then it has been proved by Jourdain et al. (2012) that

lim sup K”/(qb(u—i—h)—d)(u))GK(u,dh)—gD“q&(u) =0,
K u R 2

where

dh
D) = [ @+ 1) = Bu) = o' (0=
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1218 S. Billiard et al.

is the fractional Laplacian with index «. Thus if we take rx such that K’,’i" con-
verges as K tends to infinity, and choose A = D% in (2.5), Assumptions (2.4)—(2.5)
will be satisfied as soon as < 1.

e Another very interesting case is the discrete case when U = {a, A} is a set of two

alleles. The mutation kernel is given by

Gk (u,dv) = 1y=q ga 84 (dv) + Ly=a g4 8a(dv). 2.7

In this case, (2.5) implies that rx /K has a limit when K — +-o00. Let r be this
limit, then

Ap) = F(Luza 4a (B(A) = 9(@) + Luza 44 (9@ — (A)).  28)

We see that the ratio between the two mutation probabilities rx = gg/pk that
allows convergence is highly dependent on the mutation distribution.

Note that since the demographic rates do not depend on the marker, the dynamics
of the population distribution of the trait is independent of the marker distribution. But
the dynamics of the marker distribution cannot be separated from the trait distribution
as we shall see.

The process (vtK ,t > 0)isacadlag M g (X xU)-valued Markov process. Existence
and uniqueness in law of the process can be adapted from Fournier and Méléard (2004)
and Champagnat et al. (2008) under the assumption that E((vé( , 1)) < +o00. Moreover,
Assumption (2.6) allows to prove as by Champagnat (Champagnat 2006, Lemma 1)
thatif for p > 1, supg o+ E(vf, 1)P) < +o0, then

sup  E((vf, 1)P) < 400 (2.9)
teRy,KeN*

which will be useful to study the tightness and convergence of the sequence.

3 Convergence to the Substitution Fleming—Viot Process

The adaptive trait mutation time scale is the slowest, equal to KL = K by Assump-
tions (2.4). It scales the evolutionary time. So we shall consider the limiting behavior
of (v,lgt, t > 0). We will see in Sect. 4.2.1 that pg of order l/K2 is the only choice
which leads to a non-trivial or non-degenerate marker dynamics.

Before stating our main result, we introduce several important ingredients which
are used to describe the limit of (vgt,t > 0) when K — 400. We conclude the
section with extensions and simulations.

3.1 Invasion fitness function
The large population behavior of the process (vtK ,t > 0) as K tends to infinity, can

be studied by classical arguments and is given in the appendix. At the ecological
time scale (of order 1), no mutation occurs in the asymptotic K — -+oo. If the
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Stochastic dynamics of adaptive trait and neutral marker 1219

initial population has a single adaptive trait x, then, in the limit K — 400, the trait
distribution remains §y since pgx and gk vanish in the limit. The rescaled population
size process (N,K /K.t > 0) converges to the solution (n;,t > 0) of the ordinary
differential equation

d
% = (b(x) —d(x) — nx)CO)n )n, (3.1)

which converges when ¢ tends to infinity to the equilibrium

~ _ bx)—dx)

= , 3.2
n(x)C(0) 62

Conversely, at the adaptive trait-mutation time scale K¢, new mutant traits can
invade. If they replace the previous traits, then the corresponding event is called “fix-
ation”.

The probability of fixation of a mutant trait y in a trait resident population x at
equilibrium depends on the invasion fitness function f(y; x):

f;x)=b(y) —d(y) —n(y) C(y — x) ny. (3.3)

This fitness function describes the initial growth of the mutant population. It does not
depend on the neutral marker.

By simplicity we work under the assumption of ‘invasion implies fixation’, but this
assumption will be relaxed in Sect. 3.5. When a mutant trait appears, either its line of
descent replaces the resident population or it disappears. As a consequence, two traits
cannot coexist in the long term.

Assumption 3.1 (“Invasion implies fixation”) For all x € X and for almost every
yedk,

b(y) —d(y) - b(x) —d(x)
n(y)C(y —x) nx)CO)
b(y) —d(y) b(x) —d(x) b(x) —d(x) b(y) —d(y)
r > and < .
n(»MCQy —x) n(x)C(0) nx)Cx —y) n(y)C(0)

either

Remark 3.2 In the case of logistic populations with C = 1, this assumption is satisfied
as soon as x > 71 is strictly monotonous.

3.2 Main theorem

Let us first give the definition of the Fleming—Viot process which will appear in our
setting (see e.g. Dawson and Hochberg 1982; Dawson 1993; Donnelly and Kurtz 1996;
Etheridge 2000). We recall that the operator A has been introduced in (2.5).

In the sequel, we denote by P (/) and P(X x U) the probability measure spaces
respectively on i/ and on X' x U.
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1220 S. Billiard et al.

Definition 3.3 Letus fix x € X' and u € U. The Fleming—Viot process (F}(x,.),t >
0) indexed by x, started at time O with initial condition §, and associated with the
mutation operator A is the P({/)-valued process whose law is characterized as the
unique solution of the following martingale problem. For any ¢ € D(A),

t
M (9) = (F/'(x,.), ¢) — ¢ (u) — b(X)/O (F{(x,.), Ap)ds (3.4)

is a continuous square integrable martingale with quadratic variation process

b d COyn, [!
(M (), = () + (x);;rn(x) (O)n /0 (<F;,(x,')’¢2> _ (FS”(x,.),tb)z) ds
t
=0 [ (R0, 0%) = (R, 07) ds. (5)
nx 0

Let us now state our main theorem that describes the slow—fast dynamics of adaptive
traits and neutral markers at the (trait) evolutionary time scale.

Theorem 3.4 We work under Assumptions 2.1 and 3.1. The initial conditions are
vE(dy, dv) = nk 8x.u0)(dy, dv) with limg_oon& = 7y, and for any € > 0,
supg ey E((n&)?7€) < +o0.

Then, the population process (vllgt, t > 0) converges in law to the Mg (X x U))-
valued process (V;(dy, dv),t > 0) defined by

Vi(dy. dv) =7y, 8y,(dy) " (¥;. dv), (3.6)

where the process (Yy, Uy), t > 0) on X x U, started at (xo, ug), jumps at time t from
(x, u) to (x + k, v) with the jump measure

[ fx+kx)ly
b(x)nx% F*(x, dv) m(x, k)dk. 3.7)

The convergence holds in the sense of finite dimensional distributions on M (X X
U).

In addition, the convergence also holds in the space of trait-marker-time measures,
i.e. the measure vllgt (dy, dv)dt on X x U x [0, T] converges weakly to the measure

7y, 8y,(dy) FY* (Y,, dv)dt for any T > 0. 0

Definition 3.5 The limiting measure-valued process (V;(dy, dv),t > 0) is called
Substitution Fleming—Viot Process. It generalizes the Trait Substitution Sequence
(TSS) introduced by Metz et al. (1996).

We observe that the Substitution Fleming—Viot Process includes the three qualitative
behaviors due to the three different time scales: deterministic equilibrium for the size
of the population (driven by the ecological birth and death events), transitory diffusive
behavior for the marker distribution (driven by marker mutation), jump process for
the trait distribution (driven by adaptive trait mutation).
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Stochastic dynamics of adaptive trait and neutral marker 1221

Remark 3.6 Equations (3.4)—(3.5) have important biological implications regarding
neutral genetic diversity. Once the fixation of a favorable mutation has occurred and
the population is monomorphic for the selected trait, the evolution of the neutral
marker distribution is described by a Fleming—Viot process whose law is given by the
martingale in (3.4). The bracket of the martingale in (3.5) shows that the stochastic
fluctuations with time of the marker distribution are due to randomness in births and
deaths and mutations. The multiplicative factor 2b(x) /7, in (3.5) depends on the trait
value x, and on the assumed ecological model which determines the relationships
between x, the death and birth rates and the competition kernel. Notice that 2b(x) /71
corresponds to the quotient of variance (here 2b(x)) divided by effective size N, (here
7,) that appears in the usual Wright Fisher equation. The quantity 77, corresponds
to the mass of the population when there is an infinite number of small individuals;
if the size of the population is of order K, it means that there is approximately 77, K
individuals of weights 1/K . The right term in (3.4), (i.e. the drift term in a mathematical
sense) involves the generator A and is associated with the mutation model as seen in
Assumption (2.5). The generator A describes the speed at which the neutral diversity
is restored. For instance in a continuous state model, if A¢ = %d)” , we recover the
heat equation whose solutions have a variance in ¢. In a discrete state model similar
to (2.8), this equation gives the growth of the support.

In short, (3.4)—(3.5) shows that the distribution of the neutral marker depends on
ecological processes and their parameters: every changes in x will result in changes
in the distribution of the neutral marker, through changes in birth, death and muta-
tion rates, in competition and equilibrium population size. This result is biologically
relevant and important since it differs from the assumptions of classical genetic hitch-
hiking models, in which selection and population size remain constant, leading to
the fact that the neutral diversity restoration will not depend on the trait substitution
and its history. In examples below, we will give more detailed results regarding the
distribution of the neutral marker changes.

The proof of Theorem 3.4 is the subject of Sect. 4.

The trait dynamics in the limit of Theorem 3.4 is the Trait Substitution Sequence
obtained by Theorem 1 in Champagnat (2006) whose assumptions are satisfied. Our
main contribution in Theorem 3.4 is to prove that at the adaptive trait mutation time
scale, a homogeneization phenomenon takes place. There is a deterministic limit for
the fastest process (the births and deaths leading to 72y), and stochastic limits for the
two slower processes. The limiting process (V;, t > 0) is a measure-valued process
with jumps (corresponding to trait mutations) and diffusion (corresponding to marker
dynamics). If the population is trait-monomorphic with trait x, the jump measure is

b(x)7, / Vot kDl ok,
X—{x) b(x + k)

where X — {x} = {y — x, y € X}. When a jump occurs at ¢, the process jumps from
(x, u) to (x + k, v) where k is chosen in m(x, k)dk and v is chosen at time 7 in the
marker distribution F} (x, dv).
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1222 S. Billiard et al.

The marker distribution is the second fastest-evolving component, but marker muta-
tions are assumed small (2.5), allowing to recover a non-degenerate Fleming—Viot
superprocess parameterized by the trait of the population but with jumps. Between the
jumps, this superprocess is the pathwise limit of the marker dynamics where traits are
fixed. The jumps are hitchhiking events due to the trait mutations (see in another con-
text Etheridge et al. 2006). There is a bottleneck at each successful invasion-fixation
of mutant traits. Indeed, the individuals present at the fixation time are all descendants
of the successful initial mutant. The trait and marker of the latter alone determine
the state of the new mutant population, hence creating the bottleneck for the whole
population genealogy. This result is biologically intuitive since we assume that the
neutral marker and the trait are completely linked, but the mathematical proof of these
phenomena is the hardest part of the proof of Theorem 3.4, and we will show that our
results still have biological interest. Extending this model to the case of recombination
is a challenging problem for future work (see Smadi 2014 in this direction).

It is also worth to notice that contrarily to other extensions of the TSS (e.g. the TSS
with age-structure of Méléard and Tran 2009 or the Polymorphic Evolution Sequence
for a multi-resource chemostat in Champagnat et al. 2014) that usually jump from
an equilibrium to another, the marker distribution is here described by a stochastic

population size
Ngly @ F (z, dv)

Na+k 6(m+k,v)

log K

Fig. 1 Invasion and fixation of a successful trait mutant. In the population of resident trait x and marker
distribution F/*(x, dv), a mutant trait x + k appears at time 1. Let v be the marker of the mutant individ-
ual. As in Champagnat et al. (2008), the fluctuations of the resident population can be neglected in first
approximation and the mutant population evolves as a birth and death process with rates b(x + k) and
d(x + k) + n(x + k)C (k)ny, independent of the marker distribution. When the mutant population reaches
a sufficient size ¢ at time fp, with probability [ f(x + k, x)]+/b(x + k), the ‘invasion implies fixation’
assumption leads to the replacement of the former population in a time 7g such that 1x /log(K) — oo.
This time interval is too short to allow other marker mutant to appear in non-negligible proportion, with
large probability. Thus, when the mutant population has fixed, at time o1, it is close to 72,k 8 (x,v)- Before
the next adaptive trait mutation occurs, the marker mutates a lot, since marker mutations happen on a faster
scale. The dynamics of the marker distribution is then the one of a Fleming—Viot superprocess started at d,
and with statistics depending on x + k
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process and not an equilibrium measure. This is due to the fact that the time scales
of the trait and marker mutations are assumed different: in the time scale of marker
mutations, the trait mutations are too rare and not seen.

An illustration of the invasion and fixation phenomena is summed up in Fig. 1.

3.3 An example from Dieckmann and Doebeli (1999)

Let us first illustrate our model by simulations based on an example inspired from
Roughgarden (1979) and Dieckmann and Doebeli (1999). Here X = [—1, 1],U =
[—2,2]and K = 1,000 in all the simulations. The individual dynamics is characterized
by

e the birthrate b(x) = exp(—x2 / 20172 ) with o, = 0.9. The probability of mutation of

the trait and marker are respectively px = 1/K? and gx = 1/+/K. The adaptive
trait mutation kernel m (x, k)dk is a Gaussian law with mean O and variance 0.1,
conditioned to [—1, 1]. The marker mutation kernel G ¢ (1, dh) is a Gaussian law
with mean 0 and variance 012{ =1/ VK, conditioned to [—2, 2].

e symmetric competition for resources, with n(x) = 1 and C(x — y) = exp(—(x —
¥)?/203), 0c = 0.8.

Here, the ‘optimal trait’ is x = O where the birth rate has its maximum and the
population is governed by local competition. We start with the initial condition: xp =
—1,u9 =0.

The simulations (see Fig. 2) illustrate Theorem 3.4. They show the replacement of a
resident population by a mutant population. In Fig. 2a, the dynamics of the support of
the marker distribution is represented. The mutant and resident populations are pictured
together and separately to better observe the extinction of the resident population
(black) and the expansion of the mutant population from one individual (light). The
invasion started around time 3,175 and after time 3,250, the mutant population has
totally replaced the resident one.

In Fig. 2b, the histograms of traits and markers at three times during the invasion are
represented simultaneously, to underline the hitchhiking effect of the marker during
the ‘invasion implies fixation’ phase. We can see that the distribution of the marker
during the fixation remains close to a Dirac mass at the marker value of the initial
mutant (red line). This illustrates the bottleneck phenomenon, the existence of which
we prove rigorously [Eq. (4.8) of Proposition 4.5].

Let now focus on the Dieckmann—Doebeli’s example and highlight the biological
implications regarding the eco-evolutionary feedback on the distribution of the neutral
marker. Here, 71, = b(x) — d(x) and therefore the Fleming—Viot process F/*(x, .) is

the solution of the martingale problem (3.4) with A¢ = %Zgb/ " and with bracket (3.5)

given for all ¢ € C(U, R) by 2% Jo ((FE(x, ), %) — (F(x, ), $)%)ds.

If the death rate is a constant d (x) = d, then the multiplicative factor in the bracket
3.5), b(x)/(b(x) — d), decreases when b(x) increases. Heuristically we expect that
the stochastic fluctuations in time of the distribution of the neutral marker decrease
when the trait x approaches the evolutionary stable strategy (ESS, see Maynard Smith

1982) and b(x) increases, since the equilibrium size is greater and the diffusion coeffi-
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Stochastic dynamics of adaptive trait and neutral marker 1225

cient is lower. The drift term is b(x) % fé (F*(x,.), ¢")ds and thus the multiplicative
factor b(x) increases when approaching the ESS, contrarily to the multiplicative fac-
tor of the bracket (3.5). In the case d = 0, the Fleming—Viot process has a constant
diffusion coefficient and the bracket (3.5) does not depend on x. The Fleming—Viot
process depends only on the trait x through the drift term. Notice that this is true for
any mutation model satisfying (2.5). This simple result illustrates how the ecological
processes can shape the neutral diversity.

3.4 Corollary: the Wright—Fisher evolutionary process

There exists a version of the SFVP in the case when the marker space U is discrete.
Assume for instance that there exist only two alleles of the marker trait, denoted by
a and A, so that i/ = {a, A}. In this case, we apply Theorem 3.4 with the mutation
kernel Gk defined in (2.7) and rx /K — 7 > 0 when K — +00.

Proposition 3.7 We work under Assumptions 2.1 and 3.1 with probabilities g4 and
qa to mutate from marker A to marker a and from marker a to marker A. Moreover,
we consider similar initial conditions vé( as in Theorem 3.4. Then, the population
process (vllgt, t > 0) converges in law to the M (X x {a, A})-valued process

@y, (Wi v, @y, du) + (1 = W) 8y, a)(dy, du)), 1 > 0),

where (Y;,t > 0) is the TSS process that jumps from x to x + k in X with the
Jump measure b(x) 7y % m(x, k)dk and where (W, t > 0) is the following
Wright—Fisher jump process that represents the proportion of alleles a in the popula-
tion of trait Y; at time t. Between jumps, it satisfies the usual Wright—Fisher equation

with mutations

2b(Y,
AW =Fb(Y;)(ga(l — W) —anta)dt+\/ ﬁ( 2 Wi (1 —WHdB,  (3.8)
Y;

(Bt,t = 0) being a standard Brownian motion. It jumps with the TSS and at jump
time t, the process (W', 1 — W/) goes to (1, 0) with probability W and to (0, 1) with
probability 1 — W/ O

An illustration of this proposition is given in Fig. 3.

This result can be generalized to discrete marker spacesf = {aj, ... a;}, by intro-
ducing the transition probabilities ¢;; to mutate from a; to a;,i, j € {1,...,m}. An
application is when the marker corresponds to the genetical sequence of n nucleotides
(A, T, G or C for each position). In this case, m = Card U = 4".

Traditionally in a population genetics framework, the evolution in finite popula-
tions of the diversity at a neutral marker is described as a diffusion process with two
fixed parameters: the population size and the mutation “rate” (e.g. Crow and Kimura
1970). The population size is related to what is called the “genetic drift” and generally
refers to the random sampling of gametes performed for reproduction at the beginning
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Fig.3 Evolution of sizes of the subpopulations with markers a and A. The simulation uses individual-based
algorithms. The proportions of marker alleles a and A follow Wright—Fisher diffusions while the size of
the population stabilizes around the equilibrium given by the trait value. A trait mutant appears around time
18,290, invades and fixes into the population. Before the appearance of this mutant trait, fluctuations in the
marker distribution are due to (fast) marker mutation, birth and death stochastic events. At the time when
the mutant trait appears, the A-allele frequency is 85 %, giving a high probability for an A-allele hitchhike.
This is the case in the simulation. After fixation time (around time 18,490), the a-allele population is extinct.
It is regenerated by mutations of the marker but get extinct three times before taking up around time 19,600

of each generation, and the higher the population size, the lower the genetic drift.
Under this framework, genetic drift induces stochastic fluctuations in the frequencies
of the alleles A and a and can cause the decrease of neutral genetic diversity when an
allele is randomly lost. On the other hand, mutation introduces continuously alleles
A and a in the population and thus allows the restoration and the maintenance of the
neutral genetic diversity. It is important to note that under the population genetics
framework, mutation rates and population size are fixed and do not depend on the eco-
logical processes and their parameters, neither on the trait value when the population is
monomorphic for the trait under selection. As a consequence, those parameters do not
change as successive selective sweeps occur especially during the adaptation process.
Here we can use Eq. (3.8) and try to compare the classical population genetics results
about the distribution of the neutral genetic diversity and the one in our model.

In an eco-evolutionary framework, (3.8) first shows that mutation rates and popu-
lation size, i.e. the genetic drift, are not fixed and depend on the ecological processes
and on the trait value x. The mutation rates are r b(Y;)g4 and r b(Y;)gq, in our frame-
work while it is only g4 and g, under a population genetics framework (e.g. Crow and
Kimura 1970). The genetic drift, i.e. the equilibrium population size, is given by 1/,
while it is a constant 1/n in population genetics framework. Second, (3.8) shows that
extra ecological processes affect the distribution of the neutral marker since in the
left-hand side there is the term 2b(Y;). This term can be interpreted as the effect of
demographic stochasticity, which is not taken into account in population genetics.
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3.5 Extensions to co-existing traits

The work of Champagnat and Méléard (2011) generalizes the TSS to the case of
coexisting trait values, when Assumption 3.1 is relaxed. They define a polymorphic
TSS called polymorphic evolutionary sequence (PES) and denoted by (X;);>0 €
D[R4, Mp(X)). When a mutant trait y appears in a resident population of trait xg
at time ¢, either its descendent line is killed with probability 1 — [ f(y; x0)/b(¥)]+,
or it survives. In that case, we can have coexistence of y and xo when there is a
positive globally stable non-trivial equilibrium (n% ) to the Lotka—Volterra

30,30 My.x0
system defined in (5.4). Therefore the population jumps from X;, — = 7y, 8y, to
Xy =nj,, y0xo (dx) + ny o0y (dx).

For a probability 7, a trait measure X and x € X, let us denote by F;(w, x, X, du)
the Fleming—Viot process started at , evolving in the trait distribution X and para-
meterized by x.

Let 7o be the initial marker distribution of the monomorphic population of trait xg.
Before the time #; of appearance of the first mutant, the marker distribution evolves as
(Fy (7m0, X0, ixyOxy» dut))r=0. Let ;= Fy, (70, X0, Ty, 8x,» du) be the marker distrib-
ution at #; and let V| be a random variable drawn in the distribution 7r;,. After f; and
before the occurence of the second trait-mutation at #,, the population evolves as

30 y0x0 (dX) Fr—gy (71y, X0, Xy, du) +ny o 8y(dx) Fr—r, vy, y, Xy, du).

¥, X0
The processes F;(my,, x0, X1, du) and F;(8v,, y, Xy, du) are independent gener-

alizations of the Fleming—Viot process defined in Definition 3.3 conditionally on
71, Xr,and Vy. Indeed their semimartingale decompositions are respectively:

1
(Fi (1, %0, X110 ), @) = (111, D) +b(XO)/O (Fy(try, x0, X1y, ), A@) ds + M/ (§);

t
(Fi(vy, y, Xty ), @) = ¢ (V1) + b(y)/0 (Fe@vy. v, Xy, ), Ad) ds + M7 (9),
(3.9)

where M (¢) and M?(¢) are independent square integrable martingales such that

b(xo) +d(x0) + W(XO)C(O)H}EO y £ 1(x0)Clxo — yInj o

(M (@) = :
| Moy T x0
t
XA ((Fs(ﬂtla X0, tha -)v ¢2> - (Fs(TCtl, X0, th’ _)’ ¢)2) ds
2b(xg) [
= Tx?’l},m/ (<Fs(7Tt11X07 ths -)7 ¢2>—<Fs(ﬂtlsx0, th’ .)7 ¢>2) dS,
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b(y) +d(y) + n(»)C(y —xo)ny, , +n()C O]

* *
nXOsy + ny,XO

(M*(¢)); =

t
X /0' ((FS(SVU yv Xl]v ')7 ¢2> - (FS(8V15 y1 Xllv ')1 ¢)2) dS

2b !
= 2 [ ((Ru 3 X 0,03~y 3. Xo 0, 007) ds.
X0

* *
N,y THY

(3.10)

At time t,, when a third trait appears in the population, the system can evolve to three
two or just one coexisting traits, depending on the new trait equilibrium of the Lotka
equations that is reached. For each of the traits, the marker distribution evolves as a
generalization of the Fleming—Viot processes above.

Remark 3.8 The above equations show that, when there is coexistence of two traits
in the population, the markers in the subpopulations defined by the two traits evolve
independently but with parameters depending on the two co-existing traits. Thus, when
there is a diversification event in the population, the distribution of the neutral diversity
in one of the two subpopulations does not evolve as completely forgetting the other
one, as it is usually assumed. The parameters of the underlying Fleming—Viot process
depend on the complete trait distribution.

We present in Fig. 4 simulations in the case of coexistence, with the same model
and parameters as in Sect. 3.3, except o¢c = 0.7 and the initial condition: xo = —0.1.
The simulations (see Fig. 4) show the appearance of a new mutant trait (yellow) in a
population of two coexisting traits (black and blue).

4 Proof of Theorem 3.4

Let us sketch the proof. In this section, we will suppose that Assumptions 2.1, 3.1
are satisfied and the initial conditions are vS (dy, dv) = n& 8(xy.u0)(dy, dv) with
limg - 00 n(l)( = Ty, and SUpg oy E((n(l){)3) < 4o00.

First, we recall results due to Champagnat et al. (2008) that provide the finite mar-
ginal convergence of the trait process (X I’gt; t > 0). We extend these results to obtain
the weak convergence of the measures (Xgl (dx)dt; K > 0) in Mp(X x [0,T))
embedded with the weak convergence topology. This corresponds to the convergence
of (X llgz; t > 0) as a trait-marker-time measure, as developed by Kurtz (1992). Sec-
ondly, we include the fast component (the marker) and prove the tightness of the
sequence (vllgt(dx, du)dt; K > 0) in Mp(X x U x [0, T]). We then consider a
subsequence, again denoted by (vllgl (dx,du)dt, K > 0) with an abuse of notation,
that converges to a limit ['(dt, dx,du) € MFp([0,T] x X x U) that we have to
identify. This derivation is done in several steps. When a successful mutant appears
in the monomorphic population with trait x, the transition period to fixation is to be
considered carefully. It has been proved by Champagnat (2006) that these transitions
are of order log(K'). We prove that during this time interval, the marker distribution
in the mutant subpopulation remains a Dirac mass at the value of the initial mutant.

@ Springer



1229

pringer

As

au1] pas ay) Aq pajedIpuI SI JuLInU
[BIIUT Y} JO AN[BA ISYIEW I [, 'UOISLAUT 3y SurLmp sowr) 391y} je uonendod dy) ur sIoyIEW pue sjres 3y Jo suonnqrysi(y q 10y1a50) pue A[ajeredes umoys e (anjg pue
y¥op]q) suonendod yuapisal pue (mog7a€) uonendod Jueinw oy, € -owm 03 10adsal Yiim s1asrew jo uonnjoay ‘uonendod orydiowp-jres) e ur sorweuAp Joyrew [ennaN ¢ ‘8L

Stochastic dynamics of adaptive trait and neutral marker

00

s0-

L

o0z-

s-L g

00

s0-

sz-L 8

fouenbesy

fouenbeiy

z0-

#ovenbesy

fouenbesy

fouenbesy

£0- O)-

T
oD

T
LTo

T
£€0- Oh-

oo

T
cTo

oE-

SNEA SHER SRR SHE

BNEA SHERY



1230 S. Billiard et al.

This results from the combined effects of small or rare marker mutations, large pop-
ulation and slow take-off of the new mutant population. Then, we show that in a
trait monomorphic population with value x, the marker distribution converges to a
Fleming—Viot superprocess parameterized by x.

4.1 Semimartingale decomposition of v&
Let us introduce some notation to keep forthcoming formula simple. Forv € M g (X x

U) and ¢ (x, u) € C(X x U, R), we define the (nonlinear) generators BX and DX (v)
such that

BX¢(x,u) = (1 = pr)(1 = gg)b(x)$ (x, u)
+px (1 - QK)b(X)/ ¢ (x + k, uym(x, k)dk
X

tax(l - pK>b(x)/u¢<x, u+ MG, dh)
+pK gk b(X)/X u(p(x—f-k,u—i-h)m(x,k)dk Gg(u,dh) 4.1)
DX W (x,u) = (d(x) + nx)C * v(x))qb(x, u). 4.2)

The process (v.K , ¢) 1s a square integrable semi-martingale and we give its charac-
teristics.

Proposition 4.1 For a continuous bounded function ¢ (x, u) on X x U, the process
'
MS = wE g) - 0f. ¢ ‘/ ‘“/ v (dx, du)(BY — DX (XE)) g (x, u)
0 X xU
4.3)

is a square integrable martingale with previsible quadratic variation

t
(M52, =%/ ds/ vE(dx, du)(BX + DX (X5))p*(x, w). (4.4)
0 X xU

Proof The dynamics being given in Sect. 2, the proof can be adapted from Fournier
and Méléard (2004, Lemma 5.2). One main step consists in showing that there exists
a Poisson point measure driving the measure-valued processes vX forall K € N*. 0

4.2 Convergence of the trait-marginal in the trait mutation time scale

As previously emphasized, the trait dynamics is described by the measure-valued
process X X which does not depend on the markers. This process has been fully studied
in Champagnat (2006) and Champagnat et al. (2008). In this section, we recall the
finite marginal convergence result obtained in these papers. We give some additional
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Stochastic dynamics of adaptive trait and neutral marker 1231

properties concerning the topology involved. This result shows a time scale separation
with successive fixations of successful mutants, under Assumptions 2.1 and 3.1. Notice
that the time scale assumption is

1
YV >0, logK < Toe LK exp(VK), asK — oo, 4.5)
Pk

which is realized in our case for px = 1/K?2.

Theorem 4.2 Under Assumptions 2.1 and 3.1, let us also assume that the initial
population is trait-monomorphic: Xé( = n(l)( 8y forx € X and n(l)( — Ty in probability
and sup g+ ]E((né()3) < +o00.

Then, the sequence (X ft; t > 0) converges to the pure jumps singleton measure-
valued Markov process (ny, 8y,; t > 0) defined as follows: Yy = x, and the process
Y jumps from x to x + k with jump measure b(x) % m(x, k)dk.

The convergence holds in the sense of finite dimensional distributions on Mg (X)
equipped with the topology of total variation.

This theorem has been proved by Champagnat (2006) for the logistic case and
generalized by Champagnat et al. (2008).

The trait-marginal process (X Ilgt; t € [0,T]) does not converge in D([0, T],
M (X)) embedded with the Skorokhod topology. Indeed, the size of jumps is upper-
bounded by % and nevertheless the limiting total mass process has jumps, preventing
trajectorial tightness (at least in the J 1-topology). Following the idea of Kurtz (1992)
and as developed in Méléard and Tran (2012) and Gupta et al. (2014), a weaker
topology consists in forgetting the process point of view and considering the measure
X gt (dx)dt in Mp ([0, T] x X) embedded with the topology of weak convergence.
This convergence strengthens the result of Theorem 4.2 but in a topology weaker than
the Skorohod topology.

To achieve this, as in Collet et al. (2013), we first introduce the Mj-topology
on D([0, T'], R4). It is weaker than the usual Jj-topology and allows monotonous
processes with jumps tending to 0 to converge to processes with jumps (see Skorohod
1956). For a cadlag function % on [0, T'], the continuity modulus for the M/-topology
is given by

ws(h) = sup  d(h(1), [h(t1), h(12)]). (4.6)

0<t1<t<t,<T};
0<n—1<é

Note that if the function % is monotone, then ws(h) = 0.

Proposition 4.3 Let us consider a continuous, monotonous and non-negative function
g. Then, under Assumptions 2.1 and 3.1, the process (R,K, t € [0, T]) defined by

RK = / () XK (dx)

converges in law in the sense of the Skorohod M-topology to the process (R;,t €
[0, T']) where R, = ny, g(Y?).
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1232 S. Billiard et al.

Proof Assume that g is non-decreasing. From Theorem 4.2, finite dimensional distri-
butions of (R,K, t € [0, T']) converge to those of (niy, g(¥;), ¢ € [0, T']). By Skorohod
(1956, Theorem 3.2.1), it remains to prove that for all > 0,

lim lim sup P(ws(R¥) > n) =0,

-V K-

where ws has been defined in (4.6).

The mutation rate in (RX, ¢ € [0, T]) being bounded, the probability that two
mutations occur within a time less than § is 0(8). It is therefore enough to study
the case where there is at most one mutation in the time interval [0, §]. Following
Champagnat (2006), the path of RX can be decomposed into several subpaths, each
of them being closed to a large population deterministic measure-valued function &
(see Proposition 5.1 in the Appendix) with a probability tending to 1. Away from
invading mutations and for a trait-monomorphic population with trait x, (§x;, g) =
g(x)ng(x) where n (x) is the solution of the logistic Eq. (3.1). We can easily check
that  — n;(x) converges monotonously to its stable equilibrium 7, and then (£g;, g)
is monotonous and the modulus of continuity tends to 0. Around an invading mutant
v, (§kt, g) is close to nks(x)g(x) + nk;(y)g(y) where (n;(x), n;(y)) is solution of
the Lotka—Volterra system (5.4) with an initial condition close to (72, 0). The mutant
y invades if the fitness function f(y; x) is positive (and f(x; y) is negative). From
Assumption 3.1, an easy study of the Lotka—Volterra system (see for example the
Appendix in Champagnat 2004, Fig. b p.187), shows that either n;(x) and n;(y) are
increasing or 7;(x) < 0; n;(y) > 0. In that case, n;(x)g(x) + n;(y)g(y) is the sum
of two monotonous functions and the modulus of continuity tends also to 0 O

Corollary 4.4 The sequence of random measures X llgt (dx)dt converges in law to
the random measure Ty, 8y,(dx)dt in Mp([0,T] x X) embedded with the weak
convergence topology.

Proof 1t is enough to prove the convergence in law of f h(t)e ¥ X 1I§z (dx)dt to
f h(t)e~%*ny, 8y, (dx)dt for a measurable bounded function & and ¢ € Q. In Skoro-
hod (1956), it is proved that if xx converges to x in ([0, 7], R) embedded with
the M;-topology, then for ¢ outside a denumerable set, xx (#) converges to x(z).
Then it follows by Lebesgue’s Theorem that fOT H(t, xk(t))dt converges to

fOT H(t, x(t))dt, as soon as H is bounded and continuous. We apply this result to
the process (fX e 4% X§[ (dx),t > 0) and the function

Huy (1, y) = h(t)(y A M),
for any M > 0. Estimate (2.9) (with p = 1) allows to conclude. O

4.2.1 Marker distribution in a new adaptive trait mutant population

In this section, we study the transition of the marker distribution when a new mutant
adaptive trait appears in a monomorphic population with trait xo. We consider this

@ Springer



Stochastic dynamics of adaptive trait and neutral marker 1233

phenomenon at the ecological time scale and we prove that the fixation of the mutant
trait creates a genetical bottleneck.

Let K be fixed. Initially we have a trait monomorphic population with trait xo and a
marker distribution 77 X (xo, du). Then an individual (xo, v) from this population gives
birth to an individual with mutant trait y and marker v(v has been chosen according
to 7K (xo, du)). We consider the process (vX; # > 0) started at

v (dx, du) = XE (dx)nf (x, du)
K _ 1 X
Sy (dx) gy (x0, du).

1 N,
= E‘S(y,v)(dx, du) +

Proposition 4.5 Under Assumptions 2.1 and 3.1, let us consider a mutant (y, v)
appearing in a monomorphic population with trait xo and marker distribution
JT({< (x0, du). Let us assume that f(y; xo) > 0, where the fitness function has been
defined in (3.3). There exists ¢ > 0 such that for any sequence (tg; K € N*) with
limg o0tk /log K = 400 andlimg_, o tx /K = O (for example tg = (log K)?),
we have

f (s xo0) S (s xo0)
li P 1 =2 li P = —_—
i Bt 1) > €) = = and i P((vg, 1) = 0) = 1= =00
4.7)
Further, for the marker distribution, we can prove that
Nim Bl (5, du) = 5u(du) (v 1) > €) = f(by(—y;“’) 4.8)

The Eq. (4.8) tells us that when the mutant trait survives in the resident population
of trait xp, then by the time tx it needs to reach a non-negligible size, its marker
distribution is still a Dirac mass at y. The assumption gx (log K)? in Assumption 2.1
ensures this. This assumption is not very restrictive as (log K)? is a very slow growth
rate. Additional comments are given after the proof.

Proof Properties (4.7) have been proved in Champagnat (2006) and Champagnat et al.
(2008) and depend only on the trait distribution. We consider test functions ¢ (x, u)
of the form 1, (x)g(u) with g € C?(U, R) such that ||glloo + l1g” llcc < 1. Starting

from Proposmon 4.1 and using It6’s formula with jumps, we obtain as soon as the
population with trait y survives,

( K7ﬂ¥g>
K _ Wi 1y8)
Lg(u)an(yﬂdu) (tlli’]l )
K.g tg 1
=g(v) + M, +q1<(1—p1<)b(y)/0 (1_W)

x /unf(y, du) /u (g +h) — gw))Gg (u,dh) ds (4.9)
where MX-¢ is a square integrable martingale with previsible quadratic variation:
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K.g _i " _ —
(M >rK—K dsib(y)(1 —gk)(1 — pk)
0
Wk 1y)

/u (s@) — (xX, &)’ 7K (v, du)
K1
% /u (8) = (x5 8) 75 (v, duw)
v 1y) — %

(& 1,) K
+b()gxk (1 _PK)S—IZ/ 7y (v, du)
(<VsKv Ty) + f) u

X/Z/{Gk(u,dh)(g(u+h) - (nsK,g))z}. (4.10)

(<VsK’ 1y) + %)2

+ (@) +nMC v ()

The third term in the right hand side of (4.9) is of order 7x /K. Indeed thanks to
(2.4) and (2.5), it is upper bounded by

Ik -
—b|A .
X Aglloo

K

Equation (4.10) needs more attention. As soon as the mass (vg",

1,) of the mutant

population is of order 1, the variance of Mtf’g is in tx /K which tends to zero when
K — +o00. However, since we start from 1 individual, we have to separate the time
interval [0, 7x] into 2 parts. Let us introduce a sequence (sx ) such that sx < tx for
any K and

1
logK < sg € ——=.
VK

This is possible thanks to the assumption that gx (log K )?> — 0. Notice that sx can be
equal to 7g. Using Assumption 3.1, we can prove as in Champagnat (2006, Lemma
3) that there exists &y > O such that

: £ (y; x0)
Klgnoo]P’(Vs € [sg. tx], (WK 1,) > 80) _ Ty)o

It turns immediately out that

& (]l{Vse[sK,tK], (vK 1,)>0} /’K b(y) +d(y) + n(y)C * vE(y)
K SK <USK? ]1y>

/u (g(u) — (K. g))znsK(y,du)ds) <c % @.11)
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Before time sk, the population size with trait y is not large enough and m
can only be upper bounded by 1. Therefore we have to control the expectatiir)n of
the variance of g under 7X. The expected number of marker mutations at time s
along a lineage is sqgx and the variance of such mutation is bounded by ||g||?>O =

sup{g(h)?, h € U}. Then

E ( /a (gw) — (nX, g>)2n;<(y,du>) <sqk lgl%. (4.12)
and
1 [*% b(y) +d(y) +n(y)C xvE(y) K 02 K
e(x | o | (60 = . 0 n o wnas)
<c (SK)ZVK.
<C— 5

The upper bound converges to 0 by the assumption on gx . The third term of (4.10) is
treated similarly. This concludes the proof. O

Remark 4.6 For g = 1/+/K, let us notice that the rate of appearance of mutant
markers in a population of size K is of order Kgx = +/K which does not tend to
zero. This means that many mutant markers appear in the population of trait y during
the rx time interval following the first mutant (y, v). However, heuristically, since in
a tree the mass is concentrated around the leaves, the mutants do not appear with the
same probability along the time interval and mutations are mostly observed after the
time sx when the mutant population (y, v) is already large. Moreover, using that the
marker mutation step and/or marker mutation frequency is small we obtain that the
mutant markers remain in negligible proportion between sg and tx .

4.3 Convergence of the marker distribution process in a trait-monomorphic
population

For K € N*, we introduce, as in Champagnat (2006), the following sequence of
stopping times 7% and 6%

=0 6f=0
tklfrl = inf{r > rkK, Card(supp()_(,K)) = Card(supp()_(llf)) + 1}
0f =inf{r > ¢, Card(supp(X/)) = 1}.

The times rkK ’s are the times of appearance of the successive mutant traits in the
population and the QkK ’s are the times at which the population returns to monomorphic
state. These times are possibly infinite, if the corresponding sets are empty. It has been
proved in Champagnat (2006) that for 7 be such that limg_, | o g /log(K) = +00
and limg_, y o tx /K =0,
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lim ]P’(Vk >0, K NKT <0 ANKT < (tf +1x) AKT <&, A KT) =1
K— 400
4.13)

Proposition 4.7 Take the process (v,lgt; t € [0, T)]) started with the monomorphic
initial condition vé;(cix, du) = ngé(xo,uo)(dx, du), where limg _, 1 n(l)( =Ty >0
and supg .y« E((ngy )?) < +o0.

(i) In the trait-mutation time scale, the time of first mutation converges in distribution
as follows:

lim f/K =1, (4.14)
K—+o00
where 1 is an exponential time with parameter b(xo)fy,.
(ii) Let us consider the processes (n[’(((tMK); t € [0, T]) stopped at the time of first
1

mutation. When K — 400, this sequence converges in distribution inID([0, T'], P(U))
to the Fleming—Viot process F"0(xq, du) (see Definition 3.3) and stopped at the inde-
pendent exponential time Ty.

Proof First of all, the trait and marker mutations are independent. Thus, the stop-

ping time r]K is independent of the marker distribution 77X (x(, du). The results of

Champagnat and coauthors Champagnat (2006) and Champagnat et al. (2008) are
unchanged and give (4.14). Moreover, by Champagnat et al. (2008, Lemma 5.4)

lim IP’( sup (Xf,l)z”ﬂ):l. (4.15)
K—+oo sE[logK,t]K] 2

Let ¢ € C(U, R). Since the population is trait-monomorphic with trait x¢, then
K

(TL’II{(I (x0, du), p(u)) = % Thus, from Proposition 4.1 and It6’s formula, we
Kt

get that in the time scale Kt

<7t11<((t/\th)(x0’ D, @) = (JIOK(X(), D, ) + HII;(’:’)A-[IK) 4+ b(x0)gx (1 — pk)

intk 1 rx
x/ (1_—)_
0 KpE . H+1/K

X/ (¢(u + h) —¢(u))GK(u,dh)KJTII((S(XO,du)dS (4.16)
Uxu

where HX? is a square integrable martingale with quadratic variation is

K

Ko B tAT ~ - <V§S,]lx0>
(H >K(t/\rlK)_ A b(xp)(1 —gx)(1 — pk)

(<V§s’ 1) + %)2
x /M 7K (xo, du) (pw) — (2K, (x0. ). )

<VII§S ’ ]lx0>

+ (d(x0) + n(x0)C * XK (x)) —F 0
( T
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x /u (6 — (wf(x0, ), )

k) ]]-.X
+b(x0)qx (1 — pK)W’“—O)2
(<UKA’ 1)+ F)
x /M 7K (x0, du) (¢ + h) — (x, (x0, ), $))° (4.17)

The computation shows that the order of the quadratic variation of ntK is % Thus
at time scale K¢, this order will be 1. That justifies Assumption (2.4) for px which is
the only choice to get a non degenerate diffusive limit.

Let us introduce a process (n, *0(du), t > 0) coupled with (71’ (x0,du),t > 0),
on the same probability space and driven by the same Poisson point measures, that
satisfies the following properties. The dynamics of ﬁ_K *0(du) is given by (4.16)—

(4.17) but without the stopping times rlK and we have thatVr > 0, & II({ (tneh) (x0, du) =

7 KX (du).Inanutshell, (75, t > 0) corresponds to the process (X (xo, .), 1 >

Ty [(IN7)
0) that l1s obtained by setting the trait mutation kernel to the Dirac mass at 0.

Thanks to (2.5), (4.15) and using that 7X-%0 is a probability-valued process,
(4.16) and (4.17) imply that for any ¢ € C(U,R), the distribution sequence of
((ﬁg’xo, ¢); K € N*) is uniformly tight in D([0, 7], R). By Roelly’s criterion (1986,
Theorem 2.1), this implies the tightness of the sequence of the laws of (ﬁ,’é’xo ; K € N¥)
in D([0, T], PU)).

Let us consider a limiting value (7;(du);t € [0, T]) of the tight sequence and
a subsequence, again denoted by rr[[g *0(du), that converges to 77.(du). By Assump-
tion (4.15) and since individuals have weight 1/K, the limiting laws only charge
C(0, T1, PU)).

It remains to identify 7 (du). Let0 <s <t < T,letk e Nand0 < s1 < ---sp <
s < t,let ¢y, - - - ¢ be bounded continuous function on P(X x U) and ¢ € C(U, R).
We define the following bounded functional on D([0, T'], P(UA))

W) =1 () B ) | Hr ) = o) = [ ' /, Yu<du>b<xo>A¢<u>]
On the one hand, using (4.16), we obtain that
U T = g1 F o oF GG [ — G ek
where

t
ek, =/ ds/ 7R (du) [b(xo)—/ (¢(u+h)—¢(u))GK(u,dh)i|

/ ds / TR (du)b(x0) Adp (u) (4.18)

@ Springer



1238 S. Billiard et al.

tends to 0 in L! when K — +o00. Thus,

: ~K,xo\) _
KETOOE(\I(Y,,@K )) —0. (4.19)
On the other hand, using (2.9) and the convergence of (nK X0 )(du); K € N*) to
7 € C([0, T], MpUL)), we get
_ . ~K
B(We (1) =  Jim B, (T @du))). (4.20)

This shows that E(\If‘q,,(ﬁ)) = 0 and hence the process M*°(¢) defined in (3.4) is a

martingale obtained as the uniform limit in time of H Ilg ; ¢, when K — +00. Moreover,
the bracket (4.17) converges to

/z b(xo) + d(on) + 1 (x0)7x, / ﬁ(du)[(c/)(u) e ¢))2]ds
0 u

Txo

=/ 2b(x0) I:(T[s, ¢%) — (7, ¢)2]ds. 4.21)
0

I’le

Indeed, the integral in (4.17) can be separated into two integrals one between 0 and
lo‘%(K At A rl and the other between 1°§(K AL A 71 and t A rl The second integral
converges to (4.21), but some caution is needed for the first integral since the ratios
(vllgs, ]lxo>/((v§5, 1) + %)2 are of order K. Using the same arguments as for (4.12),

log K
e /\t/\r1 by

we can upper bound the integral between 0 and

logK/K log K)2
CK/ sqxds = C%qk — K—+00 0.
0

Using Theorem 3.12 p. 432 of Jacod and Shiryaev (1987), that provides the con-
vergence of H,f’qb to the solution of the martingale problem (3.4)—(3.5) with x = xq.
By the independence of ﬁg’xo (du) and rlK , 71 isindependentof 7 (du) and 7 A7, =
n_’ff’rl (x0, du). This concludes the proof. O

4.4 Conclusion

Using Theorem 4.2, Proposition 4.5 and 4.7, we prove the first part of Theorem 3.4,
for the convergence in finite distribution. Let us now consider the convergence in the
space of trait-marker-time measures.

Corollary 4.8 The family (vllgt (dx,du) dt, K € N*) is uniformly tight in M (X x

U x [0, T]) embedded with the weak convergence topology and converges in distrib-
ution to the measure Vi (dx, du)dt, where V is defined in Theorem 3.4.
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Proof Since the space X x U x [0, T'] is compact, it is sufficient to prove that

T
sup E (/ Wk, l)dt) < 400
KeN* 0

which is a consequence of Fubini’s theorem since

T
IE(/ <v§,,1)dt)gT sup  E((vf, 1)).
0

KeN* reRy

Estimate (2.9) concludes the proof of tightness.
Let us now consider continuous functions ¢ € C(X x [0, T],R) and g € C(UU, R),
where the stopping times tkK and OkK have been introduced in Sect. 4.3. Then

T T
/ / o (x, 0)g)vE (dx, du) dt =/ (& (x,), g)p(x, ) XK, (dx)dt
0 X xU 0

@K AT)/K P P
=Z/ (i (x, ), @) (x, DX, (dx)dt
=0 OKAT)/K

OF  AT)/K < <
+ (K (x, ), @) (x, XK, (@dx)dr. (422)
@K AT)/K

The limit (4.13) implies that the second term of the right hand side of (4.22) converges
to 0. Given XX, the processes (X, (x, .); t € [0f /K, rk’fH/K)), for k > 0, in the first
term of the r.h.s. of (4.22) are independent and, by Proposition 4.7, they converge in
distribution in D ([0, T'], R) to the Fleming—Viot processes (3.4)—(3.5) with the initial
conditions described by the jumps of the extended TSS (Y, U). Corollary 4.4 and
dominated convergence theorem allows us to conclude the proof. O
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5 Appendix: Limit theorems for the trait and marker distributions in the
ecological time scale

If we let K — +oo without changing the time scale, we obtain:

Proposition 5.1 Assume that the sequence (vg (dx, du); K € N*) converges in prob-
ability to the measure £y(dx, du) when K — +00. Then the sequence of processes
(v,K (dx,du);t > 0)gen+ converges in DRy, Mp(X x U)) to the deterministic
process & € C(Ry, Mp(X x U)) defined for every ¢ (x,u) € C(X x U, R) by:
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t
(61, ¢) = (0. ¢) +/O /X y (b(x) = d(x) = n(x)C * & (x))p (x, W (dx, du) ds.
6D

Proof The proofs proceed in a classical tightness-uniqueness way (Fournier and
Méléard 2004). O

Notice that no mutation can be seen at this scale. To see the trait mutations, we have
to consider the process at the mutation scale Kt (Champagnat et al. 2008).

Trait-monomorphic case From Proposition 5.1:

Corollary 5.2 Assume that the initial population is trait-monomorphic vé( (dx, du)
= nf 8x,(dx)mf (xo, du) where limg _ oo n§ = no and limg_ 400 75 (x0, du) =
1o (x0, du) in probability. Then the sequence WK, K e N%) converges, in probability
and uniformly on every compact time interval [0, T] with T > 0, to (v(dx, du) =
1 (x)8x, (dx)mo (x0, du); t > 0) where n; (x) is the deterministic solution of the logistic

equation
dn,
— = (b0 =d () =) COm; () (x) (5.2)

which converges when t tends to infinity to

. b@) —d@)

= , 5.3
T 000 )

Proof For the part of the proof dealing with &, we refer to Champagnat et al. (2008).
]
Trait-dimorphic case From Proposition 5.1:

Corollary 5.3 Assume that the initial population is trait-dimorphic

vE (dx, du) = n (x1)8y, (dx) 7l (x1, du) + n& (x2)8., (@x) 7 (x2, du)
where né( (x) is the number of individuals with trait x renormalized by K. We assume
that for x € {x1, x2}, img— 40 n(l)( (x) = no(x) > 0and limg_ 40 7K (x,du) =
o (x, du) in probability. We also assume that (x1, x3) satisfies the Assumption 3.1.

Then the sequence (vVK; K € N*) converges, in probability and uniformly on every
compact time interval [0, Tl with T > 0, to

(v (dx, du) = n;(x1)8x, (dx)1o(x1, du) + ny (x2)8x, (dx)mo(x2, du); t = 0)

where (n;(x1), n;(x2)) solves the system

d
P — (pey) — dxr) =m0 (COmyen) + Cloxt = xmy (e (x1)
d
P () — dx2) — ) (€2 = xmg(a1) + COmy (2 (32).

(5.4)
whose only stable equilibrium is (0, 7y, ), with iy, defined in (3.2).
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It can be seen that the conditional distributions of the marker, given the trait x; or
Xp remain constant.

Proof The convergence in large population of (vVK; K € N*) is a consequence of
Proposition 5.1. O

References

Barton N (1998) The effect of hitchhiking on neutral genealogies. Genet Res 72:123-133

Barton N (2000) Genetic hitchhiking. Phil Trans R Soc Lond B 355:1553-1562

Champagnat N (2004) Etude mathématique de modeles stochastiques d’évolution issus de la théorie
écologique des dynamiques adaptatives, phd thesis. Ph.D. thesis, Université Paris X-Nanterre

Champagnat N (2006) A microscopic interpretation for adaptative dynamics trait substitution sequence
model. Stoch Process Appl 116:1127-1160

Champagnat N, Méléard S (2011) Polymorphic evolution sequence and evolutionary branching. Probab
Theory Relat Fields 151:45-94

Champagnat N, Ferriere R, Méléard S (2008) From individual stochastic processes to macroscopic models
in apative evolution. Stoch Models 24(Suppl 1):2-44

Champagnat N, Jabin PE, Méléard S (2014) Adaptation in a stochastic multi-resources chemostat model.
J Math Pures Appl 6:755-788

Chevin LM, Hospital F (2008) Selective sweep at a quantitative trait locus in the presence of background
genetic variation. Genetics 180:1645-1660

Christiansen F, Loeschcke V (1980) Evolution and intraspecific exploitative competition I. One-locus theory
for small additive gene effects. Theor Popul Biol 18:297-313

Collet P, Méléard S, JAJ M (2013) A rigorous model study of the adaptative dynamics of Mendelian diploids.
J Math Biol 67:569-607

Crow J, Kimura M (1970) An introduction to population genetics theory. Harper & Row, New york

Cutter A, Payseur B (2013) Genomic signatures of selection at linked sites: unifying the disparity among
species. Nature 14:262-274

Dawson D (1993) Mesure-valued markov processes. Springer, editor, Ecole d’Eté de probabilités de Saint-
Flour XXI, vol 1541 of Lectures Notes in Math., New York

Dawson D, Hochberg K (1982) Wandering random measures in the Fleming—Viot model. Ann Probab
10:554-580

Dieckmann U, Doebeli M (1999) On the origin of species by sympatric speciation. Nature 400:354-357

Dieckmann U, Law R (1996) The dynamical theory of coevolution: a derivation from stochastic ecological
processes. J Math Biol 34:579-612

Donnelly P, Kurtz T (1996) A countable representation of the Fleming—Viot measure-valued diffusion. Ann
Probab 24:698-742

Durrett R, Schweinsberg J (2004) Approximating selective sweeps. Theor Popul Biol 66:129-138

Eshel I, Feldman M, Bergman A (1998) Long-term evolution, short-term evolution, and population genetic
theory. J Theor Biol 191:391-396

Etheridge A (2000) An introduction to superprocesses, volume 20 of University Lecture Series. American
Mathematical Society, Providence

Etheridge A, Pfaffelhuber P, Wakolbinger A (2006) An approximate sampling formula under genetic hitch-
hiking. Ann Appl Probab 16:685-729

Fournier N, Méléard S (2004) A microscopic probabilistic description of a locally regulated population and
macroscopic approximations. Ann Appl Probab 14:1880-1919

Geritz S, Kisdi E, Meszéna G, Metz J (1998) Evolutionary singular strategies and the adaptive growth and
branching of the evolutionary tree. Evol Ecol 12:35-57

Gupta A, Metz J, Tran V (2014) A new proof for the convergence of an individual based model to the trait
substitution sequence. Acta Appl Math 131:1-27

Hammerstein P (1996) Darwinian adaptation, population genetics and the streetcar theory of evolution.
J Math Biol 34:511-532

Jacod J, Shiryaev A (1987) Limit theorems for stochastic processes. Springer, Berlin

Jourdain B, Méléard S, Woyczynsk W (2012) Lévy flights in evolutionary ecology. J Math Biol 65:677-707

Kaplan N, Hudson R, Langley C (1989) The hitchhiking effect revisited. Genetics 123:887-899

@ Springer



1242 S. Billiard et al.

Kojima K, Schaffer H (1967) Survival process of linked mutant genes. Evolution 21:518-531

Kurtz T (1992) Averaging for martingale problems and stochastic approximation. In: Applied stochastic
analysis (New Brunswick, NJ, 1991), Lectures Notes in Control and Inform Sci, vol 177, Springer,
Berlin

Lloyd D (1977) Genetic and phenotypic models of natural selection. J Theor Biol 69:543-560

Matessi C, Schneider K (2009) Optimization under frequency-dependent selection. Theor Popul Biol
72:1-12

Maynard Smith J (1982) Evolution and the theory of games. Cambridge University Press, New York

Méléard S, Tran V (2009) Trait substitution sequence process and canonical equation for age-structured
populations. J Math Biol 58:881-921

Meéléard S, Tran V (2012) Slow and fast scales for superprocess limits of age-structured populations. Stoch
Process Appl 122:250-276

Metz J, Nisbet R, Geritz S (1992) How should we define ‘fitness’ for general ecological scenarios? Trends
Ecol Evol 7:198-202

Metz J, Geritz S, Meszéna G, Jacobs F, Van Heerwaarden J (1996) Adaptative dynamics, a geometrical
study of the consequences of nearly faithful reproduction. In: Van Strien SJ, Verduyn Lunel SM (eds)
Stochastic and spatial structures of dynamical systems. North Holland, Amsterdam, The Netherlands

Ohta T, Kimura M (1973) Model of mutation appropriate to estimate number of electrophoretically
detectable alleles in a finite population. Genet Res 22:201-204

Ohta T, Kimura M (1975) Effects of selected linked locus on heterozygosity of neutral alleles (hitchhiking
effect). Genet Res 25:313-326

Roelly S (1986) A criterion of convergence of measure-valued processes: application to measure branching
processes. Stochastics 17:43-65

Roughgarden J (1979) Theory of population genetics and evolutionary ecology: an introduction. Macmillan,
New York

Schneider K, Kim Y (2010) An analytical model for genetic hitchhiking in the evolution of antimalarial
drug resistance. Theor Popul Biol 78:93-103

Schoener T (2011) The newest synthesis: understanding the interplay of evolutionary and ecological dynam-
ics. Science 331:426-429

Skorohod A (1956) Limit theorems for stochastic processes. Theory Probab Appl 1:261-290

Smadi C (2014) An eco-evolutionary approach of adaptation and recombination in a large population of
varying size. arXiv:14024104

Smith JM, Haigh J (1974) The hitchhiking effect of a favourable gene. Genet Res 23:23-35

Stephan W, Wiehe T, Lenz W (1992) The effect of strongly selected substitutions on neutral polymorphism:
analytical results based on diffusion theory. Theor Popul Biol 41:237-254

Weissing F (1996) Genetic versus phenotypic models of selection: can genetics be neglected in a long-term
perspective? J Math Biol 34:533-555

@ Springer


http://arxiv.org/abs/14024104

	Stochastic dynamics of adaptive trait and neutral marker driven by eco-evolutionary feedbacks
	Abstract
	1 Introduction
	2 The stochastic model
	3 Convergence to the Substitution Fleming--Viot Process
	3.1 Invasion fitness function
	3.2 Main theorem
	3.3 An example from Dieckmann and Doebeli (1999)
	3.4 Corollary: the Wright--Fisher evolutionary process
	3.5 Extensions to co-existing traits

	4 Proof of Theorem 3.4
	4.1 Semimartingale decomposition of νK
	4.2 Convergence of the trait-marginal in the trait mutation time scale
	4.2.1 Marker distribution in a new adaptive trait mutant population

	4.3 Convergence of the marker distribution process in a trait-monomorphic population
	4.4 Conclusion

	Acknowledgments
	5 Appendix: Limit theorems for the trait and marker distributions in the ecological time scale
	References




