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Abstract In the paper we consider the existence of calcium travelling waves for
systems with fast buffers. We prove the convergence of the travelling waves to an
asymptotic limit as the kinetic coefficients characterizing the interaction between cal-
cium and buffers tend to infinity. To be more precise, we prove the convergence of
the speeds as well as the calcium component concentration profile to the profile of the
travelling wave of the reduced equation. Additionally, we take into account the effect
of coupling between the mechanical and chemical processes and show the existence
as well the monotonicity of the profiles of concentrations. This property guarantees
their positivity.

Keywords Calcium waves - Reaction—diffusion systems -
Mechanochemical coupling

1 Introduction

Calcium waves have been extensively studied in the last decade as it is believed that
their propagation through an individual cell or across a group of cells is responsible
for the coordination of the response to the local changes of the conditions. It seems
that the crucial role in supporting calcium waves is played by an autocatalytic mech-
anism; after reaching some concentration threshold, the calcium ions by a positive
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feedback stimulate their own release. The simplest mathematical model is provided
by a single “bistable” reaction—diffusion equation for the calcium concentration. The
reaction term of this equation has two stable equilibria: the ground state (low calcium
concentration) and the excited state (of high calcium concentration). It is known (Fife
1979; Diekmann and Temme 1976) that such an equation has a solution in the form of
a heteroclinic travelling wave joining the above mentioned equilibria. One encounters
the same situation in the case of buffered systems (see Sneyd et al. 1998; Tsai and
Sneyd 2005; Shenq Guo and Tsai 2006) presenting more realistic description of cal-
cium dynamics. On the other hand experimental observations suggest that the excited
state relaxes slowly to the ground state (Young et al. 1999). Due to this fact, in the paper
Sneyd et al. (1998) the scalar Reaction—diffusion equation for calcium concentration
is supplemented by an ordinary differential equation for the evolution of a new, so
called recovery variable, to form a FitzHugh—Nagumo (FHN) like model. Since the
recovery process is slow, travelling waves of calcium concentration, as seen in exper-
iments (Young et al. 1999), have the form of homoclinic pulses with a sharp leading
edge and a long tail. The movement of the leading edge can be well approximated by
an advancing heteroclinic travelling front, i.e. moving in the direction opposite to the
concentration gradient (see Fig.5 in Sneyd et al. 1998). Such an approximation will
be adopted in this work.

The dynamics of Ca™™ in cells is significantly influenced by the presence of buffers
(see Sneyd 2002; Sneyd et al. 1998; Falcke 2004). These are proteins of molecular
masses about tens of kDa (e.g. parvalbumin and EGTA) being able to bind the calcium
ions. The percentage of Ca™ which can be bound to different kind of buffers can
achieve the value of 99. For simplicity, we confine here our considerations to the case of
one representative buffer. However the same considerations can be applied to systems
with many buffers. The evolution of the free calcium and the buffer concentrations are
described by the following system of Reaction—diffusion equations:

% = DV + £(c) + B2Tkb — kyc(be — B, ()

% = DpV?b — B 2[k_b — kyc(by — b)], 2

where ¢ denotes the free cytosolic calcium concentration, b denotes the concentra-
tion of proteins with Cat* bound, D, and D, are respective diffusion coefficients,

« = const is the total buffering molecules concentration (0 < b < b,), k4 and k_
are the rates of binding and unbinding of calcium by the buffer respectively, f (c) is the
function describing calcium transport into and out of the cytosol. 72 > 0 is a formal
parameter which will be used in our asymptotic analysis. Thus large $~> means that
the buffer kinetics is much faster than the diffusion of the buffer. The assumption of
very fast buffer kinetics makes it possible to analyze the influence of the buffer on the
calcium dynamics. Indeed, in the limit 872 — 00, one can expect that

[k_b — kic(by — b)] =0, 3)
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Calcium waves with fast buffers and mechanical effects 3

yet the expression B~ 2(k_b — k4.c(b, — b)) may not tend to zero, thus contributing
to the equation for ¢. Differentiating the relation (3), we can express 9b/3t — D} Vb,
hence also B2 (k_b — kyc(bs — b)), by means of the partial derivatives of c. Putting
this into Eq. 1 we arrive at a single Reaction—diffusion equation for the free calcium
concentration:

dc  Dc+ DpS(c) _, 2Dy S(c)

9¢ _De+DpS©) o ACN
3t 1+ S() (c + L)(1+ S(0))

Vel? ,
Vel + 5@

“

where S(c) = b.L/(L+c)? and £ = k_/ky (see Keener and Sneyd 1998). This
equation can in turn be used to analyze the existence and properties of travelling wave
solutions for system (1-2) as it is done in Sneyd et al. (1998), and Keener and Sneyd
(1998). Thus a system of many equations (there may be many kinds of buffer particles)
is, in a way, replaced by a single Reaction—diffusion equation, which is much easier
to analyze. The aim of this paper is to justify this heuristic reasoning. We will be
interested in a strict mathematical proof that the calcium component of the travelling
wave solutions tends to the travelling wave solution of the scalar equation (4). This is
the main result of the paper.

An additional aim of this work is to study the mechano-chemical effects, which
accompany travelling waves of calcium concentration. Local variations of calcium
concentration induce local variations of mechanical properties of the cytogel, and
in consequence the appearance of mechanical stresses which can cause the cytogel
deformation (Murray 1993).

On the other hand, mechanical deformations of the medium can evoke local changes
of calcium concentration. The local cytogel deformations can lead to the change of
calcium concentration, by releasing the calcium from internal stores situated in endo-
plasmic reticulum. Thus a mechanical stimulus (e.g. poking an end of a cell with a
micropipette) can induce a wave of calcium concentration (see Fig. 12.8 in [14]).

To incorporate these mechano-chemical effects into our considerations we will use
the simplified model presented in Murray (1993), where cells are treated as a visco-
elastic medium. According to this model Eq. 1 should be completed by the mechanical
term y 6 to obtain

dc

o7 = DeVie+ f(© + BTkb — kic(by = D)+ 76,

where 6 = V - u is the mechanical dilation (u is the mechanical displacement). In this
case the system is supplemented by the equation describing the balance of mechanical
forces:

v E(C) V(C) oI 0 de ’ 391 R L, .
.{1-1—,)(@ |:€+ 20 ]-I—Ml( ,C)— + w200, c)— _|_T(C)]_ G

dt at

The first term under the divergence symbol is the elastic part of the stress tensor, the
second and the third term are the viscous part of the stress tensor and the fourth term is
so called traction tensor. It represents the forces which are caused by the changes of the
calcium concentration in the cytosol. The inertial terms in Eq. 5 have been neglected.
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This is justified as the motions of the medium induced by changes of the calcium con-
centration is very slow. [The speed of calcium waves is of order of 10 = 30 microns
per second (Jaffe 1991)]. Sometimes, one can also take into consideration volume
forces of the form ku measuring the strength of attachment of cells to the surrounding
medium (Winkler model). These forces are also neglected.

The quantities in Eq. 5 have the following meaning: u = u(x, t), displacement;
€, strain tensor i.e. € = 1/2(Vu + VuT); 0 = V - u, dilation; E, Young modulus;
v, Poisson ratio; w1, u2, shear and bulk viscosities; I, unit matrix; ¢, calcium concen-
tration; T (¢)-active concentration stress tensor resulting from the actomyosin traction.
In Murray (1993) it is assumed that T (c) is isotropic: t(c)L, but this assumption will
be relaxed in the paper. As the concentration influences the mechanical properties of
the medium, then we assume that the coefficients E, v, 1 and w; are the functions
of c¢. Additionally we assume that 1 and w, depend on dilation 6.

Viscosity coefficients 1, py of any physical medium are nonnegative and the
Poisson ratio for usual materials satisfies the inequality 0 < v < 1/2 (Fung 1965).
Also, the Young modulus of any real physical medium is positive and finite. From
the physical point of view the values of the calcium concentration ¢ are non-negative.
However, due to the possibility of appropriate extensions of the coefficient functions
for the negative values of ¢, we take the following assumption:

Assumption 1 Letus assume that, forallceR' and0 eR!, v(c), E(c), t(c), 1 (8, ¢)
and p12 (6, ¢) are C3-functions of their arguments, such thatv(c) € (0, 1/2), 11 (0, ¢) >
0, u2(0,c) >0and 0 < E| < E(c) < 0o, where E| is a constant.

Remark As one will notice later, ¢ will take values from the vicinity of a bounded
interval [c1, c3] (see Assumption 2). Similarly, & will take only values from some
bounded interval containing 0.

In this paper we are interested in travelling plane waves propagating in long cylindrical
cells in the x-direction. We assume also that in the Cartesian coordinates where x-axis
is the axis of the cylinder, the traction tensor is diagonal and 7 = diag(ty, t/, T/) —
thus assuming that the problem is axially symmetric.

We will confine ourselves to two extreme cases:

1. Waves in cells whose lateral boundaries cannot move in the directions perpendic-
ular to the axis of the cylinder

2. Waves in cells with free lateral surface (when the forces acting at each point of
the lateral surface are negligible)

In both of these cases Eq. 5 takes the form

u(@,c)% + K(c)0 + t(c) = oy. (6)

Here oy is the integration constant, which has the meaning of an asymptotic (external)
stress.

In case 1. u = (uy,0,0), €xx = uy ,(x), whereas the other components of the
tensor € are equal to zero. Thus 6 = u, ,(x) and by integration with respect to x we
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Calcium waves with fast buffers and mechanical effects 5

obtain Eq. 6 with

K@) =E@)1—v()/[(d+v()d —2v(c))],
w0, c) = u1(6,c) + n20,c), t(c) =1:(0),

whereas in case 2. we have

E
K(c) = _—ic n(@,c) = pu1(0,¢) +3u2(6,¢), t(c) =27(c) + 7 (0).
(N

To derive relations (7), let us consider a long cell of radius ry, whose lateral bound-
ary is free (unloaded). For convenience we express here the strain—stress relations
using the Lame coefficients G, X instead of E and v and do not denote their explicit
dependence on c¢ (as well as the dependence of 111 and > on ¢ and 8). We thus have
the relations:

0 =2Ge+ M0+ pie; + 2l + 1, ®)

where

Ev E

Firwaow CTaae v

and 7 represents the traction tensor (in general not isotropic). In the cylindrical system
of coordinates (r, ¢, x) the cell will be represented as an infinite cylinder {(r, ¢, x) :
r <ro, ¢ €[0,2r), x € R'}, whereas relations (8) take the form:

orr =2G€r+A0 + 1€+ 120+ T, O¢¢ :2G6¢¢ +A0 +M16¢¢,I+M29,t+f¢s
Oxx =2Gexxy + A0 + pi€xx s + 20, + To, Orp = 2G€r¢ + 11€rp 1, (10)
Opx =2Gepy + U1€px,1, Orx = 2G€ry + U161,

where 6 = €, + €3¢ + €xx. We assume here that our problem is axially symmetric,
thus 7 = diag(z,, 7/, 7). (Note that T may behave differently along the axial and per-
pendicular directions.) We assume that u = (u,, ug, u,) with uy = 0. By assumption
ro is small, so we take the first order approximation in r:

uy = a(x, 1) +ar(x,Hr + 0%, u, = bo(t,x) + b, x)r + 0¢?). (11)

The strain tensor components have thus the following form:
€rr = Uryr, €pp = r_lu,, €xx = Ux,x

1
Er¢ = O, E¢!X = 0, €Exr = 5 (ux,r + Mr’x) .
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6 B. KaZmierczak, Z. Peradzynski

To avoid singularity in €y at ¥ = 0, we have to assume that by (x, t) = 0. Since the
displacement vector is expressed up to linear terms in r, therefore it is reasonable to
compute strain tensor up to zero order terms in r (differentiation lowers the order of
approximation by 1). In such an approach €, = €44 and the tensor € and consequently
stress tensor o does not depend on r. It depends only on x. This is important, since in
this way we obtain ordinary differential equation for the wave profile. Otherwise, the
wave profile would depend also on r. The equations of mechanical equilibrium read
(see Fung 1965, Section 4.12):

Orrr + Oxrx + r_l (o7 — U(b(b) =0

-1
Orxyr + Oxxx +7 0px =0
whereas the boundary conditions on the unloaded lateral surface of the cylinder read
o =0, o,=0 for r =ry.

The second condition for o,y = 0 implies that a;(x,#) = 0, hence o,y = 0. As
Oy = Ogp¢, then finally the full set of equations is reduced to:

o, =0 (12)
Oxx,x = 0. (13)
Since in our case €, = €y then
0 = 2€;, + €xx.

Integrating equation (13) with respect to x and putting the integration constant equal
to o, we obtain

201 + 0xx = 00
which gives us an equation for 6
2G +30)0 + (u1 +3u2)0; + Q27 + 14) = 0p.
By means of (9) we rewrite the last equation as
KO+ pb,+1tv=o0y

where

K =2G+3A = , =1 +3u2, =021 + Ty).

1—2v

We thus obtain (7).
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Calcium waves with fast buffers and mechanical effects 7

For 1 = 0 Eq. 6 can be solved for 0 to obtain
Bo(c, 00) = (K (€))™" (00 — 7(c)). (14)
Since oy is constant, the explicit dependence of 6y on o will be further suppressed

for simplicity.
For solutions depending only on x and ¢, Egs. 1, and 2 can be written as:

dc 92¢ -
a7 = Pena +g() +y(@ —6p(c) + (B )Nk_b—kyc(by —b)]=0. (15)
ab_Da2b 2lk_b — kyc(by — b 16
i hﬁ_ﬂ [k—b — kyc(by — D)], (16)
where
glc) = f(c) +ybo(c). (17)

System (6—16) describes the process of diffusion and reactions of calcium and buffer
particles together with the accompanying mechanical effects. As we are interested in
travelling wave solutions we impose the following assumption.

Assumption 2 The function g(c) is of C? class. It is bistable with ¢1, ¢3 > c¢; the
stable zeros and ¢, € (c1, ¢3) the unstable zero.

Remark Let us note that experimentally the function g(-) is determined rather than
the function f(-).

For u = 0, we have 6 = 6y and the equation corresponding to (4) has the following
form

dc _ D.+ DpS(c) _, 2DyS(c)

d¢ _ D+ DuS© g _8©@
o~ 1+500 (c+ L)1+ 5(0))

Vel? ,
Vel +1+S(c)

(18)

2 Existence and properties of travelling wave solutions
Looking for travelling wave solutions we assume that
O(x,t) =0(x —vt), c(x,t) =c(x —vt), b(x,t) =b(x — vt).

Inserting this into system (6), (15-16) we arrive at the following system of equations

—1(8, c)vl’ + KO + 1(c) = 09 (19)
Dec” +vc’ +g(c) +y (O = 00(c)) + (B~ kb — kyc(by —b)] =0 (20)
Dpb” + vb' — (B H)k_b — kyc(by — b)] =0, 1)

where ' denotes differentiation with respect to z = x — vt. As we are interested in het-
eroclinic solutions to system (19-21) we assume that the first and second derivatives
of the functions 6(-), ¢(-) b(-) tend to zero at infinities and that
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8 B. KaZmierczak, Z. Peradzynski

Iim c¢(s) =c¢y, lim c(z) =c3,
Z—>—00 Z—>00

ZLiI}lOOQ(Z) = 6p(c1), Zl_i)HC}OO(S) = 0p(c3), (22)

. (& . c3
Iim b(z) =b; :=bsk, ——, 1lim b(z) = b3z := bk, ————.
7—>—00 (@) ! * +k+01 + k.  zo00 (2) 3 *t kycy +k_
The quantities at the right hand side are the components of the constant steady state
solutions of the considered system.

2.1 Existence of waves

Using the implicit function theorem in the appropriate Banach spaces, we will show
the existence of travelling wave solutions of the system (6), (15), (16). First, we will
write the considered system in a non-dimensional form to exhibit the small parameter
related to the influence of viscosity.

Let !/ denote the typical width of the calcium wave profile in the considered medium,
that is to say the effective length of the interval in which the free calcium concentration
changes substantially, e.g. (¢c3 — ¢1)/max; ¢’ (z). Let P denote the typical speed of the
calcium waves in the considered medium. The values of / are of order of 10 = 20
microns and the value of P is of order of 10 = 30 microns per second (see Jaffe 1991;
Kupferman et al. 1997). We will introduce the dimensionless wave variable:

7 =1z/1 (23)
and the following dimensionless dependent variables
¢ =c/c3, b*=b/c;. (24)

In these variables, system (19-21) can be written in the following way:

—e2V* (0%, MO + K (O + T () = o, (25)
D*¢* 7”4 g*(c*) + y*(O" = 05 (c) + BTG b =0 (26)
D*b* 4+ v — BTG (", b =0, @7)

where ’ denotes the differentiation with respect to z* = z/1,

2 MoP
= — 28
¢ Kol (28)

and

D:=D./(IP), Dj=Dy/(IP), g*(c")=[l/(Pc3)lg(c*c3), y*=I[l/(Pc3)ly
vi=v/P, Gj(c*,b*)=kIb* —kic* (b —b"), k'=Ilk_/P, ki =lkic3/P,
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Calcium waves with fast buffers and mechanical effects 9

br =byi/c3, WHOF,c*) = (o) (6%, c*e3), K*(c*) = (Ko) 'K (c*e3),

T*(c*) = (Ko) 't(c*e3), J(TZUO, no=p(0,c3), Ko=K(c3). (29)

Ko
Remark The reason for choosing the small parameter in the form &2 comes from the
fact that we want to use the implicit function theorem in the open neighbourhood of
& = 0, which corresponds to zero viscosity.

Remark In the derivation of system (25-27) we used the fact that in the new spatial
variable x* = x /[ the new displacement u™* satisfies the relation u = [u*. Moreover,
du/dx = du™/dx*, thus & = 6*. According to relations (22) the asymptotic states
for the new system (25-27) are now 6*(—00) = 6p(c1), c*(—00) = ¢ = ci/c3,
b*(—00) = b} = by/c3,0%(00) = p(c3), c*(00) = ¢ = c3/c3 = 1,b"(00) =D =
bz /c3.

Below, we will assume that &2 is sufficiently small. For example in smooth mus-
cles of pulmonary arteries &2 is less then 0.1 (see Bia et al. 2004). From now on, for
simplicity, the stars by the variables will be omitted. Hence we obtain the following
system of equations with two small parameters ¢ and B:

—20p(0, )0’ + K ()0 + t(c) = a0, (30)
Dec” +vc +g() +y16 = o ()] + B2 lk-b — kyc(b = b)] =0 (1)
Dypb" + vb' — B2[k_b — kyc(by — b)] =0, (32)

Instead of the variables 6, ¢ and b, let us introduce the new dependent variables £,
c and n, where

h=0—-00(), n=k_b—kiclbs—0>b). (33)

The quantities 4 and 1 measure the deviation from the zeroth order approximations
(¢ =0, 8 =0)of 8 and b. Therefore it is convenient to rewrite the system (30-32) in
variables %, ¢ and 1. By Eqgs. 32 and 33 we have

B0 = vb' + Dpb’. (34)
Solving the second equality in (33) we obtain
() + kycby) (k= + kpe) ' =b.
By differentiation of the last relation we have
b =me) 'y 4+ b L)L+ ) — nkem(c) 2
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10 B. KaZmierczak, Z. Peradzynski

and

b = m(c)" "0 + boL)(L + )" + [—2b*£/(£ + o)} + k2 m(c)—3] '
—n'c'ky m(e)™* — nky m(e) 2,

where

L= k—_ m(c) = (k— + kic).
ke

Putting these relatlons into Eq. 34, we can express the term 8~2[k_b — ky c(by — b)]

by means of ¢, ¢, ¢”, n, n'n” and eliminate it from Eq. 31. Hence one may arrive at

the system for /4, ¢ and 5 of the form:

2 -1 _ 7(c) — 0y ;o
(e“vu)” "Kh |:—K(c) j|cc =0 (35)
Di(c, )c” — Da(e)c® +vc’ + (1+ 8(e) ™" [g(e) + yh]
+®@i(c, s n, ', 0", v) =0 (36)
1
Dpy——n" — B2 + ®a(c, " v) =0 (37)
m(c)
with
b.L _ De+ DypS(e) — Dykim(c)*n
S(e) = Cro2’ Di(c,n) = 1150 ,
Ds(c) = 2Dy S(c)

(L+c)(1+S@)’

@i(c,c,n,n',n", v)

| 2Dpkine® vy kec'(vn+ Dpn)  Dpn”
=14+S 1 * - , 38
(15 [ me® | me) () me [+ OV
2Dpkinc vy’ ke (v + Dpny))
® i /’ //’ ; /’ — + _ S /
20c, " n,m',v) [ o) o o) + S(c)ve
c 7 _
+ Dyb, |:[,_+ci| — Dpnky m(c) Zc”]. (39)
Let us note that

®1(c,c,n,n',n",v)=0  for n=0 (40)

and ®, does not contain ”. The coefficient by ¢” in &, is equal to DpS(c) —
Dynky m(c)~2, so if we calculate ¢” from Eq. 36 and put it into Eq. 37 we obtain an
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Calcium waves with fast buffers and mechanical effects 11

equation of the form:

Wy — B2+ W F(h, e, ', v) = 0. (41)
where
Wy~ = 2 [ De ] (42)
7T 00 | De + DpS(e) — Dokan(m(c)) 2]

The function F is rather complicated, so, due to the fact that its precise form is not
essential, we do not write it explicitly here. One notes that (W(c,0))~! > 0, so
(W(c, 7))~ is positive for 5 sufficiently small. Equation 41 can be written as

0 — We,\p~*n+ F(h,c,c/,n,n',v) = 0. (43)

Remark It may be verified that the functions ®1 and F are of C? class of their argu-
ments for ¢ from some neighbourhood of the interval [0, 1],  from some nighbourhood
of Oandall 2, ¢, n/, n” € R!. In Eq. 35 the function x should be treated as a function
of the variables /& and ¢ due to the definition (33).

For g = 0 and ¢ = 0 Egs. 35 and 37 are satisfied for 2~ = 0 and n = 0. (This can
be seen by multiplying these equations by 2 and A2, respectively.) Thus, due to 40,
Eq. 36 changes to:

Di(c,0)¢” — Dr(c)c? +ve' + (14 8(c) gc) =0 (44)

with S, D; and D; defined after system (35-37). According to Keener and Sneyd
(1998) (pp. 342-344), under suitable assumption on the term (1 + S(c)), there exists a
unique heteroclinic pair (c(-), v) = (C(:), V) € CZRYH x R! satisfying Eq. 44 such
that C(—00) = ¢1, C(00) = c3 and C(0) = %[C(—oo) + C(00)] and C’(z) > 0 for
all z € R!. As we mentioned in the Introduction, we consider here only the advancing
waves. As ¢3 > c1, this condition is equivalent to the demand that the wave velocity
for ¢ = 0 satisfies the inequality

vV <0. (45)

Definition 1 For =i = 0, 1, 2, let B; denote the space of functions u(z) of CI(R)
class tending to finite limits as 7 — =00 together with their derivatives (which tend to
zero). Let B} denote the subspace of B; consisting of functions vanishing for z = +oo
and B;q the subspace of functions u satisfying the condition:

1
u(0) = g[u(—OO) + u(00)]. (46)
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12 B. KaZmierczak, Z. Peradzynski

The norms in the spaces B; are taken to be

J

lulls, = > sup

k=0 z€R!

k

i —u@@)|.

For, v # 0 and some &y > 0, let us consider the operator: H : B} x By X R! x
(—e0,0) U (0, 89) — By:

/ [ 1 1
H,c,v,e)z) :/exp /?m;dg k(c(s))c (s)ds
0 s

ic /1;1(1
P J & @), @) v gk

where

k(c(s)) = [“2%] | (47)
c=c(s)

and

w(h(8). @)

h
x(h(g), c()) := K@)

In fact H(z) is the solution to Eq. 35 with &(-) and c(-) in the coefficients u and K
treated as the given functions. The constant C should be chosen in such a way that
H(h,c,v,e) € Bf.Itis easy to note that accordingly to the sign of the parameter v
one should take

s exp[ J e e Ud;]x(c(s))c (s)ds for v>0

™\
Il

— e exp[ Is szmvdg]x(c(s))c (s)ds for v <0
Hence
.y exp[ Ly ]K(c(s))c’(s)ds for v>0
H(h,c,v,e)(2)= (48)
JZ s exp [fY SZ—X(h(c)c(c))v :IK(C(S))C/(S)dS for v<0

Our considerations will be carried out for v < 0, i.e. for the advancing waves.
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Calcium waves with fast buffers and mechanical effects 13

Lemmal Lete? >0, G, F € Bi(RY), G > Gy > 0. Then

1) = / exp | — / V(G @)de | Fs)ds = 826 F (@) + 0%

and
I'x) = G()F'(2) + £2G' () F(2) + 0(e?)

as ¢ — 0. Moreover, 1(z) and I’ (z) are continuous functions ofsz.

Proof In the proof we will make use of the following indefinite integral identity:

/xm exp(ax)dx =exp(ax)(a_1xm+Z(—1)ka_k_1xm_km(m— ... (m—k+1)).

k=1

To prove the first equality of the lemma, let us divide the region of integration (—oo, z)
into two parts (—o0, z — w] and (z — w, z), where w = |e]3/4. In the first interval we
have

/exp —/1/(82G(§))d§ F(s)ds| < | Flls, / exp —/1/(82IIGIIBO)d§ ds

< IF e 1G gy exp [~ 1/l G 15,) | = Oexpl =1/ IGll ). (49)

as 2 — 0. As F and G are continuously differentiable, then for ¢ € (s,z), s €

(z—,2),1/G(&) =1/G(2) + p(§,2)(§ —2), F(s) = F(2) +q(s,2)(s — 2). By
the mean value theorem fsz P&, )€ —2)d¢ = p(&*, 2)(¢* — 2)(z — s) for some
* € (s,z). Let k(y) := (exp(y) — 1)/y. We can write

expl—e 2 p(¢*, ) — )z — )] = 1 + & %k(s, D) p(*, ) (* — 2)(s — 2).

Since ¢* € (s,2) and s € (z — |e]’/*, 2), then e2(¢* — 2)(s — z) < |¢|"/? and
k(s,z) — 1 as |e] = 0. Hence in the second interval we have
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14 B. KaZmierczak, Z. Peradzynski

/exp {—/1/(520(;))51;} F(s)ds

s

= / exp [—/{1/(&(;(@)} exp |:—/8_2p(§,z)(§ —z)d§i|

I—w s

Z

x [F(z) +q(s,2)(s — z)]lds

Z

= [ el = /6@ 14+, Dp(E D =06 - 2)]

x[F(z) +q(s,z)(s — z)]ds
= G () F(2)[1 —expl—1/(el*G )N + U(2). (50)
We thus have

Uz) = / exp[—(z — 5)/*G(2)]

Z—|8|5/4
< [1+672G6. 2pE" DE =26 =2 |96 —2)
+e7(s: DPEDE = s — DF @)} ds,

Consequently

U(2)| < / exp[—(z — 5)/*G(2)]

Z—|8\5/4
x{[1+ &2 kGs DI1pE*, D16 = 2] lats, DI = D] + 67 k(ss 2]

xIp@*Dl(s = D F @I} ds < coe® (14 expl—1/(e*G2)))

with the constant ¢y independent of z and £2. Combining the above inequalities, we
obtain the first equality of the lemma. Using this equality, inequality (49) and the
definition of U (z), we have

I'(z) = F(2) — 1/(6°G(2)) / exp {-/1/&(}(;)@} F(s)ds

= [~U(2) + O(exp(=1/(1el"* Gl g,)1/ (2 G (2))
= —U@/(*G@) + 0 (exp(=1/(el1Glla))
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Calcium waves with fast buffers and mechanical effects 15

Moreover, as we mentioned above k(s, z) — 1 as 2 — Oforalls € (z — |8|5/4, 2),
whereas ({*—2)(s—z) = (s—2)%/2,q(s,2) — F'(z)and p(s, 2) - —G'(2)/G*(2).
Hence

~U@)/(e*G(2) = —1/(e*G(2)) / exp[—(z — $)/(e*G(2))]

7—|e[3/4
x {F/(z)(s - z)—(Zez)*lc/(z)/Gz(z)(s—z)zF(z)} ds+h.o.t
= 2G'Q)F(2)) + £2G () F'(2) + 0(c?) 1
proving the second equality of the lemma. O

Using Lemma 1 we conclude that
H(h,c,v,8)(z) = —e2x(h(z), c(2)v & (c(2) '(z) + O (%), (52)

so we have ||H(h, c,v,€)(-)|lg, — 0ase — 0. By Eq. 35 and Lemma 1 that for all
zeR!

(H(h,c,v,€)(2)) = O(?). (53)
Hence, for v # 0,
|H(h,c,v, 8)(-)”31* — 0 for &— 0. (54)
Thus the definition of the operator can be extended to the segment (—&, &p) by taking
H,c,v,0)=0.
For simplicity, the extended operator will be denoted also by H. Now, let us note that
for any (h, c,v) € BT X Byg X R, v # 0, the Frechet derivative DH (h, c, v, ¢) of

the operator H with respect to (&, ¢, v) at a point (%, ¢, v, ) with v < 0 acting on the
vector [§h, 8¢, Sv] has the following form:

Z Z
DH((h,c,v,&)[8h,c,dv](z) = /exp /%leg
e=x(@@)v

—00 s

x 1 1(c(5))c ()8c(s) + Kk (c(5)) (80 (s) — £k (c(5))c' (5)

/l
X —
x2

S

[x.18h 4 x.c8¢c + xv~'8v]de ¢ ds. (55)

S | =
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16 B. KaZmierczak, Z. Peradzynski

Now, using Assumption 1, we may proceed similarly as in the proof of Lemma 1,
dividing the region of integration into two parts and carrying out appropriate esti-
mations. Thus, using the Taylor expansion, we infer that for s € (z — |e|*/ 4. 7) the
integral in the integrand is equal to (z — $)k (c(2))c’ (@) [x.n (2)8h(z) + x.c(2)8c(z) +
X(@v™18vl/ (% (@) + O(eP/?), so

DH (h, c, v, &)[8h, ¢, $v1(2) = eX{x (2)v K (c(2))c'(2)8¢(2) + Kk (c(2))(8¢) (2)
—k(c(2) (@Y, n(2)8h(z) + vx,c(2)8¢
+x(2)8v]} + O(eh).

(For simplicity, we denoted x (h(z), c(z)) by x (z). Similar remark concerns the deriva-

tives of the function y .) Differentiating (55) and continuing as in the proof of Lemma 1,
one can show that

IDH(h,c,v,e)[sh,sc, SU]”BT = 0(32) (I|5h||3f + lI8cllB, + |8v|) for & — 0.

(56)
Thus for ¢ € (—&p, 0) U (0, &9) the Frechet derivative D H (h, c, v, ¢) is well defined
and DH : BT x By x Rl — Bi‘. Moreover, similarly as in the case of H, we can

extend the definition of D H also for ¢ = 0, by means of (56). Namely, for v # 0, we
set

DH(h,c,v,0)=0. (57)
Hence D H is continuous with respect to ¢ and DH — 0 in the operator norm as

e — 0.
Now, let us note that Eq. 35 can be written in the form

Ql(hv ¢, 0,68, ﬂ) - 07
where
Ql(hacs n,v,¢&, IB)Zh—H(h,C, U,E). (58)

According to the above considerations the following lemma holds.

Lemma 2 Let Q1 be defined by (58). Then for all n, B and all (h, c, v, &) from some
neighbourhood of (0, C, V, 0):

1. Qi is a continuous mapping from B x Byy x By x R! x R' x Rl fo B and

1Q1(h, ¢, n, v, e, ) — hllp: = O(e?)

ase — 0

@ Springer



Calcium waves with fast buffers and mechanical effects 17

2. Qg is continuously Frechet differentiable with respect to (h, c, n, v) and
IDQ1(h, e, n. v, &, PIsh, b, 5, 5u1=8hll sy =& O (I16h]15; +[16¢] . +16v1)
as ¢ — 0. Consequently forh =0, c=C,n=0,v=V,e =0, B =0 we have

DQ1(0,C,0,V,0,0)[éh, éc, 5v] = dh. (59)

Now, for y € B, and fixed (c, 1, 8) € By X By x R!, let A : B, — By be defined
by the equality

[A(c, 0. B)Y1(2) = Y"(2) — W(c(@), n(2)B 2y (2), (60)
where W is defined by (42). For ¢ such that c(z) > —k_/(2ky) for all z € R!,

Inllg, < Iyllcllp, with [, sufficiently small and B% > 0, A has a bounded inverse
A~': By — By and Eq. 43 can be written as

03(h,c,n,v,6,B) :=n—A" e, n, B)F(h,c,c/,n,n',v) =0. 61)
The following lemma holds.

Lemma 3 Let Q3 be defined by (61). Then for all (h, c, n, v, &, B) from some neigh-
bourhood of (0, C, 0, V,0,0):

1. Qs is a continuous mapping from B} x By x By x R! x R' x R! 10 By and

||Q3(]’l,C, 777”’37/3)—7)||32=0(|ﬂ|) as ﬂ_)o

2. Qs is continuously Frechet differentiable with respect to (h, c, n, v) and

||DQ3(h7 ¢, n,0,¢&, ﬁ)[ahv 86’ 8’79 (SU] - 8'7”32
= |1B1O (IRl g + I8¢l B, + 18l B, + |6v])

as p — 0.

Thus definition of the operator Q3 and its derivative D Q3 can be extended to § = 0
by taking

03(h,c,n,v,e,00)=n, DQ3(h,c,n,v,e, 0)[6h,dc,dn, Sv] =dn.
For simplicity, the extended operators will be denoted in the same way.
Lemma 3 is analogous to Lemma 1 in Kazmierczak and Peradzynski (1996). How-

ever, for the reader’s convenience we give its proof in the Appendix 1. Lemmas 2 and
3 allow us to use the implicit function theorem and reduce effectively the problem of
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18 B. KaZmierczak, Z. Peradzynski

travelling wave existence to the analysis of one second order equation for the concen-
tration of calcium. Let us note that due to the above considerations system (19-21)
can be written in the form:

Ql(hvcv n,v,¢&, ﬂ) :07 Q2(hvc» n,v,ée, 13) :Ov Q3(l’l,C, n,v,é¢&, ﬁ):Os
(62)

where Q5 is the left hand side of Eq. 36, or more concisely in the form

Q(h,c,n,v,¢8,B) =(Qi(h,c,n,v,¢,B), Qa(h,c,n,v,¢, 8), Q3(h, c,n,v, ¢, B))
with Q : Bf x Byg x By x R'xR! x R! — BY x By x B;. Obviously, for e = 0 and
B = 0 this system is satisfied by the quadruple (h(-), c(-), n(-), v) = (0, C(-), 0, V).

We will show that for |¢|, |8] sufficiently small there exists a unique heteroclinic
quadruple

(h(v g, ﬁ)» C('9 &, ﬂ)s 77(, g, 13)7 U(€, ,6))
to system (62) such that (h(-, &, B), c(-, &, B), n(-, &, B), v(e, B)) — (0,C,0,V) as

(e, B) — 0. According to the implicit function theorem, it suffices to show that the
operator D Q(0, C, 0, V, 0, 0) has a bounded inverse.

Lemma 4 The system
DQ;(,C,0,V,0,0)[5h,bc,én,6v] = f;, i=1,2,3,
has for all f1 € Bf‘, f» € By, f3 € By uniquely determined solution
(8h, 8¢, 81, 8v) € Bf x By x By x RL.
Proof According to Lemmas 2 and 3

D01(0,C,0,V,0,0)[8h, S, 81, Sv] = h,
DQ5(0,C,0,V,0,0)[8h, 8, 81, Sv] = 1.

Hence the equations

DQ1(0,C,0,V,0,0)[éh, 5c, 8n, vl = f1,
DQ3(0,C,0,V,0,0)[8h, 5c, 8n, v] = f3

have obviously uniquely determined solutions B} > 6h = fi and By 3 én = f3,
respectively. Having 64 and 61 we can solve the equation

D0»(0,C,0,V,0,0)[8h, éc, 6, sv] = fr
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Calcium waves with fast buffers and mechanical effects 19

with respect to 6¢ € By and §v € R!. One can check that

DQ,[8h, 8¢, 81, 8v] = Lodc + C'8v + (1 + S(C))~'y8h + Dy ,(C,0)C"8n+ F
(63)

where

Lodc = D1(C,0)8¢" — (2D2(C)C" — V)’

+% [+ 5@)7"8@ + Di(e,0)C” = Da)C?|  se. (64

c=C

and

F = Z @, (C,C",0,0,0, V)63,
j=0,1,2

(®,..»(0,0,0,C, C',V)=0,j =0,1, and ®;,(0,0,0,C,C’, V) = 0 accord-
ing to 40). Let us note that the function C’ satisfies the equation Lodc = 0. This
function however does not belong to the space Byp. Using these facts one can prove
that for any f2 € B there exists a unique pair (8¢, 8v) € By x R! and that the
operator Lodc + C’8v defines an isomorphism between the spaces By x R! and
B> (Kazmierczak and Peradzyriski 1996; Kazmierczak and Volpert 2003, see also
Crooks and Toland 1998; Kazmierczak 2001). Thus noting that 7 € By we can
uniquely solve the equation

Losc + C'8v = —(1 4 S(C)) " 'ysh — Dy, (C,0)C"8n — F + fr := 5.

with respect to §¢ and §v. For instance, the value of §v is determined from the following
condition

/ C'(z) exp / a(s)ds | {C'(2)6v — fo(2)} dz =0, (65)
—00 0

where a(z) = —[2D2(C(z))C’(z) — V]. Using the implicit function theorem we obtain
the thesis of the lemma. O

Theorem 1 Assume that all the functions in system (6), (15), (16) are of C! class of
their arguments and that Assumption (2) and condition (45) are satisfied. Suppose that
Eq. 44 has a unique (up to translations) heteroclinic solution pair (C(-), V) satisfying
the conditions lim;_, _o, C(2) = c1, lim;_~ C(z) = c3. Then for |e|, | B| sufficiently
small there exists a heteroclinic quadruple

(h('vsa /S),C(',E, ﬂ)a 71(35, ,3),1)(8, ﬂ)) (66)
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20 B. KaZmierczak, Z. Peradzynski

solving system (62) such that

(h(v g, ﬂ)’ C('s g, ﬂ)s 77(, g, :3)7 U(&‘, ﬁ)) - (Os C()» Ov V)

in the norm of the space B x By x By x R! as (e, ) — 0. Consequently for
sufficiently small |e| and |B| there exists a travelling wave solution (T, C, B) of the
system (6), (15), (16): T (x,t;¢&,B8) =0(x —v(e, B)t; e, B), C(x,t;¢6,B8) =clx —
v(e, B)t; e, B), Bx,t;e,B) =b(x —v(e, B)t; e, B), such that

c
czie, B) = e, 0z e f) = Oo(c), b(ze, B) — byky———
k+C1 +k,
as 7 — —oo whereas
c
c(z;¢,B) > c3, 0(z;6 B) = bo(c3), D(z;¢, B) — b*k+—3
k+C3 +k_

as 7 — oo. This solution is unique up to translation in the variable 7 = x — v(e, B)t
and for (¢, B) — (0,0)

c(:eB)

(56 B)—>00(c(;e, B)), c(;e,B)—>C(), b(;e, ﬂ)—>b*k+m

whereas v(e, B) — V in the norms of the spaces By, By, By and R, respectively.

2.2 First order approximations for %, v and n

In this section, we derive approximate expressions for the functions i and 7 corre-
sponding to small values of 82 and &2 in the considered system. We will consider the
two cases: the case of nonzero viscosity with infinitely fast buffers and the case of
zero viscosity and finitely fast buffers. In the first case we assume for simplicity that
u = const, K = const. We thus have n = 0 and system (35-36) changes to the
system

e2uvh’ — Kh — K~ '&?pvt(c(z)) = 0. (67)
Di(c,0)¢” — Da(c)c? + v’ + (1 + 5(c) " '[g(e) + yh]1 =0 (68)

In the zeroth approximation # = 0, whereas the first order correction to / is equal
to

hi(z) = —K 2821V (x(C(2)) . (69)
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Taking f> = —(1 + S(C))~'y8h in Eq. 65 we obtain

o0 4
Sv=B;'K e’ uyVv / (14 S(C@)N'C'@IT(C)] exp / a(s)ds | dz
00 0

(70)

where B, = [0 (C'(2))*expl [y a(s)ds]dz. It follows that, for y > 0, v < 0
(v > 0) and the absolute value of the speed increases (decreases), if forall ¢ € [c1, ¢3]
we have 7 .(c) > 0 (t.(c) <0).

To obtain the approximate expression for the function 7 in the second case (82 # 0,
n = 0), we will use Egs. 37, 39. Thus in the first approximation

C "
n(z) = B2®,(0,0,C, C', C", V)(z) = g2 [S(cwc/ + Dyb, [H—C} ] (2)
(71)

It follows that 77(z) < O for all z € R! if only D}, is sufficiently small. Let us note that
according to (33)

bykic(z) +n1(2)

P = e

In consequence also

bikyc(z) ()

b(z) —by(z) :=b(2) — k_ + k+C(Z) Tk + k+C(Z)

< 0. (72)

3 Numerical simulations

To analyze how the travelling wave solutions are approaching the appropriate solutions
of the asymptotic equation (18) when ¢ — 0 and 8 — 0 we made two series of numer-
ical simulations. In the first one, the viscosity effects were suppressed by assuming
that ¢ = 0 and consequently that & = 6 in system (15-16). For the values of diffusion
coefficients we took: D, = 300 wm? /s, D, = 20 pm?2/s (see Keener and Sneyd 1998;
Tsai and Sneyd 2005), whereas for the kinetic coefficients and the total buffering mol-
ecules concentration appearing in Eq. 16 we assumed: k_ = 100/s, k+ = 10 uM/s
and b, = 150 WM. Let us note that for 72 = 5 the quantities k_, k. attain the values
corresponding to typical endogeneous buffers (see, e.g. [12]). The function g(c) in
both cases was modeled by g(c) = A(c — c1)(c — c2)(c3 — ¢), where, inspired by
Keener and Sneyd (1998), we took c¢3 = 1 wM, whereas for ¢; we took ¢; = 0 for
simplicity as in most cases ¢; = 0.01 = 0.1 wM. In any case the values c; = 0 and
c3 = 1 can be achieved by a linear transformation of the variable c. For this model of
g(c) we have advancing waves for Eq. 18 only if f;ﬁ g1+ DpS(c)/D.ldc > 0,
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Fig. 1 The dependence of the speed of the travelling wave solutions for system (15—-16) on the parameter
;‘32 for ¢ = 0O for different ranges of /32: [0,1], [0,10], [10,1,000] and [0,1,000]. For small values of ;‘32 the
difference v — V changes linearly with 2 As B — oo the speed tends to speed of the travelling wave for
Eq. 73

where S(c) is defined after (Eq. 4) [see inequality (12.40) in Keener and Sneyd (1998)],
so for waves with monotone profiles only if 0 < ¢» < 1/2 wM. Since the real form of
the function g(-) seems to be not well known and our considerations have rather qual-
itative character we assumed the intermediate value ¢, = 0.25 WM. In order to obtain
realistic travelling wave velocities, the constant A was chosen to be equal to 1,150. For
this choice, the absolute value of the speed of the travelling wave for the asymptotic
equation (18) is equal to V = 18.9635 um/s, so lies in the interval of characteristic
speeds for calcium waves (Keener and Sneyd 1998; Jaffe 1991). Waves obtained in
numerical simulations were moving from the right to the left, so with negative speed.
In figures representing numerical results the sign of the speed was reversed for the
reader convenience. By solving numerically system (15-16) we found travelling wave
solutions propagating along the x-axis with the absolute value of the speed equal to v.
Figure 1 shows the dependence of the difference v — V on 2 for four different ranges
of 2: [0, 11, [0, 101, [10, 1,000] and [0, 1,000]. It can be noticed that v tends to the
speed for the reduced equation (18) linearly with 82 as can be seen form the upper
left panel of Fig. 1. On the other hand, for /32 — 00, the influence of the buffer term
vanishes and the speed of the wave tends, as can be expected, to the speed of the scalar
equation

dc 5
m = D.V<c+ g(c). (73)
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Fig.2 The relative difference between the concentration of buffers b(z) and the approximate concentration
of buffers obtained from Eq. 3 for different values of the parameter /32 and ¢2 = 0. The difference is scaled
by the upper buffer state b3 given by (22)

The travelling wave solution for this equation can be found explicitly and its speed is
equalto (1 —2-1/4)-\/AD.J2 = 207.666. This can be seen in the lower right panel
of Fig. 1; for 87 = 1,000, v is equal to 205.5291.

Figure 2 shows the dependence of the relative difference between the concentration
b(z) of the buffer particles with bound calcium and the asymptotic concentration b, (z)
obtained by solving the equation k_b(z) — k4c(2)(bx — b(z)) = 0 implied by Eq. 3.
This difference is normalized by b3—the higher asymptotic state defined by (22). It
is seen that for the considered values of A2 this function is very small—for example
for the case of typical endogeneous buffers (8~2 = 5) its amplitude is of order 1072,
Moreover, it is negative for all z € R, as it has been foreseen by inequality (72).

Figure3 shows the graph of the difference C(z) — c(z) for g2 = 0.1, 8 = 1,
B% = 5and 8% = 10, where C denotes the profile of the travelling wave solution for
the asymptotic equation (18) and c denotes the profile of the calcium concentration
of the travelling wave solution for system (15-16). To calculate this difference the
profiles are shifted along the z-axis, so that for z = 0 they both attain the same value
equal to 1/2 in agreement with condition (46). It is seen that for 82 sufficiently small,
this difference has almost the same shape and its amplitude is proportional to 82. For
B2 =35 (typical endogeneous buffers) the amplitude of the difference is of order
2-107° pM.
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Fig. 3 The difference C(z) — c¢(z) between the profile of the travelling wave of the reduced equation (18)
and the profile of the travelling wave for system (15-16) for vanishing viscosity. To determine the profiles
uniquely, we assume that C(0) = 1/2 and ¢(0) = 1/2

In the second series of simulations we assumed that the buffer kinetics is infinitely
fast (8 = 0) and solved numerically the equation

de _ Det DyS@) o 2DyS(0) Vel g(c)+ yh

9 _ ¢ , (74)
a1 1+ S(c) (c + £)(1 + S(c)) 1+ S(0)

that is to say Eq. 18 with the additional mechanical term. We took y = £100 uM/s.
This choice of the absolute value of y can be justified by a rough analysis of experi-
ments with generation of calcium waves by mechanical deformations of cells (Young
et al. 1999). h is defined by (33). If we assume, for simplicity, that 4 and K are
constants, then £ satisfies the equation

Oh e h— (k10,2 — (75)
— + (e - 7)— =0,
ot “ ot

with ¢* = /K, which can be obtained from Eq. 6. Let us note that, that according to
(28), the relation between the non-dimensional parameter €2 and &* has the form

2 =¢*P/I,
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Fig.4 The influence of nonzero viscosity on the speed of the travelling wave solutions for /K as on the left
panel. The upper curve on the right panel corresponds to y = 100 uM/s, the lower one toy = —100 uM/s
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Fig.5 The influence of nonzero viscosity on the speed of the travelling wave solutions for /K as on the left
panel. The upper curve on the right panel corresponds to y = 100 uM/s, the lower one toy = —100 uM/s

where P is the characteristic speed and / the characteristic length. In our case P =
20 wm/s and / = 20 + 30 wm. They are thus of the same order, so the smallness of ¢*
implies the smallness of £2. We also assume that the ratio between the maximal value
of the traction force t to the effective Young modulus K is of order of 1/10 (see, e.g.
Murray 1993). In the case of monotone calcium travelling waves only this part of the
shape of the function 7 (c) is important, which is contained between c; and c3.

The calculations have been made for two hypothetical shapes of the function . To
some extent, these are two extreme cases, as in the first case 7 is linearly increasing
on (c1, ¢3) = (0, 1) and in the second case t is of a single bump type function on this
interval. The results are shown in Figs. 4 and 5.

4 Conclusions
In the paper we proved the existence of mechano-chemical travelling wave solutions
(0(2),c(2),b(z)), z=x—vt

for system (6-16), if the parameters ¢> and B2 are sufficiently small. Here ¢ defined
in (28) is the parameter describing the relative magnitude of the viscous effects and
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B2 determines the rate of the reactions of binding or unbinding calcium ions by the
buffer molecules. (Let us recall that €2 = woP/Kol, where K¢ and 1 are the typical
values of viscosity and elastic modulus, whereas P and / the typical speed and length
of the calcium wave in the given medium.) These waves are unique up to a translation
in z. For e2 — 0 and 2 — 0, the speed v of these waves tends to the speed V of the
travelling wave of the reduced equation, whereas

0(z) = 00(C(2)), (@) = C(z), b(z) > bo(C(2))

uniformly for z € R!, together with their derivatives. Here (C(-), V) is the heteroclinic
pair for the reduced equation (Eq. 18) obtained by assuming infinitely fast buffer-cal-
cium reactions (8 = 0) and zero viscosity, Oy (c, 09) = (K ()~ Yoy — 7(c)) denotes
the solution to the mechanical equation (Eq. 6) obtained by neglecting the viscosity
terms and

bo(e(2)) = buky —

@k + ke
denotes the asymptotic concentration of the buffer molecules obtained by assuming
infinitely fast buffer-calcium reactions. These theoretical statements have been con-
firmed by numerical simulations described in Sect. 3. In particular, the calculations
confirmed the fact, that for buffers with sufficiently fast kinetics system (15-16) is
very well approximated by Eqgs. 3 and 18. For u = 0, we found the speeds of the
waves for relatively large span of the parameter 82. As f — oo the speed of the wave
tends to the speed of the scalar Reaction—diffusion obtained from the equation for the
calcium concentration by neglecting the influence of the buffers, i.e. putting formally
B = oo (Eq. 73).

The profile C(-) of the travelling wave for the asymptotic equation (44) satisfies the
condition C’(¢) > Oforallé € R!.In Appendix 2 we show that for large reaction rates
(|8l << 1) and |e| sufficiently small the obtained solution satisfies the inequalities
c/(&) > 0,b'(€) > O forall £ € R'. In Appendix 3 we show the similar property for
B =0.

A question arises, if the mechanomechanical coupling can destroy the existence of
advancing travelling waves for the buffer system. Though the existence proof has been
done only for small values of viscosities (represented by the parameter £2), numerical
calculations suggest that the travelling wave solutions of advancing type exists also
for larger values of viscosity. Thus, it seems that the viscosity cannot prevent the exis-
tence of traveling waves unless the bistability condition is violated. To explain it, let
us notice that for larger viscosity the cell deformation are smaller, thus in the limit of
infinite viscosity mechanical effects cease to be visible—the system behaves as purely
chemical (i.e. we have equations for calcium and buffers only) with a bistable source
function f(c) (see Egs. 1 and 2). It is interesting that the system formally is reduced
to the purely chemical system also in the case of vanishing viscosity. However the
source function g(c) in this case is related to f(c) (see Eqs. 15, 16 and 17) by

g(c) = f(c) +ybo(c, 00).
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Here we can assume, that 6y(c1, op) = 0. Therefore, if both functions f and g are
bistable, then viscosity cannot prevent the existence of traveling waves, otherwise the
existence may depend on the value of viscosity. Also by applying additional stress
on the lateral boundaries of the cell or just by stretching the cell we may destroy the
bistability of the source function and thus the waves may cease to exist.

Acknowledgments The authors express their gratitude to an anonymous referee for many helpful remarks
and suggestions. This paper was partially supported by the Polish Ministry of Science and Higher Education
Grant No 1P03A01230.

Appendix 1: Proof of Lemma3

The substitution y’/y = w changes the equation

Y'(@) = B20@)y(2) =0 (76)

into the Riccati-type equation w’ 4+ w? — 72Q(z) = 0. Let w = w + ¢, where
w(z) = Iﬂl_lx/ 0Q(z). Then ¢ satisfies the equation

6@+ 200+ ¢+ —2 8

= 77
B 2|BlvQ(2) 7

Let

Kg:C'R"Y) — 'R, C! ®RY 5 ¢ 2L +Ef¢>

where Q € C2(R'), 0(z) > O > 0. For f € C'(R!) we have

(K; f)(z)-/exp —/ V“f'@ dc | f(s)ds — J%f() as 1B = 0

—00

(78)
in the norm of the space C!(R!) (see Lemma 1 and Remark after it). In particular for

f = —0'/(2|B|+/0) the last expression is equal to —Q’/4Q. Eq. 77 can be written
as

- Q'
K =¢+K 1( to— )
@, p):=¢ ¢’ NG}

C may be treated as a mapping from the space C!(R!) x R! to C'(R"). One notes
thatas 8 — 0

K@.B) — ¢ -5,
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where § = —4Q—/. It follows that the mapping can be defined also for § = 0 by
taking K(¢,0 = ¢ — S. Moreover, by means of the methods used in the proofs of
Lemmas 1 and 2 we can prove that /C(¢, ) has a well determined Frechet derivative
DK (¢, B) with respect to ¢, which is continuous in a neighbourhood of the point
(¢, B8) = (S,0), and DK(S,0)8¢ = 5¢. Consequently, we can apply the implicit
function theorem to prove that for | 8| sufficiently small there exists a unique solution
in BC'(R!) to Eq. 77 close to ¢; = S being the limit of the sequence of successive
approximations ¢p, ¢2, . .. Thus in the second approximation we have (see Crandall
1977)

b2 — ¢1 = —[DK(S, 017 'K(¢1, B) = —K(¢1, B),

that is to say

$2(2) = S(@) = =S(2) — K (32 T3 mQ @) @. (79)

Now, identifying £2 with | 8], G with (2/Q)~!, F with %+ ﬁ@ and using Lemma

2 together with its proof [especially relations (50) and (51)], we obtain

" 5 2
$2(2) = 5@) + 1B [% - 323—5/2} @),

and ¢ (z) = ¢2(z) +0(|B]). Using the fact that w = w+¢ and y’/y = w we obtain by

simple integration the form of a solution Y, to Eq. 76 behaving as exp( foz JO(s)ds)
for |z] — oo. Namely, we have

(n|y@).c = IBI7'V Q@) + ¢2(2) + o(IB]).

! _l )
As _4QQ((ZZ)) = (In|Q4]) ;, we obtain

Z

1 7 5 2
Vi @=0 " @exp IﬂI‘I/[\/Q(s)+lﬁ|2(8g3/2—323—5/2) (s)+o(|ﬁ|2)]ds |
0

(80)

In the similar way, taking w(z) = | 8| —1./0(2), we can obtain a solution behaving as
exp(— fOZ /O (s)ds). It can be written as

Z

1 " 5 2
Y_(2)=0 7 (2) exp Iﬁl_l/l—\/Q(S)—lﬂlz(ng—323—5/2)(s)+o(|/3|2)]ds .
0

81)
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The Wronskian of this pair of solutions, independent of z, is equal to

28I+ 0+ 0(B]) = W[l +s(B)BI.

where limg_.¢ |s(8)| = so. Thus for f € By the unique B, solution of the equation

Y'(@) = B20@)y() = f(2) (82)

can be written in the form

o]

Yz B) =2""1BII1 + (BB { Y-(2) / Y+(s)f(s)ds+Y+/Y,(s)f(s)ds

(83)

Below for simplicity we will use the symbols |- || j instead of || || g, . For f € By (see
Definition 1), according to Lemma 2, y(z, 8) = B2 f(2) Q)"+ O(B| fII1). Dif-
ferentiating we obtain the equation Z”(z) — B2 Q(2)Z(z) = f'(2) + B720'(2) Z(2),
Z :=y'. Thisyields || y|l; = O(B>)| fll1. Combining the above estimations we obtain

Iyl =0@HIfl lyla=0UBDIfI1. (84)
Now, we are in a position to prove Lemma 3. Part 1. follows straightforwardly from
the estimations (84). To prove the second part, let us note that W defined implicitly

by (42) can be treated as a mapping acting from the space By x B to the space By.
Let us also introduce the operator F acting from B} x By x By X R! to By:

F(h,c,n,v)(z) = —F(h(z), ¢(2), ¢'(2), 1(2), 7' (2), ),

where F is the function appearing in Eq. 41. Let (¢, ) and (c, n) satisty the conditions

guaranteeing the existence and boundedeness of the operator A~! formulated after the
definition (60). Let y and y be the solutions of the equations

Y = BEW (e, n)y = F(h,c,n,v)
y' =B IW(e,my = F(h,c,n,v).

The difference Y := y — y satisfies the equation
Y' =B AW (e, )@Y =[F(h,c.n,v)—F(h,c.n.0)+B2y(W(c, n)—W(c. n)1(2)

W and F are Frechet differentiable as mappings from BT X Bpg X By X Rl to By (see
the remark after [43)], thus according to the definition of the operator A, we obtain
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from the last equation:

Y =47 .. B) (DFc.n )+ B2yDW (e ) [8h. 5c, 81, 8v]
+A~" (. 0. B)(RF(8h. 8¢, 1. 8v) + R (8h, 3¢, 87, 6v)), (85)

where Sh =h —h, sc=c—c¢c, Sn=n—n, Sv=v — v, DF and DW denote the
Frechet derivatives of the mappings F and W with respectto (h, ¢, n, v) at (h, ¢, n, v).
Here || R (8h, 8¢, 8, 8v)|I1, | Rw (8h, 8¢, 81, 8v)||; are of order of o(||8k |1, ||8¢|l> +
6nll2 + [6v]) as [[8A ]| + [[6cll2 + lInll2 + |8v] — O.

Now taking into account that the functions on which A~ acts have their B norms
bounded (according to the definition of the mappings F and W) we infer that the
Frechet derivative of the operator A~ acting on the vector [/, 8¢, 81, Sv] is equal to

A7 e, n, B) ((Dﬁ + B2y DW)[sh, 8c, 81, av]) .

According to the part 1. of Lemma 3 we obtain the validity of the part 2, thus the
whole lemma is proved.

Appendix 2: Monotonicity of solutions

According to Theorem 1 there exist By > 0 and &9 > 0 such that for all (8, ¢) satisfy-
ing |B] < Bo, |€] < &p there exists a unique solution (c(B, ¢, -), b(B, &, -), h(B, &, (+))
to system (30), (31), (32) with % defined in (35) together with the speed v(B, €). If By
and g is sufficiently small then v(B, €) < O (as the initial speed V < 0 by assump-
tion (43)). For ¢ = 0 the solution is monotone, i.e. ¢/(8,0,&) > 0, b'(B,0,&) > 0
for all & € R! according to Theorem 2.1, p. 15 in Volpert et al. (1994). We will
show that for |e| sufficiently small (in general depending on |B]) the inequalities
c(B,e,&) > 0and b'(B,e,&) > 0 hold also for all & € R!. For simplicity, we
will denote the functions c(B, ¢, §), b(B, ¢, §), h(B, &, &) simply by c(§), b(§), h(&).
Because the position of the front profile is fixed by the condition c(0) = (c1 + ¢3)/2,
therefore for any finite interval (A_, A;) > 0, the functions ¢ and b have positive
derivatives for all sufficiently small |¢|, what follows from their continuous depen-
dence on the parameter . We will divide our considerations into two parts: for negative
and positive values of §. We will start from the interval (—oo, 0]. As we mentioned,
for a fixed A_ < O there exists e_ € (0, go], such that for all |¢] < e_ we have the
inequalities ¢’(§) > 0, b'(¢§) > 0 for & € (A, 0]. Our task will be thus to show
that the monotonicity property remains valid also for & € (—oo, A_). By defining:
u = (uy,us) := (c,b),dy = D, and d» = Dy, D = diag(dy, d»), H = (Hy, H»),
H=g¢g+M, H=g—H,M:= ,8_2[k_b — kyc(by — b)], system (31-32) can be
written in the form:

Du’ +vu' +H@u) +y ((l))h(é) =0. (86)
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Let us note that H (u) has two stable steady states (c1, b1) and (c3, b3) and has its
diagonal entries negative and off-diagonal entries positive in some neighbourhoods of
these states.

Theorem 2 Let 0 < |B| < PBo. Then there exists e— € (0, gg] such that for all
lel <&, () > 0and b’ (&) > 0 forall & € (—o0, 0].

Proof The proof of the theorem will be based on Lemmas 5,6 and 7 which will be
proved later. By differentiation of system (86) we obtain:

DU"(®) +vU'©) + Y H@@E)UE +y ((1)) HE =0, @7

j=12

where U = (U1, Up) := (u}, u4) and H is the Jacobian matrix of H,i.e. H;;(u) =
H; y;(u). In the proof we will use the fact that, if ¢’ attains a global extremum for
some & = &*, then it is possible to estimate 4’ (£*) only by the values of ¢/(§*). Thus,
we will be able to apply the method based on the notion of the Perron—Frobenius
eigenvector of H(u) (Volpert et al. 1994). Let P = (P, P»), denote the Perron—
Frobenius eigenvector (with positive components) assigned to the negative eigenvalue
of the matrix H(c1, b1) (Kazmierczak and Volpert 2008). As (c(&, b(§)) — (c1, b1)
for & — —oo0, then, if |A_]| is taken sufficiently large, (c¢(£), b(§)) will lie suffi-
ciently close to (c1, b1) and the inequality H(c(£),b(§))P < O will hold for all
& e (—o0, A).

Let p = Supge(—oo, 4 y(Ic(§) —c1|+ [b(§) — b1]). Note that by decreasing A_ we
decrease both £_ and p. For a given A_ and |¢| < e_, let us also denote

p = max{ﬁ, 52}.

Our basic lemma gives the estimation of 4’(£) at a point of an extremum of ¢/(-). O

Lemma 5 Letc”(z) = 0forsome z € (—oo, A_). Then there exist bounded constants
J and B (independent of 7) such that

W@ <pJ sup |'E)|+&B sup [bE). (88)

Ee(—00,2) £e(—00,2)

Suppose that b’(§) attains a non-positive minimum for £ = Z. By differentiat-
ing the equation for b (Eq. 32) and using the maximum principle we note that it is
possible only if ¢/(Z) < 0. Hence, we may confine ourselves to the proof that the
function ¢/(-) is positive. Suppose that there exists &, such that the function ¢’ attains a
global non-positive minimum at & = & on the set (—oo, A_). Two cases are possible:
i. there exists a point & < & such that ¢’ attains a global positive maximum at £ on
the interval (—00, &) and SUPg¢(_oo ¢, I’ (&) = (&), ii. |/ (§)] < |c'(&)] for all
§ € (—00,8).

Let us consider case i. The following lemma holds.
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Lemma 6 Suppose that there exists a point & < & such that the function c' ()
attains a global positive maximum for & = & on the interval (—o0, &) and
SUPg ¢ (—00,£7) |’ ()] = ¢/ (&1). Then the function b’ must have a global positive max-
imum for some &, € (—00, &). Moreover, |b' (&) < C|c'(&1)|, where C independent

of e.

If, instead of ¢ and b, we consider the functions (—c) and (—b), then these functions will
have negative minima at points &1 and &,. The vector function (V1, V) = (—c}, —b})
satisfies the system

V(&) + vV () + Z Hiju@E)ViE) —y8ih'(¢) =0, i=1,2. (89)
j=1,2

Let s = max{s,, sp}, where s. and s, are constants satisfying s.P; — c¢'(§]) =
0 and s, P, — b’ (&) = 0. For the above choice of s > 0, the vector function
Vs(&) = (Vi(§), Va(§)) + s(P1, P2) > 0 componentwise for all £ € (—o0, &).
Moreover, there exists £€* € (—o00, &) such that V;(§*) = 0 or there exists an
index [ € {1, 2} such that V;(§*) + sP; > 0, while V;(§*) + sPy = 0, where k
is an index complementary to / and Vi(-) attains its global minimum at § = &*.
Thus Vi(§%) = —sP, V/(§*) = 0 and V/'(§*) > 0. Let us consider the first sit-
uation, that is to say, let us assume that (V{(£*), V2(§*)) = —s(Py, P2) for some
&* € (—00,&). Thus the functions ¢’ and b’ attain their maximal values (global
maxima) on the interval (—o0, &) at & = £* = & = &,. By Lemmas 5 and 6,
I E*)| < pJ|/ ()] + e*BIV' )| < (pJ + 2BC)|c'(%)], so we can write the
system (89) for § = £* in the following form:

dV/ED+ D HwED)V;(E) =0, (90)

j=12

where H?j (&) = H;j(E*)) — C*péi18;1 for some bounded constant C*. (Recall
the definition of p.) The matrix H*(u(§*)) is thus an O (p) perturbation of the matrix
‘H(ci, b1). Hence, fori =1, 2, Zj=1,2 H;"j[—st] > 0, if only p is sufficiently small,
i.e. if A_ is taken sufficiently small. As Vi’ "(€*) > 0, then we arrive at contradiction
with (90).

Now, suppose that (V1 (£*), Va(€™)) + s(Py, P2) # 0, but Vi (§*) + s Py = 0 and
Vi (+) attains its global minimum at & = £*. Then V;(§*) + s P; > 0, where [ is the
index complementary to k. We will show that in this case

D HWEN) ViE) > 0. O1)

j=12

First, note that if &* = &, then Lemma 5 holds. If & = &, then the estima-
tion given by this lemma is not necessary, as in (91) we have no non-local terms.
Let us consider the function ¢ (y) = zjzl,Z HZ]. ENV;E*(A = y) —sPjyl.
We have ¢y (1) = ZHZj(u(S*))[—st] > 0 and ¢;(y) < 0 due to the fact that
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&, () = HiwEN[-V, —sP] = =Hy[Vi +sP] < 0, as for [ # k, we have
Vi(*) + sP; > 0 and H; (u(£%)) > 0. Hence ¢ (0) = ¢y (1) — ¢;(y) - 1 > 0. Thus
inequality (91) is proved. But this leads to contradiction as Vk” (8*) > 0. Thus, the
monotonicity property is proved in this case.

Let us consider case ii. Analogously to Lemma 6 the following lemma holds.

Lemma 7 Suppose that |c'(§)| < |c'(&)] for all € € (—o0, &). Then the func-
tion b’' must have a global negative minimum for some &, € (—00, &). Moreover,
|b'(&p)| < CIc'(&1)], where C is a constant independent of p.

We may thus repeat the considerations of the previous case, by taking advantage of the
fact that Supg ¢ (o0 ) Ic’(§)| = |c’(&2)]. This time we can apply the above reasoning
to functions ¢ and b on the interval (—oo, A_) and use system (87). The theorem is
proved.

Proof of Lemma 5 According to Eq. 48 the function & € C! satisfies the equality

Z

h(z) = / exp | — / (E2G(©)7'de | k(e(s))c/(s)ds

—00

Z

/ exp | — / E2G(©)7'de | k(@) (2)ds

—00

Z

+/eXp —/(SZG(C))_ldé (K (c(s))C'(5) — k(c(2))c'(2))ds

=: 11(2) + [r(2). 92)

Here we denoted G(¢) = |v|x(h(¢),c(Z)) and « is given by (47). Obviously,
11(2) = 2k (c(2)) ()G ()1 + 0(e?)) as e2 — 0. Using the equation for £,
which can be written as #'(z) + ¢ 2(G(2)) " h(z) — k(c(2))c'(z) = 0, we con-
clude that 1'(z) = k(c(2))c’'(2) O(e?) — e72(G(2)) " 12(z). We have i (c(s))c’(s) —
k(c(2))(2) = k(c(s)(c'(s) — ' (2) + ' () (k(c(s)) — k(c(z))). The second term
is proportional to ¢/(z). Thus, as (k(c(s)) — k(c(z))) < Cp, we conclude that for a
bounded function ¢y:

h(z) = ¢o(2)pe*c (2) + L,

/ i 2 —1 / / (93)
I3(z)=/eXp —/(8 G()de | k(c(s)(c'(s) —c'(2))ds.

—00
By choosing |.A_| sufficiently large (implying that p is sufficiently small), we can guar-

antee that k (c(s)) is of constant sign for s € (—oo0, A_). Hence for some bounded
functions 6(z, s) and ¥ (z), the integral I3 can be written as
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"(z+0(z,5)(s — 2)) / exp | — / (2G ()7 de | (s — i (c(s))ds

=" (2) (2 +0(z,5)(s — 2)).
We thus conclude that for some bounded functions ¢ and ¢»,

W (2) = p$1(2)¢' (2) + 2o () (2*(2) (94)

where z*(z) € (—00, z). To finish the proof one must estimate ¢”’(§) for § € (—o0, z).
This can be done by differentiating the equation for ¢. If ¢’ (z) = 0 and ¢’ (—o0) = 0,
then there must exist a point of an extremum on the interval (—oo, z) of the function
¢”. For &2 sufficiently small, this allows us, by means of inequality (94), to find the
estimation for |¢”(£)| and obtain estimation (88). O

Proof of Lemma6 Assume that b'(&;) > 0 and that b'(§) does not attain a positive
maximum in (—o0, &). Suppose that there exists &, < & such that |5'(&)] is a global
maximum of |5’| on the interval (—oo, &), in particular that |0’ (£5)| > |b'(€1)]. By
means of the maximum principle at & = &, we have the estimation

b’ (€p)| < Bpplc' ()] < Bpplc'(E1)I, 95)

where By, =—Hy ¢ (c(&), b(€p))[ Ha,p(c(&p), b(E5))]~". Hence the condition ¢ (&)
< 0, according to Lemma 5 and (95), gives

b'(&1) = Bpic'(§1), (96)

where By) = —Ac/Ap, Ac = Hy(c(§1), b(E1)(1 + O(p)) <0, Ap = Hj p(c(E1),
b(£1))(1+ O(p)) > 0.1In particular, it means »'(£1) > 0. Similarly, using the fact that
¢ (&) > 0, we arrive at the condition —[A.c' (&) + Apb (&) + O(p)c'(€1)] > 0,
where A, = Hy (c(&), b1(£2)) < 0, Ay = Hy p(c(£2), b(£2)) > 0. Hence we obtain
b' (&) < Bpppc'(&1), and |c'(&2)| < pBeac'(€1), where By, and B, have the obvious
meaning. Combining these estimations with (96), we obtain pBpyc’(§1) > b'(&2) >
b'(&1) > Bpic'(§1) > 0, as By and By stay can be estimated by constants indepen-
dent of p. We would thus arrive at contradiction with our assumption according to
which b’ (&) > b'(§1). If we assume that &, satisfying the above assumption does not
exist (meaning that |0’ (§)| < b'(§1) on the interval (—oo, &1)), then we can arrive at
contradiction in the same way.

Now, assume that ’(&;) < 0. Suppose that b'(§) < 0. If SUPg ¢ (— 0.8 |b'(&)| =
|b’'(&1)], then we arrive at a contradiction at & with the condition ¢”'(§1) < 0. If
there exists & < &1 such that supsc(_o g1 16" (6)| = |b'(£p)|, the relation [b'(&p)| <
Ci|c' ()| < Ca|c'(€1)] leads to the same contradiction at & = &;. O

The proof of Lemma 7 can be carried out similarly to the proof of Lemma 6.

Now, let us consider the monotonicity property on the interval (0, co). This time
we will assume that the function « (c) appearing in the integral I3 (see Eq. 93), satisfies
the inequality « (c) < O close to ¢ = c3. This is equivalent to the demand that
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T,.(0)K(c) + K ((c)(op —1(c)) <0 o7

for [c — ¢3| < r,r > 0. It is seen that for g = 0 and K = const it is implied by
the inequality 7 .(c3) < 0. For all Ay > 0 we can find 4 € (0, g9], such that, for
all |¢e| < ey and all & € (0, Ay), '(§) > 0, b’ (¢§) > 0. Let us assume that A is
so large and ¢4 > 0 so small that for all |¢] < ¢4 and & > (A4, oo) the inequal-
ity H(c(&),b(£))Q < 0 holds, where Q is the Perron-Frobenius eigenvector of the
matrix H(cs3, b3).

Similarly as before let us define o = supge(g ooy €(§) — el The following
auxiliary lemma holds. O

Lemma 8 Assume that ¢’(z) < 0 for z € (Ay,00) and ¢'(§) — c'(z) > 0 for& €
(0, 2). Suppose that (97) holds. Then, for some constant L independent of € and p, we
have W' (z) > (p + €2)Lc (2).

Proof From the proof of Theorem 2, it follows that it suffices to show that the integral
Iz isnon-positive. Letus take ey > Ososmalland. A > Osolargethatc(§) > c3—r/4
for§ > AL Asc/(§) > 0 for & € (0, Ay), then we can define &;, j = 1,2,3,4,
b/y the equalitifzs c&j) = C/3 — jr/4. Let also 4 be so small.that supge(é?’&) I (§) —
c'(B,0,8)] < infeey 6 (B, 0,8)/2 =: n. Consequently, infeeg, &) ¢'(§) = n and
SUPg (g, 5,) € (E) < 37, where 1 = supgc (g, &,) ¢'(B, 0, &) /2. Note that the ratio 7/n
depends only on the solution ¢(, 0, -), hence is independent of €. As ¢’(z) < 0 and
k(c(&)) <O foré& € (&4, 00), then using the denotations of Lemma 5, we have:

&4 z
I < / exp | - / [2G(0)1"de § re(s))e (5)ds
& z
+/exp —/[82G(§)]_1d§ Kk (c(s)c (s)ds
& s
b4 &4 &4
<exp{- / [£°G ()] 'de / exp | — / [e*G()]7'd¢ ¢ k(c(s))c (s)ds
&4 —00 s
Z & &
+exp - / [e*G ()] 'd¢ / exp { — / [£°G(O)]7'd¢ | r(c(s)c (s)ds
& & s

z &
<expq— / (G (@)]"'d¢ | & |max(F. 0) Gexp]— / [2G()de
& &y

+ kG (1= 0(explE&—6)/(2G)))|.
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where k = SupCE(C_3—r/2,C3—3r/4) K(C) < O, Q = infge(g%gz) G(é), E = Supge(_oo’&l)
K(c(E)C'(§) and G = Supge(_og g, G(E). As &2 — & = r/(67), & — & = r/(127)
and G > G, > 0 with G, not depending on ¢, it is seen that for |¢| sufficiently small,
I3 < 0. The lemma is proved. |

Theorem 3 Let inequality (97) hold. LetO < |8| < Bo. Then there exists e+ € (0, o],
such that for all |¢| < ¢4, ¢’ (z) > 0 and b'(z) > 0 for all z € (0, 00).

Suppose to the contrary that it is not true. Let a point z., where the global non-positive
minimum for the function ¢’ in the interval takes place. Due to the last lemma and the
maximum principle, b’(z.) must be non-positive. Let us note that ¢/(z.) = 0 implies
b'(zc) = 0.If b'(z) < 0 for some z € (0, 00), then ¢’(z) < 0 also, which a contra-
diction with the assumption that ¢’(z.) = 0 is a global minimum. If »’(§) > 0 for all
&, then b”(z,) = 0 and from the uniqueness of the solutions to system (86) it follows
that c(z.) = ¢3 and b(z.) = b3 implying that z. = 0o and the theorem is proved. Thus
there exists z, > A4 such that the function b’ attains its negative global minimum.
This implies that ¢’(z.) < ¢’(zp) < 0. The rest of the proof can be done similarly to
the case ii. in the proof of Theorem 2.

Remark Aswe mentioned above, the maximal value of £? in Theorems 2 and 3 depends
in general on the value of 8.

Appendix 3: Monotonicity of the asymptotic solution

Letting 8 = 0 we arrive at the asymptotic equation which is obtained by putting n = 0
in Eq. 36. It reads

Di(c, 0)c” — Da(c)e” +vc' + (1 + S(e) " [g(e) + yh] = 0. (98)

For ¢ = 0, h = 0, thus according to Keener and Sneyd (1998); Sneyd et al. (1998),
the heteroclinic solution C(-) to this equation is monotone, i.e. C'(§) > 0 for all
& € R!. From Theorem 1 it follows that there exist &g > 0 such that for all & such
that |¢| < g there exists a unique solution (c(e, -), h(e, (+)) to Egs (98),(30) together
with the speed v(¢g). If &g is sufficiently small then v(e) < O [as the initial speed
V < 0 by assumption (45)]. We will show that for |¢]| sufficiently small the inequality
¢/(e, &) > 0 holds also for all & € R'. For simplicity, we will denote the functions
c(e, &) and h(e, &) by c(£§) and h(&). Because the position of the front profile is fixed
by the condition ¢(0) = (¢ +¢3) /2, therefore on any finite interval (A_, A;) 3 0, the
functions ¢ have positive derivatives for all sufficiently small |¢|, what follows from
their continuous dependence on the parameter €. We will divide our considerations
into two parts: for negative and positive values of &. We will start from the interval
(—00, 0]. For a fixed A_ < 0 there exists positive e_ < &, such that for all |¢| < e_
we have the inequality ¢/(§) > 0 for & € (A_, 0]. Our task will be thus to show
that the monotonicity property remains valid also for & € (—oo, A_). Let us define:
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P = SUPge(—oo A ([c(§) —c1l + Ic’(§)]). By differentiation of Eq. 98, we obtain

Di(c,00c"” + [V + 01()Ie” + [(1 + S(e) ™1 clg(c) + yhlc'
+1+ @17 [¢ ()¢ + 0a2(c)e’ + yh'1 =0, 99)

where the terms O;(c¢’), O2(c’) — 0as |c’| — 0. Suppose that there exists a point &,
such that ¢/(§,) < 0. Thus there exists a point £*, £* < &, < A_ suchthat ¢’ (§*) = 0.
Since ¢’(—o00) = 0, then there must exist a point &y such that |¢/(-)| has a global max-
imum on (—oo, £*). At this point we have ¢”(£§p) = 0. By examining the expression
for i (see 48) we conclude that there exists constants By, B> such that

Ih'(&0)| < pB1lc'(Eo)| +€*By  sup  |¢" (%0l (100)
§e(—00,60)

By means of the above inequality, we can prove the following lemma.

Lemma 9

I (€0)| < (p + &?) Bl (€0l (101)

where B is a constant independent of € and p.

Proof Let the function ¢” attain an extremum at & = &{. Then ¢"’(§1) = 0, so consid-
ering Eq. 99 at & = &} we can obtain the estimation of ¢”(&1) by means of ¢/(§1), h(§1)
and A’ (&1). Thus, using estimation (9), we obtain the claim of the lemma by choosing
A_ sufficiently large and |¢| sufficiently small, which implies in p being sufficiently
small. m|

Assuming that the function ¢ attains a maximum at & = &g, so ¢’ () < 0, so Eq. 99
gives the inequality:

K(&o)c'(§0) + yh'(§o) = 0,

where K(£0) = g'(c(&)) + O(p) + 0(e?) (as h = O(g?)). Due to to Assumption 2,
g'(c1) < 0, hence K(&) < 0. Using Lemma 9 we obtain the inequalities:

K (&0)c' (&0) + vh'(80) < [K(%0) + (p + *)BIc' (&) < 0. (102)

Hence, we arrive at contradiction, as for (p 4 £2) sufficiently small (&) + pB < 0
and ¢’(&y) > 0. If we assume that the function ¢’ attains a minimum at £ = & then
we arrive at contradiction in the similar way. These contradictions prove that for suf-
ficiently small |g| the solution of Eq. 98 satisfies the inequality ¢’(§) > 0 for all
£ € (—00,0).

Now, let us consider the monotonicity property on the interval (0, 0o). In this case
we will assume that the function multiplying ¢’ in Eq. 47 is negative close to ¢ = c3.
We thus demand that

T.(c)K(c) + K .(c)(op — t(c)) < O. (103)
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for 0 < |c — ¢3| < r,r > 0. This time for sufficiently small |¢| we can obtain the
estimation A’ (&y) > pLc' (&) for some constant L independent of p and ¢. This allows
us to repeat the analysis of inequality (102) leading to the obtaining the monotonicity
result on the interval (0, c0).
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