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Abstract Colon rectal cancers (CRC) are the result of sequences of mutations which
lead the intestinal tissue to develop in a carcinoma following a “progression” of observ-
able phenotypes. The actual modeling and simulation of the key biological structures
involved in this process is of interest to biologists and physicians and, at the same
time, it poses significant challenges from the mathematics and computer science view-
points. In this report we give an overview of some mathematical models for cell sorting
(a basic phenomenon that underlies several dynamical processes in an organism), intes-
tinal crypt dynamics and related problems and open questions. In particular, major
attention is devoted to the survey of so-called in-lattice (or grid) models and off-
lattice (off-grid) models. The current work is the groundwork for future research on
semi-automated hypotheses formation and testing about the behavior of the various
actors taking part in the adenoma–carcinoma progression, from regulatory processes
to cell–cell signaling pathways.
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1 Introduction

Systems biology is an emerging new field of science, addressing the complexity of biol-
ogy from molecular scales to ecosystems and explaining phenomena as they emerge
from the interactions of numerous smaller components. Within this broad scientific
framework we have focused our attention on the computational modeling of biologi-
cal tissues, with the specific goal of uncovering the basic mechanisms and the general
properties of cellular and intercellular dynamics. To this end a multicellular structure
of particular interest is the colonic crypt, since this is the site in mammals where muta-
tions in the epithelial stem cells, which are responsible for the gut lining renewal, may
eventually steer a cell ensemble down the adenoma–carcinoma sequence, resulting in
Colorectal Cancer (CRC).

While there have been many biochemical and clinical studies of CRC and the overall
progression along the adenoma–carcinoma sequence has been quite well character-
ized, there has been, since the early 1980s, only a few attempts to use mathematical
models and computer simulation to obtain other insights in its overall biology. At the
time of this writing, the current status of computing power allows to run very complex
simulation of deeply complex biochemical models in a rather reasonable time. Hence,
it is not surprising that many researchers have now directed their attention toward
the mathematical and computational models of colonic crypts and CRC development
(and, of course, other relevant systems).

Given these premises, in this work we intend to present a review of what we consider
the state of the art of these models, aiming at underlining the strong points and the
possible limitations, highlighting the open questions and providing interesting insights
for possible future research directions, with special regard to the biological charac-
terization of such systems, on the one hand, and the advances in the computational
modeling of multi-cellular systems, on the other. This should also be a starting point
for the (ambitious) goal of designing a coherent and possibly extensive multi-scale
model for the development of the colorectal cancer.
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The paper is organized as follows. Section 2 is devoted to a biological introduc-
tion to the problem. Section 3 reports a list of the basic phenomena occurring in
colonic crypt dynamics. Section 4 concerns a classification of the up-to-date math-
ematical and computational models of multi-cellular systems, with special regard to
intestinal crypts and CRC development. In Sect. 5, the in-lattice models are reviewed
in-depth and accompanied by some example simulations. Section 6 describes in detail
the so-called off-lattice models. Section 7 presents a survey of the currently available
libraries, repositories and software with regard to this subject. Section 8 contains some
comments on the evaluation criteria of the reviewed models. Finally, Sect. 9 reports a
summary and an outline of the future research directions.

2 The intestine biology: a quick overview

In order to correctly model the development of the colorectal cancer it is essential
to describe the basic biology of the intestine, with particular regard to the intesti-
nal crypts, which are supposed to be the locus in which tumors originate (Alberts
et al. 2007; Barker et al. 2009; Medema and Vermulen 2011). In particular, the goal
of systems biology-oriented computational modeling is to effectively describe the
dynamical features, the generic properties of the system and to provide a coherent
picture of the signaling pathways that ensure its correct development and homeostasis
(Kitano 2001, 2002; Kaneko 2006).

2.1 Morphological and functional description

The human gut essentially performs two main tasks, i.e. the digestion of the food and
the absorption of the nutrients, with the chief hurdle of preventing the absorptive cells
from being digested (Alberts et al. 2007 and quoted references therein).

Populations of muscular, stromal and cuboidal epithelial cells compose the different
compartments of the intestine. In particular, the lining of the small intestine is a sin-
gle-layered (self-renewing) epithelium, which covers the surface of the villi, i.e. fin-
gers-like projections into the intestinal lumen, and that of the crypts of Lieberkühn,
i.e. invagination within the connective tissue; in the large intestine no villus, but only
crypts are present. Some of the epithelial cells are deputed to absorptive or digestive
tasks, some other to the production of protective mucus (Sancho et al. 2004 and further
references therein).

We can list 5 types of cells in the crypts, starting from stem cells, which are char-
acterized by the retention of an undifferentiated phenotype, the extensive replication
pace, the self-maintenance and the continuous origination of multi-lineage differen-
tiation. Stem cells give rise to a progeny that undergoes post-mitotic differentiation
events and develop different functions for the tissue (Potten et al. 2009 and further
references therein). In particular, intestinal crypts are characterized by the presence
of four epithelial lineages: enterocytes, which perform both absorptive and diges-
tive activity, secreting hydrolases; Goblet cell, which secretes mucus to protect the
absorptive cell from digestion; Paneth cell, which perform defensive tasks by means
of antimicrobial peptides and enzymes; enteroendocrine cells, which are composed of
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Fig. 1 A section of a crypt is represented, with specific regard to a the morphology, b the migration
directions and c the signaling pathways involved in its dynamics and homeostasis. a In particular, we
can distinguish four kinds of cells, starting from the bottom of the crypt, i.e. differentiated Paneth cells
(yellow), stem cells (green), cells in rapid amplifying stage (orange) and differentiated (either absorptive or
secretory) cells (light blue). b The migration direction is upward for all the cell types, exception made for
stem cells that reside in a specific niche in the lower portion of the crypt and are intermingled with Paneth
cells, which migrate downward. c The three main signaling pathways involved in the crypt dynamics are
the Wnt pathway (its activation ensures the normal proliferation of the cells and the maturation of Paneth
cells), the Notch signaling pathway (its activation ensures the maintenance of the stem cells niche, while
for the other cell types its activation/inactivation drives cells toward either absorptive/secretory fates) and
the Eph/ephrins pathway which regulates cell adhesion properties (color figure online)

15 subtypes and are involved in many different tasks and signaling pathways (Hocker
and Wiedenmann 1998; Porter et al. 2002; Sancho et al. 2004).1

In regard to the spatial arrangement, the proliferative stem/progenitor compart-
ments characterize the lower part of the crypt, while the differentiated cells reside at
its top (exception made for the Paneth cells), as well as in the villus. Stem cells are
sited at the bottom of the crypt in a specific niche, intermingled or just below Paneth
cells (van Es et al. 2005) (see Fig. 1).

2.2 The dynamics

The epithelium of the intestinal crypts is a dynamic tissue characterized by a fast
regeneration through cell growth, cell division, cell differentiation and apoptosis. To
this end, spatial patterning and cell sorting are crucial processes in the tissue develop-
ment and in order to segregate cell populations in distinct compartments characterized
by different cell types and distinct functions (Alberts et al. 2007).

The overall dynamics of the crypt can be schematized as a coordinated upward
migration of enterocyte, Goblet and enteroendocrine cells from the circumscribed

1 Notice that besides the four main cell types, other cell types such as M-cells and Brush cells have been
identified (van der Flier and Clevers 2009).
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stem-cell region, which is in the lower region of the crypts, toward the top of the crypt,
along the crypt-villus axis (Ratdke and Clevers 2005).

Stem cells generate progenies that enter a rapid proliferative phase and are main-
tained in a transit amplifying stage, continuing to divide and differentiate up to the
final differentiated stage, when they undertake apoptosis and are finally shed into the
intestinal lumen (the loss of cells is necessary to balance the production from the base
of crypt). Paneth cells are the only cells that move downward and reside at the bottom
of the crypt (Barker et al. 2009 and further references therein). On the other hand,
the stem cell niche is maintained through a complex interplay of signaling pathways
between the epithelial and the connective tissue (Potten et al. 2009). The coordinated
positioning, the proliferation, the differentiation and the migration of the cells in the
crypts are fundamental for the crypt homeostasis.

It is important to remark that the turnover process of the cells of the intestine is very
fast: in mice the crypt progenitors divide every 12–16 h; in this way around 200–300
cells per crypt per day are generated and they successively undergo up to five rounds
of cell division while migrating upwards. Accordingly, migrating cells travel from the
base to the surface in about 3–6 days, while Paneth cells (which live for about 3–
6 weeks) and stem cells localize at the crypt bottom and escape this flow (Marshman
et al. 2002; Sancho et al. 2004; Frank 2007; Barker et al. 2009).

2.3 The signaling pathways

The signaling pathways throughout the epithelial cells and between the epithelium
and the mesenchyme regulate many aspects of cellular activity, as the spatial pattern-
ing, the proliferation in transit-amplifying compartments, the commitment to specific
lineages, the differentiation and the apoptosis (Sancho et al. 2004). Here we give a
quick overview of three of the most important pathways involved in these processes.

2.3.1 Wnt signaling

Wnt signaling pathway is of fundamental importance in many developmental pro-
cesses (Wodarz 1998; Logan and Nusse 2004; Reya and Clevers 2005). In regard to
intestinal crypts, Wnt signaling is supposed to favor cell proliferation, establish the
distinct modes of differentiation, avoid the immediate differentiation, and activate the
expression of the Notch pathway (Sancho et al. 2004).2

2 In detail, Beta-catenin is a cytoplasmic protein negatively regulated by the APC (Adenomatous Polyposis
Coli) tumor suppressor complex. The activation of Wnt signals blocks the kinase activity of the APC com-
plex, entailing the accumulation of Beta-catenin, which engages DNA-binding TCF/LFE proteins. Without
Wnt signal these proteins repress the activation of specific genes, while in its presence they favor their
activation. In proliferative cells inside the crypts there is an elevated accumulation of Beta-catenin, which
hints to an important role of the Wnt signaling pathway in the proliferation of the intestinal progenitor cells
(Kinzler and Vogelstein 1996; Bienz and Clevers 2000; Booth et al. 2002). Moreover, mutations of TCF/LEF
or other Wnt inhibitions entail loss of the proliferative activity of the compartment, while the inhibition
of beta-catenin/TCF4 activity in colorectal cancer cells induce changes in the cellular type (Korinek et al.
1998; Batlle et al. 2002; van de Wetering et al. 2002; Pinto et al. 2003).

123



1414 G. De Matteis et al.

In practice, while the activation of the Wnt signaling would keep the crypts in a
normal proliferative state, ensuring the appropriate differentiation process, its absence
entails the stop of the division/differentiation process, as it happens in the case of cells
leaving the crypts. Notice also that in (Andreu et al. 2008; van Es et al. 2005) it is
shown that the correct activation of Wnt pathway is required to determine Paneth cell
fate and lineage, implying that this signaling pathway rules both a stem-cell/progenitor
gene program and a Paneth cell maturation program.

It is important to mention that epithelial cells in the crypt produce both Wnt proteins
and corresponding receptors, giving rise to a positive feedback loop (Alberts et al.
2007).

2.3.2 Notch signaling

Notch pathway is another key signaling pathway implicated in the development, the
dynamics and the homeostasis of the crypt, through the control of the spatial pat-
terning and the cell fate commitment, with the specific task of ensuring the status
of undifferentiated proliferative cells in the progenitors compartment, in a concerted
combination with the Wnt signals mechanism (Baron 2003).3

Summarizing, Notch signaling pathway mediates lateral inhibition, which forces
the cells to diversify: some cells express Notch ligands and activate the Notch signaling
in the neighbors, while avoiding their own activation: in this way they commit to the
finally differentiated secretory fate; in the other cells the Notch ligands are inhibited
while the Notch pathway is active within the cell itself: in this way they maintain the
possibility of differentiating in any possible way. In both cases cells in transit amplify-
ing stage continue dividing as long as they are in the crypts under the influence of the
Wnt signals. When the Wnt signaling stops cells differentiate according to the state
of the Notch activation, becoming absorptive if it is active, secretory if it is inactive.
Therefore, the multi-potent crypt progenitors can be maintained only when both Wnt
and Notch pathways are active.

Despite the lack of a conclusive theory describing the lineage specification from
progenitors to fully differentiated cells, some interesting hypotheses and suggestions

3 In detail, Notch genes synthesize large single trans-membrane receptors (Notch 1–4), correlated to five
ligands (Delta-like 1,3 and 4, Jagged 1 and 2) (Mumm and Kopan 2000), involved in several processes
linked to the cell fates. The interaction between Notch receptors and ligands provoke a proteolytic cleavage
of the receptor close to the membrane, allowing the free Notch intracellular domain (NICD) to translocate
within the nucleus where it activates the inhibitory transcription factor CSL (CBF1/RBPjk), usually corre-
lated with the hairy/enhancer of split (HES) and the Achaete-Scute transcriptional repressors (involved in
several transduction pathways and regulative mechanisms) (Mumm and Kopan 2000; Baron 2003).
Notch pathway controls the cell fate in adjacent cells in cluster of precursor cells, mediating the so-called lat-
eral inhibition (Gierer and Meinhardt 1974; Meinhardt and Gierer 1974), which usually drives neighboring
cells toward different fates. The proliferation/differentiation process, which is controlled by Wnt signaling
pathway, is also influenced by the mechanism that underlies the cell fate determination: in this regard,
Notch signaling is supposed to influence the several consecutive differentiation bifurcations (Schroder and
Gossler 2002; Sancho et al. 2004).
The removal of a common Notch pathway transcription factor (i.e. CLS/RBP-J) entails a conversion of pro-
liferative crypt cells in post-mitotic differentiated goblet cells (van Es et al. 2005; Alberts et al. 2007). On
the other side, when the signaling pathway is activated no goblet cells are produced and the other dividing
types of cell continue proliferating within the crypts.
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have been put forth, as illustrated in van der Flier and Clevers (2009). Different signals
appear to regulate the fates of the four principal cell types, according to a specific
genetic hierarchy. In this regard, the Notch pathway seems to play a key function in
the intestinal cell fate decisions.

2.3.3 Eph/Ephrin signaling

Eph/Ephrin bidirectional signaling is involved in numerous developmental processes,
tissue patterning and cross-regulations in concert with other pathways (Arvanitis and
Davy 2008 and quoted references therein).4 The interaction between Eph receptors
and ephrin ligands can trigger a downstream cascade that controls cell–cell adhe-
sion, cell–substrate adhesion, cytoskeletal organization (Kullander and Klein 2002)
and cell-extracellular matrix binding (Huynh-Do et al. 1999; Miao et al. 2000, 2005)
influencing the formation and the stability of tight, adherence and gap junctions and
integrin functions.5

Cell sorting is the process according to which population of cells tend to segregate
and to form distinct compartments or different tissues (Xu et al. 1999; Poliakov et al.
2004). On the basis of the Differential Adhesion Hypothesis, DAH, Steinberg (1962),
according to which cell sorting could be due to cell motility combined with differ-
ences in intercellular adhesiveness, tissue patterning and coordinated cell migration
in crypts are clearly correlated with the functioning of the Eph/ephrins signaling path-
way.6 Because of the repulsive action of ephrins, those cells that express the ephrin
ligand will sort away from those cells that are characterized by the presence of the
Eph receptor and vice-versa. This would be the basic dynamical mechanism according
to which a boundary between distinct cell population can be established (Kullander
and Klein 2002). While proliferative, stem and Paneth cells mostly express EphB pro-
teins, nondividing differentiated cells mainly express ephrinB proteins, because of the

4 Erythropoietin-producing hepatoma-amplified sequence (Eph) receptors are transmembrane receptor
tyrosine kinases (RTKs) and are grouped in two classes: A and B. They interact with cell surface lig-
ands named ephrins, which are classified in two classes as well: Ephrins-A (tethered to the membrane
through a glycosyl phosphatydyl inositol moiety) and Ephrins-B (which spans the membrane and are char-
acterized by a short cytoplasmic tail). The most important property is that both ligands and receptors can
give rise to a transduction-signaling cascade: Eph-activated signaling is forward, while ephrin-activated is
backward.
5 In detail, Eph/ephrins signaling is supposed to regulate several molecules involved in the adhesion pro-
cesses, such as: integrins, fundamental in cell-extracellular matrix binding (Zou et al. 1999; Miao et al.
2000, 2005; Deroanne et al. 2003; Bourgin et al. 2007); cadherins, which mediate cell–cell contact adhe-
sion (Tepass et al. 2002); connexins, which are the main structural units of gap junction communication
(GJC) (Laird 1996); claudins which are components of specific junctions that restrict movements of mole-
cules across the epithelial barrier (Hartsock and Nelson 2007).
6 In small intestine there is a high concentration of A- and B- class Eph receptors, being the most abundant
EphA1, EphB2, ephrinA1, ephrinB1 and ephrinB2 (Hafner et al. 2005). Beta-catenin (involved in Wnt
signaling) and T cell factor (TCF) are supposed to regulate the positioning and the migration of epithelium
cells in the crypts by means of the Eph/ephrin signaling pathway: Beta-catenin and TCF up-regulate EphB
receptors and down-regulate their ligand ephrinB. It is found that the expression of EphB2 is higher at the
bottom of the crypt, since Beta-catenin/TCF complex is involved in regulative transcriptional activities in
the nuclei. Conversely ephrinB1 and ephrinB2 level is higher at the top of the crypt (Batlle et al. 2002;
Holmberg et al. 2006).
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activity of the signaling network. As a consequence, in a normal intestine Paneth and
dividing cells are confined to the lower portion of the crypt (Batlle et al. 2002; Alberts
et al. 2007).

The influence of Wnt signaling on the expression of EphB receptors recalls the
complexity of the interplay between signaling pathways that characterizes the crypt
dynamics.

Among the various other pathways entailed in crypt dynamics and homeostasis we
only mention (for the lack of space): Hedgehog, bone morphogenetic proteins (BMP),
Par polarity, and platelet-derived growth factor pathways. Besides, recent interest has
been devoted to the interaction between stem cells and sub-epithelial myofibroblasts
and other mesenchymal cells in the adult intestine (Gregorieff et al. 2005; Yen and
Wright 2006; Brown et al. 2007; Kosinski et al. 2007; Lin et al. 2008; Samuel et al.
2009).

A picture of the crypt morphology and dynamics, as well as of the main signaling
pathways involved in its homeostasis is provided in Fig. 1.

2.4 The colorectal cancer

The colorectal cancer (CRC) is one of the most diffused cancers worldwide and one of
the major causes of death in adults (see e.g. Jemal et al. 2010). Most of the colorectal
cancers develop through a number of morphological stages and their development is
strongly correlated with the malfunctioning of the complex signaling network that
rules the crypt dynamics and homeostasis (Fearon and Volgestein 1990; Kinzler and
Vogelstein 2002; Frank 2007; Jass 2007; Medema and Vermulen 2011).

It is possible to distinguish different types of colorectal cancer according to the
specific molecular and morphological features (Jass 2007 and further references
therein):

• Standard progression (about 57 % of the total): it can be sporadic, Familial
Adenomatous Polyposis (FAP)-associated (Galiatsatos and Foulkes 2006) or
MUTYH-polyposis associated (Koinuma et al. 2004). It is usually associated to
chromosomal instability and originates in adenomas (see Sect. 2.4.1).

• Hereditary nonpolyposis colorectal cancer (HNPCC) (3 %): it origins in adenomas
and is characterized by mutations in B-RAF gene, in the mismatch repair (MMR)
system (Boland 2002) and by Microsatellite Instability (MSI) (Thibodeau et al.
1993; Oki et al. 1999) (see Sect. 2.4.2).

• Hypermethylation-induced CRCs (40 %): it originates either in serrated polyps or
in adenomas and is characterized by the aberrant methylation of promoter region
CpG island (see Sect. 2.4.3).

2.4.1 Standard progression

We can briefly schematize the standard adenoma–carcinoma progression as follows
(see Fig. 2).

First, one or more crypts manifest an accumulation of cells at their surface, which
can form either hyperplastic or dysplastic tissues. Successively, polyps begin to grow
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Fig. 2 Schematic representation
of the standard progression of
CRC (Frank 2007) (color figure
online)

and project from the surface and, in case the polyps are dysplastic, these small precan-
cerous tumors are defined adenomas, which are the preliminary potential manifestation
of cancer (in a 30:1 ratio of adenomas to carcinomas Frank 2007).

One of the first recognized causes of the emergence of adenomas is the mutation of
the tumor suppressor APC gene (found in 80 % of all colorectal adenomas and carci-
nomas Goss and Groden 2000), which is involved in the Wnt signaling pathway (see
above) and negatively regulates the activity of the cytoplasmic levels of Beta-catenin
(Munemitsu et al. 1995; Rubinfeld et al. 1997; Bienz and Clevers 2000; Sancho et al.
2004). Given that Beta-catenin enhances the expression of c-Myc and other proteins
that favor cellular division, plays a role in adhesion processes (through surface recep-
tors EphB2 and EphB3 Batlle et al. 2002) and is involved in the apoptosis control, the
mutations of APC pathway, which releases Beta-catenin from its repressive effects,
allow a possible aberrant expansion of the tissue (Fearon and Volgestein 1990; Kinzler
and Vogelstein 2002).

It is hypothesized that the modification of APC pathway is the initiating event of
colorectal cancer, because mutations in other genes are observed only in later stages of
the progression or in non-malignant ones (e.g. non-malignant aberrant crypts usually
display only mutations in K-RAS Nucci et al. 1997).7

Subsequent mutations of tumor suppressor RAS genes (usually in K-RAS but occa-
sionally in H-RAS and N-RAS), which control a number of molecules involved in

7 We remark that germline mutations in the APC gene are proven to be the cause of the inherited Familial
Adenomatous Polyposis (FAP) syndrome, in which numerous adenomas develop during the third to the
fourth decade of life. In presence of this syndrome the lifetime risk of CRC reaches nearly 100 % (Goss
and Groden 2000).
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GDP/GTP switches, and the mutational activation of specific oncogenes are corre-
lated with next phases of the tumor progression (Kinzler and Vogelstein 2002).

The inactivating mutation of the TGF-Beta signaling pathway (e.g. SMAD-4 or
TGFBR2) usually leads to a late stage of the adenoma (notice that it is hypothesized
that mutations in genes DCC and SMAD2 play a role as well at this stage). Malig-
nancy is then reached through the inactivation of the p53 gene in most of the cases
(Kinzler and Vogelstein 2002), considered that p53 controls cell division and induces
apoptosis in response to stress.

Alterations in the Eph/Ephrin bidirectional signaling are often correlated to disease
and cancer (Pasquale 2005) and, in particular, the presence of EphA2, EphB and
E-cadherin is strongly correlated with the progression of colorectal carcinoma (Saito
et al. 2004). In this regard the loss of EphB genes would be correlated with the appear-
ance of the invasive expanding of tumor cells. Moreover, there are evidences that Eph
receptors may be converted into pro-oncogenetic proteins: it is hypothesized that can-
cerous cells avoid the anti-migratory effects of activated Eph receptors or even favor
the migration and invasion triggering a signaling channel with oncogenetic partners
(Wang 2011).

Most of colorectal cancers (85 %) display also chromosomal aberrations; the loss
of heterozygosity (LOH) is supposed to hasten the genetic changes that drive carcino-
genesis (Nowak et al. 2002b), as well as chromosomal instability (CIN), which arises
from mutations and other genomic changes (Rajagopalan et al. 2003).

2.4.2 Hereditary nonpolyposis colorectal cancer, HNPCC

A significant percentage of colorectal cancers do not show CIN or chromosomal
defects, while they conversely display mutations in the mismatch repair (MMR)
system (Boland 2002), which are usually defined as Microsatellite Instability (MSI)
(Thibodeau et al. 1993; Oki et al. 1999).

This is one of the causes of the so-called hereditary nonpolyposis colorectal cancer
(HNPCC).8 The morphological progression is similar to the standard one, but with
differences in mutations and rates of progression and patients present an adenoma to
carcinoma ratio of about 1:1 (Jass et al. 2002a,b).

We remark that HNPCC are characterized by a series of later mutations that are
other than the classical pathways (Jass et al. 2002b).

2.4.3 Hypermethylation-derived CRC

Some colorectal cancers accumulate modifications in gene expression through the
aberrant methylation of promoter region CpG island, which can influence various
regulatory processes (Toyota et al. 1999). In some cases the hypermethylation induces
the silencing of MMR, thus causing the reduction of the apoptosis rate followed by an
increase in the rate of somatic mutations (Jass et al. 2002a). As a consequence 95 % of
the crypt foci are hyperplastic and serrated and the remaining ones are dysplastic and

8 Notice that Lynch syndrome, a particular hereditary disorder that is highly correlated with the risk of
development of colorectal and other cancers at an early age, is often used as synonym of HNPCC.
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without serration. In this case there is lack of chromosomal instability. In some other
cases, there is no MSI and it is supposed that hypermethylation knocks out different
DNA repair genes (Jass et al. 2002a), which would lead to rapid evolution of dysplastic
serrated adenomas to carcinomas.

2.4.4 Other features of CRC

Recent findings point to stem cells as the cells from which tumors originate: the
mutation of APC in stem cells may drive them toward a mutated state, according to
which they would remain confined at the bottom of the crypt, while fueling the growth
of micro-adenomas, which in turn would grow to their macro-form in a few weeks
(Barker et al. 2009).

There are several other signaling pathways involved in the CRC development and,
for lack of space, we just cite a few of the most important: bone morphogenetic proteins
(BMP) and the hedgehog signal transduction pathway (given that the correlated auto-
crine/paracrine activation seems to be essential for tumor growth).

3 List of the essential phenomena in intestinal crypts

Here, we report a schematic list of the main phenomena which occur in the intestinal
colonic crypts and which are object of the computational and mathematical modeling.

Normal tissue (Wong 2004; Crosnier et al. 2006 and further references therein)

• General major phenomena
– General homeostasis.
– Differential adhesion phenomena.
– Apoptosis of differentiated cells (Adams and Cory 2007).9

– Epithelial-mesenchyme interactions (Kedinger et al. 1986).
– Immune surveillance.

• Cell positioning and movement (dynamic turnover)
– Coordinate migration of cells in transit amplifying stage from the stem cell

niche (in the lower part of the crypt) toward the top of the crypt (with the
exception of Paneth cells, which move downward).

– Cell sorting and hierarchical stratification.
– Stem cell niche maintenance.
– Dispersion of differentiated cells at the top of the crypts into the intestinal

lumen.
• Cell differentiation processes

– Presence of distinct lineage commitment fates

9 Known to represent a barrier to cancer development.
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– Gradual differentiation of the stem cell progeny through transit amplifying
stages, up to the completely differentiated stages, by means of several post-
mitotic differentiation events.

– Dynamics of clonal competition (Thirlwell et al. 2010).
• Intra- and inter-cellular pathways

– Gene regulatory networks dynamics.
– Signaling pathways dynamics (e.g. Wnt, Notch, Eph/ephrins, Hedgehog,

PDGF,10 BMP, etc.).
– Intercellular communication and paracrine signaling.
– Other metabolic pathways involved in the normal development and activity

of the crypt.

Transformed tissue (Hanahan and Weinberg 2011 and further references therein).

• General major phenomena
– Disruption of normal cell growth-and-division cycle and consequent interrup-

tion of general homeostasis.
– Sustenance of chronic inflammation (Coussens and Werb 2002).
– Avoidance of immune surveillance (Vajdic and Leeuwen 2009).
– Disabling of apoptosis/senescence/autophagy mechanisms and activation of

replicative immortality (through telomerase expression).
– Disabling of contact inhibition mechanisms (which regulates proliferation).

• Aberrant cell types and modification in the differentiation process
– Emergence of different tumor cell types.
– Clonal heterogeneity (or polyclonality) (Thirlwell et al. 2010).
– Presence of cancer stem cells (CSCs) (Reya et al. 2001).

• Mutations and alteration of pathways
– Modification of various signaling pathways (Lemmon and Schlessinger 2010;

Witsch et al. 2010 and references therein), such as: mitogenetic signaling, auto-
crine proliferative stimulation, negative feedback loops (e.g. Ras oncoprotein),
ligand-receptor signaling (e.g. Notch, Neuropilin, Robo, Eph-A/B), TGF-Beta
induced epithelial-to-mesenchyme transition (EMT) pathway (Ikushima and
Miyazono 2010), etc.

– Alterations in other key metabolic pathways, e.g. aerobic glycolysis, etc.
– Genomic instability and genetic (somatic) mutations.
– DNA hypermethylation or other epigenetic mutations.

• Interaction with other tissues and organs of the organism
– Vascularization angiogenesis and related processes, such as: angiogenetic

switch activation (Hanahan and Folkman 1996) and VEGF-A and TSP-1
mutations (Ras, Myc).

– Invasion of the stroma and consequent interactions between the neoplastic and
stromal cells within a tumor and the dynamic extracellular matrix that they
shape (Egeblad et al. 2010).

– Activation of invasion and metastasis (Talmadge and Fidler 2010).

10 Platelet-Derived Growth Factors.
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4 Classes of mathematical and computational models

The up-to-date computational models that can be used to describe the dynamics of
intestinal crypt and the development of the colorectal cancer can be categorized into
three broad categories:

• Spatial models: models that describe the spatial location of each individual cell;
they can be further classified into two classes: in-lattice (or grid)-models and
off-lattice (or lattice-free) models (see Sects. 5 and 6).

• Compartmental models: models that only describe the transition between cell
types independently of their relative position in the crypt (Bjerknes 1996; Boman
et al. 2001; Paulus et al. 1992).

• Non-spatial stochastic models: this category includes a wide range of models
developed for specific purposes, such as the investigation of the consequences
of APC hits, the analysis of the role of genetic instability or the prediction of
colorectal cancer development starting from epidemiological data (Luebeck and
Moolgavkar 2002; Nowak et al. 2002b; Komarova et al. 2003; Nowak et al. 2003;
Komarova and Wodarz 2004; Komarova and Wang 2004; Wodarz and Komarova
2005; D’Onofrio and Tomlinson 2007; Di Garbo et al. 2010).

In this review, we will be focusing on the first category and we will describe in detail
the following classes of models:

• In-lattice (or grid) models,
• Off-lattice (or lattice-free) models.

The description of each model will start with an in-depth analysis of its under-
lying mathematical computational features. Next, each model will be followed by a
summary of its choice of parameters. Finally, we will describe how each model has
been validated and against which biological data and process, always being wary of
the“nature” of biological data and associated noise and of the particular goals of the
research group that devised it.

5 In-lattice (or grid) models

The first lattice models of crypt dynamics characterized the crypt as a rigid 2D-grid
(Loeffler et al. 1986, 1988; Paulus et al. 1993; Gerike et al. 1998; van Leeuwen et al.
2006). They relied upon a certain number of unphysical assumptions in order to sim-
plify the representation and make the computation feasible. Basically, they were built
under these simplifications: (a) the crypt is perfectly cylindrical in shape; (b) all cells
occupy an equal rectangular area on the basal lamina, as they are uniformly arranged in
pre-defined rows and columns; (c) migration takes place in cell-sized spatial steps; (d)
the insertion of newborn cell causes a column of cells to shift upwards, breaking many
cell–cell contacts; (e) cell motion is driven by mitotic pressure only: therefore migra-
tion stops only if cell proliferation is inhibited. The cylindrical crypt is opened and
rolled out and mapped onto a rectangular grid through periodic boundary conditions.
Each cell is labeled by its position on the grid and several other parameters. At discrete
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time steps, cells are supposed to move between predefined rows and columns on the
surface. When new cells are inserted into the grid according to pre-defined rules, a
cell displacement occurs.

The main problem with this kind of approach is that the insertion of each newborn
cell causes a whole column of cells to shift upwards, thus breaking many cell–cell
contacts. This is unrealistic as epithelial cells are known to be linked by tight cell–
cell junctions, forming a continuous network that prevents the lumen contents from
entering the body.

5.1 The Glazier–Graner–Hogeweg (GGH) or cellular Potts method (CPM) model

More realistic assumptions are, instead, at the basis of the models built upon the well-
known Glazier–Graner model (Graner and Glazier 1992, 1993) which, in turn, is based
on Potts statistical mechanics ferromagnetic spin model. Among these derived models,
the most important one is the so-called Glazier–Graner–Hogeweg Model (GGH).

The GGH model, also known as the Cellular Potts Model (CPM), is a mesoscopic
model for simulating cell and tissue dynamics, keeping individual cell identity. Glazier
and Graner first introduced the CPM to model and simulate cell re-arrangement by
differential adhesion driven by cell adhesion molecules and they succeeded in repro-
ducing cell sorting experiments. Here we briefly introduce the basic ideas underlying
this model, with particular regard to its application to the modeling of intestinal crypts
(following subsection).

The central input in the GGH model is the so-called effective energy, H ,11 which
is the Hamiltonian of the system, and which rules the behavior of the cells and the
interactions among them. The Hamiltonian includes the interactions between cells and
other cells and the extracellular matrix (ECM) and some constraints that determine
individual cell behaviors. The CPM was originally designed as a cell sorting model in
two-dimensional aggregates (Graner and Glazier 1992, 1993). The main idea was to
simulate cell re-arrangement using an extension of the two-dimensional Potts model
which allows for constraints in cell size and for different surface energies between
different cell types.

A collection of N cells is described by defining N degenerate spins σ(i, j) =
1, . . . , N , where (i, j) label a lattice site. A cell σ consists of all sites in the lattice
sharing the same value of spin. Cells form therefore domains (not necessarily simply
connected and, if so, not necessarily convex) on a two-dimensional lattice. Each spin
interacts with its nearest neighbors on a(n) (usually) square lattice. The corresponding
interaction energy (or Hamiltonian) takes the form

HPotts =
∑

(i, j),(i ′, j ′)neighbors

[
1 − δσ(i, j),σ (i ′, j ′)

]
, (1)

where δm,n is the Kronecker symbol. Clearly, according to (1), two interacting spins
want to line up in order to minimize the pair interaction energy: mismatched cou-

11 H is eventually accompanied by a subscript that is related to the involved interaction.
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plings between different cells have energy 1 and couplings between alike spins have
energy 0. The evolution of the domains representing individual cells include protru-
sions and retractions and it follows a Metropolis dynamics: at each step a lattice site is
selected at random and its spin is changed from σ to σ ′ with Monte Carlo probability

P
(
σ (i, j) → σ ′ (i, j)

) = min

{
1, exp

(
−ΔH

kT

)}
(2)

for kT > 0, and

P
(
σ (i, j) → σ ′ (i, j)

) =
⎧
⎨

⎩

0 if ΔH > 0
1
2 if ΔH = 0
1 if ΔH < 0

(3)

for kT = 0. Here T is the absolute temperature and k the Boltzmann constant. The fac-
tor kT gives account of the amplitude of the cell membrane (boundary) fluctuations.12

ΔH is the energy gain produced by the change. This energy driving mechanism needs
be supplied with additional components when the biological behavior has to be taken
into account properly.

First, biological cells have a generally fixed range of sizes, thus imposing a con-
straint on their spatial evolution. To this end, an elastic area constraint is added, repre-
senting the tendency of a cell to reach its fixed target size, given the possible variations
in the current size as a consequence of the overall dynamics. Moreover, differences
in contact energies between cells of different types influence the cell motion and
re-organization (on the basis of the so-called differential adhesion hypothesis, (DAH)
Steinberg 1962) and, thus, an additional cell label, the type τ , is introduced.

The above energy HPotts (1) turns into:

Hsort =
∑

(i, j),(i ′, j ′)neighbors

J
(
τ (σ (i, j)) , τ

(
σ
(
i ′, j ′

)))[
1 − δσ(i, j),σ (i ′, j ′)

]

+λ
∑

spin types σ

[
a (σ ) − Aτ(σ )

]2
θ(Aτ(σ )), (4)

where τ(σ ) is the type associated with the cell σ , J (τ, τ ′) is the surface energy between
spins of type τ and τ ′; λ is the strength of size constraint [the lower the value, the
easier it is to deform the cell’s membrane (boundary)], a(σ ) the current area of the cell
σ (dynamically evolving), and Aτ(σ ) the target area for cells of type τ . The area con-
straint penalizes the increase of the area and, at the same time, the surface energy wants
each cell to contain slightly fewer than Aτ(σ ) lattice sites. Biological aggregates are
also surrounded by a hosting fluid (ECM) which is usually marked with type τ = M:
at variance with the other cells, the medium has unconstrained area. Therefore, the
medium target area AM is set to be negative and the corresponding area constraint is
suppressed by including the Heaviside function θ(x) = {0 : x < 0; 1 : x > 0} in (4).

12 Above a critical fluctuation energy kTc cell dissociate, below this critical value spins coalesce into
compact cells.
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Fig. 3 Screenshot of a typical CompuCell3D simulation (http://www.compucell3d.org)

We remark that, given the properties of CPM, cell boundaries can crumple and
diffuse, and that there are fluctuations in local contact angles, as well as lattice anisot-
ropy, which can cause boundary pinning. Finite temperatures reduce the pinning, but
implicate thermal fluctuations in contact angles and boundary shapes. Besides, the
model does not distinguish among simply connected and multiply connected cells. At
zero temperature, if cells are simply connected in the initial condition, multiply con-
nected cells never occur, while at nonzero temperature surface fluctuations can create
multiply connected cells, irregular cell shapes and detached cell fragments (as one can
see in Figs. 3 and 4). In particular, cell boundaries can crumple if the temperature is
comparable to the boundary energy.

Since the dispersal and crumpling is a biologically unrealistic artifact of the model,
GGH make use of the annealing rule (i.e. kT = 0) of equation (3) by performing a
certain number of zero temperature annealing steps, after the simulation at nonzero
temperature.13 Annealing allows the lattice configuration to re-equilibrate, gradually
eliminating the crumpling effect on cell boundaries. Usually, in fact, after a simulation
at nonzero temperature there are many crumpled boundaries, with numerous nearby

13 GGH decide not to impose the nucleation of isolated heterotypic spins, to avoid the introduction of a
biologically unrealistic constraint, considered that biological cells moving via the extension of lamellipodia
usually implicates the loss of small tissue fragments and that the necking off of cell segments is common
during mitosis. However, in this way the possible appearance of multiple connected cells is not prevented.
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Fig. 4 Comparison between the outcome of three different simulations regarding an experiment of cell
sorting in a crypt, using CompuCell3D. The crypts are represented on a 50 × 100 cellular automaton with
periodic boundary condition on the x axis; the temperature is set to 30◦, the neighborhood order is equal
to 5. Cells are square-shaped and initially composed by 25 lattice sites. As in Wong et al. (2010) there are
7 cell types, Paneth cells (yellow, 30 cells in the initial conditions in case 1), stem cells (green, 30 cells),
cells in transit amplifying stage 1 (TA1, light orange, 30 cells), TA2 (orange, 30 cells), TA3 (dark orange,
20 cells), TA4 (red, 30 cells) and differentiated cells (blue, 30 cells). The contact energy is set as in Wong
et al. (2010) and the target area Aτ is set to 50 with λ in Eq. (4) equal to 2. No mitosis or differentiation
processes are simulated. In case 1, all the cells are sorted according to their actual position in the crypt (see
Sect. 2). The left figure represents the initial condition, while the right figure represents the state of the crypt
after 10000 Monte Carlo steps (MCS). In case 2, 20 % of the cells in the initial conditions are randomly
assigned among the 7 cell types. Also in this case, the two figures represent the state of the system at time
0 and at time 1000. In case 3, 40 % of the cells in the initial conditions are randomly assigned (color figure
online)

disconnected regions composed by a few spins. A few annealing steps14 makes most
of the defects disappear.

The actual values of the external parameters in (4), i. e. J (τ, τ ′), λ, Aτ , depend on
the biology of the system. For instance (see also below) the coupling constants J are
related to the adhesion and cohesion of cells which, in turn, depend on the receptor-
ligand concentration on the cell membrane. In this sense, the internal genetic machinery
of the cell determines the parameters entering the energy contributions in (4) so that
the cellular genetic regulation is implemented via phenomenological parameters. On
the other hand, these parameters are not accessible experimentally and this is one of the
criticisms usually addressed to CPM. Nevertheless, the CPM model has been fruitfully
employed to describe cell-sorting, cell positioning, re-arrangement and cell migration
in aggregates (Graner and Glazier 1992, 1993). More complex biological phenomena,
such as the development of the early stages of an embryo (i.e. blastulation) and the
mitosis have been introduced in Mombach et al. (1993).

Notice that the model can be easily extended to the three-dimensional case in a
straightforward way. Thus, in the general case the effective energy reads as

Hsort =
∑

x,x′neighbors

J (τ (σ (x)), τ (σ (x′)))[1 − δσ(x),σ (x′)]

14 Given that annealing removes defects, but also evolves the patterns, only a certain number of steps is
reasonable not to introduce possible biases in the simulation.
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+λ
∑

spin types σ

[a(σ ) − Aτ(σ )]2θ(Aτ(σ ))

+λ′ ∑

spin types σ

[v(σ ) − Vτ(σ )]2θ(Vτ(σ )), (5)

where the 3-dimensional vector x stands for a lattice site: in the simplest case of a
simple cubic lattice Z

3, x is a triplet of integers labeling a site where a spin is sited.
Aτ(σ ) now represents the surface (membrane) of the cell occupying the volume Vτ(σ ):
correspondingly λ is the resistance to membrane stretching and λ′ the resistance to
compression, Aτ(σ ) and a(σ ) the target and current membrane areas, Vτ(σ ) and v(σ )

the target and current cell volumes.
The corresponding transition probability is taken to be

P
(
σ (x) → σ ′ (x)

) =
{

exp
(
−ΔH+H0

kT

)
if ΔH > −H0

1 if ΔH < −H0

}

= min

{
1, exp

(
−ΔH + H0

kT

)}
(6)

where H0 ≥ 0 is an energy threshold which models viscous dissipation and energy
loss during bond breakage and formation (Merks and Glazier 2005; Hogeweg 2000).

It is important to remark that CPM has shown to be rather versatile in describ-
ing patterning in biological tissues (Savill and Sherratt 2003), cancer cell metastasis
(Turner and Sherratt 2002), and vasculogenesis (Merks et al. 2006). In the following,
we describe the applications of CPM to colonic crypts.

Parameters setting and validation

The simulations concerning the variation of the configuration of the lattice were
successfully compared with experiments on the formation of cell patterns during the
sexual maturation of avian oviduct (Honda et al. 1986) and with experiments regard-
ing the slug phase of the slime mold Dictyostelium discoideum (Takeuchi et al. 1988;
Takeuchi and Tasaka 1989). The other main results were validated through the com-
parison with the experiments in (Honda et al. 1986) (cell patterning), (Steimberg and
Garrod 1975; Nicol and Garrod 1979, 1982; Technau and Holstein 1992) (cell sorting),
Gierer et al. (1972) (incomplete bulk sorting), (Jouanneau et al. 1992) (cell rigidity),
(Armstrong 1989; Thomas and Yancey 1988) (engulfment and adhesion hyphotesis),
(Armstrong and Parenti 1972; McClay and Ettensohn 1987) (incomplete sorting).

5.2 The Wong model: the application of CPM to intestinal crypts modeling

Recently, Wong et al. (2010), applied the CPM to the cell sorting and re-arrangement
problem in the intestinal crypt epithelium.

Wong et al. (2010) have shown that differential adhesion between epithelial
cells, triggered by the differential activation of EphB receptors and ephrinB ligands

123



Spatial computational models of intestinal crypts: a review 1427

(see Sect. 2) along is necessary in order to regulate cell positioning. Their model
couples EphB/ephrinB interaction with crypt cell dynamics via CPM. EphB/ephrinB
interaction is assumed to regulate the cell adhesion parameters J (τ, τ ′) within the
CPM effective energy Hsort [(4) and (5)]. Previous studies (Graner and Glazier 1992,
1993; Turner and Sherratt 2002) showed that differential adhesion alone is sufficient
to govern cell re-arrangement and cell sorting. When cells of different adhesive prop-
erties are mixed together, cells with weaker binding tend to be displaced/driven by
those with stronger adhesiveness. For instance, if two types of cells are mixed and one
has stronger binding than the other, then the cells with stronger adhesion will cluster
at the center of the aggregate, while the cells with weaker adhesion will remain at the
periphery of the aggregate.

Here we briefly review the results has been obtained in Wong et al. (2010). Wong
et al. used a 2D lattice model of CPM type to describe the dynamics of the crypt cells.
More specifically, they represented the crypt as a cylindrical surface rolled out onto a
plane with imposed periodic boundary conditions, thus ending up with a 2D rectangular
lattice. They used the effective energy (4) and they assumed that cells belong to seven
different types: Paneth cell (P), stem cell (S), four generations of transit-amplifying
cells (TA1, TA2, TA3, TA4) and differentiated post-mitotic cell (D). The correspond-
ing matrix of coupling constants J (τ, τ ′) is provided in Fig. 2 of Wong et al. (2010).

Wong et al. considered cell growth and division in their simulation study. At divi-
sion, every cell splits into two cells: a stem cell divides into another stem cell and into
a TA1, a TA1 cell divides into two TA2 and so on, a TA4 cell divides into two D cells.

The division dynamics occurs as follows: after a predefined time lapse the target
area is automatically doubled; accordingly, because of the elastic area constraint in
the effective energy Hsort (4), the current area adapts to the new target quasi-instan-
taneously and the cell splits in two new cells. One of the two cells keeps the type
of the progenitor, the other one changes identity according to the supposed lineage
specification. Once that a specific cell reaches the top of the lattice, because of the
mitotic pressure, it is expelled from the system and this is the way how the dynamic
turnover is accomplished in the model.

In order to keep stem cells at their original initial positions, Wong et al. added an
anchoring energy to the CPM hamiltonian (4)

HS =
∑

(i, j)

Jniche
(
1 − δMi j ,τ (σ (i, j))

)
(7)

where Jniche is the adhesion energy (anchoring) between the cell and the initial stem cell
position, recorded in Mi j .15 The entries of the coupling matrix J (τ, τ ′) are supposed
to be strictly connected with the spatial gradients of proteins present in the intestinal
crypt (i.e. EphB and ephrinB), as the location of a cell in the crypt is related to its
differentiation stage and hence to the type. Notice that the gradients are supposed to
be assigned, i.e. EphB2 expression decreases towards the top, while ephrinB1 and
ephrinB2 ones decrease towards the bottom of the crypt (Fig. 1). In particular, a high
level of EphB receptor activation by ephrinB reduces cell adhesion and vice-versa.

15 If (i, j) corresponds to a stem cell, that is τ(σ (i, j)) = S, then Mi j = S.
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As the expression of ephrinB increases and that of EphB decreases from the bottom to
the top, differentiated cells at the upper part of the crypt have a high concentration of
ephrinB and the lowest expression of EphB and accordingly J (S,D) > J (S,TA4) >

· · · > J (S,P) > J (S,S), and so on for the other entries of J (τ, τ ′).
All the assumptions above about the model that Wong et al. have set in their com-

putation are meant to reproduce appropriately the correct cell positioning and sorting
as observed experimentally in the crypt. They also performed studies of the sensitivity
upon varying the surface energies J (τ, τ ′) and they found a certain general robustness.
They concluded that, according to their model, differential adhesion regulates posi-
tioning of cells. Moreover, they found that cells migrate vertically towards the top of
the crypt and this motion is coordinated, leading to the maintenance of the homeostasis
of the entire crypt system.

Nevertheless, we must point out that, in general, spatial patterns can derive as a con-
sequence of reaction and diffusion processes taking place among cells and concerning
the exchange of nutrients and other signals (see, e.g., Greenberg et al. 1978; Bunow
et al. 1980; Koga and Kuramoto 1980; Othmer and Pate 1980; Grindrod 1991). In a way,
the cell arrangement is also the result of an equilibrium in reaction and diffusion mecha-
nisms and the assumption on the gradients of proteins should actually be an outcome of
this overall equilibrium. For example, chemotaxis can be incorporated in CPM model
to investigate the role of chemoattractant concentration in directional cell sorting.

Parameters setting and validation

The distribution of stem cell is based on the scenarios proposed in Potten et al. (1997)
and Barker et al. (2007), while the adhesion energy matrix is based on the experimen-
tal results in Poliakov et al. (2004) and in those mentioned in Wilkinson (2003) and
further references therein.

The results on cell migration and cell patterning were verified with the comparison
with the in vivo experiments presented in Winton et al. (1988) and with the experimen-
tal studies in Batlle et al. (2002) and Clevers and Battle (2006), the re-distribution of
proliferative cells was compared with the observations in Holmberg et al. (2006), the
speed of the directed migration in simulations was confirmed through the comparison
with the experiments in Tsubouchi (1983), the coordinated migration was compared
to the results in Haga et al. (2005), while the results concerning cell homeostasis were
proven to be consistent with experimental observations in Meineke et al. (2001).

A digression on stem cell dynamical organization

It is worth noticing that in Wong’s simulation study, cell division is symmetric, i.e.
daughter cells have the same identity, for all cell type but the stem cells. For these latter
the division is actually assumed to be asymmetric and it leads to a stem cell and a TA1
cell. Intrinsic division asymmetry is actually the most popular view on how stem cell
populations accomplish homeostasis. Such an assumption falls within the so-called
hierarchical models. Alternative assumptions are available in literature and are the
subject of intense research activity which points at studying the stem cell organization
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and dynamics in small intestine and colon. Actually, recent studies (Snippert et al.
2010) have shown that most stem (Lgr5) cell divisions occur symmetrically and do
not support a model in which two daughter cells resulting from a stem cell division
adopt divergent fates. The corresponding cellular dynamics has been shown (Lopez-
Garcia et al. 2010) to be consistent with a model in which the basal stem cells double
their number each day and stochastically follow stem or TA fates. Accordingly, cell
fate is determined by competition for available niche space at the crypt base so that
homeostatic stem cell maintenance is guaranteed by a neutral competition between
equal stem cells occurring at the population level and not at the level of a single cell.
In the stem cell population, cell loss is compensated by the multiplication of a neigh-
boring cell, leading to a neutral drift dynamics in which clones expand and contract
randomly, until they migrate upwards in the crypt and keep differentiating or migrate
downward and become Paneth cells. The rate of stem cell replacement is comparable
to the cell division time, thus entailing that drift and symmetrical division are funda-
mental for stem cell homeostasis. The chance of finding a persisting clone with a size
larger than n stem cells at a time t obeys a scaling relation

Pn(t) = f

(
n

〈n(t)〉
)

, (8)

where f (.) is a characteristic scaling function and 〈n(t)〉 denotes the average clone
size. Calculations have shown that f (x) = exp (−πx2

4 ) (Lopez-Garcia et al. 2010).
The scaling behaviour entails that stem cells form a single functionally equivalent
group and the entire drift dynamics tends to monoclonality. On the experimental side,
the migration streams of intestinal cells on the close villi have been used to analyze
indirectly the dynamics of the underlying stem cell compartments. On the mathemati-
cal side, theoretical predictions are made on the basis of a one-dimensional coalescing
random walk (Lopez-Garcia et al. 2010). Moreover, recent additional studies (Sato
et al. 2011) suggest that Paneth cells may function as niche-supporting cells. After
symmetrical division, stem cells undergo neutral competition for contact with Paneth
cells surface. When detached, cells loose access to short-range signals that maintain
their stemness and start migrating and differentiating along the crypt axis.

Notice that other distinct hypotheses on stem cell properties and organization have
been recently proposed and corroborated by an increasing number of experimental
evidences.

In particular, according to Roeder, Loeffler and others (Roeder and Loeffler 2002;
Glauche et al. 2007; Roeder et al. 2007), it is possible to understand stem cell orga-
nization (in particular, of hematopoietic stem cells) without specific assumptions on
unidirectional developmental hierarchies, preprogrammed asymmetric division events
or particular assumptions regarding a predetermined stem cell entity. The idea is to
interpret stem cells as nonhierarchical self-organizing dynamical systems and “stem-
ness” not as an explicit cellular property, but as the result of a dynamical process
depending on individual cell potential and microenvironmental influence. Basically,
the properties of stem cells are considered to permanently fluctuate, with some cells
sometimes encountering a process of clonal expansion. In this regard, stem cells
would be selected and modified in response to cell–cell and cell–microenvironment
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interactions on the basis of their potential and flexibility, rather than being special-
ized a priori. This hypothesis has proven effective in explaining various observed
properties of stem cells, e.g., the capability to proliferate, differentiate and self-
renew, the functional heterogeneity, the microenvironment dependency of stem cell
quality, the reversibility of cellular properties, the self-organized regeneration after
damage, the fluctuating activity and competition of stem cell clones, etc.

Also according to Zipori (2004) stem cells are characterized by highly promiscuous
gene-expression patterns, hinting at stemness not as a specific entity, while rather as
a state that can be assumed by any cell and related to the capacity to renew and to
differentiate into many cell types. In this regard, there can be transitions between the
stem and proliferative states and, even if the transition to differentiation reduces the
potential to return to the other states, some differentiated cells might indeed revert to
the stem state, suggesting important reversibility and flexibility features of cell fate
decision processes.

Further developments. As discussed in Sect. 2.4, the importance of studying stem cell
dynamical organization and its strict connection with the sorting dynamics of the crypt
resides in the fundamental role that this aspect has for understanding carcinogenesis
in colonic crypts (Barker et al. 2009). In light of the above, it is then reasonable to
conceive a further improvement of Wong model in order to account for the homeostatic
maintanence of stem cell compartment in the CPM lattice cell discretization and to
put it inline with the homeostasis of the entire crypt system.

Besides, we remark that the interpretation of stem cells as self-organizing dynami-
cal systems as that proposed by Roeder, Loeffler, Zipori and other is indeed consistent
with that at the base of the multiscale model of intestinal crypt dynamics in phase of
development (Graudenzi et al. 2012) and briefly introduced in the conclusions.

5.3 Other extensions of the CPM model

In real biological systems the overall dynamics and homeostasis are ruled by a com-
plex interplay between intra- and inter-cellular processes, with particular regard to
chemotaxis, signaling pathways, gene regulation, food availability, etc. In this regard,
several developments of the CPM model have been designed in the course of time in
order to provide a fine description of these specific mechanisms. We will cite a few of
the most important.

5.3.1 Chemotaxis

Savill and Hogeweg (1997) provided a hybrid extension of the CPM in order to
model chemotaxis. To this end, one needs to introduce the concentration field c(x, t)
(t denotes the time) of the chemoattractant chemical, upon discretizing it over the
CPM lattice. The dynamics of c is then defined by a set of ordinary differential equa-
tions (ODEs) describing the internalization dynamical processes of cell’s secretion
and absorption of the chemical, and a set of partial differential equations (PDEs)
that describe the spatial diffusion and decay of the chemical, ignoring advection.
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Accordingly, in order to make cells move preferentially up chemoattractant gradients,
in Savill and Hogeweg (1997) the authors add a term in the CPM effective energy (5)
ending up with a hamiltonian of the form

H ′ = Hsort − μ
∑

x,x′

c(x, t)

sc(x, t) + 1

[
1 − δσ(x),σ (x′)

]
, (9)

where μ is a degree of chemotactic response of the cell: it can be either positive (chemo-
attractant) or negative (chemorepellent). The additional term comes from the standard
Michaelis-Menten (1913) model and in Savill and Hogeweg (1997) s, a Michaelis-
Menten constant, is taken to be vanishing, so that the change in energy for the Monte
Carlo simulation would be

ΔH ′ = ΔHsort − μ
∑

x,x′
Δc(x, x′, t)

[
1 − δσ(x),σ (x′)

]
(10)

where Δc(x, x′, t) = c(x, t) − c(x′, t) is the difference in the concentration of the
chemoattractant between two neighboring sites of the lattice. When the sites x and
x′ belong to the same cell then the additional terms in (10) do not play any role in
determining the gain or loss of effective energy and, in turn, the probability of tran-
sition (copying) of one site into the other. Otherwise, the change in energy (whether
positive or negative) depends on the local difference in the concentration c and on the
sign of μ. The cell’s motion is biased up or down a field gradient by changing the
calculated effective energy change used in the Monte Carlo probability (6).

In practice, the actual occurrence of transition depends on μ and Δc: if μ > 0
and c(x, t) > c(x′, t), then the change in energy due to the chemotaxis energy term
(10) is negative, increasing the probability (6) of accepting the copy of the spin. The
net effect is that the corresponding cell moves up the field c gradient with velocity
μ∇c. If μ < 0, the cell will move down the field gradient. As for the values of the
concentration field c over the lattice, these are determined by a reaction-diffusion-type
partial differential equation of the form

∂c(x, t)

∂t
= div(D(x)∇c(x, t)) − k(x)c(x, t) + s(x) (11)

where D(x), k(x), s(x) denote respectively the diffusion coefficient, the decay coef-
ficient and the secretion rate. D(x), k(x), s(x) may vary with position and cell-lattice
configuration.

In more detail, in Savill and Hogeweg (1997) the authors studied the chemotaxis of
the chemical attractant cAMP by using a simplified model based on Fitzhugh–Nagumo
equations for the production, diffusion, secretion and absorption of the chemical.16

16 Notice that the complex intracellular dynamics can be more accurately described by a more complicated
system of ODEs, as proposed in Martiel and Goldbeter (1987) with a model based on the receptor desen-
sitization for cAMP signaling, which is effective in accounting for experimentally observed phenomena,
such as oscillations, excitability and adaptation.
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As a result, in Savill and Hogeweg (1997) it was shown that the interplay among
the production of cAMP, the chemotaxis to cAMP and the cellular adhesion processes
causes the cells in a 3D lattice to spatially self-organize leading to the complex behav-
ior of stream and mound formation, cell sorting and slug migration all without any
change of parameters during the complete morphogenetic process.

Parameters setting and validation

The setting of the simulations is based on cell fate and cell differentiation hypotheses
(Wang and Schaap 1989; Zimmerman and Weijer 1993).

The results on cell sorting were validated through the comparison with the experi-
ments in Springer and Barondes (1978), Sternfeld (1979) and Sekimura and Kobuchi
(1986), while the results on slug migration with the experiments in Siegert and Weijer
(1992).

5.3.2 Further spatial constraints

In Hogeweg (2000) introduced cell death by squeezing: depending on the surface bond
energies J (τ, τ ′) and on the elasticity coefficients λ, λ′, a cell may be reduced to zero
volume, i.e. it may die. She also introduced cell growth by stretching and volume-trig-
gered cell division (a mechanism which is similar to the one employed by Wong et al.):
when the actual size of a cell v(σ ) exceeds the target size Vτ(σ ) plus a threshold, the
target volume is increased and when it has become twice the reference cell size the
cell divides.

Parameters setting and validation

The rules for cell growth and divisions are based on experimental observations on
stretch and squeeze in relation to cell growth and apoptosis (Chen 1997; Ruoslahti
1997).

5.3.3 Introducing gene regulatory networks

Hogeweg (2000, 2002) modelled cell differentiation by using the state of a Boolean
network, a simple model of the genetic regulatory network, with inputs from neigh-
boring cells, combined with a simple lock-and-key model of cell adhesion molecules
in order to determine the bond-energies J (τ, τ ′). She modeled in this way the role of
cell adhesion molecules in inter-cellular signaling. The network served as a model of
gene regulation, intercellular signaling and differentiation as well. Cell differentiation
occurs through induction by neighboring cells.

The bond-energies can be modified, in real biotic systems, by peripheral processes,
e.g. receptor clustering. Hogeweg’s model of differentiation can also partly model
peripheral processes even though her Boolean network is verbally meant to be a

123



Spatial computational models of intestinal crypts: a review 1433

gene-regulation network. As we have seen above for Wong et al.’s model of crypt
dynamics, alternative methods for cell differentiation simply use prescheduled type
(τ ) changes of the cells.

5.3.4 Introducing signaling pathways

Savill and Sherratt (2003) incorporated in CPM a sub-cellular model of membrane-
bound Delta–Notch signaling and combined it with a discrete-state differentiation
model to explore the ability of several hypothetical scenarios to explain clustering
and adhesion of stem cells. They use a system of simultaneous ODEs defined on the
boundaries of stem cells with neighboring stem cells. In detail, these ODEs govern the
evolution of the Delta expression on the boundaries of stem cells and the evolution of
the bound Notch receptor (Delta–Notch complex) on the surface at each pixel. These
equations account for several phenomena: (a) the background production rate of Delta
in each cell, (b) the production rate of Delta induced by the level of Notch activation
in each cell, (c) the reaction rate of Delta in each cell with free Notch on neighbour-
ing cells, (d) the disassociation rate of the Delta–Notch complex, (e) the decay rate of
Delta, (f) the reaction rate of Delta on neighbouring cells with free Notch in the cell, (g)
the disassociation rate of the Delta–Notch complex and finally (h) the internalization
rate of bound Notch.

Parameters setting and validation

The stem and transit-amplifying cell-cycle times, as well as the time that a committed
cell resides in the basal layer are taken from experiments of human keratinocytes
(Dover and Potten 1988).

The general rules for active cluster size control via regulation of differentiation have
been (partially) validated by integrating the results on: over-expression of Delta–Notch
(Lowell et al. 2000), average cell division time (Dover and Potten 1988), average time
of irreversible commitment to differentiation (Adams and Watt 1989), adhesiveness
properties (Jensen et al. 1999) and lateral-induction (Lewis 1998).

5.4 Shirinifard’s model: a CPM-based model for tumor development

Many distinct processes, mechanisms and phenomena are essential for a possi-
bly exhaustive and coherent description of multicellular systems as, for instance,
chemotaxis or nutrients uptake. To this end, CPM reveals a certain degree of flexibility
by allowing for the inclusion of multiple biological mechanisms and, accordingly, of
multiple PDEs modeling them. Here, we limit ourselves to remark, as an example,
that the hybrid model CPM-PDEs has been further extended recently to model three-
dimensional multicellular systems including vascular tumor growth and angiogenesis
in Shirinifard et al. (2009). To the best of our knowledge, no applications in this sense
have been considered yet to crypt dynamics and colon rectal cancer.

Shirinifard et al.’s model consists of a 3D multicellular simulation of vascular tumor
growth and it can be extended to describe more specific vascular tumor types and
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hosting tissues (the extracellular matrix ECM in the terminology of CPM). The model
contains tumor cells and endothelial cells (EC). These latter can be of two types: vascu-
lar and neovascular. All types are associated with different behaviors and properties.
Moreover, three fields are included: partial pressure of oxygen P(x, t), long-diffusing
pro-angiogenic factor VEGF-A V (x, t) and short-diffusing chemoattractant c(x, t).
All these fields are discretized over the CPM grid.

The model contains three tumor-cell types: normal, hypoxic, necrotic and normal
and hypoxic ones are referred to as tumor cells. Normal cells turn into hypoxic when
the oxygen partial pressure P(x, t) is below a threshold value p1 and they can turn
into necrotic below a second threshold value p2 < p1. All the three types of tumor
cells and both vascular and neovascular cells enter the GGH effective energy model
(5) and they thus call for bond-energies J (τ, τ ′) in order to make them interact with
neighboring cells in the hosting tissue. Tumor cells are supposed to take up oxygen and
proliferate according to a Michaelis-Menten-type law for the rate of the corresponding
target volume

dVtumor

dt
= g P(xc, t)

p0 + P(xc, t)
, (12)

where xc is the center of mass of the tumor cell (obtained by using the site coordinates
belonging to the cell), p0 a prescribed constant and g is a growth rate constant (the
previous assumptions being based on theoretical considerations only). As described
above, the division of a cell occurs when the current volume doubles. Necrotic cells
are supposed to disappear from the system according to a decay law

dVnecrotic

dt
= −kn < 0, (13)

where Vnecrotic is the target volume of necrotic cells.
In the model the pro-angiogenic factor VEGF-A is incorporated and described by

the concentration field V (x, t). The dynamics of this field is described by a PDE of
the form as in Eq. (11), i. e.:

∂V (x, t)

∂t
= −εV V (x, t) + δ(τ (σ (x)), hypoxic)αV V (x, t) + DV ∇2V (x, t) (14)

where now δ(τ (σ (x)), hypoxic) = 1 at the lattice sites belonging to hypoxic cells
and it vanishes elsewhere, meaning that hypoxic cells secrete VEGF-A (at a constant
normalized rate αV = 1), while over all the cells of the lattice VEGF-A diffuses
with diffusion constant DV and decays at a rate εV .17 Hypoxic cells stops secreting
VEGF-A factor and become normal whenever P(x, t) > p1 and become necrotic
when P(x, t) < p2 when they start dying. The dynamics of P(x, t) is governed by a

17 ∇2 represents the laplacian operator.
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PDE of the same type as in (14), i.e. it evolves as follows

∂ P(x, t)

∂t
= − min

{
εtissue

0 P(x, t), O tissue
max

}
δ(τ (σ (x)), ECM)

− min
{
εtumor

0 P(x, t), O tumor
max

}
δ(τ (σ (x)), tumor)

+D0∇2 P(x, t). (15)

Here, εtissue
0 and εtumor

0 are, respectively, the oxygen consumption rate for the hosting
tissue (ECM) and for both normal and hypoxic cells. O tissue

max and O tumor
max represent

the maximum saturation rates for the tissue and the tumor cells, respectively; D0 is a
diffusion coefficient.

In turn, neovascular cells are categorized into subtypes: inactive and active. Vascu-
lar cells form a capillary-like network, i.e. the mature vasculature, whose integrity is
maintained by an elastic energy of harmonic springs connecting their centers of mass:
connectivity between neighboring vascular cells is lost when a threshold inter-distance
is reached. Inactive neovascular cells have the same behavior as vascular ones with
the additional property that above a threshold value V0 of the VEGF-A field V (x, t)
they turn into active neovascular cells and start proliferating. Moreover contact-inhib-
ited growth of neovascular cells is accounted for by stipulating that under a threshold
contact area with other cells their target volume increases according to

dVτ(σ )

dt
= GνV (xc, t)

nV0 + V (xc, t)
(16)

where τ(σ ) = neovascular, n is a scaling constant and Gν the maximum growth rate.
Active neovascular cells can chemotax up gradients of V (x, t). The chemotaxis up to
gradients of V (x, t) is modelled by a Hogeweg term of the type in Eq. (9) with respect
to the field V (x, t) at the boundaries of active neovascular cells

ΔHchemotaxis = [
μ(x) − μ(x′)

] [ V (x, t)

sV0 + V (x, t)
− V (x′, t)

sV0 + V (x′, t)

]
, (17)

and ΔHchemotaxis = 0 at the boundaries between two endothelial cells.
Equation (15) accounts for diffusion of oxygen over the system (CPM grid) and

consumption of it in ECM and tumor cells. Vascular and neovascular cells consume
and supply oxygen, acting as sources with constant oxygen pressure defined as follows

PEC (x) = Pvascular
blood δ (τ (σ (x)) , vascular)

+Pneovascular
blood δ (τ (σ (x)) , neovascular) , (18)

where Pvascular
blood is the oxygen partial pressure in the preexisting capillaries and

Pneovascular
blood is the oxygen partial pressure in tumor-induced vasculature.

Growth and chemotaxis of active neovascular cells up gradients of VEGF-A
generate a dispersed growing population of neovascular cells rather than a capil-
lary-like network pattern as for vascular cells. On the other hand, in order to favor
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self-organization of endothelial cells (vascular and neovascular), the model also
includes chemotaxis to a very short-diffusing chemoattractant represented by the field
c(x, t). Accordingly, endothelial cells tend to self-organize themselves into capillary-
like networks, thus pointing at preserving the preexisting structure. The corresponding
PDE is a specialization of (11), i.e.

∂c(x, t)

∂t
= αcδ(τ (σ (x)), EC) − εcc(x, t) [1 − δ(τ (σ (x)), EC)]

+Dc∇2c(x, t), (19)

where αc is the secretion rate constant (effective for endothelial cells only), εc is a
constant rate at which the chemoattractant degrades outside the domain of endothelial
cells and Dc the constant rate at which the chemoattractant c(x, t) diffuses everywhere.
Accordingly, an energy term is added to Hsort (5) of the same type as in (9).

The balance of all the above mechanisms dictates the dynamics of the system and
describes the growth and the morphology (from spherical to cylindrical shape, to other
possible shapes) of the vascular tumor domain around the vasculature network and
possibly the breakdown (damage) of the network itself (see Shirinifard et al. 2009).

Parameters setting and validation

Some key parameters of the model were set on experimental data from (Burgess 1997;
Fotos et al. 2006) (cell movement and speed), (Serini et al. 2003) (diffusion constants).

The observation regarding the growth of avascular tumors were compared with
(Fischer et al. 2005) while other results were compared with distinct computational
models (Zheng et al. 2005; Macklin et al. 2009).

Further developments

The above additional mechanisms are just some examples of implementation of a line
of thought in mathematical and computational modeling that consists in “appending”
several additional discretized fields to the basic CPM, thus extending its potentialities
in applications. In this sense, Wong et al.’s model could be further extended to include
nutrients’ uptake (oxygen and glucose) in colonic crypt dynamics. This is work in
progress and we plan to report about it in due course.

5.5 Computational tools based on the CPM: CompuCell3D

In Sect. 7, we will collect information about software and tools available for the various
models object of this review. Here, we focus on one of them, related to CPM model.

There are several systems that implement the basic CPM with various extensions.
Two of them are BioCellSim (Harrison 2010) and CompuCell3D (http://www.
compucell3d.org). CompuCell3D is the software built by Glazier’s group and is
the one we used the most in our initial experimentation.
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CompuCell3D is an open source tool that, as the website states, is mainly used
to “study cellular behavior”. The tool is presented as a partial differential equation
solver, which is a description of the general capabilities of the Potts-model solvers.

CompuCell3D has a C++ core wrapped with Python scripting code in order to ease
the process of writing extensions and plugins. As an example of its versatility, Com-
pucell3d has been recently tied to the roadRunner reaction simulation module of
the Systems Biology Workbench (SBW) (cfr. the http://www.sys-bio.org site).

We used CompuCell3D for the simulation of a de-novo simplified model of crypt
(i.e., we did not re-use the examples provided by the CompuCell3D distribution).
To this end we based the main settings of the system on the data from Wong et al.
(2010), with the basic goal of reproducing the cell sorting phenomenon. In particular,
we simulated a cylindrical crypt on a 2D automaton with periodic boundary condition
(on the x-axis), in which any (biological) cell is composed (in the initial condition)
by a standard number of lattice sites and is characterized by a specific cell type. The
dynamics is only due to the contact energies between different cell types (as taken
from the energy contact matrix in Fig. 2 of Wong et al. 2010) and to an area constraint.
No mitosis or differentiation processes are modeled in this case.

We performed three experiments and reported the outcome in Fig. 4. In the dif-
ferent experiments the crypts are characterized by distinct initial conditions for what
concerns the position of the cells (the other features are common and fixed, see the
caption of Fig. 4). In detail, in the first case (that is the control case) we positioned
the cells as they are supposed to reside within real crypts, i.e. Paneth and stem cells
in the lower bands, transit amplifying stage cells in the middle part and differentiated
cells in the upper section. In the second (respectively third) experiment a random cell
type is assigned to 20 % (respectively 40 %) of the cells (randomly chosen).

Looking at Fig. 4, we can observe that in the first case, as expected, the stratified
positioning of the cell types is maintained in the course of the simulation (which
lasts 10000 Monte Carlo steps18). It is interesting to notice that even if we assign to
20 % of the cells a random cell type in the initial condition, the sorting of the cell
types keeps almost unchanged. Furthermore, even with a 40 % of cells characterized
by a random cell type (in the initial condition), the sorting among cell types is only
partially affected, for instance in regard to the appearance of minor invaginations of
cells belonging to a specific cell type within the band of another one.

This outcome would suggest a substantial robustness of the cell sorting phenomenon
even when exclusively based on differential adhesion properties.

6 Off-lattice (or lattice-free) models

1-, 2- and 3-dimensional off-lattice models of cell sorting in intestinal crypts and other
biological systems have been developed over the years. Among them, there are several
variants, mostly depending on the topological and geometrical representations used,
other than simple discrete lattice. Some representations use a center-based approach,

18 Time is measured in Monte Carlo steps (MCSs). One MCS consists of one index-copy attempt for each
pixel in the cell lattice.
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where each cell is labelled by the position in space of its nucleus (and/or other relevant
features) and other geometrical and topological properties are derived from it: Voronoi
representations (see, for instance, Fig. 6) and deformable spherical approximations fall
in this category (cfr., references in the text below). Other approaches may use a direct
polyhedral representation, where cells and their features are directly represented as
surfaces and volumes. Once that a representation is chosen, then the equations describ-
ing, e.g., the adhesion forces among cells, are formulated and (numerically) solved by
exploiting the particular representation structure and inter-cellular interactions.

One of the first models in this class was presented by Sulsky and Childress in Sulsky
et al. (1984) and it was based on the Voronoi tessellation. During the last 10 years,
starting with the work of Meineke et al. (2001), Drasdo (2000) and Hoehme and
Drasdo (2010), more and more models have been proposed, mostly differing from
each other in the basic underlying “cell representation”. Lately, Galle et al. developed
a bio-mechanical model (see below) and simultaneously, but independently, Drasdo
on one side and Schaller and Meyer–Hermann on the other introduced distinct models
that rely upon more physically plausible constraints.

We shall describe more carefully all these models in the following sections.

6.1 Meineke’s model: the application of Voronoi tessellation

In Meineke et al. (2001), a 2-dimensional lattice-free model using Voronoi tessellation
has been developed by Meineke et al. In this model cells are not restricted to stepwise
motion within a grid. They move continuously under the influence of repulsive and
attractive forces. Movement is maintained by means of the mitotic pressure originating
from the bottom of the crypt: this increases the density of cells and, accordingly, the
intensity of the repulsive forces. Besides, the combined effects of different forces in
Meineke’s model suggests that, as a consequence of the inhibition of the proliferation,
cell motion continues temporarily until a steady-state cell distribution is reached. The
crypt is still assumed to be cylindrical and, to represent the shape of the cells scattered
on the surface, Voronoi polygons are used. The polygonal cell packing, based on the
Voronoi tessellation, closely reproduces the morphology of the intestinal epithelium. It
deserves noticing that Meineke’s model is able to reproduce the same data as Loeffler’s
2D-grid model (Loeffler et al. 1986) (see the beginning of Sect. 5), without assuming
an age-dependent insertion rule for newly formed cells. In the lattice-free approach,
daughter cells are randomly located at short distance from their parent cell and the cell
boundaries are then recomputed: consequently most cell–cell contacts are preserved.

Parameters setting and validation

The setting of the various geometrical, kinetic and cell population-related parameters
of the model is made on the basis of various studies published in Loeffler et al. (1986),
Loeffler et al. (1988), Potten et al. (1988), Chwalinski and Potten (1989) and Paulus
et al. (1993). The reference data set for the validation (on the general position of the
cells, the position of the mitotic cells and the positional cell velocities) is taken from
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Kaur and Potten (1986), the best fit being produced when cell migration in the crypt
is a laminar flow.

6.2 Other models based on Voronoi tessellation

Besides Meineke’s, other more general off-lattice models for epithelia have been
introduced. In Morel et al. (2001), Voronoi tessellation has been used to describe
a 2-dimensional longitudinal section of stratified epithelium. The model also consid-
ers an intracellular biochemical network that regulates cell proliferation, as well as
extracellular factors that affect the system.

Other models including intracellular signaling pathways, have been developed by
Smallwood et al. (2004) and Walker et al. (2004). These are 3-dimensional models that
incorporate social behavior of cells: individual cells are represented as agents which
respond to internal and external signals through predefined rules.

Parameters setting and validation

In regard to the model described in Morel et al. (2001) the estimation of most the
parameters was realized on the basis of the work by Kohn (1998), while the role of
a specific integrin in proliferation and adherence control is derived from Jensen et al.
(1999). The validation of the results, with specific regard to the concentration of key
molecules implicated in different phases of the cell cycle, is made by comparing with
the results in Potten and Morris (1988) and Wright and Alison (1984).

6.3 Galle’s bio-mechanical model

In a sequence of papers starting in 2005 (Galle et al. 2005, 2006a,b, 2009; Buske et al.
2011) Galle et al. published a 3-dimensional dynamic model for tissue organization and
applied it to the crypts of the mouse small intestine. At variance with previous models,
this one provides a bio-mechanical description of multicellular systems in which cells
are thought of as deformable elastic bodies (keeping spherical shape) capable and free
of moving, growing, dividing, differentiating and communicating with each other. The
state of the multicellular system is labeled by the collection of (a) the cell positions
(center of mass coordinates in the three-dimensional space), (b) the sizes of cells (the
radii of spheres) and (c) an internal state vector Ω for each cell recording internal
activity status, e.g. the transcription of target genes of Wnt- and Notch pathway in the
specific case of colonic crypts. The motion of cells is governed by Langevin equations
which include different types of pairwise deterministic and stochastic forces.19 The
internal state vector can only be changed by the external cell dynamics (cell positions
and size dynamics): there are not dynamical equations coupling the state vectors with
the cell motion in the three-dimensional space. Such a link is only accounted for via
constitutive relations. These relations express the dependence of cell internal activity

19 Most of the simulation studies concerning intestinal crypt dynamics neglect stochastic components and
are only build upon deterministic mechanical forces.
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Fig. 5 Crypt substrate:
geometric representation of a
crypt in Galle’s model
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on the current position and size of the cell. The above mentioned deterministic forces
can be divided as follows: cell–cell interactions and cell–substrate interactions. The
substrate of the crypt is analytically approximated by a regular surface (see Fig. 5).

The cell–cell interaction consists of three contributions: adhesion, elastic defor-
mation at the contact surface (Hertz model), volume elastic deformation (inflation or
compression of the sphere) and frictional forces. Cells are assumed to interact with
the basal membrane (substrate in Fig. 5) if their distance is lesser than their radius and
they are removed from the crypt system if they lose contact with the basal membrane.
The corresponding interaction energy is weakly adhesive above a threshold distance
and repulsive below it, thus leading to a minimum configuration in which the cells are
kept anchored to the substrate unless they abandon the crypt system.

Let ri and Ri denote the position vector and radius of the i cell, then the cells move
cooperatively according to the following system of coupled differential equations

ηbm
dri

dt
+
∑

j

ηcac
i j

(
dri

dt
− dr j

dt

)
= f det

i (20)

ηv

d Ri

dt
+
∑

j

ηcac
i j

(
d Ri

dt
+ d R j

dt

)
= Gdet

i (21)

where ηbm, ηv are the friction coefficients at the cell–substrate contact and in course
of a volume change of a cell, respectively; ηcac

i j are the friction coefficients between
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two cells in contact. Actually, ac
i j is connected with the contact area as follows

ac
i j = π

⎡

⎣R2
i −

(
R2

i − R2
j + d2

i j

2di j

)2
⎤

⎦ , di j = |ri − r j |. (22)

The terms on the right-hand sides of (20) and (21) are the total forces on cell i

f det
i =

∑

j

∂ Hi j

∂di j

(ri − r j )

di j
+
∑

k

∂ Ebm
ik

∂lik

(ri − ρk)

lik
, lik = |ri − ρk | (23)

Gdet
i =

∑

j

∂ Hi j

∂ Ri
(24)

where ρk denotes a point (a knot of a triangulation, see below) on the basal membrane
(see Fig. 5). Hi j is the pairwise interaction energy between cell i and cell j and Ebm

ik
the interaction energy between each cell and the basal membrane. The former is the
counterpart of the CPM hamiltonian described above [see Eq. (5)] and it accounts
for the contact and deformation forces mentioned above; the latter is the anchorage
energy to the basal membrane. More precisely,

Hi j = W a
i j + W D

i j + W K
i (25)

where

W a
i j = εac

i j (26)

is the adhesion energy (ε being the adhesion energy per unit contact area);

W D
i j = 2

(
Ri + R j − di j

) 5
2

5D

√
Ri R j(

Ri + R j
) , D = 3

2

(
1 − ν2

E

)
(27)

represents the deformation energy for contact and here E, ν are physical parameters
of the cells representing Young modulus and Poisson ratio, respectively. Finally,

W K
i = K

2V T
i

(
V T

i − V A
i

)2
, (28)

with

V A
i = Vi (Ri ) −

∑

j

ΔV C
i j , Vi (Ri ) = 4

3
π R3

i , (29)

ΔV C
i j = π

3

[
Ri −

(
R2

i − R2
j + d2

i j

2di j

)]2 [
2Ri −

(
R2

i − R2
j + d2

i j

2di j

)]
, (30)

123



1442 G. De Matteis et al.

denotes the volume deformation energy, that is the energy corresponding to a change
of volume in a cell and approximately taken to be a uniform compression or inflation
energy of a sphere assuming a bulk elastic modulus K . Here V T

i is the target volume
(the volume of an isolated cell), V A

i is the current volume, which is the volume of the
sphere with actual radius Ri (this latter governed by a Langevin equation (21)) and
corrected with the volume ΔV C

i j of overlapping portions of neighboring cells. As for
the basal membrane–cell interaction, it is modeled by a pairwise interaction potential
where the pair involved consists of an individual cell and a knot of a triangulated
fiber network which discretizes the basal surface given in a closed analytical form as
follows
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2π
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+ π

2

)]
√√√√ 2

π
arccos

((
z

z0

)λ2
)

, (31)

where �(z) is the radius of the crypt at the height z, i.e. at the distance from the top
(crypt-villus junction, z = 0) and λ1 and λ2 are shape parameters (see Fig. 5).20 The
interaction energy is assumed to be

Ebm
ik = εknot

N knot
i

(
ω ln

(
lik
Ri

)
− lik

Ri

)
, (32)

where εknot , N knot
i represent the interaction energy per knot and the number of knots

in interaction with the cell i , respectively; ω is a scaling factor. Clearly, the interaction
energy [Eq. (32)] keeps the cells close to the substrate at a minimum distance provided
that lik is smaller than the radius Ri , otherwise no interaction exists.

The cell-cycle is actually taken to be pre-programmed in Galle’s model and, since
cells are not isolated but strongly interacting with each other, the projection of the
internal processes onto the external dynamics has to be considered. In the model,
cell–cell and cell–substrate adhesion are assumed to be dominated by interactions of
different cell adhesion molecules (receptors) with their ligands. It is assumed that these
receptors (ligands) are uniformly distributed on the cell surface and that the substrate
consists of a dense film of ligands. The inter-cellular dynamics is eventually studied
on timescales much larger than the intrinsic timescale for receptor-ligand binding.
Actually the energy constant ε in Eq. (26) is depending on the density of receptors and
ligands on cell surface. Furthermore, Galle’s model accounts for cell growth, division
and differentiation according to predefined rules stemming from experimental studies.
As for the cell-cycle, in the interphase any cell is assumed to increase its target volume
by stochastic increments. The increase of V T

i results in an increase of the compres-
sion energy [Eq. (28)] and, accordingly, in a force transmission (pushing forward) to
the surrounding cells. Subsequently, the current volume V A

i in Eq. (28) adapts to V T
i

almost continuously. The internal cell dynamics is thus projected onto the external one

20 Notice that Eq. (31) can reproduce a cylinder-like surface upon choosing appropriate values of the
shape parameters. On the other hand, the bottom of such surface keeps being closed for any choice of the
parameters.
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by conveying internal stimuli and process outcomes to external mechanical stimuli of
one cell to another close to it. The time needed for a cell to double its target volume
is the cell growth time.

Cell growth also depends on the environment and this interaction is simulated by
introducing 3 different mechanisms of control and regulation of growth: (a) a cell with
a volume below a threshold value is assumed to be too much compressed by the sur-
rounding cells so that its growth is inhibited; (b) a minimal contact area between a cell
and the substrate is required for the cell to enter the cell cycle and growth accordingly,
thus leading to an anchorage-dependent growth; (c) if the contact area decreases below
a prescribed value, the cell undergoes a programmed death.

In intestinal crypts, activation of the Wnt- and Notch-pathways was demonstrated to
be essential for stem cell maintenance as well as proliferation and differentiation (see
Sect. 2). Galle et al. assume that proliferation and differentiation strictly depend on
the activation of Wnt- and Notch-pathways. In greater detail, the Wnt-activity spatial
gradient is related to the local curvature of the basal membrane and to the cell position,
while Notch-signaling is ruled by the lateral inhibition mechanism and depends on
the number and types of cell–cell contacts. These assumptions are modeled by the
status vector Ω mentioned above describing the internal activity and not governed by
dynamical equations. The activity status is the transcription of target genes of the Wnt-
and Notch-pathway denoted by IW nt and INotch , respectively. The former is assumed
to be a function of the position along the axis of the crypt and, accordingly, of the
curvature of the substrate. The latter is calculated through cell–cell contact: a cell is
Notch-activated by all cells in contact with it and expressing Notch-ligands. Lineage
specification is then modeled on the basis of specific combinations of the activation
levels of Wnt- and Notch pathways.

The outcome of Galle’s model simulations are: homeostasis, spatio-temporal
self-organization, cell migration and re-arrangement. Moreover this study includes
sensitivity, stability and flexibility against changes in the Wnt and Notch signaling
activation levels. In particular, self-organization of the intestinal crypt cells depends
on the assumption of the externally assigned Wnt spatial gradient.

Parameters setting and validation

With particular regard to the latest development of the model (Buske et al. 2011),
the various parameters of the model21 were set, according to the cases, on the basis
of measured properties of the crypt shape (Potten and Loeffler 1990), fit on differ-
ent know biological and biochemical data (Marshman et al. 2001; Galle et al. 2005;
Ireland et al. 2005) or estimated (see Table 1. in Buske et al. 2011 for the complete
description of the parameters set).

The behaviour of the model was proven to correctly reproduce qualitative experi-
mental findings, in regard to a large range of phenomena (see above), while quantitative
agreement is based on detailed fitting. In particular, the model is capable of quantita-
tively reproduce numerous phenomena, such as: steady state cell production, average

21 Distinguishable in (i) parameters of the cell model, (ii) parameters of the basal membrane model, (iii)
parameters of crypt dynamics and (iv) parameters of the lineage specification and differentiation model.
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spontaneous apoptosis rate (Marshman et al. 2001), distribution of LGR-5 positive
cells (Barker et al. 2007), spatial distribution of the cells (Bjerknes and Cheng 1981;
Chwalinski and Potten 1989; Paulus et al. 1993), clonal competition (Li et al. 1994;
Winton and Ponder 1990), deregulation of Wnt and Notch signaling pathways (Samson
et al. 2004; Andreu et al. 2005; Free et al. 2005; Fevr et al. 2007; van Es et al. 2005),
robustness to perturbations on subpopulations of cells (van der Flier et al. 2009).

6.3.1 Further developments

As stressed by Galle in his work (Buske et al. 2011), the curvature of the membrane
substrate (Fig. 5) is important for the overall dynamics, especially in connection with
cancer development inside the crypt. To account for this, a reasonable model could
point at integrating Wong et al.’s model of crypt dynamics with Hogeweg model of
nutrients’ diffusion and reaction (Wong-PDE) in three dimensions including the non-
zero curvature (gaussian curvature) of the substrate. In this regard the basic question to
address would be: how to implement CPM on a non-cylindrical crypt, as for example
Galle’s crypt surface (Fig. 5)?

6.4 The work of Schaller and Meyer–Hermann

Starting also a few years ago and simultaneously with the above outlined Galle’s model,
Schaller and Meyer-Hermann (2005) put forward a variant of Galle’s model based on
the Voronoi tessellation to describe epithelial sheets (Sulsky et al. 1984); more recently
Kempf et al. (2010) reused and modified the model to describe cell-dynamics in sphe-
roidal tumors. Schaller–Meyer-Hermann’s model is a hybrid three-dimensional bio-
mechanical agent-based Voronoi–Delaunay model of general multicellular systems. In
this model, the single cell is a quasi-spherical deformable body: its shape varies from
spherical in thin solutions to convex polyhedral in dense tissues.22 The cells interact
with their next neighbors and these latter are determined by a weighted Delaunay
triangulation. Similarly to Galle’s model the cellular interactions include elastic cell–
cell forces, cell–cell and cell–substrate adhesive forces and friction forces between
cells and the cells and the substrate. In particular, the adhesion strength depends on
the concentrations of receptors and ligands on the surface of the cellular membrane.
The external coordinates of each cell include accordingly the position and an effective
radius, this latter determined by the shape of the cell (whether a sphere or a Voronoi
polyhedron). The cell internal status is also taken into account and used to record
the receptor and ligand concentration on the cellular membrane (necessary for the
adhesion), the internal clock for the prescribed cell-cycle and the cell-type-specific
coupling constants for both elastic and adhesive interactions.

22 At a first glance, the polyhedral shape could appear as a mathematical abstraction in order to simplify the
model. Actually, in recent experiments (Dubois et al. 2001) the spontaneous formation of hollow bilayer ves-
icles with polyhedral symmetry has been observed. On the basis of the experimental phenomenology it was
suggested (Dubois et al. 2004) that the mechanism for the formation of bilayer polyhedra is minimization
of elastic bending energy (Haselwandter and Phillips 2011).
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The dynamics is dictated by over-damped Newton equations (the inertial term is
neglected in comparison with the frictional forces) and a system of ordinary dif-
ferential equations is obtained similar to the one in (20) and (21). In addition, the
spatio-temporal distribution of two nutrients (oxygen and glucose) is described by
reaction-diffusion equations as in (15) and similar equations above in the same spirit
of the Glazier–Graner–Hogeweg model described above. Cells consume nutrients
which are converted into biomass by so increasing the cell size. Comparisons with
experimental results is considered in order to set up the rates of diffusion and reaction.
As for the cell-cycle, the model includes proliferation according to predefined rules
and simulations are performed in order to study the mechanisms for induction of cell
necrosis. The target of the study is to investigate the tumor spheroid morphology in a
given tissue. The direct application to intestinal crypts has not been considered yet.

Parameters setting and validation

The setting of the parameters is exhaustively described in Table 1 of Schaller and
Meyer-Hermann (2005) and is based on various data regarding physical, biochemical
and biological properties of real cells (Landry et al. 1981; Freyer and Sutherland 1986;
Casciari et al. 1992; Galle et al. 2005).

The results on proliferation and growth showed some unexpected phenomena
already observed in experiments (Landry et al. 1981). The results on oxygen and
glucose uptake were proven to be within the range observed in literature (e.g. Freyer
and Sutherland 1986; Kunz-Schughart et al. 2000; Wehrle et al. 2000). Moreover, the
evolution of the overall cell number were validated with (Freyer and Sutherland 1986),
while the results on the morphology of the tumor spheroid with (Casciari et al. 1992).

6.4.1 Further developments

In light of Schaller–Meyer-Hermann’s mathematical model, a reasonable extension
of it could be a combination of Galle’s model of intestinal crypt dynamics with the
representation of cells in terms of Voronoi polyhedra and Delaunay triangulation.

6.5 Computational tools for lattice-free models: Chaste

Very recently a novel software (Cancer, Heart And Soft-Tissue Environment, Chaste)
has been designed by implementing an agent-based model for crypt dynamics. The
authors of Pitt-Francis et al. (2009) model the crypt as a monolayer of cells moving
along a cylindrical surface. The crypt is as usual rolled out onto a plane and periodic
boundary conditions are imposed along the sides of the rectangular domain. The model
basically includes four main components.

1. A first component simulates the Wnt signaling pathway;
2. A second component includes a cell-cycle model which, together with the infor-

mation from the Wnt signaling pathway, determines when cells are ready to divide
and differentiate.
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3. A third component is in charge for cell migration at a macro-scale level via a
mechanical model as the ones described above (Galle’s and Schaller–Meyer-
Hermann’s models).

4. A fourth component is a PDE solver for the solution of reaction-diffusion
PDEs which model the diffusion and the uptake of particular nutrients (oxy-
gen and glucose), with the cell model being dependent on the local nutrient
concentration.

As for the first and second components, in the Chaste model every cell is endowed
with its own cycle model which can be influenced by the external environment. It is
known that the proliferative activity along the axis of the crypt goes from an intense
one at the bottom and decreases as long as the top of the crypt is reached. The pro-
liferation is actually correlated with the presence of a spatial gradient of extracellular
Wnt factors (see Sect. 2). A spatial gradient of Wnt is therefore imposed in the model
with high levels of Wnt at the crypt base and low levels at the top. A model is used to
calculate the corresponding position-dependent levels of gene expression via a system
of nonlinear ordinary differential equations (van Leeuwen et al. 2007). The outcome
of this calculation is then used to determine the cell-cycle as a function of the position
along the crypt axis: close to the bottom the cells are exposed to high levels of Wnt
and the cycle is enhanced; at the top no division occurs. The third component deals
with the external mechanical model.

A Voronoi tessellation-based cell-centre approach is used in which the centers of
neighboring cells are connected by linear springs and a Delaunay triangulation is per-
formed at each time step in order to find the cells which are connected (see Fig. 6). If
ri denotes the centre of the cell i , the intercellular force between cell i and cell j is
taken to be

fi j = β
(|ri − r j | − si j

) ri − r j

|ri − r j | , (33)

where β is the elastic constant and si j is the natural length. The dynamics is governed
by over-damped Newton equations where the cell viscosity models the cell–substrate
adhesion. The natural length si j is taken to be the diameter of the cells. When a cell
divides, according to its internal cell-cycle model, a new cell is placed at a smaller
distance than si j from the mother cell and the new si j of the cells which have just
divided is increased linearly over the course of one hour up to the mature length. All
this is done in order to simulate the mitosis. In this way the cell-cycle influences the
external intercellular mechanics and cell movement, and , in turn, the cell-cycle is
influenced by the Wnt-gradient calculated as a function of the position along the crypt
axis.

One of the first interesting results obtained through Chaste was to show that if
stem cells are forced to reside at the base of the crypt, the dynamical evolution leads
toward the formation of a polyclonal crypt, while if stem cells are supposed to have
no spatial constraints, the crypt eventually becomes monoclonal.

Furthermore, the system was proven to be capable of effectively describing the
dynamics of multicellular tumour spheroids (Pitt-Francis et al. 2009).
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Fig. 6 Screenshot of a typical Chaste simulation of intestinal crypt. In detail, the crypt is modeled on a
cylindrical geometry with periodic boundary condition and the cells are represented as Voronoi polygons.
Yellow cells are those in transit amplifying stage, red cells are differentiated cells, while blue cells are the
progeny of a single cell present at the beginning of the simulation (taken from http://www.cs.ox.ac.uk/
chaste/) (color figure online)

7 Libraries, interoperability, repositories and software

In moving towards a conclusion of this review, in this section we discuss more generally
the important issue of software for the implementation of the presented mathematical
and computational models.

With the proliferation of software tools and libraries for multicellular systems
modeling, a need is arising for testing, validating and exchanging models and results.
This process is not new in the various bioinformatics, systems biology and computa-
tional biology communities, as over the past ten or fifteen years, several efforts have
appeared in various niches, meeting various degrees of success.

Libraries, interoperability layers, repositories and software (in brief: “the tools”)
solve different problems for different researchers, but they can now be broadly clas-
sified into three categories: (1) simulation and analysis tools, (2) query and database
tools, and (3) exchange formats. The tools span different dimension scales,23 where
the most pertinent subdivision for the sake of this review is the separation between
the intra-cellular, inter-cellular levels, upward towards the “organ” level.

23 …and here we limit ourselves to the “biological” space-time scales; excluding, e.g., the scales pertaining
to actual physical molecular interactions that are the province of computational chemistry.
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The most active researchers’ communities producing “the tools” have arguably
been those working at the intra-cellular (often at the single-cell) level. In this respect,
the number of simulation environments for reaction systems of metabolic and regu-
latory systems based on ODE/PDE, SDE, Monte Carlo (i.e., Gillespie’s) (Gillespie
1976, 1977; Gibson and Bruck 2000) approaches and their variations and intermixing
is quite large; we do not list any here, for the lack of space. Within these communities
several repositories of information have appeared and are now public: we group them
in pathway databases and models databases, with a non-null intersection. Some of
the now canonical resources in this categories are KEGG (http://www.genome.ad.jp/
kegg/), Reactome (Stein 2004), Pathway Commons (Cerami et al. 2006). “Models
repositories” contain published models which are curated and annotated; we cite the
BioModels repository (Le Novère et al. 2006; Li et al. 2010) and the models section of
the CellML (CellML 2001; Cuellar et al. 2003). Many of these efforts rely on exchange
formats based on XML, and while defining XML-4-something has become a cottage
industry, three efforts have stood out over the last 10 years or so: SBML (System
Biology Markup Language 2002), CellML (Cuellar et al. 2003) for the exchange of
“executable” models and BioPax (http://www.biopax.org) for the exchange of path-
way informations; all these standards do reuse many efforts put forth by researchers
who developed ontologies for the annotation of and reasoning over biological data;
the Gene Ontology (Gene Ontology Consortium 2006) is the best known example
and the OBO Foundry (Smith et al. 2007) is a reasoned collection of many special-
ized ontologies covering a lot of terrain in the biology and medicine. Around these
“standards” an ecosystem of applications and other layered standards is developing.
E.g., the SED-ML (Köhn and Novère 2008) is a recent specification with the goal
of providing a standardized way to describe “simulation experiments”; the compan-
ion Systems Biology Results Markup Language (SBRML) (Dada et al. 2010) aims at
describing “simulation results”.

Going back to the topic of this review, we observe that most of the current computa-
tional models of biological systems (those that can be defined “reaction level-based”)
usually deal with single cell environments and/or a well mixed mixtures of the molec-
ular species involved in a specific phenomenon. One of the major differences of the
approach of multi-cellular systems modeling and simulation is the attention on the key
role played by the topological and therefore geometrical arrangement of each cell in
space (and in time), which is usually not considered. This is also the reason why we
decided to concentrate on the distinction between in-lattice and off-lattice models.

Geometrical information is heavily used in (mostly) Finite Element Analysis tools
like those collected in the SimTk site (https://simtk.org), which deal essentially with
organ and musco-skeletal systems. CompuCell3D (Sect. 5.5) and Chaste (Sect. 6.5)
do obviously use geometrical information, yet at the time of this writing only a few
efforts have appeared with proposals to standardize an exchange format specifically
tailored to multi-cellular systems, as some consensus has emerged that such systems
have some peculiarities arising from the combination of topology, geometry and biol-
ogy that is being studied. To this end, the so called Spatial extension package of
SBML (Schaff 2011) and the FieldML specification (Christie et al. 2009) provide a
groundwork upon which geometrical extensions can be built; yet, it appears that both
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approaches will need carefully crafted extensions to fully accomodate fully multi-
cellular dynamics.

At a recent workshop on Multicellular Modeling (Monk and Owen 2011) in Notting-
ham (U.K.) the participants presented several tools and discussed proposals for various
exchange formats. Among the other systems not directly related to the simulation of
colonic crypts we can cite OpenAlea (Pradal et al. 2008) and Subcellular Element
Model (Sandersius et al. 2011). An exchange format targeting multi-cellular systems,
MultiCellXML (Macklin et al. 2010) is being put forth by a group at University of
Dundee in the U.K. A result of the Nottingham meeting was a preliminary set of guide-
lines for an exchange format capable of accommodating different modeling strategies
and for different multicellular systems. The main idea behind such guidelines is to
classify models based on the in-lattice/off-lattice partition, a separate description of
the topology and of the geometry of the multicellular system, and on the notion of
maps and embedding of cells and other structures in such entities.

8 Towards a framework for the classification and evaluation of mathematical
and computational models of intestinal crypts and CRC

The computational models we have presented in this review all share some common
characteristics; the principal one being the casting of most phenomena and thus their
related computations in terms of energy relationships. While this is an excellent orga-
nizing paradigm, which does play an unmistakable role in the dynamics of biological
systems at any scale, its use so far has somewhat escaped Sydney Brenner’s invocation
(Brenner 1999):

…this must not simply be another way of describing the behavior. For
example it is quite easy to write a computer program that will produce a good
copy of worms wriggling on a computer screen. But the program, …has noth-
ing in it about neurons or muscles. …. A proper simulation must be couched
in the machine language of the object, in genes, proteins and cells.

…I want the new information embedded into biochemistry and physiology
in a theoretical framework, where the properties at one level can be produced
by computation from the level below.

While new computational developments may get us closer to this goal, thanks
especially to new parallel programming advances (most notably GPU programming),
it is necessary to ensure that simulation models are grounded in the corpus of data
collected by biologists over the years.

In this regard, in Tables 1 and 2 we propose a possible first assessment criterion of
the reviewed models, based on the capability of qualitatively describing the distinct
biological phenomena involved in the activity of the colonic crypts, both in the normal
and in the aberrant development.

While such classification is important to categorize each model, an evaluation of the
models w.r.t. their ability to quantitatively explain published data and biological pro-
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Table 1 Classification of the reviewed in-lattice models according to the description of the essential bio-
logical processes involved in the normal and in the transformed development of the crypts and of other
multicellular systems

GGH W SH H1 H2 SS S

Normal tissue

General phenomena × × × × × × ×
Dynamic turnover × × × × × × ×
Cell differentiation × × × × ×
Pathways × × × × ×

Transformed tissue

General phenomena × ×
Mod. in cell types ×
Mod. in pathways × ×
Inter. with other tissues ×

The rows are labeled according to the classification presented in Sect. 3 and the marker “×” denotes the
actual or potential capability of each specific model in modeling at least a part of the biological phenomena
included in each class. The columns are labelled with the initials of the authors of the relative model
GGH Graner and Glazier (1992, 1993), W Wong et al. (2010), SH Savill and Hogeweg (1997), H1 Hogeweg
(2000), H2 Hogeweg (2000, 2002), SS Savill and Sherratt (2003), S Shirinifard et al. (2009)

Table 2 Classification of the reviewed off-lattice models according to the description of the essential
biological processes involved in the normal and in the transformed development of the crypt and of other
multicellular systems

Me Mo G SMH C

Normal tissue

General phenomena × × × × ×
Dynamic turnover × × × × ×
Cell differentiation × × × × ×
Pathways × × × ×

Transformed tissue

General phenomena × × ×
Mod. in cell types × ×
Mod. in pathways × × ×
Inter. with other tissues × ×

Me Meineke et al. (2001), Mo Morel et al. (2001), G Galle et al. (2005, 2006a,b, 2009); Buske et al. (2011),
SMH Schaller and Meyer-Hermann (2005), C Pitt-Francis et al. (2009)
The rows are labeled according to the classification presented in Sect. 3 and the marker “×” denotes the
actual or potential capability of each specific model in modeling at least a part of the biological phenomena
included in each class. The columns are labelled with the initials of the authors of the relative model

cesses is also needed, in order to foster the creation of a framework which could serve
as a “validation” and “comparison” scaffold. More ambitiously, one important future
target is the development of a general conceptual framework capable of evaluating the
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models, w.r.t. their predictive power, which is the overall goal of “modelers” world-
wide.24

To this end, along this review we have systematically provided additional comments
on the setting of the parameters of the models and their validation, based on various
experimental data, often obtained by means of experiments ad hoc designed.

Nonetheless, we would like to stress that the amount of published data contained
in various databases is, by the time of this writing, enormous (see Sect. 7), and most
of the data contained in the public repositories is not related to “models” or “simula-
tions”, but to sequence data (DNA, RNA, miRNA, protein, etc.), their relations (e.g.,
protein-protein interaction data), and other genomic measurements, e.g. in the form
of gene expression data (e.g., the result of micro-array experiments or copy-number
data). Most of this data is accessible through several “portals”, like Entrez (http://
www.ncbi.nlm.nih.gov/entrez/) and EMBL- EBI (http://www.ebi.ac.uk/): one exem-
plar data-base of gene expression profiles is the Gene Expression Omnibus (GEO)
(Barrett et al. 2010). Image data is also extremely important in the validation tasks
carried out by the groups whose work we reviewed and there are imaging data bases
that are becoming useful as a source of data (see, for example, Martone et al. 2008).

Just considering gene-expression data,25 we observe that it should be possible to
design a simulation model to “track” data contained in GEO. For example, one under-
taking of our group is to ensure that our simulators take into account the data analyzed
by Reid et al. (2009); this data set can be organized in a temporal axis, e.g., by observing
the variation of copy-number counts, and gene-expression relationships can be recon-
structed using the algorithms presented in Ramakrishnan et al. (2010). The resulting
gene-expression relationship data could be cross-checked with simulation results that
tracked a subset of gene products “of interest”. Such an approach could be applied to
each new model and/or simulator appearing in the literature.

More in general, the capability of describing complex biological systems from both
the qualitative and the quantitative point of view should represent the benchmark for
any future model targeting colonic crypts and CRC development, as well as for the
overall computational and translational cancer research (as proposed, for instance, in
Mathew et al. 2003).

9 Conclusions and future research

The main goal of this review was to present an up-to-date landscape of the spatial
computational modeling approaches designed (or suitable) for an effective descrip-
tion of the intestinal crypt morphology and morphogenesis, with particular regard to
the subsequent characterization of the development of the CRC. In this regard, we
have shown that all the distinct models present several interesting features and numer-
ous differences, allowing to describe the phenomenology of the crypts according to

24 It should be immediately clarified, that ours is mostly a conceptual and methodological proposal stem-
ming from our previous experiences; it is neither complete not fully tested. We are actively working on the
subject and would simply like to circulate our overall approach, inasmuch as we find value in it.
25 Similar considerations could be made about sequence data, especially given the recent advances in Next
Generation Sequencing (NGS) (Mardis 2008).
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different perspectives (see Tables 1 and 2). Perhaps, what is still missing is a gen-
eral model that covers all the distinct processes and phenomena involved in the crypt
activity, providing a possibly exhaustive and coherent picture of the overall dynamics,
based on a holistic system-based approach.

To this end one of the most suitable and effective methodological frameworks is
that provided by multi-scale modeling techniques which exploit the rightly presumed
(and observed) separation of time-scales of several phenomena at the cellular level.
In this way it will be possible to cover and characterize all the hierarchical levels
of the crypt organization, from molecules to tissue. The integration of the sub-cellu-
lar level (gene regulation, intra-cellular communication), the cellular level (signaling
pathways, inter-cellular communication, cell–environment communication) and the
tissue level (spatial patterning, movement and migration, crypt homeostasis) within
a coherent computational model could be an important (and admittedly very ambi-
tious) goal for the next future. Of course, exploiting such separation of times-scales
will also allow for an almost natural partitioning of the simulation problems across
a parallel and/or distributed computer architecture. In this respect, the Mapper pro-
ject (Multiscale Applications on European e-Infrastructures 2010) and the MML pro-
posal (Falcone et al. 2010), alongside many other grid-based computation distribution
schemes, represent a set of technologies of interest for multi-cellular simulations.

In this regard, our current efforts are mainly aimed at the development of a multi-
scale computational model that may integrate a general model of gene regulatory
network (GRN) with a morphological model of crypt dynamics (as those described in
the current review, or possible evolutions). The model was introduced in a preliminary
version in Graudenzi et al. (2012).

More in detail, the model of noisy random Boolean networks (NRBN) is a highly
abstract26 dynamical model of gene regulatory network (Peixoto and Drossel 2009;
Serra et al. 2010) (an evolution of the original RBN model Kauffman 1969a,b, 1995),
which was proven to reproduce several dynamical properties of real networks, with
particular regard to the differentiation process (Villani et al. 2011). This GRN model
will account for the internal (also defined as low-level) dynamics of the cells in the
crypt. In particular, a specific NRBN will be associated to each cell of the crypt and
the essential cellular processes, i.e. cell growth, division and differentiation will be
then modeled through the association with the emerging dynamical behaviour (hence,
not prefixed as in most of the reviewed models). The key structural features of the
networks (i.e. topology, updating functions, sub-networks, etc.) will be based on the
existing (yet still partial) available data and mappings on real gene regulatory networks
(e.g. Davidson et al. 2002; Lee et al. 2002; Wagner 2002; Basso et al. 2005; Olson et al.
2006; Heckera et al. 2009) and will be integrated with an explicit representation of the
signaling pathways and of the inter-cellular communication processes (as proposed,
for instance, in Kirouac et al. 2010; Damiani et al. 2011) that are known or supposed
to be directly involved in the crypt activity (see the references in Sect. 2.3).

This low-level dynamics will eventually steer the (high-level) spatial dynamics of
the crypts (modeled through one of the overviewed models such as, for example,

26 i.e. not referring to any specific organism or cell type.
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the Cellular Potts Model) with specific regard to cell sorting, migration and niche
maintenance phenomena, and will determine its general behavior, homeostasis and
fate.

One of the main advantages of this approach resides in the possibility of simulating
the impact on the general activity of the crypt of different kinds of perturbations and
damages at the low-level, such as (a) the occurrence of distinct genetic mutations in
one or more cells, (b) possible damages or disruptions of the signaling pathways, (c)
the presence of biological “noise”, (d) the changes in the environmental conditions,
with obvious reference to the appearance and the development of cancer. Genomic
databases on cancer such as, e.g., The Cancer Genome Atlas (The Cancer Genome
Atlas), will be the essential for the validation of the model.
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