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Abstract We study a system of reaction—diffusion—convection equations which
combine a reaction—diffusion system with Schnakenberg kinetics and the convec-
tive flow equations. It serves as a simple model for flow-distributed pattern formation.
We show how the choice of boundary conditions and the size of the flow influence
the positions of the emerging spiky patterns and give conditions when they are shifted
to the right or to the left. Further, we analyze the shape and prove the stability of
the spikes. This paper is the first providing a rigorous analysis of spiky patterns for
reaction-diffusion systems coupled with convective flow. The importance of these re-
sults for biological applications, in particular the formation of left—right asymmetry
in the mouse, is indicated.
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1 Introduction

A model for the development of handedness in left/right asymmetry has been sug-
gested by Brown and Wolpert (1990) which is based on three separate phenomena:
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(i) conversion from molecular handedness to handedness at the cellular level, (ii)
random generation of asymmetry, e.g. by a reaction—diffusion process, (iii) an inter-
pretation process which leads to the development of different structures on the left and
right. This model can explain many phenomena observed for various species e.g. situs
inversus viscerum mutation for friturus or in the mouse and bilateral asymmetry for
sea urchins. Human diseases like the Ivemark syndrome or Kartegener’s syndrome can
be understood in this context as well. In particular, the model gives a good explanation
why a loss of conversion of asymmetry from a molecular or some other local source
does not result in symmetry but in random asymmetry.

In contrast to this model which suggests a molecular basis for handedness, alter-
native approaches to left/right symmetry breaking include electric currents flowing in
anterior to posterior direction (Huxley and Beer 1934) or fluid flow, e.g. nodal flow
in the mouse, which might be initialized by rotation of monocilia and then sustained
and driven by interaction with a reaction—diffusion mechanism, e.g. based on an inter-
action of the Nodal and Lefty proteins to establish the left/right asymmetry (Hamada
et al. 2002; Raya and Belmonte 2006).

Therefore it is interesting, on a theoretical level, to investigate the influence of a
flow on reaction—diffusion systems. In this paper we will consider the special case
of flow-distributed spikes. We will pay particular attention to the way in which the
fluid flow breaks the left/right symmetry in the system: Without convective flow the
spike is located in the center of an interval. The flow will shift it to the left or right
half of the domain, depending on the boundary conditions and the size of the flow.

In particular, we study the effect of convective flow in a pattern-forming reaction—
diffusion system. As a prototype, we consider Schnakenberg kinetics and combine it
with the convective flow equations.

Previous studies on single and multiple spikes for the Schnakenberg model include
Iron et al. (2004); Wei and Winter (2008). For related work on the Gierer-Meinhardt
system we refer to Wei and Winter (2001, 2004, 2007) and the references therein. This
paper is the first providing a rigorous analysis of spiky patterns for reaction-diffusion
systems coupled with convective flow.

For both diffusion and convection processes the transport is driven by a flux which
for diffusion is defined as the concentration gradient and for convection as the con-
centration gradient minus a constant times the concentration.

In a closed system the flux will vanish at the boundary which for a convective
system leads to Robin boundary conditions (zero flux). For convective systems we
will also consider Neumann boundary conditions (zero diffusive flux). We will see
that changing the boundary conditions will result in strikingly different behavior of
the system.

The pattern under consideration will be an interior single-spike pattern which will
be studied for either type of boundary conditions. For Neumann boundary conditions
the spike will be shifted either in the same direction as or in the opposite direction of
the convective flow, depending on the size of the convection (Sect. 2). This result is
summarized in Theorem 2.1.

In contrast, for Robin boundary conditions the spike will always be shifted in the
same direction as the convective flow (Sect. 3). This result is given in Theorem 3.1.
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Further, we will show analytically that the one-spike solution is always stable
(Sects. 4-6). This result is formulated in Theorem 6.1.

Our analytical results will be supported by numerical computations. We will present
simulations showing that for Neumann boundary conditions the spike can be shifted in
the same/opposite direction of the convective flow (Figs. 1, 2) and for Robin boundary
conditions it will always be shifted in the same direction as the flow (Fig. 3). Fur-
ther, we will compute some examples of multiple spikes, both for Neumann boundary
conditions (Fig. 4) and Robin boundary conditions (Figs. 5, 6) which indicate that the
spikes now have varying amplitudes and irregular spacing (Sect. 7). Multiple spikes
are not analysed in this paper, but these issues are work in progress which we leave
for future publications. The importance of these mathematical results for biological
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Fig.1 Computation of a spiky steady state for Neumann boundary conditions with « = 0.30, 0.40, 0.50,
1.0, 5.0, 10, 15, 20, 30, 50, 100, 1000. Starting from the centre position, the spike first moves to the right,
then it changes direction and moves to the left and finally approaches the left end of the interval. The other
parameters are kept fixed and chosen as € = 0.01, D =10, ¢ = 0.01
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Fig. 1 continued

applications, in particular for the formation of left-right asymmetry in mouse is dis-

cussed (Sect. 8).

We call the spikes in this reaction—diffusion—convection system flow-distributed

spikes (FDS) following the terminology of Satnoianu et al. (2001). The influence of
flow on pattern formation has been observed experimentally (Kaern and Menzinger
1999; Rovinsky and Menzinger 1993). Theoretical investigations have explained many
features of this interaction (Kuptsov et al. 2002; Merkin et al. 2000, 1998; Satnoianu
et al. 1998, 1999, 2001), in particular new instabilities and stabilization (Kuznetsov
et al. 1997; Satnoianu et al. 2000; Schmidt et al. 2003), boundary forcing (Satnoianu
and Menzinger 2000), or phase differences (Satnoianu and Menzinger 2002) have
been established and linked to the Turing instability. We show that qualitatively some
of these features are also present for spikes.
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Fig.2 Computation of a spiky steady state for Neumann boundary conditions with « = 0.10, 0.20, 0.30,
0.50, 1.0, 2.0, 3.0, 4.0, 5.0, 10, 30, 50, 100, 1000. The position of the spike first moves to the right, then it
changes direction and moves to the left. Now it moves further to the right than for D = 10 (cf. Fig. 1). The
other constants are chosen as € = 0.01, D = 50, ¢ = 0.01
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Fig. 2 continued
The system to be investigated is given in the following form
=8a,, — 8 L — cab?
ar = 0lxx adx + 2 cao-, (1 1)
by = by — aby — b +ab”. ‘

It can be derived as a prototype model for the interaction of an electric field and an
ionic version of an autocatalytic system (Merkin et al. 1998, 2000; Satnoianu and
Menzinger 2000).

Rescaling the spatial variable x = )éz and letting § = 522’ o = ea, we get

a; = Daxx — Duay + % — cab?,

b, = €2bws — €Xaby — b + ab?. (1.2)
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Fig. 3 Computation of a spiky steady state for Robin boundary conditions with « = 0.10, 0.20, 0.21,
0.22,0.23, 0.24, 0.25, 0.30. The position of the spike moves to the right quickly after « exceeds 0.20. The

other constants are chosen as € = 0.01, D =10, ¢ = 0.01
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Setting

we get after dropping hats and bars

ea; = Da,y — Daa, + % — gab2, (1.3)
by = €?by — €?aby — b + ab®. '
For a steady state this problem becomes
0 = Da,, — Daa, + % — gab2, (1.4)
0 = €2byy — €2aby — b+ ab?. '

Next we introduce suitable boundary conditions and consider single-spike steady-state
solutions.

2 Neumann boundary conditions (zero diffusive flux)

First we investigate solutions of (1.4), i.e. steady-state solutions of (1.3), in the interval
Q = (—1, 1) with zero Neumann boundary conditions:

ay=b, =0, forx=-1 or x=1. 2.1

These boundary conditions model zero diffusive flux.

Before stating our main results, let us introduce some notation. Let L2(— 1,1) and
H?(—1, 1) be the usual Lebesgue and Sobolev spaces. Let w be the unique solution
of the following problem:

wyy—w+w2=0 inR!,
w > 0,

2.2
w(0) = max,cp w(y). @2
w(y) > 0 as|y|] — oo.
In fact, it is easy to see that w(y) can explicitly be written as
3 -2
w(y) = E(cosh y) L. 2.3)

We use the norm
||M||H3(_1,1) = ||M||H2(Q€),
where Q¢ = /e = (—1/¢, 1/€) and a similar notation is adapted for L and H'.
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Theorem 2.1 For e small enough, there is a spiky solution (ac, be) of the system (1.4)
with Neumann boundary conditions (2.1). The shape of this solution is given by

€

1 X —Xxj R
be(x) = S_w c ) + O(e) in H (-1, 1), 2.4)
ae(xf) =&, (2.5

the amplitude satisfies

b=+ Oc) with & = —° 2.6)
= € 1 = .
€ 0 v 0 e%*1 sinh o

and for the position we have

1
X =xV+0() with xV=—n (1 +V1+424Dca? cothoz)
o

1
——1In(2 cosh ). 2.7
o

Remarks 1. Estimate (2.7) implies
€ 1 2
X =« 6Dc—§ + O(a” +€)

asa, € — 0. Therefore, if 12Dc > 1, thenx] > 0,andif 12Dc < 1, then x| < 0
for , € small enough; from (2.7) we also read off that x| < 0 for « large enough
and € small enough. The size of the shift is proportional to « in leading order. The
results are valid for both positive and negative o

2. Note that a is a slow function and b is a fast function with respect to the spatial
variable x. Therefore, using their asymptotic behaviour, we have

1 e -
5/ ab*dx = < (/ wzdy) + o =Y L b6, @)
_ & R o

€ 1 €
Proof of Theorem 2.1 We now construct a solution which concentrates near x?.
For the rest of the paper, we assume that x; € B, 3/ (x?) ={xeQ:|x— x?| <

3/4}
€*}.
Let x : (—1,1) — [0, 1] be a smooth cut-off function such that
x(x)=1 for|x|] <1 and x(x) =0 for|x| > 26. 2.9)

Then we introduce the following approximate solution

1 X — x?
be,xl x) = %__w(y)X 7o , ae,xl(x) = T[bé,)q]v
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where y = € !(x — x1),rg = tmin{l — x), 1+ x¥} and x; € B (x}) is to be
determined. Here T[A] for A € H2(—1, 1) is the unique solution of

1
DT[Alcx — DaT[A], + 3 e 1eT[AIA’ =0, —1<x<1 (2.10)

where T'[A] satisfies Neumann or Robin boundary conditions, respectively.

Multiplying (2.10) by e~** and integrating implies that & = &y + O (€).
To determine the component a of the approximate solution, we use the representa-
tion formula given in (9.8) and get

a(xp) =

I 1
. / e *a(x)dx + L/ J0)e™™ G x, xo) dx,
2sinha J_ sinha J_;

1
where

fx) = ga(x)bz(x) = éuﬁxz +0(e) inH(—1,1)

and G(xg, x1) is given by (9.10). Together with (2.8), this implies

1 —
a(xp) =c1 + .oz i/ w? (u) e G(x,x0)dx 4+ O(e)
sinho €& J_| €

= e G (), xo)/ w?dy + O(€) + O(e)
sinh « &, R
= c1 + G(x1, x0) + O(e€) (2.11)

with the real constant

1
¢ / e Ya(x)dx.

Cl = ——
2sinha J_4

We are now going to compute the integral in the constant cj.
Setting x; = xp in (2.11) and using (2.6), we get

1
e = 2 / e~ a(x)dx + G(x1, x1) + 0(e).  (2.12)
sinh o 2sinha J_;

Substituting (2.12) into (2.11) gives

o

a(xg) = sinha6ce_ax} — G(x1,x1) + G(x1, x0) + O(¢)
_ —ax; XL
sinh o Do

1 1
+——e* cosha — — cotha + G(x1, x09) + O(e), (2.13)
Da? Da

using (9.10).
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Now we expand the component a around x;. Therefore we have to compute the
O (¢) termin (2.13) which requires an expansion of the Green’s function. We compute,
using (2.11), (2.13) and (9.10),

a(x; +e€y) —a(xy)
1 _ B -
- i/ w? (x Exl)[G(x,x1+ey)—G(x,x1)]dx+0(e2y2)

~ sinha €& )
= I, + Ip + O(€%y?), (2.14)

where

Gx,y) =c1 +ePG(x, y), (2.15)

1 ~ % €
la =7 (VZG(xl, Dlympr = VG, Z)|z:xl_) E/R(Iy —z| — |lzhw?(z) dz

— [V.G(x, z)|z:xl]§/(|y 2 - 2wl dz
R

esinha
2D«

/(|y 2~ DwR (@) d.
R

1 ~ ~ ~
o = 5 (V:G0n. Dl + VoG, Dl ) v = (Ve G Dlemy ey

and we have set P = x| here. (We will need the general case later.)
Next, for the approximate solution, we compute

S = €2byy — €2aby — b + ab®
a(x)

_ 2 _ _ 2 2

=2 T Ty ey O

_ 1 [a(x) - a(-xl)wZ o eawvj| + 0(62) in HGZ(Q)
a(xy) a(xy) ’

When dealing with the operator S, there is the problem that itis not uniformly invert-
ible for small €. Therefore, to solve the problem S, = 0, we have to use Liapunov—
Schmidt reduction to derive an invertible operator which is suitable for methods from
nonlinear analysis. To summarize the argument, the following is done:

We define the approximate kernel as

X — X X — x? 2
K¢ x, := spanj w, c X o C H” (),
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and the approximate co-kernel as

X — X1 X — x? 2
Ce,x, = spanq wy p X p C L7 (S2).

The L,-projection onto C¢ y, is denoted by 7, . Then its orthogonal complement is

given by néx , = 1d — 7¢ x, . Then we introduce the linearized operator

Ley, t H Q) = L*(Q0)
defined by
Zs,t = S;[be,m]

which is the linearization of S, around the approximate solution. Finally, we consider
the linear operator

.l 1
Lf»xl . Ke,)u - CE,xl

defined by

L
Ley, = Ty, © L¢y,.

By an indirect argument it is shown that this operator in invertible and its inverse is
bounded uniformly for € small enough.

Then it can be shown that for every x| € B34 (x?) there exists a unique solution
Pex, € Kéx] such that

Se [be,xl + ¢e,x1] € Ce,xl . (2.16)
Finally, in order to solve S = 0, it only remains to find xf € B @) such that
Se [be,xl + ¢e,x|] L Ce,xf~ (2'17)

(For the details of the argument we refer to Section 5 in Wei and Winter (2007).)
To this end, we have to choose xf € B€3/4(x?) such that Se[béﬁxf] L wyyx in

L2(Q).
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First we compute, using (2.14) and (9.10),

JIECEE IS
R

a(xy)
_/0 arit+ey) —ata) 5
B —00 a(xy) y @
a(x) +ey) —a(xy) wlw
+/ a(m) vdy

/ 1 ea(1+x1) yw2wy dy
a(xl) 2Da  2Da

1
a(x1) |:2Doz Do “r 1+XI)j| ywhydy + 06
€e**1 sinh o wa 1 o —\ x| 1 2
- 6ca 6D [Z(e +e™)e o« +OE)
€e®* sinh o fR w? [ cosha wx, L 2
= Dea 36 Ot e — a + O(€9).

With the help of this result we calculate

0= a(xl)/ Scwy dy
R

: 3
_ €e® 1 sinhar [p w coshaewq 1 ea/(wy)2 dy.
Dca 36 o o

Using the integrals

/wzdy=6, /w3dy=7.2, /wgdy=1.2, (2.18)
R R R

sinh & cosh & €21 — sinh @e®! — @36 Dc = O (e). (2.19)

we get

Determining the solution x{ of this equation, which is quadratic in ¢**!, implies (2.7).
Finally, the solution

(ae,va be,xf) = (ae, be)

of the system (1.4) with Neumann boundary conditions satisfies all the other properties
stated in Theorem 2.1. m|

Remarks 1. Note that xf — 0 as a, ¢ — 0. This means that as the size of the
flow and the activator diffusivity tend to zero, the spike moves to the center of
the interval (which is the position of the spike in the absence of the flow). On the
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other hand, xf — —1 as o — oo and € is small enough. This shows that, if the
size of the flow tends to infinity, the spike can move to the left end of the interval.

2. We observe that the spike has asymmetric shape. The flow breaks the symmetry
of the spike. So here we get flow-induced asymmetry. However, this asymmetry
occurs not in leading order O (1) but only in order O (¢). This observation will be
made rigorous in Sect. 5 and it will be important when computing eigenfunctions
for small eigenvalues in Sect. 6.

We now change the boundary conditions.

3 Robin boundary conditions (zero flux)

We look for solutions of (1.4) in the interval 2 = (—1, 1) with no-flux boundary
conditions which model zero flux:

ay—aa=b, —ab=0, x=-1,x=1. 3.1

Theorem 3.1 For e small enough, there is a spiky solution (ac, be) of the system (1.4)
with Robin boundary conditions (3.1). The shape of this solution is given by

1 x — X} R
be(x) = E_w p + O(e) in H (-1, 1), 3.2)
ae(xf) =&, (3.3)

the amplitude satisfies

£ =& + O(e) with & = 6c. (3.4)
and for the position we have

x§ = 1V with x) = 18Dca. (3.5)

Remarks 1. 1Incontrast to the case of Neumann boundary conditions we have x{ > 0
whatever the size of « is for € small enough. Therefore the spike is located in the
right half of the interval in the presence of the flow. Again the size of the shift
is proportional to « in leading order. The results are valid for both positive and
negative o

2. Note that xf — 0 as o, ¢ — 0. This means that as the size of the flow and the
activator diffusivity tend to zero, the position of the spike moves to the center of
the interval (which is also the position of the spike in the absence of the flow).
Finally, if o exceeds a certain threshold value, the interior spike ceases from exis-
tence. Instead numerical computations indicate that in this case there is a boundary
spike at the right boundary.
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3. Note that a is a slow function and b is a fast function with respect to the spatial
variable x. Therefore, using their asymptotic behavior, we have

1
5/ abzdxzi(/ wzdy)—i-O(e):l—}-O(e). (3.6)
— R

€ 1 €

Proof of Theorem 3.1 We now construct a solution which concentrates near x?. The
assumptions and definitions for x1, €2, the cut-off function y and the approximate
solution are the same as in the proof of Theorem 2.1 and are therefore omitted. (Now
the formula for & follows from integrating (2.10) without multiplying by e~**.)

To determine the component a, we use the representation formula given in (9.16)
and get

axo

2

a(xo) =

1 1
/ e “a(x)dx + e** / f(xX)e “*G(x, x9) dx,
-1 -1
where

f(x) = e Lea(n)b?(x) = éwzx +0(e) inHX(—1,1)

€

and G (x, xg) is given by (9.18). Together with (3.6), this implies

1 J—
a(xo) = 1™ + ie‘”O/ w? (x—xl) e~ G (x, x0) dx + O(€)

€&, 1 €
ax 6c a(xp—x1)
= 1" + ——" TG (x1, x0) + O(e)
a(xy)
= 1% 4 X0 G (x1, x0) + O(e) (3.7)

for some real constant

1 1
| = —/ e a(x)dx.
2/

Now we are going to compute the integral in c;.
Setting x; = xp in (3.7) and using (3.6), we get

1
6c = Ee‘”‘ / e a(x)dx + G(x1,x1) + O(e). (3.8)
-1
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Substituting (3.8) into (3.7) gives

a(xg) = 07 (6¢c — G(x1, x1)) + VG (x1, x0) + O(e)

— ¢@@0=x1) [ go — X _1
Do Da?

Sl]lha o —X (; X + €),
oxX( e (X() ) (’C ) ()) 0( ) ( )
US“lg (E N )

Now we expand the component a around x;. We compute, using (3.7), (3.9) and
(9.18),

a(x| +€y) —a(x)) = ciae* ey

1 —
+ ¢ / w? =4 e [N G (x, x1 + €y) — ¥ G(x, x1)] dx
ea(xy) J_1 €
+O(E2Y?) =1, + I + O(°y), (3.10)
where

I, = [Vzé(xlazﬂz:xl]g‘/R(b’ —z| = |Z|)w2(Z) dz

_€ - 2
D /R(Iy z|l — lzDw”(z) dz,

Iy = (V.G (x1, 2)|s=x, )€Y (3.11)

X1
= 6 — —) N
( ca D €y

G(x,2) = P + 2 (G(x,2) — G(x, P))

and we have set P = x| here. (We will need the general case later.)
Now, for the approximate solution (de,y, , be x;), We compute

Se = €2byy — €2aby — b + ab®
1 ( ) 1 n a(x)
= —w — W) — € w
a(xp) 7 a(x))  a%(x)

1 |:a(x) - a(xl)wz _ anV:| + 0(e?) in HA(Q).
ax) [ ax) '

w? + 0(62)

The framework for Liapunov—Schmidt reduction is the same is in the proof of Theo-
rem 2.1 and we have to find x{ € B3/ (x?) such that S¢ L wyx in L2(Q0).
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First we compute, using (3.10) and (9.18),

a(x) —a(xy) wlw
_ yd
/ y

a(xy)
=/° axi +ey) —alx) 5 dy
oo a(xy) Y
Ca(x; +ey)—alx)) ,
d
+/ a(xy) Wy dy
6ca ! 2wy d
a(xl) o 2Da ywwy ey
1 2 2
a()q) [ 30 ' 2D ]yw wydy + 06
66 IIED [12Dca — x1] + O(€?)
= ———[12Dca — 2
5D [12Dca — x1] + O(e7).

With the help of this result, we calculate
0= a(xl)/ Sewy dy
R

= —% [12Dco — x1] — 605/(wy)2 dy + 0(e?).

This is equivalent to

— ST [12Dca — x1] — 1.2€ax = 0(6 ). (3.12)

Determining the solution x{ of this equation implies (3.5).
Finally, the solution

(ae,xf , be,xf) = (ae, be)

for the system (1.4) with Robin boundary conditions satisfies all the other properties
stated in Theorem 3.1. O

4 Stability analysis I: large eigenvalues

In this section, we consider the large eigenvalues of the associated linearized eigen-
value problem.

Let (ae,, be) be the exact one-peaked solution constructed in Sects. 2 and 3 for
Neumann boundary conditions (zero convective flux) and Robin boundary conditions
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(zero flux), respectively. We have derived that

€

1 X —X]
be =8 w| ——— )+ 0(). aclx) =&+ 0(), 4.1

where the amplitudes satisfy

b= — Y L 0Ge) or & =6e+ 0()

e%*1 sinh o

and the positions are given by

xép =L (1 + 1+ 24Dca’ cotha) — Lin@cosha) + 0(e),

or
x{ = 18Dca + O(e),

respectively.
We linearize (1.3) around (ac, b¢), using the ansatz (ae 4 Yee’<’, be + ¢pee’<’). The
eigenvalue problem for (¢, @) then becomes

€2¢e,xx - €2a¢e,x — ¢e + 2beaé¢e + 'ﬁebf = AeQe,

. . 4.2
Dl/fe,xx - Dawe,x - %1//6172 - %aebe(be = €reVe, 4.2)

where A, is some complex number, with the following boundary conditions: In Case 1
(Neumann b.c.) we have

Pex (1) = Pex (£1) =0 (4.3)
and in Case 2 (Robin b.c.) we get
Pex (1) — ape(£1) = Ve x (£1) — ape (£1) = 0. 4.4
We consider two classes of eigenvalues: The large eigenvalue case, where A —
Ao # 0, and the small eigenvalue case, where A — 0.
In this section we will handle the large eigenvalue case. The small eigenvalue case

is more involved, and we will analyze it in the following two sections.
Using the cut-off function x defined in (2.9), we set

e X = x? 2
e (x) = Pe(x) x € H (). 4.5)

ro

Then, from the equation for qEE, it is easy to see that

Ge(x) = pe(x) +est.in - HX(Qe), (4.6)
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where e.s.t. denotes an exponentially small term. For convenience, from now on, we
drop the tilde for ¢..
We assume that

¢ell2() = € 4.7

if € is small enough. Assume that, after a standard extension of the function ¢ (y)

_ 1,0 _,0
from ( 16 aify 1%) to the real line, see for example Gilbarg and Trudinger (1983),

and using the (4.2) to prove regularity results for ¢, that

de — do(y) in H*(R).

Now, using (4.1) and (4.2), we have that ¥ — Y in HZ(Q) as € — 0, where ¥
satisfies

Do — Datho.x — yod,o — 2 ( /]R wo dy) 8.0 =0, “.8)
where
c [ w? 6¢
y = f“% ==, 4.9)
fo é:()

where xig has been defined in (2.6) and (3.4), respectively, and § 20 denotes the Dirac

delta distribution located at x?. From now on we drop the subscript O for vy and the
superscript O for x?. Let

n=v(x).

Now we will show that
(4.10)

for both types of boundary conditions.
First we consider Case 1 (Neumann b.c.):
For —1 < x < x1, we have ¥y, — ay, = 0 and v, (—1) = 0. Using the funda-
mental solutions, we get that ¢ = const. This implies that
Y(x)=yv(x)=n for —1 <x <xy. 4.11)
Similarly, for x; < x < 1, we have ¥, — a¥, = 0 and ¥, (1) = 0 which implies

Y(x)=n forx; <x <. (4.12)

Now we consider Case 2 (Robin b.c):
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For —1 < x < x1, we have (Y, — a¥), = 0 and ¥ (—1) — ayy(—1) = 0. This
implies that

Ye(x) —ayy(x) =0 for —1<x <xj. (4.13)

Similarly, x; < x < 1, we have (Y — a¥), = 0 and (1) — oy (1) = 0 which
implies

Yo(x) —ap(x) =0 for x; <x < 1. (4.14)

Since ¥ (x) is continuous at x = x1, we get from (4.13) and (4.14) that also ¥, (x) is
continuous at x = xj.

The important fact is that in both cases the function v, (x) is continuous at x = x.
From (4.8) we derive

J/n+2c/ wedy =0 (4.15)
R

since the coefficient of §,; must vanish. Together with (4.9) his implies (4.10).
Substituting (4.10) into (4.2), we obtain

d
Jrwo Yl =

Lotdy A (4.16)

¢yy_¢+2w¢—2

Let us recall the following key lemma

Lemma 4.1 (Wei 1999): Consider the nonlocal eigenvalue problem

Jrwedy o _ 4. (4.17)

¢yy_¢+2w¢_ﬂf wzdy
R

(1) Ifu < 1, then there is a positive eigenvalue to (4.17).
(2) If u > 1, then for any nonzero eigenvalue w of (4.17) we have

Re(A) <c¢ <O.
B) Ifu #1and A =0, then
¢ = cwy

for some constant c, where w is defined in (2.2).

From Lemma 4.1, we see that the threshold for the stability of large eigenvalues
is © = 1. Since in (4.16) we have © = 2 > 1, Case 2 of Lemma 4.1 applies and
we derive that the eigenvalues of (4.16) all satisfy Re(X) < ¢ < 0. By a perturbation
argument (see for example Dancer (2001), Wei and Winter (2007)) we derive that this
estimate also holds for € small enough.

In summary, we have arrived at the following proposition:
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Proposition 4.2 Let Ac — Lo # 0 be an eigenvalue of (4.2). Then Re(r¢) < c < 0,
for some ¢ < 0 independent of €.

This finishes the study of large eigenvalues.
To conclude this section, we study the conjugate L* to the linear operator L. It is
easy to see that L* is given by

L*¢ = ¢yy _¢+2w¢_2%w (4.18)
where
¢ € HX(R).

We obtain the following result.
Lemma 4.3

Ker(L) = Xo, (4.19)
where

Xo = span {wy(y)}

and w is defined in (2.2). Further,

Ker(L*) = Xj. (4.20)

Proof First we note that (4.19) follows from Lemma 4.1 (3).
To prove (4.20), we multiply the equation L*¢ = 0 by w and integrate over the
real line. After integration by parts we obtain

/ w2¢>dy =0.
R

Thus the non-local term vanishes and we have
Lo .= Ap —¢p+2wep =0, 4.21)

This implies that ¢ € Xo. Further, since wy is an odd function it is easy to see that
L*¢ = 0 forall ¢ € X¢. This implies (4.20). O

As a consequence of Lemma 4.3, we have a result on the restriction of the operator
L to the orthogonal complements of X:
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Lemma 4.4 The operator
L:XgNH*R) - Xg NL*R)
is invertible. Moreover, L~V is bounded.

Proof This follows from the Fredholm Alternatives Theorem and Lemma 4.3. O

5 Further improvement of the solutions

As a preparation for the computation of the small eigenvalues of the problem (4.2),
in this section we further improve our expansion for the solutions derived in Sects. 2
and 3 for Neumann and Robin boundary conditions, respectively.

Using the analysis in Sect. 4, in particular Lemma 4.3, we get in the limit A, —
Lo = 0O that

¢ — ¢ in H*(R),

where L¢ = 0. Hence Lemma 4.1 implies that ¢ = cw, (y) for some real constant c.

This suggests that the first term in the expansion of ¢, (y) is aw, (y) for some suitable

constant a. We need to expand the eigenfunction ¢, up to the order O (¢2)-term. To

this end, we first expand the first component b, of the exact solution up to order O (€2).
More precisely, we will show that

be = &7 (w+ w1+ wy + w3+ wa)x + ¢
_ &1 0 2,0 0 2,0 L
=& (WHewj +ewy +ews +ewy)x ¢, (5.1

where we set w| = ew?, wy = ezwg, w3 = ewg, wy = e2w2, & =&+ O(e) and

= CeJ,_xE’ ||¢l||Hz(Rz) = O(€3). Further, w(l), wg are odd and w, w(z), wg are even

functions which will be introduce in this section.
First we consider Neumann boundary conditions.
Recall from (2.15) that
G(x,y) =ci + PG, y).

Next we consider Robin boundary conditions.
Recall from (3.12) that

G(x,y) =" P6c + "7 (G(x, y) — G(x, P)).

We define the average gradient for the function G, taken with respect to the second
argument, as

- N 1 /- o B
(VG(x, ) = (V-G x Dlems) = 5 (Gotre 7D + Gete D) | 52)

=X

@ Springer



Flow-distributed spikes 233

where G (x, zt) denotes the right-hand partial derivative etc. Half the jump of the
gradient, taken with respect to the second argument, is denoted as

1

[VG(x,x)] = [V.G(x,2)| ;=] = 5

(Gz(x,z+)—(~?z(x,z_))’ .63

=X

There are two types of second gradients to consider. The first type is a double deriva-
tive with respect to the second argument, denoted by V2G. The second type is a single
derivative with respect to each of the first and second arguments, denoted by VVG.
For both types of second gradients we now define the average and half the jump as
follows:

< V3G (x,x) > i= < VIG(x, )| ;x >

- % (Gzz(x, N+ G, z—))z:x , (5.4)
[V2G (x, 0)] := [VZG(x, 2)|:=]
_ % (Gzz(x, ) — G, z*))zzx , (5.5)
< VVE(,x) > 1= < Vi V.G (X, 2)|oex >
_ % (ze(x, )+ G, Z_))z=x , (5.6)
[VVG(x, x)] :=[ViV.G(x, 2)|:=x]
- % (Guelr. ) = Gucl, z‘))Z:x . .7)

Now we expand the solution b up to order €2,
Let w? € X é be the unique solution of the problem

0 5000
0 0 0 Jwuidy 2 (VG (xy, x7))
Wi,y — Wi +2wwy =2 Twldy WO TIVITGo (5.8)
— —— 1

=0since w(l) isodd

Note that (5.8) has a unique solution which follows from Lemma 4.4 using the fact
that

~.0 0
/ awy -y YEEL DN, gy o, (5.9)
R a(x?)

Statement (5.9) is equivalent to

(VG(x), xD)) 1

a.
a(x?) 2
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This statement follows by a suitable choice of spike position (see Sects. 2 and 3). An

explicit calculation gives w(l) = Fyw. We remark that w? is an odd function in y.

Let wg e X 8‘ be the unique solution of the problem

fwwzdy w?

Jw?dy

<VG<x1,x,)> 1o S (V2GR D)
a(x?) 2” a(x?)

042 042
0 02, J@)?dy + [w3)*dy ,
—(w] +w3)” + fwzdy w

(ffwwu;d ) +4ff zowwo. (5.10)

Note that (5.10) has a unique solution by Lemma 4.4 since its r.h.s is an even function
and so is orthogonal to wy. We remark that wg is an even function in y.
Let wg eX 3‘ be the unique solution of the problem

0 0 0
Wy — Wy + 2ww,; — 2

= ozwl o 2yw

fwwgdy 2

0
Jw2dy v

w3y, — wd + 2wwd -2

_ 5IVGGTLaDI 1 / L, .
=-w a6 e w0 dz Rz(ly z| = lzDw(z)dz. (5.11)

Note that (5.11) has a unique solution which follows from Lemma 4.4 since r.h.s. is
an even function and so is orthogonal to wy. We remark that wg is an even function
iny.

Let wg e X 3‘ be the unique solution of the problem

0
0 0 0 Jwwidy
w4’yy — U)4 + 2u)w4 — 2 W
————
=0 since wg isodd
~r.0 .0 ~ .0 .0
= —yu? (VZG (Y, xD)] [e 2w3(zz)w(z) dz ywwg[VG(xlo, x)]
a(x?) Jr2 w?(2) dz a(x?)

N o 2lVGGf A 1 / 1 B
+7T€’X(1) |:aw3,y w a(xf) fRZ wz(z)dz sgn (y Z)|y

Jw

0
ww
—zPw?(z) dz + 4f 23 ww?:|
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o1 | L, (VG (x{, x9)]
‘ %”[ I )
11 L (VG x))] .
+e€ ”e,x? [_O‘wy +yw TX?) = fi(y), (5.12)
-0

where f1(y) represents the total r.h.s. of (5.12). Note that (5.12) has a unique solution

which follows from Lemma 4.4 since fi(y) is orthogonal to wy by the definition of

the projection :-xo. We remark that f1(y) is an odd function and so wg is also an odd
g

function.

Remark The projection, which is an odd function, satisfies

L, (VG (xS, x9)) 5, (VG (Y, xD))
Tex{ | €AWy — €yW" —————— —ne’x? €AWy — €EYW ———F—

a(xy) a(x?)
=0
2/0,0 0
0 2 [VEG(xy, x])] 1 / 1 2
- , = — —z|°d
Tex0 |:aw3,y w a0 e w2 d Rzzsgn(y Dy —zl7dz

xe2 = 0(e?).

This relation is included in the equation which is solved by the spike position x7.
Because of the non-degeneracy of G, namely the condition (Vxlzé(x?, x?)) # 0, we

will get |x] — x(l)l = O(e). Formally, this equation determines the € order term of x{.

Now it follows that S.[(w + ew(l) + e2w(2) + ewg + ezwg)x] = 0(€3) since by

the definition of w and w?, i =1,2,3,4 all the terms up to order €3 cancel. Using

Liapunov—Schmidt reduction, in particular the elliptic estimates for the solution of the
nonlinear problem as indicated in the proof of Theorem 2.1, we finally have
be = &7 (w+ wy + wy 4+ w3+ wa) x + o
=g ! (w + ew) 4+ 2w + ewl + 62w2) X+,
where £, = 51) + O(e) and ¢ € CeJ_xf’ ||¢J_||HE2(Q) = O(e?). Further, w?, w) are
odd and w, wg, wg are even functions.

6 Stability analysis II: small eigenvalues

As we shall prove, the small eigenvalues are of the order O (¢?). Let us define

_ 40
Bamzx(xm”)m@x ©.1)
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where x has been defined before (4.5). Then it is easy to see that
be(x) = be(x) +est. in HX (). 6.2)

From the defining equations for w and w? let us define the following identities
which will be used in the stability proof.
Taking derivatives w.r.t. y in (5.8) gives

o
w?,yyy — w?’y + Zwyw(l) + wa?,y = awyy + E(w2 + 2ywwy). (6.3)

Taking derivatives w.r.t. y in (5.10) gives

0
0 0 0 0 fwwz dy
wz’yyy — wz)y + 2wyw2 + 2ww2)y — 4Wwwy
(VG (x9,x9))
= Olw(l),yy -2 (ywyw? + yww(l),y + ww?) W
1

26 (0 40
- (yzwwy + ywz) —<V ¢ Ex%)’ XI))

a (x7)
Ik wOZdy—i-f w)? dy
(w0 () + LD Wdy( d
2
w*dy
0
+4 ffwwuf (wng + wwg,y) . (6.4)

Taking derivatives w.r.t. y in (5.11) gives

2wwy

0

Jwwldy
W3 yyy —

0 0 0
w3y +2wyws +2wws , — 4 Tw?dy Wwy

VG (x€, x¢
— uww, o] / (y =zl — lzh w? (2) dz
a(x)  Jpw?@dz /e
5 [Vé (xle, xle)]
a (xf)

where we have used

1
v f w2 (z) dz /]R? (ly =zl = |zD 2w (2) wy (z) dz, (6.5)
R2

d
4 |y—z|w2<z>dz=/ (——|y—z|>w2<z>dz=/ ly — z2w(2)w,(z) dz,
rR2 dz R?

dy R2
d 2
— lzlw“(z)dz = 0.
dy R2
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Taking derivatives w.r.t. y in (5.12) gives

wg,yyy - wg,y + 2ww2’y + 2wy wj
0
Jwwydy d

Note that % f1(y) is an even function and so wgg y is also even. Note that wg, y is an

even function and it can be handled by adding an even correction of order €2 to the
eigenfunction (see the analysis below).
Note that

be ~ &7 w(y)x in H2(Q)
and l;e (x) satisfies
€%be vy — €2abe y — be + bla. = est. in HX(Q). (6.7)

Taking derivatives w.r.t. x, we get

[ 6255,”)5 - ezal;e,xx — Ee,x + ZI;EaGI;G,X + Bgae,x +es.t. =0, ©.8)

bex(£1) =0 or be (+1) —ab(£1) =0

in Case 1 or Case 2, respectively.
Let us now decompose

P = X (wy + ew?,y + ezwg,y + ewg,y + eZwQ,y) +¢-+0 (62) , (69
where
¢F L Xo = span {xwy} C H*(Q),

a9, = (o, ).

€ €
Our proof will consist of two steps. First we will show that [|¢- — e¢f-—e2¢j- Il 5200
= O(€?) for suitably chosen even functions qbf-, ¢2l € H*(Q.) suchthat || d)f‘ 52
I ¢§‘ | z2(q.) < C. Second we will derive the asymptotic behavior of the eigenvalue
Aeas A — 0.
As apreparation, we need to compute L[(wy +€ w?’y +62wgyy —I—ewg’y +62w2,y)x],
where

L = ¢y, — cady — ¢ + 2beac + ¥b;
for ¢ € Hf (£2), the functions w, w(l), wg, wg, wg have been defined in (2.2), (5.8),

(5.10), (5.11), (5.12) respectively, and ¥ is derived by solving the second equation of
4.2).
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Substituting the decomposition ¢ = (wy + ew(l),y + ezwg,y + ewg’y + ezwf‘)’y) X
into (4.2) and using (5.8), (5.10), (5.11), (5.12), (6.3), (6.4), (6.5), we have

Lo = ¢yy —€agpy — ¢
+2x (w + ew? + ezwg + ewg + ezwg)

-1
2e [wwl + 262 [wuwldy + €2 [ (w?)’ + €2 [ (w?)’
x| 1+ Twdy ¢

(Vé (xle,xf))
&e

21y2 (V2G (7. x?)
&0

+2ey X (w+ew(l)+ew(3))¢>

+2e XwWwy

2
_ 0 0
€x (w + ewy +6w3) ¢

(VG (x5.x9)]

X & fRz w21(z) e /IRZ (y —z| — lz) w? (2) dz
, [vzé (x(l),x?)] | 1 N
—2e" xwwy, & fszz (2) dz /RZ ESgn(y_Z)W—ZI w? (2) dz
_zf(w+ew?+e2wg+gwg+€2wg) ¢ dy )
[ (w)?* dy
=0(e)

2 w2
X (w + ew 4+ 2w + ew + ezwg) + eyVyr (xf) 3 +0 (63)
€
= (wyyy — wy + 2wwy)
+e (w(l)’yyy — w?’y + Zwyw(l) + 2ww?,y)

VG 0’ 0
+€ (—awyy + 2ywwyw)

&e
0
2f .0 0 0 0 Jwwydy
+e (wz’yyy —wy, +2wyw; + 2ww; |, — 4Wwwy)
(VG @), xD)

—€? (aw?’yy — 2(ywyw(l) + yww?,y) P

&0
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—€? ( — 2w + w(w) + wg)y

W2 dy + [(w)?dy ww?
+f ! fwzgify 3 2wwy — 8 % ww,

f g(ww—}—ww ))
f y¥3 3,y

0 0 0 0 Jwwsdy
+e€ (w&y},y —w3, + 2wywsz + wa&y — 4Wwwy)

+4

[VG(x{, xO)] 1 / o )
+e2ww, :, T w? () dz R2(|y 7| = lzhDw(z) dz

2 VGG, )] 1 / T )
Y §e fR2 w?(z) dz Rz(ly 2| = [z2D2w () w;(2) dz

0
ww, dy
+€2 (wg’yyy — wg’y + wag’y + Zwng - 4ffw—24dywwy)

2

2 € w_
+e7g1(y) + eyVibe(xy) 22

L, (VG (Y, xDy) 2 (vé(x?,x?))yw2
) )
5 (V2G (1Y, x?))yw2 o (VVG(x), xD)) -
) )
d
—ezafl () + €810 + 0(e?),

+0()

= —€w

(6.10)

where the odd function fi(y) has been defined in (5.12) and the even function g (y)

is defined as

[VG(x), xN] [z 20d(2)w(z) dz

g1(y) : = —2ywwy

) Jr2 w*(2) dz
VGV, x))]
—2ywy w3 + 2yww3 V)f—;
20,0 .0
1 0 [V-G(x7, x7)] 1
-2
+7T€,X(1) |:aw3’yy wwy EO fRZ wz(Z) dZ

1
x / -Sgn(y—Z)Iy—zlzwz(z)dz}
R2 2

0
ww
+rt, |:4f 23 (wyw? + ww(l),y):|

€X7 f w
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| o IVPGGED D) 1
T °P) 8 JmwlG)dz

€,X7]

X / sgn(y — 2)|y — zlzw(z)wz(z) dz:|
R2

§e
(VG (K, x?)]]

VG(x€, x¢
—_ [zywwyu}

6.11)

1 -1
+7m— € 2yww
€y [ Yty &

To show that the last equality sign in (6.10) is correct, the following computation are

required for the preceding expression: The first line vanishes by the definition of w.
0,0

WEULD) by (6.3). Lines 4-7 equal

Lines 2-3 equal —ew? %

Vé O’ 0 VZG 0’ 0
( (gl x1)>yw2_62< (o x1)>yw2
0

)

—620’

by (6.4). Lines 810 vanish by (6.5).
Here we have used

Y(x?)
&

x/(w +ew + 2wd + ewd + 2w + 0(63))(wy+ew?,y+62w(2)1y+6wg,y+ezwg,y + 0()dy

= —25& (/(w + ew? + ezwg +ewg +62w2 + 0()? a'y)

= 0()

which follows by arguments as in Sect. 4.
Further, we have used

VY (xf) = Vy(x)) + 0(e?)

- (%) /(Vxé(x?,x?))

2
< [vid) & ;Z) +2w(Dw,(2) | dz+ O(e?)
=0(e?) g

— e (é_o) (VVG (), x)) / 2zww, dz + O(€?)

Jw?

—e&n(VVG (Y, x")) + 0(€?).
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The derivation of this formula linking Vi (x?) with VVG (x(l), x?) isdelayed to Appen-
dix A (Sect. 9) where it will be given for both Neumann and Robin boundary conditions
(see formulas (9.27) and (9.38).

Step 1. Substituting the eigenfunction expansion given in (6.9) into the linear
operator L, we get
L [(u)y + ew?,y + ezwg,y + ewg,y + ezwg’y) X+ ¢€L]
= Ae ((wy + ew?’y + ezwg’y + ewg,y + ezwg’y) X+ qbeJ‘)

+0(ed). (6.12)

Therefore 436l satisfies the equation

LloF] — hepd = —(L — 1o (wy +ewl  +efwd  +ewd, + eng’y) X
= A (wy +ew]  +ew)  +ew  + ezwg,y) X
JVGEL D) o pa (YOG AD) 0
&0 2 )
2/0+0 .0 ~+0 0
62 (V G(xl s xl)) yw2 n 62 <VVG()C1 s x1)> ng
&0 )

d
+625f1 ) — €2 g1() + 0(€d).

We derive the following estimate, using a projection as in Liapunov—Schmidt reduction
for the linearised operator,

ot — €di €03 2,y = O + hellle 12 ay)- (6.13)

Here ¢1l is the unique even function in H 2(R) which satisfies

1L ~(+0 0
d VG(x7,
¢1J_yy — ¢ + 2w — 2—f lf);blz Y w? = VGO, xp)) (zl ) w?
. w 0
and is given by
Vé 0’ 0
o = - YOG (6.14)

&0

Further, ¢j‘ € H%(R) is the unique even function which satisfies

J_d d
D1y — 87 + 20y 2%# =W Tam. 619
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Note that q&el cancels the even terms on the r.h.s. Therefore, in the next step, we only
have to deal with odd terms.

Step 2. We multiply (6.12) by wy x and integrate, using the fact that [ ot wyx dy
= 0. This implies

/L |:(wy + ew?yy + ezwg,y + ewg,y + szg’y) wyx dy + / Li¢ 1w, x dy:|

:Ae/w§X dy + O(e|re)). (6.16)

Using (6.10) and (6.13), we get

rhs. = / widy = 1.2,
e 5.0 .0 25,0 0
ths. = = (a(VG(xl,xl)) (V2GR0 x0))
0

+<Vvé(x?,x?)>)/yw2wydy+/ wy Lot dy

€

2
€ N .
o («(VGaD D) + (V2G (] 1))
0
~ 1
+<VVG(x?,x?)>) §/w3dy+/ wy Lot dy.
: - L - Ly — 03
It remains to estimate [, wy L. dy. We will show that [, wy Lo dy = O(€).
Integration by parts gives

/ (Lo )w;Xdy—/(Lofiﬁ Ywy dy — fo 3 /szwydyw(e%

/Lo[wy]qbe dy — fo ¢; /wzwydy—l—O(63) = 0(e”)

since wy belongs to the kernel of Lo, where Lo¢ = ¢y — ¢ + 2we.

1
Finally, we estimate in the integral if L¢>€L is replaced by L0¢>€L - ZfIwU?; w?

‘/ (Lot — L¢>€+2ff P 2y dy

< Clae — &wll g2 ¢ — €di — €263 I 12,
= 0(6)(0(€¥) + O(Iel)) = O(e* + €lne)).

This implies the estimate

/L[asj]wy dy = O(e* + elre))

for the second term on the r.h.s..
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Putting all contributions together, we get

2
€ - ~ .
= Tom («(VGaD D) + (V2G (] aD) + (VI GG, 1) )

=50

1

g/w3dy + 0(63)

2¢? 50000 250,00 50000 3

= (oz(VG(x],xl)) + (V26 (Y, x0)) + (VVG(xl,xl))) + 0(eY).
0
We have stability if

(VG x)) + (V2 (). xD)) + (VVG (). x)) < 0.

Now we check this condition. Starting with Neumann boundary conditions, we get
from (9.39)

2
he 25% (VGG xD) + (VG0 2D + (VVG P a)) ) + 0
0

62 h ax? + 0( 3)
= ———= CoSh«o e €
D&}
€2 1+ +/1+24Dca3 cotha

T D&} 2cosha

+ 0@ <.

For Robin boundary conditions, we compute, using (9.28)

2
e

o (VGGh ) + (G0 D) + (9GP D) + 0
0

62

1
=—=(—=++ lanz) + 0(63) < 0.
=

Theorem 6.1 The spiky steady states given in Theorem 2.1 and Theorem 2 are both
linearly stable. The linearized operator has a small eigenvalue of order »c = O (€%)
as e — 0.

For Neumann boundary conditions we have

2 3
1 1424D th
)\e:_63 + 1+ ca co a+0(63)<0.
D&y 2cosha

For Robin boundary conditions we get

e (1 2 3
Aez——3 B+12ca + 0(’) <0.

§o
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Remarks 1. For Neumann boundary conditions the small eigenvalue satisfies

2

_ € l 2 4 3
Ae = 53 (D+6ca + O(a ))+0(e ).

2. The approach used in this paper is only applicable to the study of steady states.
However, the size of the small eigenvalues gives an indication of the speed with
which the spike moves. The small eigenvalue are stated in Theorem 6.1. It can be
seen that they consist of two parts: The first one is proportional to %, the second
one is proportional to . This indicates that with decreasing D or with increasing
o the spike will move faster.

7 Numerical computations

We conclude this paper confirming our results by numerical computations.

First we consider Neumann boundary conditions for D = 10 (Fig. 1).

Second we consider Neumann boundary conditions again, but now we choose a
higher value value of the diffusion constant D = 50. We will see that the spike now
moves even further to the right than observed in Fig. 1 before it turns and moves to
the left, finally approaching the left boundary (Fig. 2).

Third we show some computations with Robin boundary conditions. In contrast to
the case of Neumann boundary conditions the spike always moves to the right only
and does not change direction (Fig. 3).

Now we decrease the diffusion constant D. First we consider Neumann boundary
conditions. We observe that starting from a single spike we get more and more spikes
as D decreases. These multiple spikes have different amplitudes (Fig. 4).

Next we compute multiple spikes for Robin boundary conditions. We observe that,
starting from a single spike, we get more and more spikes as D decreases. These
multiple spikes have different amplitudes (Fig. 5).

In Fig. 6, to enable an easy comparison between boundary conditions we com-
pute the multiple spikes for Robin boundary conditions again, but now with the same
parameters as chosen for Neumann boundary conditions in Fig. 4. Note that now the
starting configuration shown in the first graph is a boundary spike (in contrast to an
interior spike in Figs. 4 and 5).

8 Discussion

A very important potential implication of these theoretical results is in the field of
symmetry breaking leading to left-right asymmetry. One of the hypotheses tested
in recent work in mouse is the effect of a nodal fluid flow leading to the one-sided
accumulation of several molecular species mediated by cilia. These models have been
reviewed in Hamada et al. (2002) and Raya and Belmonte (2006).

The results in this paper capture the interaction of pattern formation by a reac-
tion—diffusion mechanism with convective fluid flow in a simple model problem. In
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50 5— 0.1 5 5—20
a a
40 0.08 4t 115
30 pre, 0.06 3t
o S s .© 110 o
20 el 008 5
|s
10 0.02 1}
0 0
Ql -0.5 0 0.5 10 1 0 0.5 1
5 F— 5 5 p— 10
a a
41 4 4t 8
3t 3 16
o < <
2t 2 14
1t 1 {2
0 : 0 k 0
-1 -0.5 0 0.5 1 -0.5 0 0.5 1

Fig.4 Computation of a steady state with multiple spikes for Neumann boundary conditions witho = 5
and D = 0.01, 0.008, 0.005. We observe 2, 5 and 7 spikes, respectively. Note that these multiple spikes
have different amplitudes. The other constants are chosen as € = 0.01, ¢ = 0.01. For comparison, in the
first picture, we plot the solution with a single spike for D = 10 again

particular, they quantify the effect of asymmetry caused by the flow: The spike is
moved from the symmetric position in the centre of the interval to either the left or
the right side. The direction of this shift depends on the size of the fluid flow as well
as the boundary conditions.

In the biological application of nodal fluid flow in mouse these mathematical results
imply that the issue of left—right versus right—left orientation can be affected by various
factors such as the size of the flow and the interaction of the pattern-forming system
with boundaries such as the cell domain wall.

We show that the shifted spike is stable. In particular, this implies that the new
position of the spike is stable and the method of shifting spikes off the center by a
convective flow is reliable and reproducible.

9 Appendix A: Representation formulas
In this appendix, we derive representation formulas for the inhibitor part of the solu-
tion.

First, we consider Neumann boundary conditions:
Let a be the solution of

1
Day, — Daay + 37 =0, ax(—=1)=ax() =0, 0.1
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60 —— 01 20 — 1
a a
50f
o 0.08 s B 0.8
401
0.06 0.6
£ 30 < 010 <
0.04 0.4
20 +
5
10 10.02 0.2
0 0 0
-1 -0.5 0 0.5 1 - 0
5 2 5 —2
a
1.5 1.5
1 < 1 <
10.5 0.5
0 0 0
-1 0.5 1 -0.5 0 0.5 1

Fig.5 Computation of a steady state with multiple spikes for Robin boundary conditions with « = 0.20
and D = 0.1, 0.01, 0.005. We observe 2, 4 and 6 spikes, respectively. Note that these multiple spikes have
different amplitudes. The other constants are chosen as € = 0.01, ¢ = 0.01. For comparison, in the first
graph, we plot again the solution with a single spike for D = 10

where f € L%(—1, 1). We write (9.1) as

1
D(e ™ ay), + Ee_‘” — fe T =0, ay(—1)=a,(1)=0. 9.2)

Fix x1 € (—1, 1). Let G(x, x1) be the Green’s function given by

[DGxx(x,xo — DaG(x,x1) + 3 = ¢y 8y =0, ©93)
Ga(=1,x1) = Gx(1,x1) = 0. '
which is equivalent to
[ D(e ™ G (x, x1))x + 3¢ — cye 18, =0, ©.4)
Gy(—1,x1) =G,(1,x1) =0.

(The constant of integration for G (x, x1) will be determined by (9.7) below.) We first
determine the constant cy,. From (9.4), we have

1! inh
R —/ e “dx = s a. 9.5)
2 —1 o
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Fig.6 Computation of a steady state with multiple spikes for Neumann boundary conditions witho = 5
and D = 0.01, 0.008, 0.005. We observe 6, 7 and 8 spikes, respectively. Note that the spikes have different
amplitudes. The other constants are chosen as ¢ = 0.01, ¢ = 0.01

Multiplying (9.2) by G, (9.4) by a and integrating, we get

1 1 1
5/ e_‘”G(x,xl)dx—/ f(x)e **G(x, x1)dx
-1 -1

1 1
= E/ e “a(x)dx —cyx e a(xy).
-1

Hence, using (9.5),

sinh o

1! 1!
alx)) = 5/ e Yalx)dx — 5/ e "*G(x,x1)dx
- -1

1

1
+/ f()e G (x, x1)dx. (9.6)
-1
Let us choose the constant of integration for the Green’s function such that
1
/ e “"G(x,x1)dx =0. 9.7
-1
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Then we have the following representation formula for a:

a(xy) =

1 1
/ e a(x) dx + — / F()e " G(x, x1)dx. (9.8)
—1

2sinha J_; sinh «

Now, if we let

J(x) = cxybxo,
we get from (9.1), (9.3)

a(x) = G(x, xg)

and so (9.8) implies

G(x1,x0) =

1
/e_‘”G(x,xo)dx—l— « e "G (xg, x1).

2sinha J_; sinh «

Using (9.7), we get

G(x1,x0) = e "G (xg, x1).

sinh «

Now (9.5) implies that
G(x1, x0) = G(x9, x1). 9.9)

For later use, we compute the Green’s function explicitly. Using the boundary condi-
tions, continuity and jump condition at x1, we get

spg (6 +2) — 5507 (20T 462G D) 4¢, —1<x<y,
3= (X +2) — ﬁ (0D o@Dy o, z<x <L

Gx,z)= [

We compute the constant ¢, using (9.7), which gives ¢ = DLO[ coth «. Finally, we get

G(x,z7) = ﬁ (x+2) — w;z (ea(xﬂ) + ea(zil)) + DLa cotha, —1<x <z,
e ﬁ (x+2z)— Dz (ea(x_l) + ea(z+1)) + DLQCOthot, z<x < 1.
9.10)

Second, we consider Robin boundary conditions:
Let a be the solution of

Dayy — Daa, + % — =0, ax(—1)—aa(—1) =a,(l) —aa(l) =0, (9.11)
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where f € L%(—1, 1). We write (9.11) as
1
D(e " ay), + Eef"‘x — fe " =0,
ay(—1) —aa(—1) = a,(1) —aa(l) =0. (9.12)
Fix x; € (—1, 1). Let G(x, x1) be the Green’s function given by
DGy (x, x1) = DGy (x, x1) + 3 — ¢, 85, = 0. ©.13)
Gx(=1,x1) —aG(=1,x1) = Gx(I,x1) —aG(l,x1) =0 '
which is equivalent to
[ D(e™ Gy (x, x1))x + 3% — ¢y e 7915, =0, 9.14)

Gx(—1,x1) —aG(=1,x1) = G(1,x)) —aG(l,x1) =0

(The constant of integration will be fixed by (9.7).) We first determine cy, . From (9.13),

we have
cx, = 1.

Multiplying (9.12) by G, (9.14) by a and integrating, we get

1 1
—/ e ““G(x,x1)dx
2/

1

(9.15)

1
—/ f()e ™ G(x, x))dx = %/ e Ma(x)dx — e Ma(x)).
1 _

1

Hence, using (9.7) and (9.15), we get the following representation formula for a:

1 1
alx)) = %e‘”l/ e “Ya(x)dx +e‘”‘/ f()e ™ G(x, x1)dx. (9.16)
- —1

1

Now, if we let

J(x) = cxybxo,
we get (9.11), (9.13)

a(x) = G(x, xp)

and so (9.16) implies

1

1
G(x1,x0) = ze‘”' / e " G(x, x0)dx + e**e "G (xg, x1).

1
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Using (9.7), we get the symmetry relation
e MG (x1, x0) = e G (xp, x1). 9.17)

For later use, we compute the Green’s function explicitly. Using the boundary condi-
tions, continuity and jump condition at x1, we get

e “"G(x,2)
x4 14 1 ) ax 2oy 11 ),z _
_ (2Doz + 2Da? + 2D0l) ¢ + (2Dot + 2Da? 2D0{) € +ec, l<x< 25
Z

S (e L 1 e (2o L 1) ez
(2Da+2Da2 2D0t)e +(2Da+2Da2+2Da)e +e z<x<l

;‘g;‘;‘ Finally, we get

We compute the constant ¢, using (9.7), which gives ¢ = —

G(x,2)
X 1 1 z 1 1 a(x—z) _ sinha jax
. (2Da+2Da2+2Da) + (2Da+2Da2 2Dot)e 2Da3e ’ l<x <z,
- X 1 1 z 1 1 a(x—z) _ sinha ax
(2Da+2Da2 2Doz)+(2Dot+2Da2+2Da)e ¢ o T<x <L
(9.18)

For later use we make the following computations for Robin boundary conditions.
First, we recall from (3.7) that

1 1
a(z) = Ee‘“/ e Ya(x)dx + (“C VG (x, 2)|x=p + O(6).  (9.19)
—1
Setting z = P, we get

1
%/ e a(x)dx = e *F(6c — G(x, P)) + O(e). (9.20)
-1

Substituting (9.20) into (9.19), we get

a(z) = e*@Pec + *E(G(x,z) — G(x, P)) + O(e) = G(x, 2) + O(e).
9.21)

We recall from (3.12) that
G(x,z) = e Poc 4 ¢ (G(x, 2) — G(x, P)).
Taking the first derivative w.r.t. z in (9.21) and setting z = P, we get

d'(P) = 6ac + (V.G(P, P)) + O(e) = (V.G(P, P)) + O(e).  (9.22)
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Taking the second derivative w.r.t. z, we get for z = P

a"(P) = 6a’c + 2a(V,G(P, P))
+H(VIG(P, P)) + O(e) = (VZG(P, P)) + O(e), (9.23)

using (9.22). Similarly to (9.19), we derive

1 1
V@) = 3¢ / e (x) dx — Vi (DG (x, ) leep + O(6).  (9.24)
—1

Integrating the equation for ¥ given in (4.2), we get for ¥ (P) + O (¢). This implies,
together with (9.24) with z = P,

1
%eap / e Y (x)dx = (Vi (e P G(P, P))) + Ofe). (9.25)
-1

and so

U(z) = *CTPUV (e PTIG(P, P))) — (Vi€ G (x, 2)))leep + O(€)
(9.26)

Taking a derivative w.r.t. z in (9.24), we get

V' (2) = VeV (Y PIG(x, P)) — (Vi V(e G(x, 7)) + O(e)
= (V, V. (*E(G(x, P) — G(x,2))) + O(e)
= —(V,V,G(x,2)) + O(e). (9.27)

Using (9.18), we compute

- 1 1
G(x,z) =6 a(z—P) 2
*x,2) ce + 2Da + 2Dq? + 2Da

P 1 1 @(z—P)
(2Da * 2Da? + 2Da) ¢ '

where the upper or lower sign applies for —1 < x < z and z < x < 1, respectively.
This implies

~ P
(V:G(x,2)) = bca — 75+ O(e),
1

w%u»ww—ﬁ——+%>
= 2D 2D ’

(Vi V.G (x,2)) = O(e)
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which implies, using (3.5),

a(V,G(x,2)) + (V2G(x, 2)) + (Vx V.G (x, 2))

, Pa 1 5 1
= 12ca _3—54_0(6):_600{ —E‘FO(E)

Similarly, for Neumann boundary conditions, we compute the following:

First, we recall from (2.11) that

1
/ e a(x)dx + PV G(x, 2) + O(e).
-1

Setting z = P, we get

a ! o P =
/ e “a(x)dx = 6ce " — G(P, P)+ O(e),

2sinha J_ sinh o

where
G(x,2) = PG (x, 2).

Substituting (9.30) into (9.29), we get

® 6ce P + (G(x,2) — G(x, P)) + O(e).

(@) = sinh o
Taking the derivative w.r.t. z in (9.31) and setting z = P, we get
d'(P) = (V:G(P. P)) + O(e).
Taking a second derivative w.r.t. z, we get

d"(P) = (VZG(P, P)) + O(e),

using (9.32). Similarly, we derive

1
Vo =5 / e (x) dx — (VG (x, 2)lees) + O(6).
sinha J_;

Integrating the equation for ¥ given in (4.2), we get
¥(P) = 0(e) = (~(VxG(P,2)) + (VxG(P, P))) + O(e).
Setting z = P, we get

o

1
: / e~ Y (x)dx = Vi G(P, P) + O(e).
2sinha J_
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Substituting (9.36) into (9.34), we get
¥ (2) = —(ViG(P, 2)) + (VxG(P, P)) + O(e). (9.37)
Taking a derivative w.r.t. z in (9.37) and setting z = P, we get
¥'(2) = —(ViViG(x, 2)) + (Vi V.G (x, P)) + O(e). (9.38)
Using (9.10), we compute

G(x,2) = PG (x, 2)

1
— ()C +Z)e(¥(P—x)

2Dx
—ﬁ (e“(Pil) + e"‘(Z“LP_ijU) + Dia cotha P9
V.G(P, P) = ﬁ (1—exr),
(V.G(P, P)) = Do (1 - coshae“”) ,

VIG(P, P) = —%e“(hﬂ)
which implies
(V2G(P. P)) = ——— coshare®".
2D
Taking a derivative w.r.t. x, we get

. 1
V.V.G(P.P) =~ (1 - e"‘(PjFl)) ,

(VyV,G(P, P)) = —i(l — cosha )
AR 2D

which implies, using (2.7),

a(V,G(x,2)) + (V2G(x,2)) + (Vi V.G (x, 2))

1
==3p coshae®” + 0(e)

11 1 4+ 24Dca? coth
__ 1 1++1+24Dca’cother |\ (9.39)
2D 2 cosh«a
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