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Abstract The basic reproduction number Rg has been used in population biology,
especially in epidemiology, for several decades. But a suitable definition in the case
of models with periodic coefficients was given only in recent years. The definition
involves the spectral radius of an integral operator. As in the study of structured epi-
demic models in a constant environment, there is a need to emphasize the biological
meaning of this spectral radius. In this paper we show that R for periodic models is still
an asymptotic per generation growth rate. We also emphasize the difference between
this theoretical Ry for periodic models and the “reproduction number” obtained by
fitting an exponential to the beginning of an epidemic curve. This difference has been
overlooked in recent studies of the HIN1 influenza pandemic.
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1 Introduction

Let us first recall briefly a few things concerning the basic reproduction number R
in a constant environment (Diekmann and Heesterbeek 2000). Consider a structured
population with m “types” of infected people. Let J; () be the number of new infec-
tions of type i (1 < i < m) per unit of time at time ¢, what epidemiologists call
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742 N. Bacaér, E. H. Ait Dads

the incidence (not to confuse with the number of infected people). Let J(¢) be the
vector (J1(¢), ..., Jn(t)). Many epidemic models lead after linearisation near the
disease-free steady state to a system of renewal equations of the form

t—ty
J(t):/K(r)](t—r)dt—}-H(t), (t = 19), D
0

where H (t) is a given vector function depending on initial conditions and K (7) is a
nonnegative square matrix. The basic reproduction number Ry is then defined as the
spectral radius of the next-generation matrix C = fooo K (t)dt. It can be interpreted
as follows. Set

t—to

J(t) = ZJ(”)(t), JVO =H@), 7V @0) = /K(r) JM (¢ — 1) dr,

n>1 0

where 1 > g and n > 1. Then J " (z) is the vector of incidences belonging to gener-
ation n at time 7. Let |G || be the total size of generation n:

o0 m m
6" = [10wdr. 1671 =3 1611 = 36" @
o i=1 i=1
As noticed in Inaba and Nishiura (2008), it follows that
oo t—Ipy oo o0
Go+D =/ K@) J®M@¢ —1t)drdt = /K(r) /J(")(t —1)dtdt .
0] 0 0 o+t

So GV = IC G™ . If the matrix K is primitive, then it follows from Perron—Frobe-
nius theory that G /(Rg)" converges to a positive eigenvector of /C as n — 4o0.
So Ry is the asymptotic per generation growth rate:

lim /||G™]| = Ro.

n—-+00

If the population structure is not a discrete set but the continuous set (0, +00) as in
some age-structured epidemic models, then the theory is very similar: R is the spectral
radius of a “next-generation” integral operator with a kernel K(x, y) and G®*D (x)
= fooo K(x,y) G™(y)dy. The Krein-Rutman theorem shows that G /(Rg)" con-
verges to a positive eigenfunction of the integral operator. Again Ry is the asymptotic
per generation growth rate.

Finally, if the population structure is discrete but with just one type (m = 1),
then G"tD = Ry G™. In this special case, Ro is not just the asymptotic per gen-
eration growth rate. It is also the average number of secondary cases infected by an
index case.
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In many applications it is more realistic to assume that the environment is periodic,
e.g., because of seasonality. This is the case for most vector-borne diseases, some
water-borne diseases, and some air-borne diseases such as influenza. Many periodic
epidemic models lead after linearisation near the disease-free state to a system of
integral equations of the form (1) but with a matrix kernel K (¢, t) that depends on
t periodically. Let T be the period. In the past, it has been argued that “the concept
of Ry does not make sense in a nonautonomous setting” (Heesterbeek and Roberts
1995), that “concepts such as the basic reproductive number Ry no longer apply” (in
a periodic environment) (Grassly and Fraser 2006), or more recently that “no general
method exists for calculating the basic reproduction number, the threshold for disease
extinction, in nonautonomous epidemic models” (Wesley and Allen 2009). Bacaér
and Guernaoui (2006) suggested nevertheless that Ry could be defined as the unique
real number such that there is a positive T-periodic continuous vector-valued function
U (1) satisfying

o0

ROU(t)z/K(t,r)U(t—r)dr 3)
0

for all 7. In other words, Ry is the spectral radius of the integral operator on the right-
hand side of (3) on the space of continuous 7 -periodic functions. Such a definition
of Ro has been discussed in several articles. Bacaér and Guernaoui (2006) estimated
Ry for an epidemic of leishmaniasis and obtained a closed formula for Ry in a special
case. Bacaér (2007) discussed various methods to compute Ry numerically, obtained
approximate formulas for Ry when the amplitude of seasonality is small, and esti-
mated Ro for an epidemic of chikungunya. Bacaér and Ouifki (2007) revisited the
case where seasonality is sinusoidal, which leads to a simple characteristic equation
for Ry. Wang and Zhao (2008) focused on the special case of systems of ordinary dif-
ferential equations, thereby extending the method using Floquet theory introduced in
Bacaér (2007) and proving rigorously some properties of Rg. Bacaér and Abdurahman
(2008) studied cases of resonance, where Ry is quite different from the value that would
be obtained by averaging the model’s periodic coefficients. Thieme (2009) studied Ry
for general periodic systems in ordered Banach spaces. Bacaér and Gomes (2009)
proved that Ry is still a threshold for nonlinear epidemic models in a periodic envi-
ronment. Bacaér (2009) adapted the definition of Ry to discrete-time periodic models.
Nakata and Kuniya (2010) studied the link between R and persistence in a particular
epidemic model, following Wang and Zhao (2008).

Despite these works, definition (3) has not yet made its way into the practice of epi-
demic modelers, as can be seen from the recent “R(” estimates for the HIN1 influenza
pandemic (Boélle et al. 2009; Fraser et al. 2009; Munayco et al. 2009; Nishiura et al.
2009; Pourbohloul et al. 2009). These estimates are obtained by fitting an exponential
to the beginning of the epidemic curve. They do not take into account seasonality.
But seasonality is certainly an important factor for influenza epidemics (Lipsitch and
Viboud 2009).

In this paper we show that, as in the case of a structured population in a constant
environment, Ry defined by (3) can be interpreted in a periodic environment as an
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asymptotic per generation growth rate. More precisely, we shall show in Sect.?2 that
if |G™|| is again the total expected size of generation n, then

lim sup +/ | G™|| = Ro. 4)

n——+00

Unfortunately the simple trick which led to the recurrence formula G+ = £ G™
in a constant environment does not work in a periodic environment. So our proof of (4)
relies on results for the asymptotic behavior of periodic renewal equations obtained,
e.g., in Jagers and Nerman (1985), Michel et al. (2005), Thieme (1984). Whether the
“lim sup” in (4) can always be replaced by “lim” is still not clear. Section 3 considers
a particular epidemic model with a single type of infected people where the contact
rate, the transmission probability and the recovery rate depend on time but not on time
since infection: a different proof yields a more precise result with “lim” instead of
“lim sup”. Section4 considers the case of discrete-time models. Section 5 emphasizes
the problem of estimating R for the ongoing HIN1 influenza pandemic and the fact
that Rp may be a poor predictor of the final epidemic size. Some proofs are included
in two appendices.

2 The asymptotic per generation growth rate

Consider a population with m different types of infected people. Let P;(z, ) be the
number of people of type i (1 <i < m) at time ¢ who have been infected for t units

of time. Assume that P = (P, ..., P,) satisfies the partial differential equation
opP oP
E(I’ T)+8—(t, )+ B, 1) P(t,7) =0, 7>0,1> 1, 5)
T

with the initial condition P (ty, t) for T > 0 and the boundary condition

e¢]

P, 0) = /A(t, t) P(t,t)dr, t> 1. (6)
0

The square matrices A(t, 7) and B(t, t) are assumed to be T -periodic with respect to
t and continuous. Moreover we assume that forall 1 < i, j < m,

Aj j(t,t) >0, B;i(t,t) >0, B;;(t,t)<0 ifi#j, ZBi,j(l,T)ZO- @)

1

In other words, we are considering a multitype continuous-time branching process in
a periodic environment. Introduce the matrix function I1(z, ¢/, 7) such that

’or _ oIl l _ ’ / 1
M@t o =1 —=.1.0)==Bt+1 =M1 0, Vi>1,
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where T > 0 and [ is the identity matrix of size m. If for example m = 1, then

[(t, ¢, t) = exp(— fot_t,B(t/ + 5,7 + s)ds). Returning to the general case m > 1,
set

K@t 1) =A@, )11, t — 1,0), ®)

which is T-periodic with respect to ¢. Assumptions (7) imply that T1(z, ¢/, T) and
K (t, T) are nonnegative matrices (Aronsson and Kellogg 1978). If M is a square
matrix of size m, set

m

M| = max E [M; ;.
1<j<m 4 N
1=

This is the usual matrix norm corresponding to the vector norm || - || introduced in (2).
We assume that there are positive constants «, 8, and y such that

IAG, Ol <o, T, 7, 1)) <ye P ©9)

for all t+ > ¢’ and all T > 0. The following lemma recalls the definition of the
Malthusian parameter in a periodic environment (Coale 1970, 1972; Jagers and Ner-
man 1985; Michel et al. 2005; Thieme 1984, 2009; Williams and Dye 1997). For the
reader’s convenience, we give in Appendix 1 a proof adapted from Jagers and Nerman
(1985), Michel et al. (2005), Thieme (1984, 2009).

Lemma 1 Forall s > —f, consider the bounded linear operator
o
Ly: V() — /e_”K(t, V(i —1)dr
0

on the space P of continuous T-periodic functions from R™ to R™ with the norm
IVleo = max{[|[V(®)|l; t € R}. Let p(s) be the spectral radius of this operator.
Assume that there exists so > —p such that p(sg) > 1. Then there exists a unique
numberr > —f suchthat p(r) = 1. This numberr is called the Malthusian parameter.

The following corollary recalls the definition of Ry from Bacaér and Guernaoui
(2006), Bacaér (2007) and its relationship with the Malthusian parameter r (Bacaér
and Guernaoui 2006; Bacaér 2007; Thieme 2009).

Corollary 1 Set Ry = p(0). Thenr > 0 (resp. r = 0, r < 0) if and only if Ry > 1
(resp. Ro =1, Ry < 1).
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Lemma 2 Set J(t) = P(¢,0). Then forall t > t,

t—to

1) = /KO, D =Dy dr + IV =D TP, (10)
0 n>1
TO(¢) = / A, )Tt o, T+ 10 — 1) P(to, T+ 1o — 1) dT . (11)
=1
—to
J("+1)(Z) — / K(t, 1) J(n)([ —1)dt, (n>1), (12)
0
_ (t — )" !
PO < @) e P = / 1P (o, Dl d- ()

Proof The renewal equation (10) is obtained by applying the method of characteristics
to (5)—(6). Inequality (13) is true for n = 1 because of (9) and (11), and follows by
induction from (12).

The next lemma recalls the asymptotic behavior of periodic renewal equations dis-
cussed in Coale (1970, 1972), Williams and Dye (1997), formally proved in Jagers
and Nerman (1985), Michel et al. (2005) when there is a single type (m = 1), and
formally proved in Thieme (1984, p. 261) when m > 1 but assuming that the kernel
K (t, T) given by (8) has a compact support with respect to v (K (¢, 7) = O for t large
enough). Because the latter condition is somewhat too restrictive from a mathematical
(but not biological) point of view, Appendix 2 sketches an adaptation of the proof
given in Michel et al. (2005) to the case m > 1.

Lemma 3 Assume that the total reproductive value at t = ty is positive (¢ > 0 in
Lemma7, see Appendix 2). Then there is a positive periodic function w(t) such that
T ~ e w(t)ast — +oo.

We arrive at our main theorem.
Theorem 1 Introduce G™ and |G || as in (2). Then (4) holds.

Proof Forallt > fg and R > 0, set

(n)
2B () = Z J(1) _

n
n>1

Inequality (13) shows that this is always a converging series. Equation (12) and the
monotone convergence theorem (for exchanging a sum and an integral) imply that

11—t
M (n+1)
A O A O > L = /K(; 2 z®(t —1)dr.

R R+l
n>1 0
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So ZW (1) satisfies the periodic renewal equation

t—1o
M
ZP® @) = / % Z® G —1tydr + / R(t) (14)
0

and Z® (1) can be seen as the incidence in a population where the matrix A(t, 7)
has been divided by R. The basic reproduction number associated with the kernel
K(t,t)/R is obviously Ryo/R.

Assume first that R > Rp. Then Ry/R < 1. From corollary 1, the Malthusian
parameter r®) associated with (14) is strictly negative. From lemma 3, there exist
a positive T-periodic function w® (1) such that || ZF(r)]| ~ w® () exp(r®t) as
t — 400. S0 R > Ry implies that

>IG™|/R = ZZ/J(”)(t)dt/R" /|Z(R)(t)||dt<~|—oo

n>1 n>1i= ]t0

Assume now that R = Ry. From corollary 1, the Malthusian parameter associated
with (14) is zero. From lemma 3, || Z R0 (1) || ~ wR0)(r) as t — +o0, where wR0) (¢)
is positive and periodic. So

ST IG™ /(R = / 1289 1)) dir = +oo.

n>1

In summary, we have shown that 1/ Ry is the radius of convergence of the power series
> G™| z*. Theorem 1 then follows from the Cauchy-Hadamard theorem for power
series.

Remark e Anelement V € P can also be seen as an element of the dual space P*,
the “duality product” being (V, W) = >, fOT Vi(t) W;(t) dt. Then

(LIV)(0) = / KT V(4 ),
0

where K'(z, 7) is the transpose matrix of K (¢, t). The Malthusian parameter can
also be introduced by using L}, as in Jagers and Nerman (1985).

e Assumption p(sp) > 1 introduced in lemma 1 excludes cases where too many
components of the matrix kernel K (¢, 7) are equal to zero. If there exists so > —f
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such that at least one of the following two conditions holds

\8

m

: : —s0T
min min e K;i(t,t)dt > 1, 15
0§r5T1§i5mZ 0 (1, 7) (15)

~

m

—s0T ..
ognglinjlng; Kijt+t,1)dt > 1, (16)
=

0\8 S

then p(so) > 1.Indeed let 1 be the function in P with all its components identically
equal to 1. Let ¢ (resp. c¢2) be the left-hand side of (15) (resp. (16)). We see
that Ly, 1 > 11 (resp. L;‘OI > ¢ 1). It follows that p(sg) > c¢; > 1 (resp.
p(s0) > ¢z > 1) (Drnovsek 2000). Assumption (15) is a generalization of assump-
tion (5.2) in Michel et al. (2005), which corresponds to so = 0 and m = 1. Recall
that even in Lotka’s theory for single-type populations in a constant environment
(Feller 1941; Lotka 1939), some condition is needed to ensure that the left-hand
side of the Euler—Lotka equation fooo e *TK(t)dt = 1 takes values bigger than
1 for some s.

e Recall the spectral radius formula Ry = lim,,_, oo [|(L0)"||'/". We can extend each
J ™ (1) to the real line by setting J ) (r) = 0 for ¢ < f9. Then (12) becomes

o0
JED (@) = /K(t, ) J"(t — 1) dr.
0

Given assumption (9), we can consider the right-hand side of this equation as a
linear operator Lg in the space L!(R, R™) of integrable vector-valued functions
with the norm || J™|; = fjo‘fnJ(")(t)u dt = ||G™|. Then J®*tD = Ly J®
= (Zo)" JD Let || - ||} be also the norm on the space of bounded linear oper-
ators in L' (R, R™). So |GV = |7V < [1(Zo)" 11 1/ V1. Let o (Lo)
= lim ||(Lo)" ||1/n be the spectral radius of Lo. Then lim sup /|G®™ || < o (Ly).
So even if we showed that (T(L()) = Ro—which is not obvious as the periodic
functions do not belong to L' (R, R”)—we would get only “half” of Theorem 1.

3 Special case

In this section, we consider a special case where an elementary proof shows that
lim sup in (4) can be replaced by lim. Assume that m = 1 and that A(z, t) and B(¢, 7)
do not depend on the time since infection 7. Write them A () and B(¢). Assume more-
over that the initial condition at ¢ = fy consists of just one newly infected person:
P(tg, ) = ;=0 (Dirac mass). Here we have

t

K(t,7) = A(t) exp —/B(s)ds . (17)

t—1
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Bacaér and Guernaoui (2006) showed that the spectral radius of L and corresponding
eigenfunctions are

t t
o A
Ro=A/B, U(t)=cAQ)exp %ds - / B(s)ds | (18)
o 0 fo
where ¢ is a constant, A = % fOT A(t)dt,and B = % fOT B(t) dt.
Lemmad4 Foralln > 1andt > ty,

t n—1 t

JW () = (nA_(ti)‘ /A(s)ds exp —/B(s)ds . (19)

to fo

Proof We proceed by induction. For n = 1, the formula follows from (11) and from
our assumption on the initial condition P (fy, t). Assume that the formula is true for
n. Then (12), (17) and (19) yield

t—to —1 n—1 t

Ty = A /A(t_f) /A(s)ds dt | exp —/B(S)ds
0

(n—1)!

fo fo

t n t

Z& /A(s)ds exp —/B(S)ds

n!
1o 0]

Remark Of course, we have for the total incidence

00 t t
J (1) =ZJ(")(I) = A(1) exp /A(s)ds—/B(s)ds

n=1 to fo

Indeed, recall from Bacaér and Guernaoui (2006) that the model of this section comes
from the equation d1/dt = A(t) 1(t) — B(¢) 1 (¢) for the total number of infected peo-

ple 1(1). The solution satisfying I (10) = 1 is I (r) = exp [ JE AGs)yds — [ B(s) ds].
The total incidence is J (1) = A(t) I(¢).

The next property gives an estimate of the size G of generation 7.
Property 1 Foralln > 1, we have

e—BT(l _ e—BT) EBT(EBT _ 1)

< G™ < (Ry)"

Ro)" e e =0
(Ro) BT BT

Therefore, lim ~/G® = Ry as n — o0.
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Proof First of all, an integration by parts gives

n

o0 1 ‘
dt
G™ :/B(t) exp —/B(s)ds /A(s)ds -
n!
fo to 10

The method of Laplace for the asymptotic estimation of integrals does not seem to be

directly applicable here. However, we can write G = 2‘;’8 Hjy, where
to+(k+1)T t t n 4
t
H, = B(t) exp —/B(s) ds /A(s) ds -
n!
to+kT fo fo
T to+kT+6 10+kT+6 n
de
= /B(to +0) exp | — / B(s)ds / A(s)ds -
n!
0 In) 1o
T to+6 to+6 n J
_ _ 0
= ¢ kBT /B(to +0) exp| — /B(s) ds kAT + /A(s) ds -
n!
0 to fo
It follows that e BT F < Hy < e *BT Fy,, where
T to+6 J L o
- 0 AT 7
Fp = /B(t0+9) exp [ — /B(s)ds [kAT]" — = ( ') (1—e BT,
n! n!
0 fo

Since Fy = 0, we get 35 ¢ *BT F < G < ¢BT 370 o~kBT [ Byt
k+1

k
e—BT /e—QBT en de S e—kBT kn S EBT /e—QBT 9}1 de
-1 k

Using that [ e~?BT 6" dp = n!/(BT)"*", we get

BT n! R kBT BT n!
e — < Ze_ kn <e —_—.
(BT)”'H par (BT)”'H

Property 1 follows from these estimates.

@ Springer



Genealogy with seasonality, the basic reproduction number, and the influenza pandemic 751

Remark The special case of this section has another interesting property, which
follows immediately from (18) and (19): for all ¢ > 1y,

t

t
JM(@)y A A(s)
Z®@) = ——— =" exp / ds —/B(s)ds ) (20)
g‘ R R R

o fo

In particular, Z (Ro) (1) is one of the eigenfunctions U (t) of (3), corresponding to (18)
with ¢ = 1/Ry.

4 Discrete-time periodic models

The results and proofs in Sect. 2 can obviously be adapted to periodic discrete-time
population models (Bacaér 2009). Let P(¢) be a vector of size w, where the entries
can represent different times since infection and different types. Assume that P (¢ +
1) = M@)P(¢) for all t+ > 1y, with M(t) = A(t) + B(t), A(t + T) = A(¢) and
B(t + T) = B(t). Assume that A; ;(1) > 0, B; j(t) > 0, > ; B; j(t) < 1, and that
the spectral radius of the matrix B(T — 1)B(T — 2)... B(0) is strictly less than 1.
Assume (so as to simplify the asymptotic behavior of P (¢)) that the matrix M™*(ty) =
Mo +T — D)Mo+ T —2)... M(tg) is primitive and that

0 0 -~ 0 MT-1

MO 0 --- 0 0
0 M@ . 0 0 1)
0 0 ~-.~M(T.—2) 0

is irreducible. In fact, Berman (1979, Theor. 2.2.33) says that if matrix M*(zy) is irre-
ducible (in particular if it is primitive) and if (21) has no zero rows or columns, then
(21) is irreducible. For t > 1y, set

K@, 1)=A@), K@, 1)=A@0Bt—DBt—-2)---Bt—1t+1), (t>2),
t—1to
IV =K@, 1 =g+ DPUw), J" V0= Kty —1), (=1,

=1

o0
G =", 16M)=>G".
i

=1y
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Following Bacaér (2009), let Ry be the spectral radius of the matrix

-1

-BO) I O -- 0
AO) 0 --- 0 )

) 0 —B(l) I
0 A - : )
S 0
oo o 0 o
0 -+ 0 AT-1) 0 R I

I 0 -0 —B(T-1)

where [ stands for the identity matrix. Assume that P(#y) 7% 0. Then a simple adap-
tation of the proof in Sect.2—replacing integrals by sums—shows that Ry is the
asymptotic per generation growth rate: formula (4) still holds.

5 Ry and the HIN1 influenza pandemic

One of the simplest model for the HIN1 influenza pandemic taking seasonality into
account is the SIR model

ds dl dR
I = —a(t) S(t) 1(t), I =a()S@)I(t) —bI(r), I =bl(t), (22)

where a(t) has a period T = 1 year and where 1/b is the mean infectious period
(Bacaér and Gomes 2009). S(r) is the fraction of susceptible people, I(¢) the frac-
tion of infected people, and R(¢) the fraction of people who have recovered and are
immune. Hence, S(¢) + 1 () + R(¢) = 1 for all . Mortality is neglected in this model.
Given the introduction of a few infected cases at some time 7y so that S(fg) = 1 — &,
1(tp) = ¢, and R(ty) = 0, one of the main goals of epidemic modeling is to try to
predict the final size R(00) = lim;_, o, R(¢) of the epidemic.

In a constant environment (with a(f) = a independent of ), Kermack and
McKendrick (1927) found a simple relation between Ry = a/b and R(oo). The
final size R(00) is an increasing function of Ry, it is independent of 7y, and it varies
very little with ¢ if ¢ is small enough. Moreover, Ry can be estimated by fitting an
exponential to the beginning of the epidemic curve. The initial growth rate is equal to
r = a—b. Knowing the average infectious period 1/b, one can compute Ry = 1+r/b.
Because of these properties, Ry has become very popular among epidemic modelers.
Of course there are many complicating factors (inhomogeneous population, interven-
tions...) which are responsible for the fact that, in practice, mathematical models have
rarely been successful at forecasting the final size of an epidemic.

Returning to system (22) with a periodic a(¢), one can still fit an exponential to the
beginning of the epidemic curve. This is the method used in Boélle et al. (2009), Fraser
et al. (2009), Munayco et al. (2009), Nishiura et al. (2009), Pourbohloul et al. (2009)
for the HIN influenza pandemic. This method makes sense because the fitting is done
with 1 or 2 months of epidemic data and because the seasonal function a(z) (whose
period is one year) varies little on such a time scale. The growth rate is then approxi-
mately a(tg) — b and a(ty) /b is the so-called “reproduction number” estimated in the
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references above. Because these references did not consider explicitly the effect of
seasonality, some of them used the notation Ry for a(zy)/b. As an example, Fraser et
al. (2009) estimated that a(ty) /b was in the range 1.4—1.6. For system (22), we have in
fact Ry = a/b where a is the average of a(¢). Indeed, linearizing system (22) near the
disease-free steady state (S = 1,/ = 0, R = 0), we see that dI/dt = a(t) [(t) —
b 1(t). This is precisely the case considered in Sect. 3 but with a constant b.

At this point, one may wonder what are the advantages and disadvantages of empha-
sizing a(to)/b instead of Ry = a/b, as done in the HIN1 influenza studies already
cited. On one side, a(fp) has the advantage of being easily estimated from epidemic
data. In comparison, the estimation of Ry = a/b would require the a priori knowledge
of a(tg)/a, for which we have in fact very little information. But on the other side, Ry
has precise mathematical properties: Bacaér and Gomes (2009) showed that R serves
as a threshold for system (22) and the present paper shows that Ry is an asymptotic per
generation growth rate of the linearized equations near the disease-free steady state.

Both a(#y)/b and Ry = a/b do not seem to be good predictors of the final epidemic
size even for relatively small levels of seasonality. Consider for example the case
where a(t) = a(l+e cos(wt)),w =2x/T, T = 1year, b = 100 per year (so that the
infectious period 1/b is between 3 and 4 days). Assume that Ry = a/b = 1.5, which
is supposed to be a typical value for the HIN1 influenza pandemic (Fraser et al. 2009).
Assume moreover that ¢ = I (f9) = 10™*: one case is introduced in a homogeneously
mixing population of 10,000. Notice that the calendar time 7 has been set so that a(t)
reaches its maximum when ¢ = 0. So 7 refers to the time elapsed since then.

Figure 1 shows some level curves of the final epidemic size R(c0) (R(0c0) =
0.5,0.7,0.9) when we vary the time fo of introduction of the first infected case
(0 < f9p < T, horizontal axis) and the level e of seasonality (0 < e < 1, vertical
axis). Depending on the choice of (1, ), the final size varies from 38 to 94%. Let
us emphasize that these different values of R(oco) correspond to the same value of
Rp. On the horizontal axis ¢ = 0 (no seasonality), the final size R(o0) is of course
independent of fy: R(c0) = 58%. For e = 5%, the final size ranges from 53 to 63%
depending on ty. For e = 10%, it ranges from 48 to 67%. For e = 15%, it ranges from
42 to 70%. So even relatively small levels of seasonality have a significant impact on
the final epidemic size.

Figure 2 shows some level curves of a(ty)/b (a(tg)/b = 0.5,1,1.5,2,2.5), the
so-called “reproduction number” that can be estimated by fitting an exponential to the
beginning of an epidemic curve, when we vary the time fy of introduction of the first
infected case (0 < 7y < T, horizontal axis) and the level e of seasonality (0 <e <1,
vertical axis) as in Fig. 1. It appears that a(#p)/b can also be a poor predictor of the
final epidemic size. The most striking case occurs for 7o/ T = 0.5 and e = 1. In that
case, a(tp)/b = 0 (see Fig. 2) but R(0c0) = 93% (see Fig. 1).

Real life estimates of the amplitude e of seasonality are difficult to obtain. Dushoff
et al. (2004) suggested that a low ¢ = 4% was enough to explain influenza seasonality
but their endemic model required a special choice of parameter values to get some
resonance phenomenon. Cauchemez et al. (2008) estimated that winter school breaks
reduced transmission to children by about 25%, suggesting that a(¢) may exhibit large
variations. Shaman and Kohn (2009) recently found a strong correlation between
vapor pressure and transmission of influenza among guinea pigs. Given the monthly
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Fig. 1 Level curves of the final epidemic size R(co) when the time 7 of introduction of the first infected
case (horizontal axis) and the level e of seasonality (vertical axis) vary. In all this diagram, we have Ry = 1.5
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Fig. 2 Level curves of a(tg)/b when the time #( of introduction of the first infected case (horizontal axis)

and the level e of seasonality (vertical axis) vary

variations of the indoor and outdoor vapor pressure in Sweden (Shaman and Kohn
2009, Fig. 4) (outdoor vapor pressure varying from 5 mb in winter to 15 mb in summer)
and the variation of influenza transmission as a function of vapor pressure (Shaman
and Kohn 2009, Fig.1) (transmission decreasing from 80 to 20% as the vapor pressure
increases from 5 to 15 mb), we would expect relatively large values of the seasonal

factor e (say at least 20%) to be common.

6 Conclusion

The present paper shows that the basic reproduction number Rp in a periodic
environment [as defined or used in Bacaér and Guernaoui (2006), Bacaér (2007),
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Bacaér and Ouifki (2007), Bacaér and Abdurahman (2008), Bacaér and Gomes (2009),
Bacaér (2009), Nakata and Kuniya (2010), Thieme (2009), Wang and Zhao (2008)] has
the same biological meaning as in the classical theory of Ry in a constant environment:
it is an asymptotic per generation growth rate.

Section5 compared this theoretical Ry with the estimated “reproduction number”
that can be obtained by fitting an exponential to the beginning of an epidemic curve.
It turned out that both numbers are poor predictors of the final epidemic size. Recent
estimates of the “reproduction number” for the ongoing HIN1 influenza pandemic
did not take seasonality into account even though seasonality is certainly important
for such an air-borne disease. Predictions based on these estimates and comparisons
with previous pandemics should therefore be considered with caution. The question of
defining and estimating R correctly would be of no practical consequence if the esti-
mates did not have some kind of influence on public health decisions such as spending
large sums of money in buying in advance stocks of vaccines.

Appendix 1

Here is a proof of Lemma .

(i) Boundedness of Ly. Assumption (9) implies that |[e " K (¢, 7)) V(t — 7)|| <
ay e TP V| 4. So the continuity of the function ¢ — (L V)(t) follows
from Lebesgue’s dominated convergence theorem. If ||L|~ stands for the
operator norm on the space L£(P) of bounded linear operators, then

o0
_ ay
ILslloo < ofé‘,i"r/e 1K Dldr = L 23)
0

(i) Compactness of L. As pointed out in Bacaér (2007) (see also Jagers and Ner-
man 1985, p. 260), a simple computation using the periodicity of K (¢, ) with
respect to t and of V € P gives (L;V)(t) = fOT I?Y(t,e) V(0)do for all
0 <t <T,where Ks(1,0) = >°° Ks(t,t —0 +nT)if0 < 6 < 1,
Ks(t,0) =X K(t,1—0+nT)ift <6 < T,and K(t, 1) = e 5K (1, 7).
Since forall 7,6 € [0, T],0 < |Ks(t,t —0 +nT)|| < ay e BH)=04nT) <
oy e~ B)=DT it follows that the function I?s (t, 6) is continuous on the set
{(z,0) € [0, T] x [0, T]; t # 0} and bounded on the set [0, T] x [0, T]. So
I’(\S(t, 0) is a “weakly singular” kernel and the integral operator L is compact
(Kress 1999, Theor. 2.22).

(iii)) Monotonicity of s — p(s). The matrix kernel K (¢, 7) is nonnegative so the
operator L is also nonnegative (V > 0, meaning V; > 0 for all i, implies
LsV > 0). Moreover s < s" implies Ly > Ly . Recall that the space P is a
Banach space with the norm || - ||o and also a Banach lattice (| V;| < |V/| for all
i implies ||V |loo < |V/lloo)- The monotonicity of the spectral radius for non-
negative operators in Banach lattices implies that s + p(s) is nonincreasing
(see, e.g., Burlando (1991)).
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(iv) Continuity of s — p(s). The mapping s — Lg from (—p, +00) to L(P) is
continuous since

o
L= Lol = max [ 177 = e 1K Gl dr
0

t
o
— _/ —
§ay/|e ST _ e ST e P dr
0

and since the right-hand side tends to O when s’ — s. The spectral radius is
continuous on the space of compact linear operators (see, e.g., Degla (2008)).
So s +— p(s) is continuous.

(v) Existence of r. Inequality (23) shows that ||Ls|lcc — 0 as s — 4-o00. Since
0(s) < ||Lslloo, We also have p(s) — 0 as s — —+oo. The continuity of
s +— p(s) and the assumption p(sg) > 1 imply that there exists » > so such
that p(r) = 1.

(vi) Log-convexity of s — p(s). One could use (Kato 1982, Theor. 2.5) and argue
that s — L is “completely monotonic” and thus “superconvex” (Thieme
1998, Theor. 2.5). However a somewhat different proof inspired from the finite-
dimensional case (Bapat and Raghavan 1997, Theor. 3.3.4) might be of interest.
Assume that —f8 < 51 < sy and that s = As; + (1 — A)sp withO < A < 1. We
would like to show that p(s) < p(s1)*p(s2)!~*. Because of the continuity of
the spectral radius on the space of compact linear operators and by considering
the operator associated to the modified kernel Kfj t,1)=K;t, t)+e e PT,
it is enough to prove the log-convexity with the extra assumption that L; is
“strongly positive” (if C is the closed convex cone of nonnegative functions
in P, then Ly(C \ {0}) C Int(C)). The “strong version” of the Krein—Rut-
man theorem (see, e.g., Drabek and Milota 2007, Theor. 5.4.33) then says
that there is a strictly positive eigenfunction v () (resp. V@ (1)) associ-
ated with the eigenvalue p(sq) (resp. p(s2)) of the operator Ly, (resp. Ls,).
Set W;(t) = (V" (1))* (VP (1))'*. Then the discrete-version of Holder’s
inequality (with p = 1/A and ¢ = 1/(1 — X)) shows that

(LW (1) = / S [ekisa v -]
0o J

x [e*WK (. V2 —r)]Hdz
i,j\Z, j

o) qA
> e TK it r)Vj(l)(t —7)
L J i
- —1-2

< | > ek . r)Vj(z)(t ~-| dt.
j

IA

(=)
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The continuous-version of Holder’s inequality implies that

2
o
(LsW); (1) < /Ze‘”K,-,,-(t,r)v;”(r—r) dt
0 J
00 1—A
X / Ze_SZTKi’j(t,r)Vj(Z)(t—t) dt
0 J

A 1-a
[pev o] [pevP 0] = st Wi,

Finally, (Drnovsek 2000, Theor. 2.4) (Collatz—Wielandt upper bound) implies
that p(s) < p(s)*p(s2)' .

(vii) Assume there is r; < rp such that p(r;) = p(r2) = 1. Since s — p(s) is
decreasing and (log-)convex, it follows that p(s) = 1 for all s > r;. This con-
tradicts the fact that p(s) — 0 as s — +o00. So there is a unique r > —j such
that p(r) = 1. Moreover, we have shown that the mapping s — p(s) is either
strictly decreasing on the interval (—f, +00) or strictly decreasing on some
interval (—p, ro) with p(s) = O for all s > r¢. This proves corollary 1.

Appendix 2

We check that the proof given in Michel et al. (2005) for the asymptotic behavior of
a single-type population in a periodic environment can be generalized to the case of
multi-type populations. Alternatively, this can be seen as a generalization to PDEs of
(Perthame 2007, Remark 6.2) concerning multi-type populations modeled by ODE:s.
Let A'(¢, T) (resp. B'(t, 1), K'(t, T)) be the transpose of the matrix A(z, T) (resp.
B(t, 1), K(t, 7)). Generalizing (Michel et al. 2005, Theor. 5.1), we start by the fol-
lowing lemma:

Lemma 5 There is a unique triplet (r, N, ¢) solution of the dual eigenvalue problems

aa—lj(t, 7))+ %_]Z(t’ T)+r NG, )+ B, t) N, t) =0, Vi, Vr >0, (24)
N(t,0) =/A(t, )N, t)dt (25)
0

1

T o0
N(t+T,7)=N(, 1), Nt 1)>0, Z//Ni(t,r)drdtzl,
00
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3¢ ¢ / '
S D+ (D =g D) = B D¢, 1) = A1, 1) ¢, 0), (26)

¢t +T,7)=¢, 1), ¢, 1)>0, Z/Ni(t, T)¢i(t,T)dt = 1.
i

Proof (24)—(25) on one side and (26) on the other side reduce to the dual eigenvalue
problems

o0
N(t,0) = /e—” K, )Nt —1,0)dt,
0

é(1,0) = /e*” K'(t+1,7)0(+1,0)dr,
0

whose properties follow from Appendix 1 and from the Krein—Rutman theorem.

Generalizing (Michel et al. 2005, Eq. (5.11)), we have the following lemma:

Lemma 6 Let H : R — R be a convex function. Assume that P (t, T) satisfies (5)—(6).
Set

i Pi(t,t)e "
MO =3 / $i(t. T Ni(t. 1) H (%) dr. 27)
L}

Then dd—? <O0forallt.

Proof A tedious computation similar to those in Michel et al. (2005), Perthame (2007)
gives

dH o0 o0
o= 2O N0 H /Z_m,jgjdr _/Zﬂi,jH(gj)dT
i 0o J o/
+3 [00Biy N {H ) - H) + (- gpH @}, 08)
ij

where for convenience we do not repeat that the functions depend on (¢, v) and where
we set

A;j(t, T) N, )
Ni(t,0) 7

Pj(l‘, ‘L’)e_rt
(1, - 7
gjt, 7) Ni(r. 1)

wij(t, ) = (29)
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Indeed, the derivative of (27) is

ez (e W ()

i N; H Pt oP; p P; ON; e dr
N _t_ep Lt )
re N; ot ! N; ot N;

Replacing d P; /dt, dN; /9t and d¢; /9t with (5), (24) and (26), we get

__Z/ ——+r¢z+z¢j3j,i—Z¢j(t’0)Aj’i N"H(Pi;i”)
j J l

aNl Pie_rt
—0i| 5 +rN+;B,JN H( N

Pt dP; e
—¢; N; H' ! -t B : P:
¢i Ni ( N ) 97 + ; i,jLj N;

i
—rt

Pie "'\ P; | ON; e
/ i i i
+¢;i NiH (T,)ﬁ, W—i_ E Bi i N;j N drt.
J

1

Introducing the notation g; from (29), grouping the terms involving derivatives with
respect to T on one side and the terms involving B; ; on the other side, and exchanging
the indices i and j in the sums involving B;; and A ; gives

dH Ta T
== —Z/a—r (i H (1T = 3 10.0) [N, H(g)) de
i ij 0
+Z/¢i Bij Nj{H(gj) — H(g) + (gi —g)H (g} dr.
i

Integrating the first integral, we arrive at

an —Zm 0N, (1, 0) | H g, on—/ZM LGt

+Z/¢i Bij Nj{H(gj) — H(gi) + (& — g))H (g1} d.
ij
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This yields (28) if we take into account the boundary condition (6), which shows that

P, 00 e 0)e " /Z A jt,T)Nj(t,t) Pi(t,t)e "’ e

gi(t,0)= NGO N;(t,0) Nj(t, )

Back to the proof of Lemma6, Jensen’s inequality—using fooo (Z j M, j)
dt = 1—and its discrete form show that

I >,
Mi.j &
/ZMi,jgde /H( by J) Z,u'i,j dt
- > K -
0o J J
s/Zm,jH(gj)dr-
0o J

So the first line in (28) is nonpositive. The second line of (28) is also nonpositive

because the term corresponding to i = j vanishes and because for i # j, the con-

vexity of H implies that the expression inside the brackets {- - - } is nonnegative while
B;ij <0,¢; >0,and N; > 0. So—<0

We now arrive at the generalization of Michel et al. (2005, Theor. 5.2).

Lemma 7 Let P(t, t) be the solution of (5)—(6) with the initial condition P (ty, T).
Setc =73, [;° Pito, ) ¢;i(to. ) dt. Then

oo
Z/|P,~(t, T)e "0 — e Ni(r, T)| ¢ (2, ndt — 0. (30)
— 400
i

Proof Notice thate"™ P;(t, ) — ¢ N;(t, T) €' is also a solution of the linear equations
(5)—(6). Applying lemma 6 to this solution with the convex function H(x) = |x|, we
get that H (¢#)—the left-hand side of (30)—decreases with time ¢ and thus converges
to a limit £. The fact that £ = O can be proved following arguments similar to those
used in Michel et al. (2005, p. 1259) or Perthame (2007, Sect. 3.6).

Corollary 2 || P(t,0)|| ~ ce" =0 ||N(r,0)| as t — +o0.

References

Aronsson G, Kellogg RB (1978) On a differential equation arising from compartmental analysis. Math
Biosci 38:113-122

Bacaér N, Guernaoui S (2006) The epidemic threshold of vector-borne diseases with seasonality. J Math
Biol 53:421-436

Bacaér N (2007) Approximation of the basic reproduction number R for vector-borne diseases with a
periodic vector population. Bull Math Biol 69:1067-1091

@ Springer



Genealogy with seasonality, the basic reproduction number, and the influenza pandemic 761

Bacaér N, Ouifki R (2007) Growth rate and basic reproduction number for population models with a simple
periodic factor. Math Biosci 210:647-658

Bacaér N, Abdurahman X (2008) Resonance of the epidemic threshold in a periodic environment. J Math
Biol 57:649-673

Bacaér N, Gomes MGM (2009) On the final size of epidemics with seasonality. Bull Math Biol 71:1954—
1966

Bacaér N (2009) Periodic matrix population models: growth rate, basic reproduction number, and entropy.
Bull Math Biol 71:1781-1792

Bapat RB, Raghavan TES (1997) Nonnegative matrices and applications. Cambridge University Press,
London

Berman A, Plemmons RJ (1979) Nonnegative matrices in the mathematical sciences. Academic Press, New
York

Boélle PY, Bernillon P, Desenclos JC (2009) A preliminary estimation of the reproduction ratio for new
influenza A (HIN1) from the outbreak in Mexico, March—April 2009. Euro Surveill 14(19):pii=19205

Burlando L (1991) Monotonicity of spectral radius for positive operators on ordered Banach spaces. Arch
Math 56:49-57

Cauchemez S, Valleron AJ, Boelle PY, Flahault A, Ferguson NM (2008) Estimating the impact of school
closure on influenza transmission from Sentinel data. Nature 452(7188):750-754

Coale AJ (1970) The use of Fourier analysis to express the relation between time variations in fertility and
the time sequence of births in a closed human population. Demography 7:93—-120

Coale AJ (1972) The growth and structure of human populations, a mathematical investigation. Princeton
University Press, Princeton

Degla G (2008) An overview of semi-continuity results on the spectral radius and positivity. J] Math Anal
Appl 338:101-110

Diekmann O, Heesterbeek JAP (2000) Mathematical epidemiology of infectious diseases. Wiley, Chiches-
ter

Drébek P, Milota J (2007) Methods of nonlinear analysis applications to differential equations. Birkhduser,
Basel

Drnovsek R (2000) Bounds for the spectral radius of positive operators. Comment Math Univ Carol 41:459—
467

Dushoff J, Plotkin JB, Levin SA, Earn DJD (2004) Dynamical resonance can account for seasonality of
influenza epidemics. Proc Natl Acad Sci USA 101:16915-16916

Ediev D (2003) On monotone convergence to stability. Demogr Res 8:31-60

Feller W (1941) On the integral equation of renewal theory. Ann Math Stat 12:243-267

Fraser C, Donnelly CA, Cauchemez S et al (2009) Pandemic potential of a strain of influenza A (HIN1):
early findings. Science 324:1557-1561

Grassly NC, Fraser C (2006) Seasonal infectious disease epidemiology. Proc R Soc B 273:2541-2550

Heesterbeek JAP, Roberts MG (1995) Threshold quantities for helminth infections. J Math Biol 33:415-434

Inaba H, Nishiura H (2008) The basic reproduction number of an infectious disease in a stable popula-
tion: the impact of population growth rate on the eradication threshold. Math Model Nat Phenom
3(7):194-228

Jagers P, Nerman O (1985) Branching processes in periodically varying environment. Ann Probab 13:254—
268

Kato T (1982) Superconvexity of the spectral radius, and convexity of the spectral bound and the type.
Math Z 180:265-273

Kermack WO, McKendrick AG (1927) A contribution to the mathematical theory of epidemics. Proc R
Soc A 115:700-721

Kress R (1999) Linear integral equations, 2nd edn. Springer, New York

Lipsitch M, Viboud C (2009) Influenza seasonality: lifting the fog. Proc Natl Acad Sci USA 106:3645-3646

Lotka AJ (1939) Théorie analytique des associations biologiques, 2e partie. Hermann, Paris

Michel P, Mischler S, Perthame B (2005) General relative entropy inequality: an illustration on growth
models. J Math Pures Appl 84:1235-1260

Munayco CV, Gomez J, Laguna-Torres VA et al (2009) Epidemiological and transmissibility analysis of
influenza A(HIN1)v in a southern hemisphere setting: Peru. Euro Surveill 14(32 pii):19299

Nakata Y, Kuniya T (2010) Global dynamics of a class of SEIRS epidemic models in a periodic environ-
ment. ] Math Anal Appl 363:230-237

@ Springer



762 N. Bacaér, E. H. Ait Dads

Nishiura H, Castillo-Chavez C, Safan M, Chowell G (2009) Transmission potential of the new influenza A
(HINT1) virus and its age-specificity in Japan. Euro Surveill 14(22):pii—19227

Perthame B (2007) Transport equations in biology. Birhduser, Basel

Pourbohloul B, Ahued A, Davoudi B et al (2009) Initial human transmission dynamics of the pandemic
(HINT) 2009 virus in North America. Influenza Other Respi Viruses 3(5):215-222

Shaman J, Kohn M (2009) Absolute humidity modulates influenza survival, transmission, and seasonality.
Proc Natl Acad Sci USA 106:3243-3248

Thieme HR (1984) Renewal theorems for linear periodic Volterra integral equations. J Integral Equ 7:253—
2717

Thieme HR (1998) Remarks on resolvent positive operators and their perturbation. Discret Contin Dyn Syst
4:73-90

Thieme HR (2009) Spectral bound and reproduction number for infinite population structure and time-het-
erogeneity. SIAM J Appl Math 70:188-211

Wang W, Zhao XQ (2008) Threshold dynamics for compartmental epidemic models in periodic environ-
ments. J Dyn Differ Equ 20:699-717

Wesley CL, Allen LIS (2009) The basic reproduction number in epidemic models with periodic demo-
graphics. J Biol Dyn 3:116-129

Williams BG, Dye C (1997) Infectious disease persistence when transmission varies seasonally. Math Bio-
sci 145:77-88

@ Springer



	Genealogy with seasonality, the basic reproduction number, and the influenza pandemic
	Abstract
	1 Introduction
	2 The asymptotic per generation growth rate
	3 Special case
	4 Discrete-time periodic models
	5 R0 and the H1N1 influenza pandemic
	6 Conclusion
	Appendix 1
	Appendix 2
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


