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Abstract The basic reproduction number R0 has been used in population biology,
especially in epidemiology, for several decades. But a suitable definition in the case
of models with periodic coefficients was given only in recent years. The definition
involves the spectral radius of an integral operator. As in the study of structured epi-
demic models in a constant environment, there is a need to emphasize the biological
meaning of this spectral radius. In this paper we show that R0 for periodic models is still
an asymptotic per generation growth rate. We also emphasize the difference between
this theoretical R0 for periodic models and the “reproduction number” obtained by
fitting an exponential to the beginning of an epidemic curve. This difference has been
overlooked in recent studies of the H1N1 influenza pandemic.

Keywords Basic reproduction number · Seasonality · Epidemics · H1N1 influenza

Mathematics Subject Classification (2000) 92D25 · 92D30

1 Introduction

Let us first recall briefly a few things concerning the basic reproduction number R0
in a constant environment (Diekmann and Heesterbeek 2000). Consider a structured
population with m “types” of infected people. Let Ji (t) be the number of new infec-
tions of type i (1 ≤ i ≤ m) per unit of time at time t , what epidemiologists call
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742 N. Bacaër, E. H. Ait Dads

the incidence (not to confuse with the number of infected people). Let J (t) be the
vector (J1(t), . . . , Jm(t)). Many epidemic models lead after linearisation near the
disease-free steady state to a system of renewal equations of the form

J (t) =
t−t0∫

0

K (τ ) J (t − τ) dτ + H(t) , (t ≥ t0), (1)

where H(t) is a given vector function depending on initial conditions and K (τ ) is a
nonnegative square matrix. The basic reproduction number R0 is then defined as the
spectral radius of the next-generation matrix K = ∫∞

0 K (τ ) dτ . It can be interpreted
as follows. Set

J (t) =
∑
n≥1

J (n)(t), J (1)(t) = H(t), J (n+1)(t) =
t−t0∫

0

K (τ ) J (n)(t − τ) dτ,

where t ≥ t0 and n ≥ 1. Then J (n)(t) is the vector of incidences belonging to gener-
ation n at time t . Let ‖G(n)‖ be the total size of generation n:

G(n) =
∞∫

t0

J (n)(t) dt, ‖G(n)‖ =
m∑

i=1

|G(n)
i | =

m∑
i=1

G(n)
i . (2)

As noticed in Inaba and Nishiura (2008), it follows that

G(n+1) =
∞∫

t0

t−t0∫

0

K (τ ) J (n)(t − τ) dτ dt =
∞∫

0

K (τ )

∞∫

t0+τ

J (n)(t − τ) dt dτ .

So G(n+1) = K G(n). If the matrix K is primitive, then it follows from Perron–Frobe-
nius theory that G(n)/(R0)

n converges to a positive eigenvector of K as n → +∞.
So R0 is the asymptotic per generation growth rate:

lim
n→+∞

n
√

‖G(n)‖ = R0.

If the population structure is not a discrete set but the continuous set (0,+∞) as in
some age-structured epidemic models, then the theory is very similar: R0 is the spectral
radius of a “next-generation” integral operator with a kernel K(x, y) and G(n+1)(x)

= ∫∞
0 K(x, y) G(n)(y) dy. The Krein-Rutman theorem shows that G(n)/(R0)

n con-
verges to a positive eigenfunction of the integral operator. Again R0 is the asymptotic
per generation growth rate.

Finally, if the population structure is discrete but with just one type (m = 1),
then G(n+1) = R0 G(n). In this special case, R0 is not just the asymptotic per gen-
eration growth rate. It is also the average number of secondary cases infected by an
index case.
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In many applications it is more realistic to assume that the environment is periodic,
e.g., because of seasonality. This is the case for most vector-borne diseases, some
water-borne diseases, and some air-borne diseases such as influenza. Many periodic
epidemic models lead after linearisation near the disease-free state to a system of
integral equations of the form (1) but with a matrix kernel K (t, τ ) that depends on
t periodically. Let T be the period. In the past, it has been argued that “the concept
of R0 does not make sense in a nonautonomous setting” (Heesterbeek and Roberts
1995), that “concepts such as the basic reproductive number R0 no longer apply” (in
a periodic environment) (Grassly and Fraser 2006), or more recently that “no general
method exists for calculating the basic reproduction number, the threshold for disease
extinction, in nonautonomous epidemic models” (Wesley and Allen 2009). Bacaër
and Guernaoui (2006) suggested nevertheless that R0 could be defined as the unique
real number such that there is a positive T -periodic continuous vector-valued function
U (t) satisfying

R0 U (t) =
∞∫

0

K (t, τ ) U (t − τ) dτ (3)

for all t . In other words, R0 is the spectral radius of the integral operator on the right-
hand side of (3) on the space of continuous T -periodic functions. Such a definition
of R0 has been discussed in several articles. Bacaër and Guernaoui (2006) estimated
R0 for an epidemic of leishmaniasis and obtained a closed formula for R0 in a special
case. Bacaër (2007) discussed various methods to compute R0 numerically, obtained
approximate formulas for R0 when the amplitude of seasonality is small, and esti-
mated R0 for an epidemic of chikungunya. Bacaër and Ouifki (2007) revisited the
case where seasonality is sinusoidal, which leads to a simple characteristic equation
for R0. Wang and Zhao (2008) focused on the special case of systems of ordinary dif-
ferential equations, thereby extending the method using Floquet theory introduced in
Bacaër (2007) and proving rigorously some properties of R0. Bacaër and Abdurahman
(2008) studied cases of resonance, where R0 is quite different from the value that would
be obtained by averaging the model’s periodic coefficients. Thieme (2009) studied R0
for general periodic systems in ordered Banach spaces. Bacaër and Gomes (2009)
proved that R0 is still a threshold for nonlinear epidemic models in a periodic envi-
ronment. Bacaër (2009) adapted the definition of R0 to discrete-time periodic models.
Nakata and Kuniya (2010) studied the link between R0 and persistence in a particular
epidemic model, following Wang and Zhao (2008).

Despite these works, definition (3) has not yet made its way into the practice of epi-
demic modelers, as can be seen from the recent “R0” estimates for the H1N1 influenza
pandemic (Boëlle et al. 2009; Fraser et al. 2009; Munayco et al. 2009; Nishiura et al.
2009; Pourbohloul et al. 2009). These estimates are obtained by fitting an exponential
to the beginning of the epidemic curve. They do not take into account seasonality.
But seasonality is certainly an important factor for influenza epidemics (Lipsitch and
Viboud 2009).

In this paper we show that, as in the case of a structured population in a constant
environment, R0 defined by (3) can be interpreted in a periodic environment as an
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asymptotic per generation growth rate. More precisely, we shall show in Sect. 2 that
if ‖G(n)‖ is again the total expected size of generation n, then

lim sup
n→+∞

n
√

‖G(n)‖ = R0. (4)

Unfortunately the simple trick which led to the recurrence formula G(n+1) = K G(n)

in a constant environment does not work in a periodic environment. So our proof of (4)
relies on results for the asymptotic behavior of periodic renewal equations obtained,
e.g., in Jagers and Nerman (1985), Michel et al. (2005), Thieme (1984). Whether the
“lim sup” in (4) can always be replaced by “lim” is still not clear. Section 3 considers
a particular epidemic model with a single type of infected people where the contact
rate, the transmission probability and the recovery rate depend on time but not on time
since infection: a different proof yields a more precise result with “lim” instead of
“lim sup”. Section 4 considers the case of discrete-time models. Section 5 emphasizes
the problem of estimating R0 for the ongoing H1N1 influenza pandemic and the fact
that R0 may be a poor predictor of the final epidemic size. Some proofs are included
in two appendices.

2 The asymptotic per generation growth rate

Consider a population with m different types of infected people. Let Pi (t, τ ) be the
number of people of type i (1 ≤ i ≤ m) at time t who have been infected for τ units
of time. Assume that P = (P1, . . . , Pm) satisfies the partial differential equation

∂ P

∂t
(t, τ ) + ∂ P

∂τ
(t, τ ) + B(t, τ ) P(t, τ ) = 0, τ > 0, t > t0, (5)

with the initial condition P(t0, τ ) for τ ≥ 0 and the boundary condition

P(t, 0) =
∞∫

0

A(t, τ ) P(t, τ ) dτ, t > t0. (6)

The square matrices A(t, τ ) and B(t, τ ) are assumed to be T -periodic with respect to
t and continuous. Moreover we assume that for all 1 ≤ i, j ≤ m,

Ai, j (t, τ ) ≥ 0, Bi,i (t, τ ) ≥ 0, Bi, j (t, τ ) ≤ 0 if i �= j,
∑

i

Bi, j (t, τ ) ≥ 0. (7)

In other words, we are considering a multitype continuous-time branching process in
a periodic environment. Introduce the matrix function �(t, t ′, τ ) such that

�(t ′, t ′, τ ) = I,
∂�

∂t
(t, t ′, τ ) = −B(t, τ + t − t ′)�(t, t ′, τ ), ∀t > t ′,
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where τ ≥ 0 and I is the identity matrix of size m. If for example m = 1, then

�(t, t ′, τ ) = exp(− ∫ t−t ′
0 B(t ′ + s, τ + s) ds). Returning to the general case m ≥ 1,

set

K (t, τ ) = A(t, τ )�(t, t − τ, 0), (8)

which is T -periodic with respect to t . Assumptions (7) imply that �(t, t ′, τ ) and
K (t, τ ) are nonnegative matrices (Aronsson and Kellogg 1978). If M is a square
matrix of size m, set

‖M‖ = max
1≤ j≤m

m∑
i=1

|Mi, j |.

This is the usual matrix norm corresponding to the vector norm ‖ · ‖ introduced in (2).
We assume that there are positive constants α, β, and γ such that

‖A(t, τ )‖ ≤ α, ‖�(t, t ′, τ )‖ ≤ γ e−β (t−t ′) (9)

for all t ≥ t ′ and all τ ≥ 0. The following lemma recalls the definition of the
Malthusian parameter in a periodic environment (Coale 1970, 1972; Jagers and Ner-
man 1985; Michel et al. 2005; Thieme 1984, 2009; Williams and Dye 1997). For the
reader’s convenience, we give in Appendix 1 a proof adapted from Jagers and Nerman
(1985), Michel et al. (2005), Thieme (1984, 2009).

Lemma 1 For all s > −β, consider the bounded linear operator

Ls : V (t) 
→
∞∫

0

e−sτ K (t, τ ) V (t − τ) dτ

on the space P of continuous T -periodic functions from R
m to R

m with the norm
‖V ‖∞ = max{‖V (t)‖; t ∈ R}. Let ρ(s) be the spectral radius of this operator.
Assume that there exists s0 > −β such that ρ(s0) > 1. Then there exists a unique
number r > −β such that ρ(r) = 1. This number r is called the Malthusian parameter.

The following corollary recalls the definition of R0 from Bacaër and Guernaoui
(2006), Bacaër (2007) and its relationship with the Malthusian parameter r (Bacaër
and Guernaoui 2006; Bacaër 2007; Thieme 2009).

Corollary 1 Set R0 = ρ(0). Then r > 0 (resp. r = 0, r < 0) if and only if R0 > 1
(resp. R0 = 1, R0 < 1).
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746 N. Bacaër, E. H. Ait Dads

Lemma 2 Set J (t) = P(t, 0). Then for all t ≥ t0,

J (t) =
t−t0∫

0

K (t, τ ) J (t − τ) dτ + J (1)(t) =
∑
n≥1

J (n)(t), (10)

J (1)(t) =
∞∫

t−t0

A(t, τ )�(t, t0, τ + t0 − t) P(t0, τ + t0 − t) dτ , (11)

J (n+1)(t) =
t−t0∫

0

K (t, τ ) J (n)(t − τ) dτ , (n ≥ 1), (12)

‖J (n)(t)‖ ≤ (α γ )n e−β(t−t0) (t − t0)n−1

(n − 1)!
∞∫

0

‖P(t0, τ )‖ dτ. (13)

Proof The renewal equation (10) is obtained by applying the method of characteristics
to (5)–(6). Inequality (13) is true for n = 1 because of (9) and (11), and follows by
induction from (12).

The next lemma recalls the asymptotic behavior of periodic renewal equations dis-
cussed in Coale (1970, 1972), Williams and Dye (1997), formally proved in Jagers
and Nerman (1985), Michel et al. (2005) when there is a single type (m = 1), and
formally proved in Thieme (1984, p. 261) when m ≥ 1 but assuming that the kernel
K (t, τ ) given by (8) has a compact support with respect to τ (K (t, τ ) = 0 for τ large
enough). Because the latter condition is somewhat too restrictive from a mathematical
(but not biological) point of view, Appendix 2 sketches an adaptation of the proof
given in Michel et al. (2005) to the case m ≥ 1.

Lemma 3 Assume that the total reproductive value at t = t0 is positive (c > 0 in
Lemma7, see Appendix 2). Then there is a positive periodic function w(t) such that
‖J (t)‖ ∼ ert w(t) as t → +∞.

We arrive at our main theorem.

Theorem 1 Introduce G(n) and ‖G(n)‖ as in (2). Then (4) holds.

Proof For all t ≥ t0 and R > 0, set

Z (R)(t) =
∑
n≥1

J (n)(t)

Rn
.

Inequality (13) shows that this is always a converging series. Equation (12) and the
monotone convergence theorem (for exchanging a sum and an integral) imply that

Z (R)(t) − J (1)(t)

R
=
∑
n≥1

J (n+1)(t)

Rn+1 =
t−t0∫

0

K (t, τ )

R
Z (R)(t − τ) dτ.
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So Z (R)(t) satisfies the periodic renewal equation

Z (R)(t) =
t−t0∫

0

K (t, τ )

R
Z (R)(t − τ) dτ + J (1)(t)

R
(14)

and Z (R)(t) can be seen as the incidence in a population where the matrix A(t, τ )

has been divided by R. The basic reproduction number associated with the kernel
K (t, τ )/R is obviously R0/R.

Assume first that R > R0. Then R0/R < 1. From corollary 1, the Malthusian
parameter r (R) associated with (14) is strictly negative. From lemma 3, there exist
a positive T -periodic function w(R)(t) such that ‖Z (R)(t)‖ ∼ w(R)(t) exp(r (R)t) as
t → +∞. So R > R0 implies that

∑
n≥1

‖G(n)‖/Rn =
∑
n≥1

m∑
i=1

∞∫

t0

J (n)
i (t) dt/Rn =

∞∫

t0

‖Z (R)(t)‖ dt < +∞.

Assume now that R = R0. From corollary 1, the Malthusian parameter associated
with (14) is zero. From lemma 3, ‖Z (R0)(t)‖ ∼ w(R0)(t) as t → +∞, where w(R0)(t)
is positive and periodic. So

∑
n≥1

‖G(n)‖/(R0)
n =

∞∫

t0

‖Z (R0)(t)‖ dt = +∞.

In summary, we have shown that 1/R0 is the radius of convergence of the power series∑ ‖G(n)‖ zn . Theorem 1 then follows from the Cauchy–Hadamard theorem for power
series.

Remark • An element V ∈ P can also be seen as an element of the dual space P∗,
the “duality product” being 〈V, W 〉 = ∑

i

∫ T
0 Vi (t) Wi (t) dt . Then

(L∗
s V )(t) =

∞∫

0

e−sτ K ′(t + τ, τ ) V (t + τ) dτ,

where K ′(t, τ ) is the transpose matrix of K (t, τ ). The Malthusian parameter can
also be introduced by using L∗

s , as in Jagers and Nerman (1985).
• Assumption ρ(s0) > 1 introduced in lemma 1 excludes cases where too many

components of the matrix kernel K (t, τ ) are equal to zero. If there exists s0 > −β
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748 N. Bacaër, E. H. Ait Dads

such that at least one of the following two conditions holds

min
0≤t≤T

min
1≤i≤m

m∑
j=1

∞∫

0

e−s0τ Ki, j (t, τ ) dτ > 1, (15)

min
0≤t≤T

min
1≤ j≤m

m∑
i=1

∞∫

0

e−s0τ Ki, j (t + τ, τ ) dτ > 1, (16)

then ρ(s0) > 1. Indeed let 1 be the function in P with all its components identically
equal to 1. Let c1 (resp. c2) be the left-hand side of (15) (resp. (16)). We see
that Ls0 1 ≥ c1 1 (resp. L∗

s0
1 ≥ c2 1). It follows that ρ(s0) ≥ c1 > 1 (resp.

ρ(s0) ≥ c2 > 1) (Drnovšek 2000). Assumption (15) is a generalization of assump-
tion (5.2) in Michel et al. (2005), which corresponds to s0 = 0 and m = 1. Recall
that even in Lotka’s theory for single-type populations in a constant environment
(Feller 1941; Lotka 1939), some condition is needed to ensure that the left-hand
side of the Euler–Lotka equation

∫∞
0 e−sτ K (τ ) dτ = 1 takes values bigger than

1 for some s.
• Recall the spectral radius formula R0 = limn→∞ ‖(L0)

n‖1/n . We can extend each
J (n)(t) to the real line by setting J (n)(t) = 0 for t < t0. Then (12) becomes

J (n+1)(t) =
∞∫

0

K (t, τ ) J (n)(t − τ) dτ.

Given assumption (9), we can consider the right-hand side of this equation as a
linear operator L̃0 in the space L1(R, R

m) of integrable vector-valued functions
with the norm ‖J (n)‖1 = ∫ +∞

−∞‖J (n)(t)‖ dt = ‖G(n)‖. Then J (n+1) = L̃0 J (n)

= (L̃0)
n J (1). Let ‖ · ‖1 be also the norm on the space of bounded linear oper-

ators in L1(R, R
m). So ‖G(n+1)‖ = ‖J (n+1)‖1 ≤ ‖(L̃0)

n‖1 ‖J (1)‖1. Let σ(L̃0)

= lim ‖(L̃0)
n‖1/n

1 be the spectral radius of L̃0. Then lim sup n
√‖G(n)‖ ≤ σ(L̃0).

So even if we showed that σ(L̃0) = R0—which is not obvious as the periodic
functions do not belong to L1(R, R

m)—we would get only “half” of Theorem 1.

3 Special case

In this section, we consider a special case where an elementary proof shows that
lim sup in (4) can be replaced by lim. Assume that m = 1 and that A(t, τ ) and B(t, τ )

do not depend on the time since infection τ . Write them A(t) and B(t). Assume more-
over that the initial condition at t = t0 consists of just one newly infected person:
P(t0, τ ) = δτ=0 (Dirac mass). Here we have

K (t, τ ) = A(t) exp

⎛
⎝−

t∫

t−τ

B(s) ds

⎞
⎠ . (17)
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Bacaër and Guernaoui (2006) showed that the spectral radius of L0 and corresponding
eigenfunctions are

R0 = Ā/B̄ , U (t) = c A(t) exp

⎡
⎣

t∫

t0

A(s)

R0
ds −

t∫

t0

B(s) ds

⎤
⎦ , (18)

where c is a constant, Ā = 1
T

∫ T
0 A(t) dt , and B̄ = 1

T

∫ T
0 B(t) dt .

Lemma 4 For all n ≥ 1 and t > t0,

J (n)(t) = A(t)

(n − 1)!

⎡
⎣

t∫

t0

A(s) ds

⎤
⎦

n−1

exp

⎛
⎝−

t∫

t0

B(s) ds

⎞
⎠ . (19)

Proof We proceed by induction. For n = 1, the formula follows from (11) and from
our assumption on the initial condition P(t0, τ ). Assume that the formula is true for
n. Then (12), (17) and (19) yield

J (n+1)(t) = A(t)

(n − 1)!

⎡
⎢⎣

t−t0∫

0

A(t − τ)

⎡
⎣

t−τ∫

t0

A(s) ds

⎤
⎦

n−1

dτ

⎤
⎥⎦ exp

⎛
⎝−

t∫

t0

B(s) ds

⎞
⎠

= A(t)

n!

⎡
⎣

t∫

t0

A(s) ds

⎤
⎦

n

exp

⎛
⎝−

t∫

t0

B(s) ds

⎞
⎠ .

Remark Of course, we have for the total incidence

J (t) =
∞∑

n=1

J (n)(t) = A(t) exp

⎡
⎣

t∫

t0

A(s) ds −
t∫

t0

B(s) ds

⎤
⎦ .

Indeed, recall from Bacaër and Guernaoui (2006) that the model of this section comes
from the equation d I/dt = A(t) I (t)− B(t) I (t) for the total number of infected peo-

ple I (t). The solution satisfying I (t0) = 1 is I (t) = exp
[∫ t

t0
A(s) ds − ∫ t

t0
B(s) ds

]
.

The total incidence is J (t) = A(t) I (t).

The next property gives an estimate of the size G(n) of generation n.

Property 1 For all n ≥ 1, we have

(R0)
n e−B̄T (1 − e−B̄T )

B̄T
≤ G(n) ≤ (R0)

n eB̄T (eB̄T − 1)

B̄T
.

Therefore, lim
n
√

G(n) = R0 as n → ∞.
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Proof First of all, an integration by parts gives

G(n) =
∞∫

t0

B(t) exp

⎛
⎝−

t∫

t0

B(s) ds

⎞
⎠
⎡
⎣

t∫

t0

A(s) ds

⎤
⎦

n

dt

n! .

The method of Laplace for the asymptotic estimation of integrals does not seem to be
directly applicable here. However, we can write G(n) = ∑+∞

k=0 Hk , where

Hk =
t0+(k+1)T∫

t0+kT

B(t) exp

⎛
⎝−

t∫

t0

B(s) ds

⎞
⎠
⎡
⎣

t∫

t0

A(s) ds

⎤
⎦

n

dt

n!

=
T∫

0

B(t0 + θ) exp

⎛
⎝−

t0+kT +θ∫

t0

B(s) ds

⎞
⎠
⎡
⎣

t0+kT +θ∫

t0

A(s) ds

⎤
⎦

n

dθ

n!

= e−k B̄T

T∫

0

B(t0 + θ) exp

⎛
⎝−

t0+θ∫

t0

B(s) ds

⎞
⎠
⎡
⎣k ĀT +

t0+θ∫

t0

A(s) ds

⎤
⎦

n

dθ

n! .

It follows that e−k B̄T Fk ≤ Hk ≤ e−k B̄T Fk+1, where

Fk =
T∫

0

B(t0 + θ) exp

⎛
⎝−

t0+θ∫

t0

B(s) ds

⎞
⎠ [

k ĀT
]n dθ

n! = (k ĀT )n

n! (1 − e−B̄T ).

Since F0 = 0, we get
∑+∞

k=1 e−k B̄T Fk ≤ G(n) ≤ eB̄T ∑+∞
k=1 e−k B̄T Fk . But

e−B̄T

k∫

k−1

e−θ B̄T θn dθ ≤ e−k B̄T kn ≤ eB̄T

k+1∫

k

e−θ B̄T θn dθ.

Using that
∫∞

0 e−θ B̄T θn dθ = n!/(B̄T )n+1, we get

e−B̄T n!
(B̄T )n+1

≤
+∞∑
k=1

e−k B̄T kn ≤ eB̄T n!
(B̄T )n+1

.

Property 1 follows from these estimates.
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Remark The special case of this section has another interesting property, which
follows immediately from (18) and (19): for all t > t0,

Z (R)(t) =
∑
n≥1

J (n)(t)

Rn
= A(t)

R
exp

⎡
⎣

t∫

t0

A(s)

R
ds −

t∫

t0

B(s) ds

⎤
⎦ . (20)

In particular, Z (R0)(t) is one of the eigenfunctions U (t) of (3), corresponding to (18)
with c = 1/R0.

4 Discrete-time periodic models

The results and proofs in Sect. 2 can obviously be adapted to periodic discrete-time
population models (Bacaër 2009). Let P(t) be a vector of size ω, where the entries
can represent different times since infection and different types. Assume that P(t +
1) = M(t)P(t) for all t ≥ t0, with M(t) = A(t) + B(t), A(t + T ) = A(t) and
B(t + T ) = B(t). Assume that Ai, j (t) ≥ 0, Bi, j (t) ≥ 0,

∑
i Bi, j (t) ≤ 1, and that

the spectral radius of the matrix B(T − 1)B(T − 2) . . . B(0) is strictly less than 1.
Assume (so as to simplify the asymptotic behavior of P(t)) that the matrix M∗(t0) =
M(t0 + T − 1)M(t0 + T − 2) . . . M(t0) is primitive and that

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0 M(T − 1)

M(0) 0 · · · 0 0

0 M(1)
. . . 0 0

...
. . .

. . .
. . .

...

0 0 · · · M(T − 2) 0

⎞
⎟⎟⎟⎟⎟⎟⎠

(21)

is irreducible. In fact, Berman (1979, Theor. 2.2.33) says that if matrix M∗(t0) is irre-
ducible (in particular if it is primitive) and if (21) has no zero rows or columns, then
(21) is irreducible. For t ≥ t0, set

K (t, 1) = A(t), K (t, τ ) = A(t)B(t − 1)B(t − 2) · · · B(t − τ + 1), (τ ≥ 2),

J (1)(t) = K (t, t − t0 + 1)P(t0), J (n+1)(t) =
t−t0∑
τ=1

K (t, τ ) J (n)(t − τ), (n ≥ 1),

G(n) =
∞∑

t=t0

J (n)(t), ‖G(n)‖ =
∑

i

G(n)
i .
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Following Bacaër (2009), let R0 be the spectral radius of the matrix

⎛
⎜⎜⎜⎜⎝

A(0) 0 · · · 0

0 A(1)
. . .

...
...

. . .
. . . 0

0 · · · 0 A(T − 1)

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−B(0) I 0 · · · 0

0 −B(1) I
. . .

...
...

. . .
. . .

. . . 0

0
. . .

. . . I
I 0 · · · 0 −B(T − 1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

−1

where I stands for the identity matrix. Assume that P(t0) �= 0. Then a simple adap-
tation of the proof in Sect. 2—replacing integrals by sums—shows that R0 is the
asymptotic per generation growth rate: formula (4) still holds.

5 R0 and the H1N1 influenza pandemic

One of the simplest model for the H1N1 influenza pandemic taking seasonality into
account is the SIR model

d S

dt
= −a(t) S(t) I (t),

d I

dt
= a(t) S(t) I (t) − b I (t),

d R

dt
= b I (t), (22)

where a(t) has a period T = 1 year and where 1/b is the mean infectious period
(Bacaër and Gomes 2009). S(t) is the fraction of susceptible people, I (t) the frac-
tion of infected people, and R(t) the fraction of people who have recovered and are
immune. Hence, S(t)+ I (t)+ R(t) = 1 for all t . Mortality is neglected in this model.
Given the introduction of a few infected cases at some time t0 so that S(t0) = 1 − ε,
I (t0) = ε, and R(t0) = 0, one of the main goals of epidemic modeling is to try to
predict the final size R(∞) = limt→∞ R(t) of the epidemic.

In a constant environment (with a(t) = a independent of t), Kermack and
McKendrick (1927) found a simple relation between R0 = a/b and R(∞). The
final size R(∞) is an increasing function of R0, it is independent of t0, and it varies
very little with ε if ε is small enough. Moreover, R0 can be estimated by fitting an
exponential to the beginning of the epidemic curve. The initial growth rate is equal to
r = a−b. Knowing the average infectious period 1/b, one can compute R0 = 1+r/b.
Because of these properties, R0 has become very popular among epidemic modelers.
Of course there are many complicating factors (inhomogeneous population, interven-
tions…) which are responsible for the fact that, in practice, mathematical models have
rarely been successful at forecasting the final size of an epidemic.

Returning to system (22) with a periodic a(t), one can still fit an exponential to the
beginning of the epidemic curve. This is the method used in Boëlle et al. (2009), Fraser
et al. (2009), Munayco et al. (2009), Nishiura et al. (2009), Pourbohloul et al. (2009)
for the H1N1 influenza pandemic. This method makes sense because the fitting is done
with 1 or 2 months of epidemic data and because the seasonal function a(t) (whose
period is one year) varies little on such a time scale. The growth rate is then approxi-
mately a(t0) − b and a(t0)/b is the so-called “reproduction number” estimated in the
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references above. Because these references did not consider explicitly the effect of
seasonality, some of them used the notation R0 for a(t0)/b. As an example, Fraser et
al. (2009) estimated that a(t0)/b was in the range 1.4–1.6. For system (22), we have in
fact R0 = ā/b where ā is the average of a(t). Indeed, linearizing system (22) near the
disease-free steady state (S = 1, I = 0, R = 0), we see that d I/dt = a(t) I (t) −
b I (t). This is precisely the case considered in Sect. 3 but with a constant b.

At this point, one may wonder what are the advantages and disadvantages of empha-
sizing a(t0)/b instead of R0 = ā/b, as done in the H1N1 influenza studies already
cited. On one side, a(t0) has the advantage of being easily estimated from epidemic
data. In comparison, the estimation of R0 = ā/b would require the a priori knowledge
of a(t0)/ā, for which we have in fact very little information. But on the other side, R0
has precise mathematical properties: Bacaër and Gomes (2009) showed that R0 serves
as a threshold for system (22) and the present paper shows that R0 is an asymptotic per
generation growth rate of the linearized equations near the disease-free steady state.

Both a(t0)/b and R0 = ā/b do not seem to be good predictors of the final epidemic
size even for relatively small levels of seasonality. Consider for example the case
where a(t) = ā(1+e cos(ωt)), ω = 2π/T , T = 1 year, b = 100 per year (so that the
infectious period 1/b is between 3 and 4 days). Assume that R0 = ā/b = 1.5, which
is supposed to be a typical value for the H1N1 influenza pandemic (Fraser et al. 2009).
Assume moreover that ε = I (t0) = 10−4: one case is introduced in a homogeneously
mixing population of 10,000. Notice that the calendar time t has been set so that a(t)
reaches its maximum when t = 0. So t0 refers to the time elapsed since then.

Figure 1 shows some level curves of the final epidemic size R(∞) (R(∞) =
0.5, 0.7, 0.9) when we vary the time t0 of introduction of the first infected case
(0 ≤ t0 ≤ T , horizontal axis) and the level e of seasonality (0 ≤ e ≤ 1, vertical
axis). Depending on the choice of (t0, e), the final size varies from 38 to 94%. Let
us emphasize that these different values of R(∞) correspond to the same value of
R0. On the horizontal axis e = 0 (no seasonality), the final size R(∞) is of course
independent of t0: R(∞) = 58%. For e = 5%, the final size ranges from 53 to 63%
depending on t0. For e = 10%, it ranges from 48 to 67%. For e = 15%, it ranges from
42 to 70%. So even relatively small levels of seasonality have a significant impact on
the final epidemic size.

Figure 2 shows some level curves of a(t0)/b (a(t0)/b = 0.5, 1, 1.5, 2, 2.5), the
so-called “reproduction number” that can be estimated by fitting an exponential to the
beginning of an epidemic curve, when we vary the time t0 of introduction of the first
infected case (0 ≤ t0 ≤ T , horizontal axis) and the level e of seasonality (0 ≤ e ≤ 1,
vertical axis) as in Fig. 1. It appears that a(t0)/b can also be a poor predictor of the
final epidemic size. The most striking case occurs for t0/T = 0.5 and e = 1. In that
case, a(t0)/b = 0 (see Fig. 2) but R(∞) = 93% (see Fig. 1).

Real life estimates of the amplitude e of seasonality are difficult to obtain. Dushoff
et al. (2004) suggested that a low e = 4% was enough to explain influenza seasonality
but their endemic model required a special choice of parameter values to get some
resonance phenomenon. Cauchemez et al. (2008) estimated that winter school breaks
reduced transmission to children by about 25%, suggesting that a(t) may exhibit large
variations. Shaman and Kohn (2009) recently found a strong correlation between
vapor pressure and transmission of influenza among guinea pigs. Given the monthly
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1.0

0.9 0.9
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0.9

Fig. 1 Level curves of the final epidemic size R(∞) when the time t0 of introduction of the first infected
case (horizontal axis) and the level e of seasonality (vertical axis) vary. In all this diagram, we have R0 = 1.5
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1.0

0.5
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1.0

1.5

2.5

2

0.5

1

1.51.5

1.5

2

2.5

e

t0/T1.5

Fig. 2 Level curves of a(t0)/b when the time t0 of introduction of the first infected case (horizontal axis)
and the level e of seasonality (vertical axis) vary

variations of the indoor and outdoor vapor pressure in Sweden (Shaman and Kohn
2009, Fig. 4) (outdoor vapor pressure varying from 5 mb in winter to 15 mb in summer)
and the variation of influenza transmission as a function of vapor pressure (Shaman
and Kohn 2009, Fig.1) (transmission decreasing from 80 to 20% as the vapor pressure
increases from 5 to 15 mb), we would expect relatively large values of the seasonal
factor e (say at least 20%) to be common.

6 Conclusion

The present paper shows that the basic reproduction number R0 in a periodic
environment [as defined or used in Bacaër and Guernaoui (2006), Bacaër (2007),
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Bacaër and Ouifki (2007), Bacaër and Abdurahman (2008), Bacaër and Gomes (2009),
Bacaër (2009), Nakata and Kuniya (2010), Thieme (2009), Wang and Zhao (2008)] has
the same biological meaning as in the classical theory of R0 in a constant environment:
it is an asymptotic per generation growth rate.

Section 5 compared this theoretical R0 with the estimated “reproduction number”
that can be obtained by fitting an exponential to the beginning of an epidemic curve.
It turned out that both numbers are poor predictors of the final epidemic size. Recent
estimates of the “reproduction number” for the ongoing H1N1 influenza pandemic
did not take seasonality into account even though seasonality is certainly important
for such an air-borne disease. Predictions based on these estimates and comparisons
with previous pandemics should therefore be considered with caution. The question of
defining and estimating R0 correctly would be of no practical consequence if the esti-
mates did not have some kind of influence on public health decisions such as spending
large sums of money in buying in advance stocks of vaccines.

Appendix 1

Here is a proof of Lemma 1.

(i) Boundedness of Ls . Assumption (9) implies that ‖e−sτ K (t, τ ) V (t − τ)‖ ≤
α γ e−(s+β)τ ‖V ‖∞. So the continuity of the function t 
→ (Ls V )(t) follows
from Lebesgue’s dominated convergence theorem. If ‖Ls‖∞ stands for the
operator norm on the space L(P) of bounded linear operators, then

‖Ls‖∞ ≤ max
0≤t≤T

∞∫

0

e−sτ‖K (t, τ )‖ dτ ≤ α γ

s + β
. (23)

(ii) Compactness of Ls . As pointed out in Bacaër (2007) (see also Jagers and Ner-
man 1985, p. 260), a simple computation using the periodicity of K (t, τ ) with
respect to t and of V ∈ P gives (Ls V )(t) = ∫ T

0 K̂s(t, θ) V (θ) dθ for all
0 ≤ t ≤ T , where K̂s(t, θ) = ∑∞

n=0 Ks(t, t − θ + nT ) if 0 ≤ θ ≤ t ,
K̂s(t, θ) = ∑∞

n=1 Ks(t, t −θ +nT ) if t < θ ≤ T , and Ks(t, τ ) = e−sτ K (t, τ ).
Since for all t, θ ∈ [0, T ], 0 ≤ ‖Ks(t, t − θ + nT )‖ ≤ α γ e−(β+s)(t−θ+nT ) ≤
α γ e−(β+s)(n−1)T , it follows that the function K̂s(t, θ) is continuous on the set
{(t, θ) ∈ [0, T ] × [0, T ]; t �= θ} and bounded on the set [0, T ] × [0, T ]. So
K̂s(t, θ) is a “weakly singular” kernel and the integral operator Ls is compact
(Kress 1999, Theor. 2.22).

(iii) Monotonicity of s 
→ ρ(s). The matrix kernel K (t, τ ) is nonnegative so the
operator Ls is also nonnegative (V ≥ 0, meaning Vi ≥ 0 for all i , implies
Ls V ≥ 0). Moreover s ≤ s′ implies Ls ≥ Ls′ . Recall that the space P is a
Banach space with the norm ‖ ·‖∞ and also a Banach lattice (|Vi | ≤ |V ′

i | for all
i implies ‖V ‖∞ ≤ ‖V ′‖∞). The monotonicity of the spectral radius for non-
negative operators in Banach lattices implies that s 
→ ρ(s) is nonincreasing
(see, e.g., Burlando (1991)).
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(iv) Continuity of s 
→ ρ(s). The mapping s 
→ Ls from (−β,+∞) to L(P) is
continuous since

‖Ls − Ls′ ‖∞ ≤ max
0≤t≤T

∞∫

0

|e−sτ − e−s′τ | ‖K (t, τ )‖ dτ

≤ αγ

∞∫

0

|e−sτ − e−s′τ |e−βτ dτ

and since the right-hand side tends to 0 when s′ → s. The spectral radius is
continuous on the space of compact linear operators (see, e.g., Degla (2008)).
So s 
→ ρ(s) is continuous.

(v) Existence of r . Inequality (23) shows that ‖Ls‖∞ → 0 as s → +∞. Since
ρ(s) ≤ ‖Ls‖∞, we also have ρ(s) → 0 as s → +∞. The continuity of
s 
→ ρ(s) and the assumption ρ(s0) > 1 imply that there exists r ≥ s0 such
that ρ(r) = 1.

(vi) Log-convexity of s 
→ ρ(s). One could use (Kato 1982, Theor. 2.5) and argue
that s 
→ Ls is “completely monotonic” and thus “superconvex” (Thieme
1998, Theor. 2.5). However a somewhat different proof inspired from the finite-
dimensional case (Bapat and Raghavan 1997, Theor. 3.3.4) might be of interest.
Assume that −β < s1 < s2 and that s = λs1 + (1 − λ)s2 with 0 < λ < 1. We
would like to show that ρ(s) ≤ ρ(s1)

λρ(s2)
1−λ. Because of the continuity of

the spectral radius on the space of compact linear operators and by considering
the operator associated to the modified kernel K ε

i, j (t, τ ) = Ki, j (t, τ )+ ε e−βτ ,
it is enough to prove the log-convexity with the extra assumption that Ls is
“strongly positive” (if C is the closed convex cone of nonnegative functions
in P , then Ls(C \ {0}) ⊂ Int(C)). The “strong version” of the Krein–Rut-
man theorem (see, e.g., Drábek and Milota 2007, Theor. 5.4.33) then says
that there is a strictly positive eigenfunction V (1)(t) (resp. V (2)(t)) associ-
ated with the eigenvalue ρ(s1) (resp. ρ(s2)) of the operator Ls1 (resp. Ls2 ).
Set Wi (t) = (V (1)

i (t))λ (V (2)
i (t))1−λ. Then the discrete-version of Hölder’s

inequality (with p = 1/λ and q = 1/(1 − λ)) shows that

(Ls W )i (t) =
∞∫

0

∑
j

[
e−s1τ Ki, j (t, τ )V (1)

j (t − τ)
]λ

×
[
e−s2τ Ki, j (t, τ )V (2)

j (t − τ)
]1−λ

dτ

≤
∞∫

0

⎡
⎣∑

j

e−s1τ Ki, j (t, τ )V (1)
j (t − τ)

⎤
⎦

λ

×
⎡
⎣∑

j

e−s2τ Ki, j (t, τ )V (2)
j (t − τ)

⎤
⎦

1−λ

dτ.
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The continuous-version of Hölder’s inequality implies that

(Ls W )i (t) ≤
⎧⎨
⎩

∞∫

0

⎡
⎣∑

j

e−s1τ Ki, j (t, τ )V (1)
j (t − τ)

⎤
⎦ dτ

⎫⎬
⎭

λ

×
⎧⎨
⎩

∞∫

0

⎡
⎣∑

j

e−s2τ Ki, j (t, τ )V (2)
j (t − τ)

⎤
⎦ dτ

⎫⎬
⎭

1−λ

=
[
ρ(s1)V (1)

i (t)
]λ [

ρ(s2)V (2)
i (t)

]1−λ = ρ(s1)
λρ(s2)

1−λWi (t).

Finally, (Drnovšek 2000, Theor. 2.4) (Collatz–Wielandt upper bound) implies
that ρ(s) ≤ ρ(s1)

λρ(s2)
1−λ.

(vii) Assume there is r1 < r2 such that ρ(r1) = ρ(r2) = 1. Since s 
→ ρ(s) is
decreasing and (log-)convex, it follows that ρ(s) = 1 for all s ≥ r1. This con-
tradicts the fact that ρ(s) → 0 as s → +∞. So there is a unique r > −β such
that ρ(r) = 1. Moreover, we have shown that the mapping s 
→ ρ(s) is either
strictly decreasing on the interval (−β,+∞) or strictly decreasing on some
interval (−β, r0) with ρ(s) = 0 for all s ≥ r0. This proves corollary 1.

Appendix 2

We check that the proof given in Michel et al. (2005) for the asymptotic behavior of
a single-type population in a periodic environment can be generalized to the case of
multi-type populations. Alternatively, this can be seen as a generalization to PDEs of
(Perthame 2007, Remark 6.2) concerning multi-type populations modeled by ODEs.
Let A′(t, τ ) (resp. B ′(t, τ ), K ′(t, τ )) be the transpose of the matrix A(t, τ ) (resp.
B(t, τ ), K (t, τ )). Generalizing (Michel et al. 2005, Theor. 5.1), we start by the fol-
lowing lemma:

Lemma 5 There is a unique triplet (r, N , φ) solution of the dual eigenvalue problems

∂ N

∂t
(t, τ ) + ∂ N

∂τ
(t, τ ) + r N (t, τ ) + B(t, τ )N (t, τ ) = 0 , ∀t, ∀τ > 0, (24)

N (t, 0) =
∞∫

0

A(t, τ ) N (t, τ ) dτ (25)

N (t + T, τ ) = N (t, τ ), N (t, τ ) ≥ 0,
∑

i

T∫

0

∞∫

0

Ni (t, τ ) dτ dt = 1,
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∂φ

∂t
(t, τ ) + ∂φ

∂τ
(t, τ ) − r φ(t, τ ) − B ′(t, τ ) φ(t, τ ) = −A′(t, τ ) φ(t, 0), (26)

φ(t + T, τ ) = φ(t, τ ), φ(t, τ ) ≥ 0,
∑

i

∞∫

0

Ni (t, τ ) φi (t, τ ) dτ = 1.

Proof (24)–(25) on one side and (26) on the other side reduce to the dual eigenvalue
problems

N (t, 0) =
∞∫

0

e−rτ K (t, τ ) N (t − τ, 0) dτ ,

φ(t, 0) =
∞∫

0

e−rτ K ′(t + τ, τ ) φ(t + τ, 0) dτ,

whose properties follow from Appendix 1 and from the Krein–Rutman theorem.

Generalizing (Michel et al. 2005, Eq. (5.11)), we have the following lemma:

Lemma 6 Let H : R → R be a convex function. Assume that P(t, τ ) satisfies (5)–(6).
Set

H(t) =
∑

i

∞∫

0

φi (t, τ ) Ni (t, τ ) H

(
Pi (t, τ )e−r t

Ni (t, τ )

)
dτ. (27)

Then dH
dt ≤ 0 for all t .

Proof A tedious computation similar to those in Michel et al. (2005), Perthame (2007)
gives

dH
dt

=
∑

i

φi (t, 0) Ni (t, 0)

⎧⎨
⎩H

⎛
⎝

∞∫

0

∑
j

μi, j g j dτ

⎞
⎠−

∞∫

0

∑
j

μi, j H(g j ) dτ

⎫⎬
⎭

+
∑
i, j

∞∫

0

φi Bi, j N j
{

H(g j ) − H(gi ) + (gi − g j )H ′(gi )
}

dτ , (28)

where for convenience we do not repeat that the functions depend on (t, τ ) and where
we set

μi, j (t, τ ) = Ai, j (t, τ ) N j (t, τ )

Ni (t, 0)
, g j (t, τ ) = Pj (t, τ ) e−r t

N j (t, τ )
. (29)
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Indeed, the derivative of (27) is

dH
dt

=
∑

i

∞∫

0

{[
∂φi

∂t
Ni + φi

∂ Ni

∂t

]
H

(
Pi e−r t

Ni

)

+φi Ni H ′
(

Pi e−r t

Ni

)[
∂ Pi

∂t
− r Pi − Pi

Ni

∂ Ni

∂t

]
e−r t

Ni

}
dτ.

Replacing ∂ Pi/∂t , ∂ Ni/∂t and ∂φi/∂t with (5), (24) and (26), we get

dH
dt

=
∑

i

∞∫

0

⎧⎨
⎩
⎡
⎣−∂φi

∂τ
+ r φi +

∑
j

φ j B j,i −
∑

j

φ j (t, 0)A j,i

⎤
⎦ Ni H

(
Pi e−r t

Ni

)

−φi

⎡
⎣∂ Ni

∂τ
+ r Ni +

∑
j

Bi, j N j

⎤
⎦ H

(
Pi e−r t

Ni

)

−φi Ni H ′
(

Pi e−r t

Ni

)⎡
⎣∂ Pi

∂τ
+
∑

j

Bi, j Pj

⎤
⎦ e−r t

Ni

+φi Ni H ′
(

Pi e−r t

Ni

)
Pi

Ni

⎡
⎣∂ Ni

∂τ
+
∑

j

Bi, j N j

⎤
⎦ e−r t

Ni

⎫⎬
⎭ dτ.

Introducing the notation g j from (29), grouping the terms involving derivatives with
respect to τ on one side and the terms involving Bi, j on the other side, and exchanging
the indices i and j in the sums involving B j,i and A j,i gives

dH
dt

= −
∑

i

∞∫

0

∂

∂τ
[φi Ni H(gi )] dτ −

∑
i, j

φi (t, 0)

∞∫

0

Ai, j N j H(g j ) dτ

+
∑
i, j

∞∫

0

φi Bi, j N j
{

H(g j ) − H(gi ) + (gi − g j )H ′(gi )
}

dτ.

Integrating the first integral, we arrive at

dH
dt

=
∑

i

φi (t, 0)Ni (t, 0)

⎧⎨
⎩H(gi (t, 0)) −

∞∫

0

∑
j

Ai, j N j

Ni (t, 0)
H(g j ) dτ

⎫⎬
⎭

+
∑
i, j

∞∫

0

φi Bi, j N j
{

H(g j ) − H(gi ) + (gi − g j )H ′(gi )
}

dτ.
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This yields (28) if we take into account the boundary condition (6), which shows that

gi (t, 0) = Pi (t, 0) e−r t

Ni (t, 0)
=

∞∫

0

∑
j

Ai, j (t, τ ) N j (t, τ )

Ni (t, 0)

Pj (t, τ ) e−r t

N j (t, τ )
dτ.

Back to the proof of Lemma 6, Jensen’s inequality—using
∫∞

0

(∑
j μi, j

)
dτ = 1—and its discrete form show that

H

⎛
⎝

∞∫

0

∑
j

μi, j g j dτ

⎞
⎠ ≤

∞∫

0

H

(∑
j μi, j g j∑

j μi, j

)⎛
⎝∑

j

μi, j

⎞
⎠ dτ

≤
∞∫

0

∑
j

μi, j H(g j ) dτ.

So the first line in (28) is nonpositive. The second line of (28) is also nonpositive
because the term corresponding to i = j vanishes and because for i �= j , the con-
vexity of H implies that the expression inside the brackets {· · · } is nonnegative while
Bi, j ≤ 0, φi ≥ 0, and N j ≥ 0. So dH

dt ≤ 0.

We now arrive at the generalization of Michel et al. (2005, Theor. 5.2).

Lemma 7 Let P(t, τ ) be the solution of (5)–(6) with the initial condition P(t0, τ ).
Set c = ∑

i

∫∞
0 Pi (t0, τ ) φi (t0, τ ) dτ . Then

∑
i

∞∫

0

|Pi (t, τ ) e−r(t−t0) − c Ni (t, τ )| φi (t, τ ) dτ −→
t→+∞ 0. (30)

Proof Notice that ert0 Pi (t, τ )− c Ni (t, τ ) ert is also a solution of the linear equations
(5)–(6). Applying lemma 6 to this solution with the convex function H(x) = |x |, we
get that H(t)—the left-hand side of (30)—decreases with time t and thus converges
to a limit �. The fact that � = 0 can be proved following arguments similar to those
used in Michel et al. (2005, p. 1259) or Perthame (2007, Sect. 3.6).

Corollary 2 ‖P(t, 0)‖ ∼ c er(t−t0)‖N (t, 0)‖ as t → +∞.
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