J. Math. Biol. (2013) 67:185-215

DOI 10.1007/500285-012-0546-5 Mathematical BiOlOgy

Multiparametric bifurcations of an epidemiological
model with strong Allee effect

Linlin Cai - Guoting Chen - Dongmei Xiao

Received: 19 October 2011 / Revised: 16 April 2012 / Published online: 22 May 2012
© Springer-Verlag 2012

Abstract In this paper we completely study bifurcations of an epidemic model
with five parameters introduced by Hilker et al. (Am Nat 173:72-88, 2009), which
describes the joint interplay of a strong Allee effect and infectious diseases in a single
population. Existence of multiple positive equilibria and all kinds of bifurcation are
examined as well as related dynamical behavior. It is shown that the model under-
goes a series of bifurcations such as saddle-node bifurcation, pitchfork bifurcation,
Bogdanov-Takens bifurcation, degenerate Hopf bifurcation of codimension two and
degenerate elliptic type Bogdanov-Takens bifurcation of codimension three. Respec-
tive bifurcation surfaces in five-dimensional parameter spaces and related dynamical
behavior are obtained. These theoretical conclusions confirm their numerical simula-
tions and conjectures by Hilker et al., and reveal some new bifurcation phenomena
which are not observed in Hilker et al. (Am Nat 173:72—-88, 2009). The rich and com-
plicated dynamics exhibit that the model is very sensitive to parameter perturbations,
which has important implications for disease control of endangered species.
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1 Introduction

In 1931, Allee (1931) observed that many animal and plant species suffer a decrease
of population growth rate as their populations reach small sizes or low density, in par-
ticular, the population exhibits a “critical size or density”, below which the population
declines on average, and above which it increases on average. This phenomenon in
biology is called strong Allee effect, which is particularly relevant for endangered
species, small or invasive populations. It can be caused by a number of mechanisms,
for instance, higher juvenile mortality by genetic inbreeding and difficulties in find-
ing mating partners at low population densities (see Courchamp et al. 2008). On the
other hand, infectious diseases are becoming increasing recognized as a major threaten
factor in population viability (see Anderson and May 1979; Daszak et al. 1999; de
Castro and Bolker 2005; Haydon et al. 2002; Hilker et al. 2007, 2005; Hudson et al.
2001 and references therein). Hence, some species suffer from both disease and strong
Allee effect, as observed, for example, the island fox species in Clifford et al. (2006)
and Angulo et al. (2007). And the joint interplay of disease and Allee effects has been
investigated only recently by mathematical model (see Deredec and Courchamp 2006;
Friedman and Yakubu; Hilker et al. 2005, 2009; Thieme et al. 2009 and references
therein). Let us recall the mathematical model proposed by Hilker et al. for the syner-
getic interplay of Allee effects and disease infection in a host population. The reader
is referred to Hilker et al. (2009) for details about the description of the following
model,

fl—f =r(1 —x)(x —u)x —ay, (LD

% =[-a—d—ru+(c — Dx —oyly,
where x(¢) is the dimensionless total population density at time # > 0 which is com-
posed of infected y(#) and susceptible x (r) — y(¢), the carrying capacity is normalized
to unity, the parameter » > 0 adjusts per capita growth rate without disease, 0 < u < 1
being the Allee threshold, & > 0 being disease-induced mortality, o > 0 being infec-
tious rate and d > 0 determines the effect of density dependence and independence
in the demographic functions.

Hilker et al. (2009) studied the existence of endemic equilibria of system (1.1)
by graphical nullcline analysis, found complicated dynamical behaviors of system
(1.1) by numerical continuation and simulations, and conjecture that these dynami-
cal behaviors are associated with Bogdanov—Takens bifurcations. Motivated by their
work, we systematically study bifurcations and dynamics of system (1.1) by theo-
retic analysis. We provide a detail qualitative and bifurcation analysis of model (1.1)
depending on all five parameters, give the necessary and sufficient condition for the
existence of endemic equilibria, clarify several threshold quantities for disease per-
sistence, extinction, and the possibility of multiple stable steady states, prove that
system (1.1) can undergo a degenerate elliptic type Bogdanov—Takens bifurcation of
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codimension three and a series of other bifurcations such as saddle-node bifurcation,
pitchfork bifurcation, Bogdanov-Takens bifurcation, Hopf bifurcation and degener-
ate Hopf bifurcations, and obtain the respective dynamics of system (1.1) for each
bifurcation surfaces in five-dimensional parameter spaces. These theoretical conclu-
sions confirm the conjecture of Hilker et al. (2009) and reveal some new bifurcation
phenomena, which are not observed in Hilker et al. (2009), such as pitchfork bifur-
cation, degenerate Hopf bifurcation and degenerate elliptic type Bogdanov—Takens
bifurcation of codimension three. The methods developed in this paper provide an
approach to study bifurcations and dynamics of general mathematical models with
multi-parameters.

Bifurcation theory of dynamical systems has been developed for more than half
century, which is to study the changes in the qualitative or topological structure of a
given dynamical system with parameters as the parameters vary. If a small smooth
change of parameters made to a special value of parameters (called the bifurcation
value) of a dynamical system causes a sudden ’qualitative’ or topological change in its
dynamic behavior, then we call the system undergoes a bifurcation in the small neigh-
borhood of this bifurcation value. Otherwise, we say the system is structure stable. We
refer the reader to the books Andronov et al. (1971), Chow and Hale (1982), Chow
et al. (1994), Kuznetsov (1998) for details. As an application of bifurcation theory,
bifurcation phenomenon in epidemiological models or ecological models have impor-
tant consequences for disease control or species management, respectively, (see for
example Baer et al. 2006; Etoua and Rousseau 2010; Hadeler and van den Driessche
1997; Xiao 2005; Xiao and Ruan 1999; Xiao and Zhang 2007 and references therein).
Since Bogdanov (1981) and Takens (1974) studied the 2-parameters generic family of
nilpotent cusp of codimension two and obtained a complete classification of topologi-
cal phase portraits for the family (it is usually called the Bogdanov—Takens bifurcation,
denoted by BT bifurcation for short), many researchers have devoted their effort to
generalize Bogdanov and Takens’ pioneer results to n-parameters generic family of
nilpotent equilibrium of codimension n with n > 3 and there have been a series of
achievements and unprecedented challenges on the theme, for instance, degenerate
BT bifurcation of codimension 3: saddle, elliptic and focus cases (see for instance
Dumortier et al. 2001, 1987, 1991; Li and Rousseau 1989; Mardesi¢ 1992; Xiao 1993,
2008).

In the bifurcation analysis of model (1.1), we are interested in bifurcations near the
endemic equilibria. We shall prove that the system has a nilpotent endemic equilibrium
of codimension at most 3 for all allowable parameter values, and the nilpotent endemic
equilibrium is elliptic if it exists. It is also shown that there exist three independent
parameters of (r, u, d, @, o) such that the system undergoes the degenerate elliptic
type BT bifurcation of codimension 3 even if it is a 5S-parameters family. The bifurca-
tion diagram for this degenerate BT bifurcation of codimension 3 in Dumortier et al.
(1991) and the stability of disease-free equilibria have shown that system (1.1) has
rich bifurcation phenomenon and complicated dynamics, for instance, system (1.1)
can has homoclinic loop or two limit cycles for some values of parameters, respec-
tively. The existence of limit cycles (isolated periodic orbits) for epidemic models is
interesting and significant both in mathematics and applications since the existence of
stable limit cycle provides a satisfactory explanation for those species communities
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in which epidemic is observed to break out in a rather reproducible periodic manner.
This may have profound implications for disease control and biological conservation.

To the best of our knowledge, system (1.1) is the first example in models which
exhibits only elliptic type degenerate BT bifurcation of codimension 3 and no focus
type degenerate BT bifurcation of codimension 3. This is different from the observa-
tion in Baer et al. (2006). We shall provide explicit smooth transformations to reduce
the system with an nilpotent equilibrium into a normal form of codimension 3, which
is very useful for the bifurcation analysis. On the other hand, degenerate Hopf bifur-
cation of codimension 2 of system (1.1) is studied and the explicit conditions for the
existence of two limit cycles are given.

This paper is organized as follows. General properties of system (1.1), such as
boundedness of solutions, existence and stability of disease-free or endemic equilib-
ria, and saddle-node bifurcation are discussed in Sect. 2. In Sect. 3 we make theoretic
studies on the bifurcation of an elliptic type degenerate BT equilibrium of codimen-
sion 3, which is an endemic equilibria of system (1.1). In Sect. 4 we prove that the
system can undergo some bifurcations of codimension 2 or 1 such as BT bifurcation,
degenerate Hopf bifurcation and Hopf bifurcation, and provide an approach to study
Hopf bifurcation and degenerate Hopf bifurcation. A brief biological interpretation
and conclusion are given in the last section.

2 General analysis of system (1.1)

In this section, we make general analysis on dynamics of system (1.1). From the point
of view of biology, we only restrict our attention to system (1.1) in the closed first
quadrant in the (x, y) plane, denoted by R%_. However, the positive y-axis (i.e. x =0
and y > 0) is not invariant for system (1.1) and the vector fields of system (1.1) on
the positive y-axis are from right to left. Hence, the x coordinates of solution curves
crossing y-axis of system (1.1) will be negative as ¢ increases. Based on the ecological
meaning, we adopt the following convention.

(H1):  x(t) = 0 for all t > ¢ if there exists a positive time 7y such that
the solution (x(#), y(¢)) of system (1.1) satisfies x(tp) = O.

We first state a lemma which shows that system (1.1) is as “well behaved” as one
intuits from biology if (H1) holds. We omit the standard proof.

Lemma 2.1 [fconvention (H 1) holds, then the solutions of system (1.1) are nonnega-
tive and bounded, that is, for each solution (x(t, xo, yo), y(t, X0, y0)) of (1.1) with ini-
tial condition (x(0, xg, y0), ¥(0, x0, y0)) = (x0, yo) € Ri, there exists a T (xg, yo) >
0 such that 0 < x(t, xo, yo) < 1, 0 < y(t, x09, yo) < max{0, (lr(a —1l—a—d—ru)}
fort > T (xo, yo)-

System (1.1) always has three disease-free (or boundary) equilibria : O (0, 0),
A(u, 0) and E(1, 0) for all allowable parameters. In epidemiology, the basic repro-
duction number of an infection is a useful metric, which can be defined as the number of
secondary infections produced by a single infected during its entire infectious period in

@ Springer



Bifurcations of an epidemiological model 189

a completely susceptible population. Hilker et al. (2009) obtain the basic reproduction
number Ry and the critical host density Pr for system (1.1) as follows

o oa+d+ru
="

Ry=——"7—,
a+d+ru+1 o—1

Obviously, Rp < lifandonlyifo — 1 —ao —d — ru < 0. And the condition
o0 —1—a—d—ru <0 leads to the extinction of infections y(#) of system (1.1).
Hence if Ry < 1, system (1.1) does not have endemic equilibria and the infectious
disease can not establish in the host population. Let us see the stability of disease-free
equilibria of system (1.1) as Ry < 1. We compute the Jacobian matrix of system (1.1)
at a disease-free equilibrium (x, 0) and denote it by J;(x, 0),

_(af ) o
Jd(x,())—( 0 (0—1)(X_PT))’

where f(x) = g(l — x)(x — u)x. Then the characteristic equation of J;(x, 0) is
A —af'(x)(A = (0 — )(x — Pr)) =0, 2.1

where x is the x coordinate of the disease-free equilibrium. From (2.1), we have

Theorem 2.1 If Ry < 1, then system (1.1) has only three disease-free equilibria
0(0,0), A(u,0) and Ey(1,0). Both 0(0,0) and Eo(1,0) are stable nodes, and
A(u, 0) is a saddle. Bistable appears for system (1.1).

From Theorem 2.1 we can see whether or not the disease-free host population
goes to extinction depending on the initial population number. If the initial population
number is in the left of the stable manifold of A(u, 0) then it will go to extinction,
otherwise, it will be survival. Thus, if Ry < 1 the infectious disease could not affect
the dynamics of system (1.1) which is determined only by Allee effect. This leads to
bistable phenomenon.

Note that Ry < 1isequivalentto Pr > 1ifo > 1. By the formula of Ry (or Pr), we
know that Ry (Pr, respectively) is a decreasing (an increasing, respectively) function
of the Allee threshold u. Thus, the basic reproduction number Ry could lessen to one
or less than one if let u increase starting at zero and other parameters keep unchanged.
Thus, Rq for the host with Allee effect is less than that for the host without Allee
effect. Theorem 2.1 shows that the disease can not establish in the host population if
Ro < 1. Biologically, this conclusion shows that the presence of an Allee effect in
host populations might play a stabilizing and protective role in the invasion of disease.
And the critical host density Pr > 1 which prevents the population from reaching the
necessary density for disease establishment even though the infectious rate o is not
small.

In the rest of our study, we shall focus on the ecologically more interesting case
that Ry > 1 (i.e. 0 > o +d + ru + 1) and the Allee threshold is far from the car-
rying capacity, thatis, 0 < u < % However, Ry > 1 is equivalentto 0 < Pr < 1.
Henceforth, we always assume that
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(a) a triple point (b) a double point (¢) a double point and a cross point

Fig. 1 The tangent points of the nontrivial nullclines C and L

1
(H2): O<u<§, 0<Pr<1.

Under hypothetical condition (H2), we consider the existence of endemic equilibria
(i.e. positive equilibria) for system (1.1). Even though it is algebraically impossible to
find explicit sufficient and necessary conditions for the number of endemic equilibria
of system (1.1) depending on all parameters, Hilker et al. (2009) obtained the exis-
tence and number of endemic equilibria by graphical nullcline. Here we further make
theoretic analysis of system (1.1) and give a complete classification on the number of
endemic equilibria and the corresponding explicit sufficient and necessary conditions.
This is essential for study bifurcations of system (1.1).

Note that the existence of endemic equilibria of system (1.1) is equivalent to that of
intersection points of the nontrivial nullclines C and L of system (1.1) in the interior
of the first quadrant R2 , where

C = {(x, Vv = f(), fx)= 2(1 — )X —uwx, 0<x < +oo},

o—1

L=[(x,y):y=g(X), gx) = (x — Pr), 0§x<+0<>].

We first make analysis on the geometric character of the cubic curve C. The cubic
curve C crosses the x-axis at three points O (0, 0), A(u, 0) and Ey(1, 0), which are
disease-free equilibria of system (1.1). And the curve C has a maximum point, a min-
imum point and a unique inflection at E*(x™*, y*), where x* = “—'3H, V=g (u
DA —2u)(2 — u).

Hence, E(x, y) is an endemic equilibrium of system (1.1) if and only if E(x, y)
is an intersection point of the cubic curve C and the straight line L in the interval
u < x < 1. And E*(x*, y*) is a unique endemic equilibrium of system (1.1) if the
straight line L is a tangent line of C passing through the inflection point E*, which
intersects x-axis at (7, 0) and E* is a triple tangent point of L and C, see Fig. 1a,

3
where T, = %. Note that 0 < u < % Thusu < T, < 1.

Since E* divides the curve C in the interval u < x < 1 into two parts, we let y| be
the portion of the curve C with u < x < x™*, and let y, be the portion of the curve C

with x* < x < 1.
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We further consider if the curve C and the line L has a double point withu < x < 1.
It is clear that there are no double points of L and C if the line L crosses x-axis in
the interval 7, < x < 1. Thus, L and C has a unique cross point in the interval
u<x < 1ifT, < Pr < 1. And the line L may be tangent to the curve C in the
intervalu < x < lonlyif0 < Pr < T,. Next we seek the conditions of being tangent
between the line L and the curve C in the interval u < x < 1.

Suppose that the line L is tangent to the curve C in the interval u < x < 1. Then
the following equations

[ f@) = g(x) >0, 02

floy =24

must have solutions in the interval u < x < 1.
It is clear that the existence of solutions to (2.2) in the interval u < x < 1 is
equivalent to that of the following equation

f) = ff)x=Pr)=0, 0<Pr<T, (2.3)

where f'(x) = —% (3x2 =21 4+u)x + u)
By Cardan formula, we compute the discriminant A of Eq. (2.3) and obtain that

T 3888(u2 —u+1)

(I —=Pr)(u— Pr)(T, — Pr).

Hence, there exists a unique real root xo with u < xy < 1 of Eq. (2.3)if0 < Py < u.
Since A = 0 as Pr = u, Eq. (2.3) has two different real solutions u and % And if
u < Pr < T,,then A < 0 and Eq. (2.3) has only two different roots xo; and xop with
U< xp < "T‘H < x91 < 1 by computation.

When 0 < Pr < u, by the geometric character of C and L, we obtain that in
the interval # < x < 1 the line L and the curve C has only a point of tangency at
Eyy = (Y0. f(R0) € 12 if =L = f/(&).

When Pr = u, there are two cases for the points of tangency for L and C in
u < x < 1. One case is that the line L and the curve C has only a point of tangency
at Eqp = (%, 3z (1 —2u)) € o if ";1 = 1, see Fig. 1b. And the other case is that
the line L and the curve C has a point of tangency at A(u,0) and a cross point at
Exr=(—u, Zu(l = 20)(1 — ) € pp if L = =)

When u < Pr < T,, by calculation we ﬁnd that there are also two cases for the
points of tangency for Land Cinu < x < 1. If ‘701 = f’(x01), then the line L
and the curve C has a point of tangency at Eyo11 = (xo1, f(x01)) € y» and a cross
point at E 012 = (x012, f(x012)) € y1, where xo12 is a simple root of the equation
f(x) = f'(xo1)(x — x0) =0.

If "T’] = f’(x02), then the line L and the curve C has a point of tangency at
Ey021 = (x02, f(x02)) € 1 and a cross point at Exo2 = (X022, f(x022)) € 72, see
Fig. 1c, where xop; is a simple root of the equation f(x) — f’(xp2)(x — x¢) = 0.
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Note that

1_
A ) < @ —ut ), < fo) < @R — w4 1),
3a da 3a

and f'(xp2) < f’(x01). Therefore, the line L and the curve C have three different
cross points in the interval u < x < 1if f'(xg2) < ”U;] < f'(xo1)-
Summing up the above analysis, we have the following lemma on the existence and

non-existence of endemic equilibria of system (1.1).

Lemma 2.2 Assume that (H2) holds. Then system (1.1) has at most three endemic
equilibria and at least no endemic equilibria. More precisely,

(1) system (1.1) has three endemic equilibria if and only if

o —

1
f(xn) < < f'(xo1), u < Pr < T,. (2.4)

The three endemic equilibria are cross points of the line L and the curve C.
(i) System (1.1) has two endemic equilibria if and only if one of the following
conditions holds.

o—1 .
0< < f'(x0), 0< Pr<u; (2.5)
1-— —1
ru(l —u) L0 - L Pr—u: 26
o o 4a
o—1 ,
= S (xo1), u<Pr<Ty 2.7
o—1 ,
= f'(xo2), u<Pr<T, (2.8)

The two endemic equilibria are cross points of L and C if one of (2.5) and (2.6)
holds. And if one of (2.7) and (2.8) holds, then one endemic equilibrium is a
point of tangency of L and C and the other is a cross point of L and C.

(iii) System (1.1) has one endemic equilibrium if and only if one of the following
conditions holds.

T, < Pr <1; (2.9)
) o—1 , , o—1
either < fi(xp2) or f'(x01) < ,andu < Ppr < Ty;
(2.10)
1 1—
ot _rnud=w p _, @2.11)
o o
—1
LW —us), Pr =T, 2.12)
o 3

@ Springer



Bifurcations of an epidemiological model 193

o—1

= f'(x0), 0<Pr<u; (2.13)
o—1 r
=—, Pr=u; (2.14)
o 4o

Ifone of (2.9)—(2.11) holds, then the unique endemic equilibrium is a cross point

of L and C. If one of (2.12)—(2.14) holds, then the unique endemic equilibrium

is a tangency point of L and C, which is at E*, Ey and E a1, respectively.
@iv) System (1.1) has no endemic equilibria if and only if

o—1 .
> f(x0), 0<Pr =<u, (2.15)

where f'(X0) = 17 as Pr = u.

In what follows we study the stability of equilibria and phase portraits of sys-
tem (1.1). First we consider the stability of disease-free equilibria for system (1.1) if
0 < Pr < 1. From the eigenvalues of (2.1), we have the following.

Lemma 2.3 Disease-free equilibria of system (1.1) has the following stabilities,
respectively.

(i) 0(0,0) is a stable hyperbolic node and Ey(1, 0) is a hyperbolic saddle if 0 <
PT < 1,‘

(i) A(u,0) is a unstable hyperbolic node if 0 < Pr < u; A(u,0) is a hyperbolic
saddle ifu < Pr < 1 and A(u, 0) is a saddle-node if Py = u.

In Table 2 of Hilker et al. (2009), Hilker et al. claimed that Ey(1, 0) is a unstable
node if 0 < Pr < 1. This is not true. From Lemma 2.3, we know that E¢(1,0) is a
hyperbolic saddle if 0 < Pr < 1. Further we obtain the following global conclusions
on dynamics of system (1.1).

Theorem 2.2 If (H2) and (2.15) hold, then system (1.1) has only disease-free equi-
libria and no endemic equilibria. Disease-free equilibria O(0, 0) is a stable node,
A(u, 0) is a unstable node or saddle-node, and Ey(1, 0) is a hyperbolic saddle. Almost
all orbits of system (1.1) in the interior ofRﬁ tend to 0(0, 0) (see Fig. 2).

Biologically, this conclusion shows that the joint interplay between infectious dis-
eases and Allee effects is deathblow for the host population if the critical host density
Pr is low and the infectious rate o is large. This leads that the whole population goes
to extinction.

In the following we investigate the stability of endemic equilibria of system (1.1).
We denote the Jacobian matrix of system (1.1) at an endemic equilibrium E (x, y) by

Je(x, y), where Jo(x, y) = ( af'(x) -«

) . Then the characteristic equation of
(0 =Dy —oy
Je(x,y)1s

o—1

A+ (0f(x) —af (x)A —aof(x) (f’(x) — —) =0, (2.16)
o
where x is the x coordinate of the endemic equilibrium.
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o T o2 0.4 0.6 0.8 1 1.2

xX
Fig. 2 Extinction of the population in system (1.1) as Rg > 1, Pt = u and ”U;] > ﬁ, where the values
of parameters for the figureare r = 1, u =0.3,d =02,0 =1,0 =6

From the distribution of eigenvalues of characteristic equation (2.16), we now derive
the topological nature of endemic equilibria of system (1.1) as follows.

Theorem 2.3 The endemic equilibrium E(x,y) is degenerate if it is a tangent point
of L and C. Otherwise, the endemic equilibrium E(x,y) is an elementary equilib-
rium. More precisely, the endemic equilibrium E(x,y) is a center or weak focus if
f(x) — "G;l < 0and of(x) — af’(x) = 0; the endemic equilibrium is a hyper-
bolic node or focus if f'(x) — "0;1 < O0andof(x) —af’(x) # 0, and the endemic

equilibrium is a hyperbolic saddle if f'(x) — Go;l > 0.

From Lemma 2.2 and Theorem 2.3, we easily check that the parameters satisfy-
ing condition (2.7), (2.8), (2.13) or (2.14), respectively come to being a hypersurface
in five-dimensional parameter space («, d, r, u, o). These hypersurfaces are saddle-
node bifurcation surfaces of system (1.1). As parameters (o, d, r, u, o) vary in the
small neighborhood of the these hypersurfaces and cross the respective hypersurfaces,
system (1.1) undergoes saddle-node bifurcation. Moreover, the parameters satisfying
condition (2.12) consist of a hypersurface, which is pitchfork bifurcation surface. As
parameters (o, d, r, u, o) vary in the small neighborhood of this hypersurface and
transversal to it, system (1.1) undergoes pitchfork bifurcation. Let us see the Fig. 3.
We choose Pr and "J;l as two bifurcation parameters. When (Pr, ‘Tg;l) vary in the
range

o—1
Q]Z[(PT, )1TMSPT<1,O‘>],
o

system (1.1) always has an endemic equilibrium. And as bifurcation parameters
(Pr, "Tfl) pass through the point Q = (T}, ﬁ(u2 — u + 1)) and go into the domain
2, bounded by L,, L, and Pr = u, system (1.1) has three endemic equilibria.
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Fig. 3 The bifurcation diagram o

of equilibria of system (1.1), c—1 ‘
where Pr and ”T_l are L
bifurcation parameters, :
QT 47 —u+ 1) isa |
bifurcation point, 1 EE : L
represents “one endemic :
equilibrium” and 3 EE means

Q

“three endemic equilibria” 3 2 1EE
3EE |0
[
b Q,
o u T, 1 P,

This implies that endemic equilibria of system (1.1) always exist as (o, d, r, u, o)
vary in the direction from €2 through Q into €25, or vice versa. Hence, in the case the
disease can establish in the host population.

3 Elliptic type degenerate BT bifurcation of codimension three

In this section we first give a lemma, which provides a series of explicit smooth trans-
formations to derive a normal form with terms up to and including fourth order for
the codimension three BT equilibrium. Then we apply the lemma to system (1.1) and
obtain that the system has a nilpotent equilibrium of codimension at most 3 for all
allowable parameters. Further we verify that the degenerate equilibrium is an elliptic
type equilibrium of codimension 3 if it exists. Last we choose three independent param-
eters of (r, u, d, «, o) such that the system undergoes the degenerate BT bifurcation
of codimension 3 in the elliptic case.

Note that Xiao and Ruan (1999) have provided a series of explicit smooth trans-
formations to derive a normal form with terms up to and including third order for a
nilpotent (or double-zero eigenvalue) equilibrium of planar systems and obtain the
normal form of nilpotent equilibrium of codimension 2. Here we follow their method
to provide a series of explicit smooth transformations to derive a normal form for the
nilpotent equilibrium of codimension 3.

Consider the following system

Xx=y+ 6130163 + a03y3 + 02]x2}7 + a]zxy2 + a40x4
+aoay* + a3y + aizxy? + anx?y? + Ri(x, y),

. 3.1
Y = b1ixy + b3ox> + bosy® + ba1x?y + bioxy? + baox* 1
+boay* + b31Xy + bi3xy? + bnx?y? + Ra(x, y),
where b1 # 0,a;;, bij, i,j =0,...,4, 3 < i+ j < 4 are real parameters, and

R1(x,y) and Ry(x, y) are smooth functions of their arguments with at least fifth-order
terms of (x, y). Then we have
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Lemma 3.1 Assume that by1b3g # 0. Then there exists a small neighborhood Uy of
(0, 0) such that in this neighborhood Uy system (3.1) is locally topologically equivalent
to

X =y,
¥ = biixy + byox® + (b1 + 3az0)x?y + (bao — byyaze)x* 3.2)
+(4as +b31 + §briaz + £ bubi)x’y + R(x, y),

where R(x, y) is a smooth function of their arguments with at least fifth-order terms
of (x,y).

Moreover, assume that 5b3o (b1 4 3az0) — 3b11(bao — b11a3z0) # 0. Then the equi-
librium (0, 0) of system (3.1) is a degenerate saddle of codimension 3 if b3y > 0, it is
a degenerate focus or center of codimension 3 if b3g < 0 and bll + 8b39 < 0, and it
is a degenerate elliptic of codimension 3 if b3y < 0 and b” + 8b3p > 0.

Proof 1tis clear that (0, 0) is an equilibrium of system (3.1) with two zero eigenvalues.
We perform a near-identity smooth change of coordinates

[X =x- (36121 + blz)x — (2012 + b03)x Y,
Y =y +azx? +a03y — tbipx?y — bo3xy

This transformation is invertible in a small neighborhood of the origin, and its inverse
can be found by the method of unknown coefficients. Thus, system (3.1) becomes

X =Y 4+ agX* + apu¥* + [a31 — -bu(alz + bo3)1X3Y
+ai3XY3 +anX?Y? + R3(X,Y),
Y =b XY+ b30X3 + (b1 + 3a30) XY + (byo — buiaz)) X*  (3.3)
+[b31 — bu(—-a21 blZ)]X3Y + (b13 + 2b11ag3) X Y3
+boaY* + [ba2 — -b111903 + 5 bl]alz]X2Y2 + R4(X, Y),

where R3(X, Y) and R4(X, Y) are smooth functions of their arguments with at least
fifth-order terms of (X, Y).
In order to kill non-resonant quartic terms of system (3.3), we let

=X+ (- 4a31 Shuan + b11b03 Lbxn) X* + apY*
— ($axn + tb13) X3y — (2a13 +3 b04)X2Y2
=Y —i-a40X4 + (—-bzz + ¢bi1bos — bnalz)X Y
—bpu XY — (3b13 + br1agy) XY

in the small neighborhood of the origin. System (3.3) is transformed into
71 =22+ Rs(z1, 22),
22 = bi1z1z2 + b3z} + (ba1 + 3a30)z322 + (bao — b11a30)z} 3.4
+(daso +b31 + 3 briaz + £ bnbi)zizs + Re(z1. 22).

where R5(z1, z2) and Rg(z1, z2) are smooth functions of their arguments with at least
fifth-order terms of (z1, z2).
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Last we setx = z1, ¥y = 22 + Rs5(z1, 22), system (3.4) becomes

X =y,
Y = biixy + baox> + (ba1 + 3az) x>y + (bao — br1azp)x* (3.5
+(@aso + b31 + § brian + § bubi)x®y + R(x, y),

which implies that system (3.1) is locally topologically equivalent to system (3.2) in
a neighborhood of the origin.

From arguments in Dumortier et al. (1991), we know that the equilibrium (0, 0)
of system (3.2) is a degenerate equilibrium of codimension 3 if 5b30(b21 + 3azp) —
3b11(bag — b11a30) # 0. And according to Theorem 7.2 in Zhang et al. 1992, p. 152,
we obtain the topological classification of (0, 0) of system (3.1) as follows: the equilib-
rium (0, 0) is adegenerate saddle if b3 > 0;itis a degenerate focus or centerif b3p < 0
and b7, + 8b3 < 0; and it is a degenerate elliptic if b3p < 0 and b3, + 8b39 > 0.
Therefore, the proof is completed. O

Now we discuss the topological classification of the degenerate equilibrium E* of
system (1.1).

Theorem 3.1 Assume that Py = T, and ‘70;1 = %(u2 —u + 1). Then system (1.1)
has a unique endemic equilibrium E* = (x*, y*), where

+1
Xt = ”3 , y*:ﬁ(w—i—l)(l—Zu)(Z—u).

The endemic equilibrium E* is a unstable (stable) degenerate node of codimension
one if & — "T‘H +Pr>0(5— ”%1 + Pr < 0, respectively), and E* is an elliptic
equilibrium of codimension 3 if £ — ”TH + Pr=0.

Proof From Lemma 2.2 we know that system (1.1) has a unique endemic equilibrium
E* = (x*, y*) if Pr = T, and 074 = ﬁ(u2 —u+1).

Moving E* to the origin, we set x; = x — x*, y; = y — y*. Note that Py = T,
and "U;l = ﬁ(u2 —u + 1). Then system (1.1) becomes

(3.6)

x| = @xl —ay| — };x?,
$i= = P (S0 — @ = Dy ) + (0 — Day — o9,

We see that the Jacobian matrix at the equilibrium (0, 0) of system (3.6) has two eigen-
values Ay and Az, Ay =0and Ay = & — ”—';1 + Pr. Therefore, we distinguish two
cases A # 0 and A, = 0 to discuss the topological classification of the equilibrium
0, 0).

If A #0,ie. % — % + Pr # 0, then by standard center manifold theory we can
obtain that endemic equilibrium E* of system (1.1) is a unstable (stable) degenerate

node if £ — “—'{1 +Pr>0(5 — ”%1 + Pr < 0, respectively).
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If A, =0,ie g — “H + Pr = 0, then system (3.6) can be written as

a(o—1)> a(a 1 3.7

VI= "X — Y1+ (o = Dxiyr —oyf.

. a(o—1
[)C1 = %xl oayr — rxf,

Equilibrium (0, 0) of system (3.7) has double zero eigenvalues. In the following we
reduce system (3.7) to a normal form of Bogdanov—Takens singularity. Let

a(o—1)
X2 =X1, Y2=——X] —U)Y1.
o
Then system (3.7) becomes
fy=y2—rx3. $2=2y3 — (0 — Dxgyy — L2043, (3.8)

In a small neighborhood of the origin, we make a near-identity topological trans-

formation of coordinates x3 = xp — %%x%, y3 = y2 — 2x2y2, which transforms

system (3.8) into

. 2 3

X3=y3 — g”2x3y3 rx33 ;ng‘ 2‘73x§y3 + 0((x3, y3)°),

3 =—(0c — Dx3y3 — —2X3y3 — ”(ga 1)x3y3 — —r(a 1)x§‘ 3.9
—er(e=) 3 Qi) 3y 390202 4 0((r3. 73)Y).

From Lemma 3.1, we can reduce system (3.9) to the following system

. _ [ole=D) 3 3 2 3 4
y=4/7 (;r Xy —x° + [a(ga D~ 20 ‘%\/ otr(g—])_x (3.10)

+[-%¢jTr_ a2(a 1)] are=n" Y+ 0x, yP).

it 1)3 / 2
Since 5(01(0 1) 2r012) -3 GZr o ar(a 1) (art(zr l+ g) # 0, the

equilibrium (0, 0) of system (3.10) is a degenerate equilbrium of codimension 3 by
Lemma 3.1.

Furthermore, we claim that equilibrium (0, 0) of system (3.10) is an elliptic degen-
erate equilibrium of codimension 3.

Indeed, we only need to prove that — 8 > 0 by Lemma 3.1. From the con-

ditions Py = T, C’T] = (u —u+ 1) and & ”H + Pr = 0, we can solve the

three equations and obtain that

a(cr 1)

r — (@=DC-w)(d=2w)(u+1) o= o 2—u)(1-2u)(u+1)
3(1412714+1)2 ’ - 9(u?—u+1) ’
d = =50 (0 (U w?(u? — du+ 1)+t = 5u® + 150 = Su + 1).

3.11)
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Obvious, r and « are positive if o > 1l and 0 < u < %, and d is positive for all
allowance u and o by biological meaning.

alo—1) 27 —u+1)3 _ .
Assume to the contrary that =_— < 8. Then D222 )2 8 < 0, which
7_3/5

leads to 0 < u < 5 — =¥=. We now prove that this implies that d < 0.
In fact, from the expression of d we know that /1 (u)d < 0, where

hu) =o(l +u)w? —du+ 1) +u®* —5u® + 15u% — 5u+ 1.

Notethato > 1. If0 < u < % — 32£,we then have

huw) = — D+ D2Q+V3—-uw)Q2 =3 —u)+2u* —Tud +9u? — Tu +2
>2u4—7u3+9u2—7u+2éq(u).

Since ¢” (u) = 24u® —42u + 18 = 6(3 — 4u)(1 —u) > 0,4'(u) < q'(3 — %5) <0.
Hence, ¢(u) > ¢q(0) > 0. This leads to that 2(x) > 0 and consequently, d < O.

However, we know that d must be positive for biological meaning. So u > % — #,
which implies % > 8. We complete the proof. O

Since Pr = T,,, Pr > u.From Lemma 2.3 and Theorem 3.1, we obtain the dynam-
ics of system (1.1) with a triple endemic equilibrium as follows.

Theorem 3.2 Assume that Pr = T,, and 57—1 = é(u2 —u+1). Thenu < Py < 1
and system (1.1) has a unique endemic equilibrium E* = (x*, y*) and three disease-
free equilibria: 0(0,0), A(u, 0) and Eo(1,0). O(0, 0) is a stable node, A(u, 0) and
Ey(1, 0) are hyperbolic saddles. The endemic equilibrium E* is a degenerate unstable
(stable) node if & — % +Pr>0(5— ”3i1 + Pp < 0, respectively), and E* is an
elliptic equilibrium of codimension 3 if (r,d, a, u, o) satisfies (3.11). The dynamics

of system (1.1) in this case is shown in Fig. 4.

As observed in Hadeler and van den Driessche (1997) and Hilker et al. (2009), the
basic reproduction number is not the unique indicator for disease persistent. Theorem
3.2 shows if the disease can persist depends on the initial infectious number, Allee
threshold and the infectious rate even though the basic reproduction number Ry > 1
(i.e. 0 < Pr < 1). Disease establishment and bi-stability occur if u < Pr < 1 and
2 < % — Pr, and the whole population can go extinction if # < Pr < 1 and
L > % — Pr.

In the following we study if system (1.1) can undergo degenerate BT bifurcation
of codimension 3 in a small neighborhood of equilibrium E*(x*, y*) as parameters
(r,d, o, u, o) varies in a small neighborhood of (rg, dy, o, 1o, 09) which satisfies
(3.11).

We choose (d, u, o) as bifurcation parameters. Let

Q

d=dy+ A,u=ug+r,0 =09+ A3
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Fig. 4 The dynamics of system (1.1) with an elliptic type endemic equilibrium of codimension 3, where
r=2,u=0454d = 3.05,¢ = 0.55 and 0 = 11. The endemic equilibrium E* is (%, 21—2), which is
represented by

where A = (A1, A2, A3) is a very small parameter vector (0 < [|A|] < 1), and
(do, uo, 0o, o, ro) is a set of given parameters which satisfy (3.11). For simplification
we denote (dy, uo, 09, @o, ro) by (d, u, o, o, ).

Now we rewrite system (1.1) as follows.

x=r(1—-—x)(x —u—2A)x —ay, 3.12)
y=[-a—d—Xr1—r(u+xr)+ (@ + i3 —Dx — (o0 +13)yly. ’
Letx; = x —x*, y; = y — y*. Then by (3.11) system (3.12) becomes
X1 =c1+ax; + by +p11x12 — rx13, (3.13)
Y1 =2+ cxi + eyt +2q12x1y1 + g2y, '

where
a=2D 4 R20u-1), b=-a, c=(0+i- DG,
o=+ Dw—2), o= [—Al —rha+ (%‘ —~ ““;;”) /\3] 2o

o
0= — [—“Wg‘” a4 ra — (gil _ 2D “) A3]

0'

pil =1k, quu=—5—, gn=—(0+2A3).
By an affine transformation x, = x1, y» = c¢1 4+ ax; + by, system (3.13) becomes
X2 =y + puxz —rx;,
2
2= (bcz —eci + %) + (bc —ae — 2q12c1 + 2 2719 xy

. 2
+(a + e —29%)y, + (api1 — 2aqi2 + B5)x3
+ 32 y3 42 (6112 — B4) xoy2 — arx;.

(3.14)
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In a small neighborhood of the origin, we let

,
2p11

r
X3 =x2 + xg, 3=+ Puxg + szyz.

Then system (3.14) can be converted into

X3 =y3+ Q1(x3,y3, 1),
¥3 = co + c10%3 + 2053 + €30%3 + y3(cor + €11x3 + €21%3 + €31x3)
+02(x3, y3, A),
(3.15)

where Q; (x3, y3, A) = O((Jx3, y3|+|AD*),i = 1,2, and ¢p and ¢;j are smooth func-
tions of (r, u, @, d, o, A). We omit their long expressions here for reasons of space.

Following the steps in Dumortier et al. (1991), system (3.15) can be further trans-
formed to the following canonical unfolding.

xX=y,
V== + 1 )x + 1 0) + y(u3() +bW)x +c()x? (3.16)
+x3h(x, 1) + y20(x, vy, A),

where w;(A), b(}), c(X), h(x, A) and Q(x, y, A) are smooth functions of their argu-

ments, b(0) = \/@, c(0) = : o

a(a—‘il) — 5a7 and the determinant of the Jacobian
matrix of (i1 (X), u2(X), u3(A)) with respect to (A1, Az, A3) at (0, 0, 0) is as follows,

_ a3r(0—1)2(u+1)(2—u)((1 —2u)2(0—1)+(u+1)(2—u)) 0
0,0.0) ot —ut 1) # 0.

_ |91, p2,p3)
D= ‘ 9(A1,22,A3)

Hence, system (3.12) can undergo degenerate BT bifurcation of codimension 3
in the elliptic case by conclusions in Dumortier et al. (1991). Moreover, by blowing
up techniques and the integral factor, system (3.15) can be considered as a perturba-
tion of Hamiltonian systems, in which there exist a Hamiltonian system such that the
level sets of the Hamiltonian function are ovals surrounding a center. The ovals can
be bifurcated at most two limit cycles by property of Abelian integral, and the limit
cycles surround only one equilibrium (see Zoladek’s work in Dumortier et al. 1991).
Therefore, we have the following.

Theorem 3.3 System (1.1) undergoes degenerate BT bifurcation (elliptic case) of co-
dimension 3 in a small neighborhood of the equilibrium E*(x*, y*) ifwe fix parameters
u = ug, o = oy, d = dy and let parameters (d, u, o) vary in a small neighborhood
of (do, ug, 0g), where (dy, ug, oo, ro, ®o) satisfies (3.11). More precisely, there exist
parameter values (d, u, o) such that system (1.1) has three endemic equilibria: one is
hyperbolic saddle and the other two are focus or nodes, and a homoclinic loop; there
exist other parameter values (d, u, o) such that system (1.1) has only one endemic
equilibrium and at most two limit cycles.
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Fig. 5 The dynamics of system (1.1) with three endemic equilibria, where r = 5, u = 0.15,d = 0.0813,
a = 1441 and 0 = 13.5899. The three endemic equilibria are approximately (0.257,0.071),
(0.337, 0.145) and (0.555, 0.347), which are represented by =

From Theorem 3.3, we know that parameters satisfying condition (3.11) form a
surface DB7 in five-dimensional parameter space («, d, r, u, o), where
= ¢ =2u)(u+D)

- 9w —u+1) ’

d= _—9(:42’14;14:1)2 (0(1 +u)>u? —4u+1)

DBT = | (a,d,r,u,0): +ut —5u® +15u® — 5u + 1) > 0, ,

— (c—=1)Q2—u)(1=2u)(u+1)

r 32—ut1)? ’

o>1, %>u>0

which is a degenerate BT bifurcation surface of codimension 3 in the elliptic case. As
parameters («, d, r, u, o) are in DB7, dynamics of system (1.1) is shown in Fig. 4.
If parameters («, d, r, u, o) vary in a small neighborhood of DB7T, then system (1.1)
has different dynamics depending on parameter values as described in Theorem 3.3.
In the case, dynamics of (1.1) depends on not only parameters but also the initial con-
ditions. Biologically, this conclusion shows that the host population with the strong
Allee effect is very fragile as parameters («, d, r, u, o) vary in a small neighborhood of
‘DBT . There are many outcomes for the host population, such as extinction, multiple
attractors, disease established or epidemic break out in periodic manner. Thus, system
(1.1) is very sensitive to perturbations and control methods. Here we give two phase
portraits of (1.1) with one and three endemic equilibria, respectively, to illustrate the
complication of dynamics (see Figs. 5, 6).

4 BT bifurcation and Hopf bifurcation of system (1.1)

In this section, we discuss if system (1.1) can undergo BT bifurcation and Hopf bifur-
cation in a small neighborhood of an endemic equilibrium. We will show that BT
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0.3517

0.25

0.2

0.15
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o 0.2 0.4 0.6 0.8 1 1.2

Fig. 6 The dynamics of system (1.1) with one endemic equilibrium, where r = 1,u = 0.35,d =
1.0813, ¢ = 1.441 and o = 6.5899. The endemic equilibrium is approximately (0.555, 0.035), which
is represented by *

bifurcation may occur for system (1.1) in a small neighborhood of an endemic equi-
librium which is a tangent point of L and C, and Hopf bifurcation may occur for system
(1.1) in a small neighborhood of an endemic equilibrium which is a cross point of L
and C.

We first study BT bifurcation of system (1.1). From Theorem 2.3, we know that
endemic equilibrium E(xq, y;) is degenerate if it is a tangent point of L and C. In
Sect. 3 we have shown that this equilibrium is a degenerate elliptic equilibrium of
codimension 3 if it is a triple tangent point of L and C and it satisfies some condi-
tions. In the following we will show that under some conditions endemic equilibrium
E(x1, y1) is a cusp of codimension 2 if it is a double tangent point of L and C.

Lemma 4.1 Suppose that system (1.1) has an endemic equilibrium E (x1, y1) which
is a double tangent point of L and C and o f (x1) — af’(x1) = 0. Then the endemic

equilibrium E(x1, y1) is a cusp of codimension 2 if E(x1, y1) € ya, where v, be the

part of the curve C with x* = ”TH < x < 1 (see Fig. 1).

Proof Since E(x1, y1) isadouble tangent pointof L and C,and o f (x1) —af'(x1) = 0,

we obtain that x; = Py + %, y; = %Xl), and

o u—+1 ro? o o o
Pro=stoe 1—o="g (Pr+=)(Pr+>—u) (Pr+=-1).
o 3 o o o o

We now move the endemic equilibrium E(x1, y1) to the origin by setting z; =
X — X1, z2 =y — y1. Then system (1.1) becomes

H212@a—azz+3r(—§+“TH—PT)zf—rz§, @l

. —1)? -1
G =20 20Dy — 63+ (0 - Daiza.
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Making a linear transformation X = z1, ¥ = a(a?fl)m — az2, system (4.1) is
converted to

X=Y+3r(-2+“4 — Pr)X? —rx3,
V=30 - 1)(-2+ " — Pr)X? — (0 — DXY + 2y? — =D 3,

4.2)
In a small neighborhood of the origin, we make a near identity smooth changes
x:X—%XZ, y=Y+3r(—g+u;|:l —PT)X2—%XY.
Then system (4.2) can be written as
i=y+0(x.yP). ¥ =dix’> +daxy + 0(x, yP), (4.3)

where dj = 2C=D (2 y wtl _ pryanddy = —(o — 1) +6r(=% + 4L — Pp).

Since E(x1, y1) € y», thatis MTH <xy =5 +Pr,onehasd; <0anddy < 0.
Thus, E(x1, y1) is a cusp of codimension 2. We finish the proof. O

We give an example to show that system (1.1) have a unique endemic equilibrium
and in a small neighborhood of this endemic equilibrium, system (1.1) can undergo
BT bifurcation.

Theorem 4.1 [If (2.14) holds (i.e. Pt = u and ‘70;1 = 45 ), then system (1.1) has a
unique endemic equilibrium E 1 = (%, é(l — 2u)) and three disease-free equilib-
ria: O(0, 0) is a stable node, A(u, 0) is a saddle-node, and Ey (1, 0) is a saddle. The
endemic equilibrium E 51 is a cusp of codimension 2 if

r

1 r+2—4u Su®—1)r—2Qu— 1)>
5 7d = - P ) 5 5
(@ 0, d) (4+2 T T 4(1 — 2u)

otherwise E sy is a saddle-node. The global dynamics of system (1.1) with a cusp
endemic equilibrium is shown in Fig. 7.

If we choose (o, o) as bifurcation parameters, then system (1.1) undergoes BT
bifurcation in a small neighborhood of endemic equilibrium E A1 as (o, o) varies
near (ﬁ + % —u, %). Hence, there exist some parameter values such that system
(1.1) has a unstable limit cycle surrounding an endemic equilibrium, and there exist
some other parameter values such that system (1.1) has a unstable homoclinic loop.

Proof The first conclusion of the theorem comes from Lemmas 2.2, 2.3 and 4.1 by

straighten computation. And the second conclusion of the theorem can be proved by
normal form theory. Set
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0.35
0.3
0.25
0.2
Yy
0.15
0.1 +
0.05 +
T T T T T
0.1 0.2 0.3 0.4 0.5

o
o

xX

Fig. 7 The phase portrait of system (4.4) at (A1, A2) = (0,0), where r =4, u =0.4,d = 1.3,a = 1.1
and o = 11. The endemic equilibrium is approximately (0.5, 0.09), which is represented by

a=£+%—u,
L BuP=1)r—2Qu—1)*
BT = (a,d,r,u,a).d—W>0,
o = 24 ’
— T2=4u ’
r>0, %>u>0

which forms a hypersurface in five-dimensional parameter space («, d, r, u, o).
In a small neighborhood of the endemic equilibrium E 41, we consider a perturba-
tion system of (1.1)

[ ?Tf =r(l =x)(x —u)x — (a0 + A1)y, “4)

D — (—(ag + 1) — do — ru+ (00 + 22 — Dx — (00 + 22) ),

where (ag, 09, dyp) € BT, A and A, are very small parameters. When A1 = A, = 0,
system (4.4) has a cusp of codimension 2 at E 41 (see Fig. 7).
Following the process of deriving normal form, system (4.4) can be reduced to

dx

das =
2_
B = V10, A2) v Ay + 2% — (BT 4 oGy (45)
+R(x,y, 1),
where s = —kt,k > 0, u;(-), O(-) and R(-) are smooth functions with respective to

their arguments. O (0) = 0, R(x, y, 1) have Taylor expansions in (x, y) starting with
at least cubic terms, and the Jacobian of (vq, v2) with respect to (A1, A2) at the origin
is

_ 4((4u—3)Gu—1) (4u—1)r+3(1—2u) (8u>—8u+1))

J, = )9(\)1,112)
(0,0) r3(r+2—4u)(l—2u)3

d(h1,22)
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Fig. 8 The BT bifurcation A
diagram of system (4.4), where
A1 and A are bifurcation
parameters, SN * are
saddle-node bifurcations, H is

Hopf bifurcation and H L is o o
homoclinic bifurcation

SN

117

Therefore, there are values of (r, u), for instance, (4u — 3)(Su — 1)(4u — 1)r +
3(1—2u)?(8u? —8u+1) # 0, such that J,, # 0. From the classic results in Bogdanov
(1981) and Takens (1974), system (4.5) undergoes BT bifurcation in a small neigh-
borhood of endemic equilibrium E 41 as (1g, A7) varies in a small neighborhood of
the origin. Therefore, there exist some parameter values of (11, A») such that system
(4.5) has a unstable limit cycle surrounding an endemic equilibrium, and there exist
some other parameter values such that system (4.5) has a unstable homoclinic loop.
This leads to the second conclusion of the theorem. O

From Theorem 4.1, we can see that almost all orbits of system (4.4) go to the origin
if A1 = X = 0, see Fig. 7. Hence, the disease can not establish and almost all host
population goes to extinction even though Ry > 1 and there exists an endemic equi-
librium. However, as A1 and A, vary in a small neighborhood of the origin (see Fig. 8),
system (4.4) has different dynamical behaviors, for example, as A1 and A, cross the
curve SN, system (4.4) undergoes saddle-node bifurcation. When parameters A1 and
X lie the region I, system (4.4) has two endemic equilibria, one is a hyperbolic saddle
and the other is a unstable node or a focus. When parameters A1 and A; cross the curve
H into the region II (i.e., the region between H and H), the unstable focus becomes
stable, so an unstable limit cycle appears. When parameters A1 and X, lie on the curve
H L the limit cycle meet the saddle, change into homoclini loop. And as parameters X |
and A, cross the curve H into the region III, system (4.4) has two endemic equilibria,
one is a hyperbolic saddle and the other is a stable node or a focus (see Fig. 9). Last
when parameters A1 and A cross the curve SN~ into the region IV, system (4.4) has
no endemic equilibria. Biologically, this conclusion shows that bi-stable phenomenon
occurs and the disease can establish in the host population as (A1, A2) are in the range
TUIITUIII.

We now discuss Hopf bifurcation of system (1.1). From Theorem 2.3, we know
that endemic equilibrium E (xg, yp) may be a weak focus if it is a cross point of L and
C, and it satisfies that "a;l — f'(x0) > 0 and o f (xg) — af’(x¢) = 0. In the general
case we first give the existence of weak focus of system (1.1).

Lemma 4.2 Suppose that system (1.1) has an endemic equilibrium E (xo, yo) which
satisfies "U;l — f'(x0) > 0and o f (x0) —af'(xg) = 0. Then the endemic equilibrium
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f T T T T
o 0.2 0.4 0.6 0.8 1 1.2
X

Fig. 9 The phase portrait of system (4.4) at (A1, A2) = (0.2, —=0.3), where r =4, u =0.4,d =13, =
0.8 and 0 = 11.2. The two endemic equilibria are approximately (0.5, 0.125) and (0.715, 0.321), which
are represented by x

E (xo, yo) is a stable (respectively unstable) weak focus of order one if o > o1 (respec-

tively 1 < o < o1), and E(xq, yo) may be a weak focus of order two if o = o1, where
VB2 Dt )

o] = %W,B:Zr+ru+3d+l+u+2ru2.

Proof Since o f (xg) —af’(xo) = 0and E(xg, yo) is an endemic equilibrium of system

(1.1), we can find that

xo=24 (2r(u +1)—(0—D+J/@ru+1)— (o — D)2+ 12r(a +d)) :

Yo = =L (xo — Pr) > 0.

We first move the endemic equilibrium E (xq, yo) tothe origin. Letz; = x—xo, 20 =
y — yo. Then by o f (x9) — af'(x¢) = 0, system (1.1) becomes

z21=(0 —D(xo— Pr)z1 —azp +r(u+1—3x0)z} — rz3,
Hiz = (U;—l)z(m —Pr)zi — (0 = )(xo — Pr)z2 + (0 — Dz122 — 023. ¢
Note thato — 1 > 0, xg — Pr > 0 and "T_l — f’(xg) > 0. This leads to
B=o0((xo—Pr)(a—oxo+oPr)>0. 4.7

We make the following linear transformation of state variables and time variable,
respectively,

xo—Pr)o
(21)2 1 e (x) __YB-1),
22 0 —("O_P&%("_l) v)’ o )
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Then system (4.6) becomes

3—;‘ = —y + ax? + any? + aiixy + azox> + apzy? + azx?y + ainxy?,
dy 4.8)
Tr = X +bixy,
where
_ o(142r42ru—o—6rxp) . _ ro(u+1-3x0)/B . _ ro(u+1-=3xp).
ai = (afl)(afoxf;oPr) © 902 G @—oxotePr)?’ 0T To-DYB
— 3ro/B . _ 3ro . _ ro .
a12 = (crfl)(oifax(ﬁ»nPT)z’ @21 = ~G-Da—oxetoPr)’ 90 = (c—1)J/B’
ags = ro”(xo—Pr) . bll _ o

" (e—D(@—oxotoPr)?’ VB’

We finally determine if the equilibrium (0, 0) of system (4.8) is a weak focus by suc-
cessor function. It is convenient to introduce polar coordinates (p, ) and to rewrite
system (4.8) in polar coordinates by x = pcosf, y = psiné. It is clear that in a
small neighborhood of the origin the successor function D(cg) of system (4.8) can be
expressed by

D(co) = p(2m, co) — p(0, cp),

where p (6, cp) is the solution of the following system

[%=&@ﬁ+&@ﬁ+m@M+&@N+m’
p(o) = Co, 0 < |CO| << 15

where

R»(0) = cosB(agr + b11 + aypcosBsinb + cos? O (axo — agp — b11)),

R3(0) = costS?(a%1 cos26sinf — 241%2 cos? 6 sin 6 + 2agpaj; cos’ O+

azobi1 cos? 0 sin @ — 2axpagy cos® 0 sin @ + 2apbi; cos* 6 sin + agz sin 0
+2ar0app cos? 0 sin @ — 2axpb11 cos* 0 sin 6 — 3agpbi; cos? O sin O
+ajp cos @ — 2arpai cos’ 0 + b%l cos*Osin6 + bi1ag sin 6 + 2arpaiq cos3 6
+ap3 sin 6 + 2agrai; cos 6 + a%o cos* @ sing — b%l cos2 0 sinf — 3byjay; cos’ O
—ap3 sin O cos? 6 — a%l cos*0sin6 + 2by1a;; cos® O + ayy cos? O sin O
biiai; cosf — ajp cos® 0 — dagyayy cos® 6 + (1(2)2 cos* 6 sin 6 + azg cos® 0),

and R;(0) is a polynomial of (sin6, cos@),i = 4,5, ..., whose coefficients can be
expressed by the coefficients of system (4.8). We omit them here since the expressions
are too long.

From the method of successor function in Andronov et al. (1971) and Zhang et al.
(1992), we can obtain the first Liapunov number of the equilibrium (0, 0) of system
4.8)

C1 = g (aso + a2 +an(ax + ap)) = g(g_l)z(ar_afxf)JrgPT)ﬁ,
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where § = —(u+ 1)o? + (2r +ru +3d + 1 + u +2ru®) o + 3 and B is as in
4.7).

Obviously, C; has the same sign of S. Let us discuss the sign of S. Set B =
2r +ru+3d + 1 + u + 2ru®. Then

S=—(u+1D(o—-o1)(o—o0),

B B2+12 1) B—+/B2+12 1
where o = % | and oy = BV B 120D _

Therefore, the endemic equilibrium E (xg, yg) is auxnstable (stable) weak focus of
order one if 1 < o < o1 (0 > o1, respectively).

However, if o = o1, then Cy = 0. We further compute the second Liapunov number
of equilibrium (0, 0) of system (4.8) as C; = 0 and obtain

1 1 1 1
C3 = gallaozam + ﬂa02a21011 + 1—6612061116121 + &alzazl

o, 1 1, 1
—i—ialzan + Ebuanazoaoz + g d®11420 + ﬁbuauam

7 1 1 1
Eazoallaos + Ealzbnaoz + Eagoaozan + Ealzbnazo

1 1
3 2
+—bijarad, + 112420000 + —=amay; + —<sapay

16
: + Lanady +
R T TR LT 72
which can be expressed by parameters (r, u, «, d) of system (4.8). However, it is very
long so we omit it.
If C3 # 0, then endemic equilibrium E (xq, yo) is a weak focus of order two, and
endemic equilibrium E (xq, yo) is stable (unstable) as C3 < 0 (C3 > 0, respectively).
Thus, we complete the proof. O

72 48

3
aozall + —zaxoajy,

We now provide an example to show that system (1.1) has an endemic equilibrium
which is a weak focus of order two. And under a small perturbation, the system (1.1)
can undergo Hopf bifurcation and degenerate Hopf bifurcation, and produce at least
two limit cycles.

Theorem 4.2 Suppose that (H2) holds. Then in the parameters space («, d, r,u, o)
there exists a hypersurface Ho and a surface H1 C Hop, where

o =20(1+2u)1 —u),
d= 5(1 + 2u)((Qu 4+ 1)o — 3r — 3),
Ho = (a,d,r,u,a):%>r>o,o>l, :
1 (3749/17) 3 —2—2(37+9\/ﬁ)%
5 >u > T
6(374+9V17)3
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o= 90(1 +2u)(1 —u),
d = (1+2u)((4u +a4u?+2u— Do4+2u—1— 101,42)

) 9Qu2—u+1)
H| = . Q-u—4u)(o—-1) ,
(ot,d,r,u,a).r_—S(1 w2’ , 0> 1,
% U (37+9f)? —2— 2(37+9f)’¥
6(37+9f)3

such that system (1.1) has a unique endemic equilibrium E (xq, yo) as (o, d,r,u, o) €
‘Ho, where xo = ]+32”, Yo = % And E(xo, yo) is a weak focus of order one
if (,d,r,u,0) € Ho\H1, and E(xq, yo) is a unstable weak focus of order two if
(a,d,r,u,o0) € Hi.

Moreover, as parameters («,d,r,u, o) vary in the hypersurface Hy and pass
through the surface Hy, system (1.1) undergoes degenerate Hopf bifurcation and
produce a unstable limit cycle near E (xg, yo). And as parameters (o, d, r, u, o) fur-
ther vary in the parameters space and pass through the hypersurface Ho, system (1.1)
undergoes Hopf bifurcation again and produce a stable limit cycle near E (xg, yo).
Therefore, there are parameters values such that system (1.1) has two limit cycles, the
attracting cycle is surrounded by a repelling cycle.

Proof If (a,d, r,u, o) € Ho, then system (1.1) becomes

dx _ Irx(d—x)(x—u)
dt = Zo+2uy(d—u) — %Y: 4
&y _ 5y (3({7 Dxtr+1—0—2u0—ru+2u _ y). 4.9)

dt 30

8(1—u)(1+2u)(a—1)

Since 0 < r < 3@ du 13u0)

, by calculation we know that

Yot — oY =0,
3?(7(—4i))lc,t—)i-(r+illo—2u0—ru+2u —y=0 (4.10)
30 -

{ 9rx(1—x)(x—u)

has only a pair of real simple root (xg, yo). Thus, system (4.9) has a unique endemic
equilibrium E(xg, yo), where xg = 1+ Loy = M.
If (w,d,r,u,o) is in a small nelghborhood of 'Ho, then system (4.9) has still a
unique endemic equilibrium by the continuity of roots with respect to coefficients.
We now study the local dynamics of equilibrium E (xg, yo) if (¢, d, r, u, o) € Hp.

Moving E (xo, yo) to the origin, we obtain the following system

2 = Ir(1 —wx — 3o (14 2u)(1 — )y — rux® — rx3,
(4.11)

o =350 =D —u)x — %r(l —u)y + (0 — Dxy —oy>.

It is clear that the eigenvalues of system (4.11) at the origin are a pair of purely
imaginary numbers. Therefore, E (xg, yo) is a center or weak focus.
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We further claim that it is a weak focus. We first make linear transformations of
state variables (x, y) and time variable ¢ for system (4.11) respectively,

1 \/E
Xy B X _1—M ~
0)-(052) () -5

o B

where we have denoted f = 20 — 2 — 3r + 4uo — 4u to simplify notations. We obtain
the following system

9X — —Y + axX? +an XY +anY? + az0X> + ay X2Y
+anpXY? +apnY?, (4.12)
dy
T = X + b1 XY,
where
u 3r _ 9Qru+o-1) _ 3rax _ 3rayp
a20 - g_l E ’ al] - (M—l)/g k] aOZ - B 9 a2] - 2ru+(z-_lla)
_ draxy _ ray — 420 — _%olo—D)
anp = =2 ao3 = ~£, axp ==, b= et

By the method of successor function, we let X = pcos6@, ¥ = psinf. Then in a
small neighborhood of the origin, system (4.12) can be modified to

d
ﬁ = R2(0)p* + R3(0)p> + R4(0)p* + R5(0)p° + 0(0%), (4.13)

where R;(0) is a polynomial of (sin@, cosf), fori =1,2,....

From Lemma 4.2, we obtain the first Liapunov number of equilibrium (0, 0) of
system (4.12) to be,

9./3rB (o —1)(142u)(4u’c +6ru’ — 4u*> + uc —u — 3ru — 20 +2 + 3r)

Ci=

(1 —u)2p?
: . Q—u—du*)(o—1) 0. Qou—duP)(o-1)
It is clear that C; > 0 if r > IET{EE pe Ci=0ifr = EET{ e and
2
Ci <0ifr < %. Hence, the equilibrium E(xg, yo) is a unstable weak

focus of order one if the parameters («, d, r,u, o) € ’H(T , where

a=30(1+2u)1—u),

d =51+ 2u)(Qu+ 1o —3r —3),

+ _ L 8(1—u)(1+2u) (o —1) Q-u—4u)(o—1)
HO (C(, d5 r,u, G) . 3(4_4u+3u2) >r > 3(1—M+2M2) ’

2 1
o> 1, % —u> (37+9ﬁ)3—2—2(371+9m)3
6(374+9/17)3
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and the equilibrium E(xq, yo) is a stable weak focus of order one if the parameters
(a,d,r,u,0) € H, , where

a=3o(l+2u)(l—u),
d =514 2u)(Qu+ 1)o —3r = 3),

Hy = . Qou—du®)(o-1)
0 (a,d,r,u,o): i) r2> 0, 0 >1, 1
1 (37+9v17)3 —2—2(3749V17)3
5> u> ;
6(37+94/17)3
. Q—u—4u®)(c—1) A .
However, C; = 0 in the case r = ~~—-———=5—=, which is equivalent to that

3(1—u+2u?

(a,d,r,u,o0) € Hj. To determine the dyn(ami:s o% the equilibrium E(xq, yo), we

have to compute the second Liapunov number of equilibrium (0, 0) of system (4.12)

951 (142u) (1—u+2u?)3 /uG+4u+8u2) 2—u—4u?)
4u* (1 —u+2u?)(1—u)? (3+4u+8u?)*

, where

and we obtain C3 =
s1 = 40u® + 54u® — 3u — 1.

2 1
1 (37+9+/17)3 —2—2(374+9/17) 3

Since 5 > u > :
6(37+917)3
(a,d,r,u, o) € Hi. So the equilibrium E(xq, yo) is a unstable weak focus of order

two if (o, d, r, u, o) € Hj. Thus, we complete the proof of the first conclusion.

Let us consider the Hopf bifurcation of system (4.9). We fix three parameters
(d, 0, u) and choose («, r) as bifurcation parameters. As parameters («, r) vary in the
hypersurface Ho and parameter r pass through the surface H; from H(J{ to 'H,, , equi-
librium E (xo, yo) changes the stability from unstable weak focus of order two to stable
weak focus of order one, and it is easy to check that the transversal condition holds.
Hence, system (4.9) undergoes degenerate Hopf bifurcation and produce a unstable
limit cycle. As parameters («, ) vary in the parameters space and parameter « passes
through the hypersurface Hg from o < %a(l +2u)(1—u)toa > %0(1 +2u)(1—u),
the equilibrium E (xo, yo) changes the stability again from stable weak focus of order
one to unstable hyperbolic focus and the transversal condition of eigenvalues with
respect to « holds. Thus, system (1.1) undergoes Hopf bifurcation and produce a sta-
ble limit cycle. Hence, in parameters space («, d, r, u, o), Ho is the Hopf bifurcation
hypersurface and H is the degenerate Hopf bifurcation surface.

Therefore, there exist values of the parameters such that system (1.1) has a unique
endemic equilibrium and two limit cycles surrounding this equilibrium (see Fig. 10).

O

, one has s; > 0. Consequently, C3 > 0 if

From Theorem 4.2, we can see that system (1.1) has a unique endemic equilibrium,
a stable limit cycle and a unstable limit cycle for some values of parameters. Thus,
tristable phenomenon occurs and epidemic can be observed to break out in a periodic
manner for some initial values of the host population.
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Fig. 10 System (1.1) has two limit cycles, where r = 0.2582897033, u = 0.45, d = 0.0053054102, ¢ =
0.4644444444 and o = 2. The endemic equilibrium is approximately (0.63333, 0.02367), which is repre-
sented by x

5 Discussion and conclusion

In this paper we completely study the bifurcations and dynamical behavior of an epi-
demiological model with strong Allee effect. The qualitative conclusions presented for
the model support the numerical bifurcation analyses and conjectures in Hilker et al.
(2009). Hence, we highlight the impact of both disease and strong Allee effect on
population persistence observed in Hilker et al. (2009). Moreover, we gain new bifur-
cations phenomena such as pitchfork bifurcation, BT bifurcation of codimension two,
degenerate Hopf bifurcation and degenerated BT bifurcation of codimension three
in elliptic case. These rich bifurcations exhibit complicated dynamical behavior of
the model, for example, the multiple attractors, homoclinic loop, one limit cycle, two
limit cycles and etc.. When parameters («, d, r, u, ') vary in a small neighborhood of
pitchfork bifurcation surface, model (1.1) has either an endemic equilibrium or three
endemic equilibria. Hence, in this case the disease can establish in the host popula-
tion. When parameters («, d, r, u, o) vary in a small neighborhood of BT bifurcation
surface, model (1.1) has two endemic equilibria and a unstable limit cycle or homo-
clinic loop for corresponding values of parameters, which implies that one endemic
equilibrium becomes an attractor. Thus, the infected population will tend to a constant
for the initial number of host populations in an open set, and sustained oscillation can
not be observed. And when parameters («, d, r, u, ) vary in a small neighborhood
of degenerate Hopf bifurcation surface, model (1.1) has two limit cycles for some
values of parameters, one of which is stable. This leads that epidemic can be observed
to break out in a rather reproducible periodic manner in the host population. These
conclusions reveal that the dynamics of model (1.1) is very sensitive to parameters
perturbation. Hence, biologically our results have important consequences for disease
control and biological conservation. And it also provides, at least in theory, a key to
understanding the impact of diseases and Allee effect for the threatened populations
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or the success of re-introductions, which may help us to prevent both epidemics and
Allee effects driven extinctions.

Mathematically, in this paper we provide an approach to seek possible equilibria at
which bifurcations occur. These equilibria are tangent points of two nullclines for two
dimensional mathematical models. Moreover, we give explicit smooth transformations
to reduce a system with an nilpotent equilibrium into a normal form of codimension
3, which is very useful for analysis of degenerate BT bifurcation. And the method to
study degenerate Hopf bifurcation of codimension 2 of system (1.1) has its generality,
which can also be applied to investigate the other related mathematical models. There-
fore, the methods developed in our paper are some approaches to study bifurcations
and dynamics of two dimensional mathematical models with multi-parameters.
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