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Abstract Matrix dynamics plays a crucial role in several physiological and patho-
logical processes. In this paper we develop a model framework, which describes the
temporal fibre network evolution depending on the influence of migrating fibroblasts.
The cells are regarded as discrete objects in the plane, whose velocities are deter-
mined by a generalised Langevin equation. For its solution we verify existence and
uniqueness. The courses of the trajectories are affected by two external impulses, che-
motaxis and contact guidance, respectively. The extracellular matrix is described by
a continuous vector field which contains both information on density and orientation
of the fibrous material. Modelling dynamic interaction between the discrete and the
continuum variables is an essential point of this paper. In particular, the smoothing of
the fluctuating paths plays a key role. Besides a detailed description of the formulated
equations, we also supply the condensed pseudo code of the algorithm. We investigate
several examples and present results both from artificial and real data.

Keywords Stochastic modelling · Chemotaxis · Contact guidance ·
Extracellular matrix

Mathematics Subject Classification (2000) 92C17 · 92C30 · 92C50 · 60G35

1 Introduction

Cell migration is a phenomenon which occurs in many biological processes. There
are substantially two kinds of locomotion: swimming and crawling (Bray 2001). The
first one is observable in the case of bacteria or ciliata. These microorganisms possess
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one or several oscillating tails to produce a forward thrust in a liquid medium. In con-
trast, crawling cells need a substrate, which allows attachments to the cell membrane.
These reversible bindings between special ligands and receptors are the premises for
conveying forces. In this paper, we concentrate on the second mode of locomotion.

Living cells react in various ways to information from their environment. Typical
influences are soluble or fixed molecules, heat, light, an electric potential and others.
If a significant translocation towards the source of such an impulse is observable, then
this behaviour is called (positive) taxis. Depending on the mode, a prefix is added,
e.g., chemo, photo or galvano (Lo et al. 2000). The term chemotaxis represents the
preferred motion of a biological cell along a chemical gradient. Haptotaxis denotes
the unidirectional movement in a adhesion gradient with respect to the surrounding
substrate (Carter 1965).

Fibroblasts are eukaryotic cells which can be found in connective tissue. These
cells are essential in dermal wound healing because they are responsible for repair-
ing the extracellular matrix (ECM) (Clark 1993). However, in pathological processes,
e.g., the desmoplastic stromal reaction (DSR), fibroblasts play a key role (Kalluri and
Zeisberg 2006). The basic principles of this reaction will be presented later in more
detail as their mathematical description is one aim of this paper.

Fibroblasts exhibit both chemotaxis (Postlethwaite et al. 1981) and contact guidance
(Friedl and Bröcker 2000; Lo et al. 2000; McCarthy et al. 1996). Contact guidance
is the bidirectional migration of cells along physical structures of defined shape, e.g.
fibre strands (Friedl and Bröcker 2000). Its principle can also be explained, at least
on the cellular level, on the basis of movement along a path of preferential adhesion
(Carter 1965).

The focus of interest in this paper is fibroblast migration with directional cues via
chemotaxis and contact guidance, respectively, and the associated ECM-modification.
In literature, only a few relevant mathematical models can be found which contain
both features. Naturally, they operate on the cell or tissue level. On the coarsest scale,
densities of the involved quantities are described. Based on mechano-chemical consid-
erations, this approach usually leads to systems of coupled nonlinear partial differential
equations, often called taxis-diffusion-reaction problems (Dale et al. 1997; Dallon and
Sherratt 2000; Olsen et al. 1998). On the cell level, Dallon et al. published a series
of papers which put emphasis on wound healing (Dallon 2000; Dallon et al. 1999;
McDougall et al. 2006). These approaches led to some fundamental ideas of the model
introduced in this paper.

In reality it is impossible to predict the pathway of single cells exactly. In cases of
taxis-influenced migration, only trends can be forecasted. In a homogeneous medium
without external stimuli the trajectories resemble realisations of stochastic processes.
In fact, at least with regards to fibroblasts it has been verified that the time-dependent
cell velocity for this cell type can be well described by an Ornstein-Uhlenbeck pro-
cess (Dunn and Brown 1987) which is the solution of the classical Langevin equation
(Arnold 1973). This approach has been shown to be appropriate for cells that move
according to a random walk, but the velocity equation can be generalised to describe
taxis induced by external impulses and contact guidance. A detailed classification into
categories of stochastic models which describe biased cell migration, can be found in
Ionides et al. (2004). The mentioned mathematical framework has been successfully
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adopted to describe biological reactions, especially angiogenesis (Capasso and Morale
2009; Mantzaris et al. 2004; Stokes and Lauffenburger 1991) and the movement of
human granulocytes in an electric field (Schienbein and Gruler 1993).

In this paper we interprete fibroblast migration paths as realisations of stochas-
tic processes because in a deterministic approach the observations would not be
adequately assessed. We describe the velocity of each cell by a suitable general-
ised Langevin equation, which incorporates both chemotaxis and contact guidance.
The distribution of the soluble attractant is determined by the diffusion equation with
appropriate initial and boundary values. The ECM is characterised as a vector field
where the Euclidean norm is interpreted as the time-dependent average collagen den-
sity in the vicinity of a special point in the domain. Similarly, the normalised vector is
regarded as the main direction of the fibrous material. The temporal evolutions of the
aforementioned quantities are characterised by ordinary differential equations, where
the right hand sides are functions of smoothed versions of the cell trajectories. The
mathematical formulation of the stated interaction between the continuum variables,
i.e. attractant and collagen on the one hand and the discrete variables which are the
single cell positions and velocities, on the other hand, is the principle part of this paper.

This article is organised as follows. In Sect. 2, we briefly outline the biomedical
fundamentals of the regarded pathological process. The essential part is Sect. 3, where
we describe the mathematical model in detail. Therein, we first summarise the basic
assumptions and then introduce the necessary variables to describe the ECM. This
is followed by the derivation of the adequate taxis equation and the dynamics of the
fibrous material respectively. Afterwards, the concerning interactions between the dif-
ferent types of variables are treated in detail. Section 4 addresses further issues of
the numerical implementation and contains the condensed algorithm as pseudo code.
In Sect. 5, we illustrate the results of the simulations by considering various scenar-
ios, including real segmentation data. Thereby, we examine the effects of altering
some of the key parameters. According to our observations, we suggest that the pre-
sented model adequately depicts the regarded biological processes. A discussion of the
results and underlying equations, as well as an outlook on future work are presented in
Sect. 6. Section 7 serves as an appendix, where we sourced out the proof of existence
and uniqueness with regards to the solution of the stochastic differential equation that
describes the cell paths.

2 Biomedical fundamentals of the desmoplastic stromal reaction

The interaction between tumour cells, stromal cells and ECM plays an important
role in cancer progression (Gregoire and Lieubeau 1995; Lubkin and Jackson 2002).
The production of abundant connective tissue in cancer is called desmoplastic stromal
reaction (DSR) and is a hallmark of invasive carcinomas. Many factors exert influence
on this complex interaction between the responsible participants of this reaction. As
recently stated, the overall effect of altered ECM and the effect of carcinoma-associ-
ated fibroblasts on associated phenotypes like angiogenesis, are still poorly understood
(Kalluri and Zeisberg 2006).
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Tumour cells contain a potent high-molecular-weight chemoattractant for fibro-
blasts (Gleiber and Schiffmann 1984; van Kempen et al. 2004). Within 11 days, this
protein can induce a fibrous tissue mass which is three to five times larger than in
controls (Gleiber and Schiffmann 1984). The stroma at the cancer-host interface is
produced to a large extent by myofibroblasts and contains various amounts of type
I, III, and V collagens, hyaluronic acid, chondroitin sulfate proteoglycan, tenascin-
C, and fibronectin (Hauptmann et al. 2003; Kalluri and Zeisberg 2006). Soluble and
insoluble forms of collagen I and fibronectin have recently been reported to be capable
of inducing remarkable motogenic activity in association with both chemotaxis and
haptotaxis (Thibault et al. 2007). Fibronectin, a high molecular weight glycoprotein,
allows cells to move through the ECM by connecting cells with collagen fibers (Clark
1993). It binds collagen and certain transmembrane glycoprotein receptors, called inte-
grins. These components facilitate cell movement by mediating cell-matrix adhesion.
Integrins may hence be considered responsible for guiding migration along existing
fibre strands. Both chemotaxis and contact guidance therefore modulate fibroblast
migration on the extracellular matrix.

3 The model

3.1 Model assumptions and basic definitions

In this study it is presumed, that fibroblasts reply to two independent directional stim-
uli: chemotaxis (McCarthy et al. 1996) and contact guidance (Even-Ram and Yamada
2005; Friedl and Bröcker 2000; Guido and Tranquillo 1993). Chemotaxis premises the
existence of a soluble agent, the chemoattractant, which diffuses in the spatial domain,
where sources and possibly sinks can be also located. Contact guidance is mediated
through directional impulses due to fibre alignment of the extracellular matrix. The
ECM, as part of the connective tissue, may be considered as a biphasic viscolelastic
medium (Barocas and Tranquillo 1997) which contains fibrous structures (Kalluri and
Zeisberg 2006). The predominant component is collagen, a protein chain which exhib-
its high tensile strength. The fibroblasts are not only influenced by the matrix, they
actively alter the constitution of the fibrous material. This is referred to as dynamical
reciprocity (Clark 1993). During their migration, the cells dissolve collagen enzymat-
ically via ECM-degrading proteases (Friedl and Bröcker 2000; Kalluri and Zeisberg
2006) and conversely deposit new fibres in the domain (Dallon and Sherratt 1998).
Thereby, we follow the approach of Dallon et al. (1999) and assume that the rates of
the direction and density changes depend on the already existing collagen and corre-
late with the cell velocity or to the course of the cell paths (see also Bray 2001; Clark
1993). In Olsen et al. (1998) this hypothesis is referred to as the flux induced alignment
model.

Mathematically, we introduce two classes of variables: on the one hand, the single
cells as individual objects, denoted as discrete variables, and on the other hand, the
globally defined chemoattractant and the fibrous material, referred to as the continuum
variables (Dallon 2000). The particular quantities influence each other, so adequate
equations need to be enunciated, which depict these interactions. Instead of modelling
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each fibre separately, the ECM is characterised as a vector field f , which is both time
and space dependent:

f : [0, T ] × R
d −→ R

d .

Let � ⊂ R
d be the region of interest (ROI). Then for x ∈ �, the Euclidean norm

‖f(t, x)‖ is taken as the average density of the fibrous material at time t ∈ [0, T ].
Accordingly, f(t, x)/ ‖f(t, x)‖ is the average direction at (t, x). In an analogous man-
ner, c(t, x) represents the density of the attractant at position x and time t . We shall
now describe the cell migration, before the continuum variables f and c are considered.

3.2 Cell paths

Fibroblast i ∈ {1, . . . , M} is characterised by its position X(i)
t and velocity V(i)

t at time
t ∈ [0, T ]. In this context, the cell is regarded as a point object or a small particle (see
Schienbein et al. 1994 for a comprehensive discussion concerning this assumption).
The equation for the position of cell i at time t is formally deterministic:

dX(i)
t = V(i)

t dt. (1)

The rate of temporal change in velocity is determined by a generalised Langevin equa-
tion. This is a stochastic differential equation (SDE), that comprises a viscous damping

term, a noise term and a directional cue T(i)
ext = T(i)

ext

(
t, X(i)

t , V(i)
t

)
∈ R

d . The SDE

may be written as

dV(i)
t = −βV(i)

t dt︸ ︷︷ ︸
friction

+ T(i)
extdt︸ ︷︷ ︸

external
stimuli

+ αdW(i)
t︸ ︷︷ ︸

random
fluctuations

, (2)

where α and β are positive constants and Wt is a vectorial standard Wiener process.
Equations (1) and (2) can be combined into the system

d

[
Xt

Vt

]
=
[

0 I
0 −βI

] [
Xt

Vt

]
dt +

[
0

Text

]
dt +

[
0
αI

]
dWt , (3)

where the cell index is omitted and I is the d×d unit matrix. In the following, we denote
by 〈 · , · 〉 the standard inner product on R

d . Now let g be the directional stimulus, e.g.
g = ∇c	 for chemotaxis and g = f̃ , with

f̃(t, Xt ) =
{

f(t, Xt ), if 〈f(t, Xt ), Vt 〉 ≥ 0

−f(t, Xt ), else

in the case of contact guidance (Dallon et al. 1999). The last definition expresses that
fibres have no orientation, therefore the cell always deflects towards the obtuse angle
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Fig. 1 Illustration of the
weights ωS and ωext as
functions of the enclosed angle
γ = � (g, Vt )

between f and Vt . The impulse term is then characterised by

Text = Text (Vt , g(t, Xt )) = κ

2

(
1 − 1

2

〈g, Vt 〉
||g|| (||Vt || + ε)

)
g (4)

for g �= 0 and a small ε > 0. A brief calculation shows that the limit of Text as g
approaches 0 is also 0. Thus, we have a removable singularity at g = 0 and we set
Text(v, 0) = 0.

The exposed vector Text is an approximation of the chemotaxis term TS, which
was suggested by Stokes and Lauffenburger (1991). More precisely, for g, Vt �= 0
and φ = � (g, Vt ), we have

TS = κ sin

∣∣∣∣
φ

2

∣∣∣∣ g = κ√
2

√
1 − 〈g, Vt 〉

||g|| ||Vt || g

≈ κ√
2

(
1 − 1

2

〈g, Vt 〉
||g|| ||Vt ||

)
g

≈ κ√
2

(
1 − 1

2

〈g, Vt 〉
||g|| (||Vt || + ε)

)
g = Text,

where primarily a trigonometric identity for the sine is used. The first approximation
is the truncation of the binomial series, which is valid since the absolute value of
the second summand is less or equal to one according to Cauchy’s inequality. The
subsequent approximation smooths the term at Vt = 0.

Comparing both coefficients of TS and Text reveals a different weighting of the
force term, i.e. we have TS = κ√

2
ωSg and Text = κ√

2
ωextg with

ωS =
√

1 − 〈g, Vt 〉
||g|| ||Vt || and ωext = 1 − 1

2

〈g, Vt 〉
||g|| (||Vt || + ε)

. (5)

Figure 1 illustrates the graphs of both coefficients for constant g/||g|| as a function
of the enclosed angle between g and Vt , where we suppose a cell velocity of 10 µm/h
and a ‘smoothing velocity’ of ε = 8 · 10−3 µm/h. The most significant difference is
at γ = � (g, Vt ) = 0, where ωS = 0 and ωext = 0.5. This leads to an extension of
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the persistence time PV if the absolute value of γ is small. At least for the contact
guidance observed by fibroblasts, PV is reported to be enhanced (Friedl and Bröcker
2000), so this effect is quite convenient.

The results of the numerical simulations for both directional cues TS and Text are
comparable, but it can be shown that TS fails to satisfy the Lipschitz condition with
respect to (Xt , Vt ). This requirement is necessary for standard uniqueness theorems
(Øksendal 1998). We did not succeed in finding a verifiable theorem with weaker
requirements. If Text obeys the representation in Eq. (4), then the Lipschitz as well
as the growth condition for system (3) can be checked. Hence with prescribed initial
values, a solution (Xt , Vt ) exists and is unique. This assertion is formulated as theorem
and proven in the appendix. In the following, we briefly verify that TS violates the
Lipschitz condition where we use proof by contradiction. At first we set κ = 1 and
consider the case of constant force, g = e1. We suppose that a positive constant L
exists, so that for all v1, v2 �= 0

‖TS(v1) − TS(v1)‖ =
∣∣∣∣sin

∣∣∣∣
φ1

2

∣∣∣∣− sin

∣∣∣∣
φ2

2

∣∣∣∣
∣∣∣∣ ≤ L ‖v1 − v2‖ . (6)

Using the representation of the weights in (5), we calculate for v1 = (ε, ε)	, ε > 0
and v2 = −v1

‖TS(v1) − TS(v2)‖ = 1√
2

{√
1 + 1√

2
−
√

1 − 1√
2

}
and ‖v1 − v2‖ = 2

√
2ε.

Inserting this into (6) gives

K

4
≤ Lε with K =

√
1 + 1√

2
−
√

1 − 1√
2
.

Finally, the choice ε = K
8L yields the contradiction.

Nondimensionalisation In order to run simulations and facilitate the interaction with
the continuum variables, it is beneficial to deal with nondimensional quantities. There-
fore, we introduce the scaling time unit uT and length unit uL and write

t = t∗uT , Xt = X∗
t∗uL and Vt = V∗

t∗
uL

uT
.

For the temporal change in position, we conclude

dX∗
t∗ = V∗

t∗dt∗
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and due to dWt = √
uT dWt∗ , we obtain

dV∗
t∗ = −β∗V∗

t∗dt∗ + T∗
chemodt∗ + T∗

cgdt∗ + α∗dWt∗

with β∗ = βuT and α∗ = αu3/2
T u−1

L . The directional impulse terms require a more
in-depth study. We start with chemotaxis, pursuing the approach of Stokes and Lauffen-
burger (1991) and scale the attractant with the maximal concentration c0, i.e. c = c∗c0.
This leads to the dimensionless chemical gradient ∇x∗c∗ with ∇xc = ∇x∗c∗c0u−1

L .
We finally arrive at the nondimensional chemotaxis term

T∗
chemo = κ∗

√
2

(
1 − 1

2

∇x∗c∗V∗
t∗

‖∇x∗c∗‖ (∥∥V∗
t∗
∥∥+ ε∗)

)
, (7)

where ε∗ = εuT u−1
L and κ∗ = κc0u2

T u−2
L . Before regarding the contact guidance term,

we have to specify the detailed characterisation of the fibre vector field, so we provide
the corresponding nondimensionalisation later. For notational simplification, asterisks
are omitted hereafter and all variables are dimensionless, if not stated otherwise.

The existence and uniqueness theorem uses a truncated Taylor expansion for the
directional impulse and therefore requires smoothness arguments of the force field.
This is easy to check for the attractant gradient, because the density distribution is
the solution of an appropriate diffusion equation and thus infinitely smooth. Unfortu-
nately, this does not hold for the bi-directional impulse. We capture this topic in the
discussion in more detail and utilize the introduced force term for both biases, because
the choice seems to be adequate for the purpose of simulation.

3.3 The extracellular matrix

The temporal evolution of
(

X(i)
t , V(i)

t

)
is a realisation of a stochastic process and thus

it is, depending on the weighting of the Wiener process, more or less fluctuating. The
new fibres do not follow these paths exactly. Moreover, before the collagen chains
are finally deposited in the substratum, they undergo a slight traction which straight-
ens them (Harris et al. 1981). Therefore, the fibres are on one hand associated with

a smoothed version
(

X̃(i)
t , Ṽ(i)

t

)
of
(

X(i)
t , V(i)

t

)
and on the other hand, f(t, x) is not

modified until the cell passed the position x. Thus the temporal delayed information(
X̃(i)

t−τ , Ṽ(i)
t−τ

)
and not the current is taken into account. Thereby, τ denotes a time lag

reflecting the fact that reorientation does not take place before the cell has passed the
position (cf. Fig. 2a) (Olsen et al. 1999).

The vector field f is represented in polar coordinates. The norm r = ||f || is taken
as the mean density and ω = f/||f || as the direction of the fibrous material. In order
to specify the temporal evolution of r and ω, let us suppose for the moment that t and
x are fixed. We consider the progress of

r(s) = ‖f(t + s, x)‖ and ω(s) = f(t + s, x)

‖f(t + s, x)‖
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Fig. 2 Principle of the employed hybrid method. a Spatial grid, typical cell trajectory Xt (thin line) and
its smoothed, time-lagged version X̃t−τ (thick line). The arrow denotes Ṽt−τ . b Interaction between the
continuum variable f and the discrete variable

as functions of s ≥ 0. Then, the density of the fibrous material evolves according to
Dallon et al. (1999)

dr

ds
(s) = (p f − d f r(s)

) M∑
i=1

wi (x), (8)

where p f and d f are positive constants which represent the production and the decay
rate respectively. Differential equation (8) reflects the assumption of a constant pro-
duction rate and an exponential decay. Obviously, rs = p f /d f is the steady state of
the fibre density, in which the complement of cells and ECM allows an equilibrium
among various tissue components (Clark 1993).

The scalar functions wi ∈ [0, 1] in (8) measure the influence of cell i on the position
x. Since this effect is local, every wi possesses a small support. These functions realise
the projection of the fibroblasts information on the continuum variable f (Fig. 2b). The
particular characterisation of the weight functions is carried out later in more detail.
At this point, it should just be noted, that the support of wi is an approximation of the
fibroblast’s shape. Consequently, if for a time span there are no cells is in the vicin-
ity of point x, then the sum in Eq. (8) vanishes, which results in a constant density.
According to the flux induced alignment model, this accounts for the assumption that
only fibroblasts alter the fibrous material (Olsen et al. 1998).

Before specifying the rate of change in the fibre direction, we define the weighted
cumulative velocity vector V̄ at x ∈ �, which does not depend on s. This vector may
be considered as a measure of the joint effect, which the fibroblasts exert on the fibrous
material at position x. Translated into the current notation, the analogous expression
of Dallon et al. (1999) may be written as

V̄D(x) =
M∑

i=1

wi (x)
Ṽ(i)

t−τ∥∥∥Ṽ(i)
t−τ

∥∥∥
. (9)

This formulation has a major weakness which we elucidate with an example. For
this purpose, we consider two vectors V(1) = −V(2) with according weight functions
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Fig. 3 Exemplary comparison of both weighted velocity vectors according to (9) and (11), respectively.
The sum V(1) +V(2) represents a vector being approximately perpendicular to the expected directional cue.

Contrary to this, vector V(1) +sgn
(〈

V(1), V(2)
〉)

V(2), determined by (10), mediates the correct alignment

impulse for the fibre rotation

w1 = w2. Inserted in Eq. (9), these vectors sum up to zero, i.e. their joint contribution
to the fibrous material vanishes. However, as mentioned above ±Ṽ(i)

t−τ are equivalent
directions concerning fibre alignment, therefore continuing the example, the vectors
V(1) and V(2) should perform an enlarged fibre rotation in the same direction and not
cancel each other (cf. Fig. 3).

Another critical point is the independence of the alignment impulse from the mag-
nitudes of the cell velocities. According to the flux alignment model, the alignment
increases both with the number of cells and their speed (Olsen et al. 1998). Therefore,
we omit the normalisation in Eq. (9). Additionally in order to prevent cancellations,
we have to take the enclosed angles of the smoothed velocity vectors into account. For
instance, we postulate that two vectors sum up to (see Fig. 3)

Sv

(
V(1), V(2)

)
= w1V(1) + sgn

(〈
V(1), V(2)

〉)
w2V(2). (10)

One might think that this strategy can be inductively expanded for more than two
velocities, but the example V(1) = e1, V(2) = e2 and V(3) = −e1 reveals that the
resulting linear combination is not well-defined because the outcome depends on the
summation order. Due to this observation, we define V̄ as a function of the two vec-
tors Ṽ(i1)

t−τ and Ṽ(i2)
t−τ that possess maximal weights wi1 and wi2 at position x. If this

procedure fails to yield uniqueness, the lengths of the Ṽ(i)
t−τ are additionally taken into

account. Since in (11) the magnitudes of the velocities are involved and because of the
larger support of the improved weight functions, the turning parameter κ is smaller
than in the mentioned reference. Finally, we define

V̄
(

t, x,ω(0), Sv

(
Ṽ(i1)

t−τ , Ṽ(i2)
t−τ

))

= sgn
(〈

ω(0), Sv

(
Ṽ(i1)

t−τ , Ṽ(i2)
t−τ

)〉)
Sv

(
Ṽ(i1)

t−τ , Ṽ(i2)
t−τ

)
, (11)

where we have modified the sign function in such a way that sgn(0) = 1. Using some
standard algebra, it is easy to verify that the order of Ṽ(i1)

t−τ and Ṽ(i2)
t−τ has no influence

on V̄, thus this vector is in fact well defined.
Now, let θ = θ(s) be the positive angle between ω(s) and V̄. From (11) it follows

that θ(0) ∈ [0, π/2] and according to the model assumptions, the cells alter the
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orientation of the fibrous material in such a way that θ gets smaller. Analogously to
the statement in Dallon et al. (1999), we consider the ordinary differential equation

dθ

ds
(s) = −κ

∥∥V̄
∥∥ sin(θ(s)), (12)

which describes the decay of the enclosed angle as a function of length
∥∥V̄
∥∥ and the

sine of the current angle. We finally define

ω(s) = Dσ {θ(0)−θ(s)}ω(0),

where σ = sgn
( 〈

e3,ω(0) × V̄
〉 )

, which ensures rotation in the correct direction.
Thereby, the rotation matrix Dϕ is defined as usual by

Dϕ =
[

cos ϕ − sin ϕ

sin ϕ cos ϕ

]
. (13)

We conclude this subsection with a nondimensionalisation of the equations describing
the fibre evolution. As a result of weighted velocity vector already being dimension-
less, simply the scaling of the temporal variable s is required in (12)—therefore details
are not shown. The density r is scaled with a constant density r0, which leads to

dr∗(s∗)
ds∗ =

(
p∗

f − d∗
f r∗(s∗)

) M∑
i=1

wi

with p∗
f = p f uT r−1

0 and d∗
f = d f uT . Analogously to the chemotaxis term, we

characterise the dimensionless contact guidance term and arrive at

T∗
cg = κ∗

cg√
2

⎛
⎝1 − 1

2

〈
f̃∗, V∗

t∗
〉

‖f̃∗‖ (∥∥V∗
t∗
∥∥+ ε∗)

⎞
⎠ (14)

with f̃ = f̃∗r0 and κ∗
cg = κcgr0u2

T u−1
L . In the following, we omit all asterisks again

and deal with dimensionless quantities if not otherwise specified.

Smoothing of the trajectories The aim is to construct a smoothed version of the pro-
cesses (Xt , Vt ) at time t − τ > 0 for fixed τ > 0. The following considerations
are expounded for a scalar signal, i.e. for a bounded sequence {yk}k∈Z. If yk denotes
the sample of a process at discrete time tk , the sequence is also called time series.
In the terminology of signal processing, a filter or system is an operator which trans-
forms one signal into another. A particular class are the linear, time-invariant filters.
These systems can be written as discrete convolutions with an impulse response h
(Oppenheim and Schafer 1975), i.e.

ỹk = (h ∗ y)k =
∑
i∈Z

hi yk−i .
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Special impulse responses are windows given by

hk =
{

νk, kl ≤ k ≤ ku

0, else
,

where kl ≤ ku ∈ Z. In this paper we also assume that h satisfies the normalisation
condition

∑
νk = 1. The length of the filter is given by L = ku −kl +1. Dependent on

the shape of the window, there are a lot of filters established, e.g. rectangular (moving
average, MA), i.e. with constant nonzero entries νk = 1/L or triangular (Bartlett)
among others. Furthermore, the well-known Savitzky-Golay smoothing filter can also
be written as convolution with a window.

Contrary to many applications in signal processing, we are interested in filters that
flatten sharp peaks. Even with short lengths, this aim is achieved by the usage of
the MA system which, in addition, minimises the costs because the smoothed values
satisfy the recursive scheme

ỹk = ỹk−1 + yk−kl − yk−ku−1

L
. (15)

Concerning the time lag, we assume τ = j�t for a j ∈ N. This condition can easily
be generalised for an arbitrary τ by the use of linear interpolation between the adjacent
filtered values. Regarding the position, the aim is to characterise

X̃tn−τ = X̃n− j

for given X0, X1, . . . , Xn . A centered scheme, i.e. with ku = −kl , appears reasonable,
but Xn is the latest value, which can be taken into account. If the filter operates only on
present and past values, then it is called causal. These systems are applicable online,
which is a premise of the present application. Here, the principle of causality implies
that kl = − j and ku = L − 1 − j , where L is the specified length. Assuming n ≥ L ,
we use (15) for each component with k = n − j to get the smoothed position X̃n− j .
Since convolution is a linear operation, the scheme for the smoothed velocity can be
easily calculated via

Ṽn− j = X̃n+1− j − X̃n+1

�t
= Xn+1 − Xn+1−L

L�t
.

Weight functions The weight functions wi in (8) and (11) serve to project the cell infor-
mation on the spatial domain �. As mentioned above, we assume that wi (x) ∈ [0, 1]
for all x ∈ �. Furthermore, the support of wi should be local and approximate the
shape of the fibroblast (Dallon 2000). We choose a prolate spheroid C as cell mor-
phology as this seems to be a good approximation of the spindle-shaped fibroblasts in
the ECM (see Fig. 4a) (Friedl and Bröcker 2000). Thereby, the directions of the major
axis and the velocity vector Ṽn− j coincide and X̃n− j is the centre of the spheroid
(cf. Figs. 2 and 4).

123



Stochastic modelling of biased cell migration and collagen matrix modification 629

Fig. 4 Characterisation of the weight function. a Spheroid, centered in the origin. b Graph of wi

Now, let χC be the characteristic function of the spheroid. Then the value of wi at
x is the scaled X-ray transform of χC along the x3-axis trough x (see Fig. 4b). We
assume a and b to be the half length of the major and minor axis. Furthermore, we
denote by γ the angle of Ṽn− j and define

ξ = D−γ
(

x − X̃n− j

)
,

where D is a rotation matrix, specified by (13). With ξ = (ξ1, ξ2)
	 ∈ R

2, we finally
obtain

wi (x) =
⎧⎨
⎩

√
1 −

(
ξ1
a

)2 −
(

ξ2
b

)2
, if

(
ξ1
a

)2 +
(

ξ2
b

)2 ≤ 1

0, else
,

which reflects that wi (x) = 1 if x is the centre of the spheroid (cf. Figs. 2 and 4).
An exemplary graph of wi is illustrated in Fig. 4b, where X̃n− j = 0 and Ṽn− j =
(cos(π

6 ), sin(π
6 ))	.

4 Numerical implementation

Fundamentally, there are two kinds of variables. On the one hand, the continuum vari-
ables c and f are defined on the whole domain � ⊂ R

2. On the other hand, there are
the fibroblasts regarded as independent entities, which can in principle be located at
every position in �. Therefore the processes

(
X(i), V(i)

)
, i ∈ {1, . . . , N } are called

discrete variables. As mentioned above, there is a permanent interaction between the
different quantities (Fig. 2). Such systems mixing both types of variables are referred
to as hybrid methods (Dallon 2000).

For numerical simulations � has to be discretized. For both c and f , we choose a
rectangular grid �h with the same stepsize h in each direction. It follows, that these
variables are only defined on fixed lattice points xm ∈ �h , where m ∈ N

2 is a multi-
index. The influence of the attractant distribution on the cells is unidirectional because
the change of agent in the vicinity of the fibroblasts can be neglected. This does not
hold for the collagen fibres, because the cells alter their velocities as a consequence
of contact guidance and, during their motion, they modify density and orientation of
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the fibrous material. From a mathematical viewpoint, we have an alternating cycle of
projection and interpolation (see Fig. 2b). The projection of the cell information in (8)
and (12) is mediated by the aforementioned weight functions wi , which can also be
interpreted as point spread functions.

Conversely, we obtain approximations fI (t, Xt ) ≈ f(t, Xt ) and ∇cI (t, Xt ) ≈
∇c(t, Xt ) via interpolation. Then, the values fI and ∇cI can be inserted in (4) to
determine the directional cues via chemotaxis and contact guidance, respectively.
Thereby, the order of interpolation is chosen to be low because the number of lattice
points in the vicinity can be small, e.g. at inner boundaries. In the present application,
linear interpolation seems to be adequate, where, if possible, the closest three points
are taken as nodes (cf. Fig. 2b). If less adjacent points are available, we utilise the
nearest neighbour method, i.e. constant approximation in the direction of the absent
coordinates.

Numerical solution of the SDE The system (3) is nonlinear, autonomous and exhibits
additive noise. We apply the Euler-Maruyama (EM) scheme, which yields conver-
gence of order one in this case. The initial values (X0, V0) are chosen as constants.
Furthermore, we assume a fixed stepsize �t = T/N for N ∈ N, i.e. tn = n�t . The
EM method yields a time discrete approximation of the stochastic process, which,
for notational simplification, is also called (X, V). The resulting time series (Xn, Vn)

satisfies the iterative scheme

Xn+1 = Xn + �tVn, (16a)

Vn+1 = (1 − β�t)Vn + �tText (Vn, gI (tn, Xn)) + α�W, (16b)

for n = 0, 1, . . . , N − 1, where we have written (Xn, Vn) = (
Xtn , Vtn

)
. Thereby,

the increment of the Wiener process �W is normally distributed with mean 0 and
covariance matrix

√
�t I.

Diffusion According to the model assumptions, the tumour acts as the source of the
chemoattractant. In fact, there might be several molecules on which the fibroblasts
reply with positive taxis, e.g. small peptides or collagen fragments (McCarthy et al.
1996) and other factors (Gleiber and Schiffmann 1984). However, we unify them
to just one chemical attractant. This agent diffuses freely in the ECM, so we pre-
sume that its concentration c = c(t, x) solves the diffusion equation. Normally, there
are immersed fixed structures in the ROI. For example, we can encounter tumours,
healthy or necrotic tissue and possibly other solid objects like bones. The boundaries
of the biological shapes are represented by polygons that posses more or less complex
geometries. To circumvent inner boundaries in the diffusion domain, we make the
simplifying assumption that the solute also diffuses within the structures, however
with very small diffusion coefficient. Let χT and χS denote the characteristic func-
tions of the tumour tissue and the remaining structures, respectively. Then, we declare
the space-dependent diffusion coefficient μ by

μ(x) =
{

μ1, if χT (x) + χS(x) = 1

μ2, else
, (17)
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where 0 < μ1 � μ2. At the current state of research, no information about solute
distributions in the regarded tissues are available, thus, we suggest the initial condition
(IC)

c(0, x) = c0χT (x)

with a constant concentration c0. It cannot be excluded, that tumours intersect the
boundaries of the ROI, so we conduct an artificial enlargement of the domain and deal
with homogeneous Dirichlet data. For the sake of simplicity, the expanded area is also
denoted by �, hence, the initial-boundary value problem is summarised as follows:

(PDE) ct (t, x) = div (μ(x) grad c(t, x)) , x ∈ �, t ∈ [0, T ], (18a)

(IC) c0c(0, x) = χT (x), x ∈ �, (18b)

(BC) c(t, x) = 0, x ∈ ∂�. (18c)

The nondimensionalisation of the diffusion equation is straightforward. We choose a
characteristic temporal unit uT and a spatial unit uL and define

t = t∗uT , x = x∗uL , c(t, x) = c∗(t∗, x∗), μ(x) = μ∗(x∗)μ0.

By using the chain rule for partial derivatives, we arrive at

c∗
t∗ = μ∗

0div
(
μ∗(x∗)grad c∗(t∗, x∗)

)
(19)

with μ∗
0 = μ0uT u−2

L . The scaling of corresponding initial and boundary conditions
is straightforward, so details are not shown. Analogously to the aforementioned sub-
sections, we also omit the asterisks for notational simplification and deal with nondi-
mensional quantities.

For the numerical solution of (19), we use the Peaceman–Rachford algorithm
(Strikwerda 1989). This is a semi-implicit ADI (Alternating Direction Implicit)
method which is based on the Crank-Nicolson scheme.

Permeability of the immersed structures and the domain boundaries The ROI is just
a part of the examined histological slice, so the ECM normally exceeds the edges of
�. Consequently, some fibroblasts traverse the boundary ∂� during the simulation.
Such a cell is then removed from the numerical experiment and, in return, a new one
is randomly inserted into the extracellular matrix. This strategy avoids an unnatural
depletion of fibroblasts in the domain.

The fibroblasts migrate solely in the ECM and they cannot infiltrate solid tissues.
Since these structures are immersed in the ROI, it is possible that the cells hit such a
barrier. Therefore, the cells alter their locomotion and an algorithmic treatment of this
fact has to be taken into account. Algorithms for collision detection between particles
and polygons are well-known. The crucial point is not the mathematical handling but
the computational costs. If an intersection of the trajectory and a structure is detected,
i.e. points of the line segment Xn + λ�tVn , λ ∈ (0, 1] lie inside a circumscribing
polygon, we assume that the fibroblast is deflected in an acute angle to its current
direction. This means that the cell slides along the edge. At the same time, the new,
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rotated velocity Vn , which is now parallel to the encountered polygon segment, is
reduced with a retarding factor δ ∈ (0, 1).

Obviously, when a cell enters a corner which encloses an acute angle, it is possible,
that it iterates the vertex in an infinite loop. In order to avoid this incident, we sug-
gest that if more than three collisions per time step arise, the velocity vector is turned
around by π , giving the cell the possibility to leave the impasse.

Pseudo code For a better readability, we omit the nth point in time tn and insert
the according subindex instead, i.e. cn (xm) = c (tn, xm) and fn (xm) = f (tn, xm),
respectively. Furthermore, we apply the Euler scheme to the ODEs (8) and (12). The
achieved order of convergence is one, therefore it is identical to the order of the EM
method applied to the SDE (3).

Input:
(

X(i)
0 , V(i)

0

)
for all i ∈ {1, . . . , M}

f0 (xm) and ∇c0 (xm) for all xm ∈ �h

for n = 0 : N − 1
for i = 1 : M

interpolate fn

(
X(i)

n

)
and ∇cn

(
X(i)

n

)

compute
(

X(i)
n+1, V(i)

n+1

)

end
if n ≥ j

compute
(

X̃(i)
n− j , Ṽ(i)

n− j

)
for all i ∈ {1, . . . , M}

for xm ∈ �h

rn+1(xm) = rn(xm) + �t
(

p f − d f rn(xm)
) M∑

i=1

wi (xm)

�θn(xm) = κ�t ||V̄|| sin (θn(xm))

ωn+1(xm) = Dσ�θn(xm)ωn(xm)

fn+1(xm) = rn+1(xm)ωn+1(xm)

compute ∇cn+1(xm)

end
end

end

5 Results

At first, we apply the algorithm to a simple test-scenario, where two circular struc-
tures are immersed in the rectangular domain �. In Fig. 5, the left one represents the
carcinoma, the right one acts merely as a solid barrier for the migrating cells. The next
batch of numerical experiments uses real segmentation data. Before expounding the
specific settings of the two geometries, we first outline the common features.

In both cases we take a spatial stepsize of h = 10 µm in each direction. For every i ,
we assume the support of wi to be an ellipse with half major axis a = 30 µm and half
minor axis b = 10 µm, reflecting the spindle-shaped geometry of the fibroblasts. To
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Fig. 5 Initial settings of the computational experiments for the artificial geometry. The dots in a solely
reflect the positions and not the cell shapes. a Initial cell distribution. b Fixed attractant density

run the simulations, we have to solve the nondimensional equations that describe the
evolutions of the concerning quantities. Thereby, we choose the characteristic scaling
units as in Dallon et al. (1999), i.e. we set uT = 1 h and uL = 10 µm. The temporal
stepsize in the simulation is �t = 2−3, which corresponds to 7.5 minutes. In this
study, compared with the weight functions in the aforementioned citation, the support
of wi is larger, so we take the slightly extended time lag τ = 3�t . The moving aver-
age filter has total length L = 24 with kl = −3, that means the filter is causal, as
required.

In order to incorporate chemotaxis, we numerically solve the accordant nondimen-
sional initial-boundary problem of the system (18), where we scaled the diffusion
domain in such a way that it is congruent with � and adopt the according grid. The
dimensionless diffusion coefficients in (17) are μ1 = 0.01 and μ2 = 1. For the
sake of simplicity, the resulting attractant density after 500 timesteps to the stepsize
�t = 10−4 is taken as a fixed concentration in the simulations. The corresponding
gradient is then numerically calculated by the central difference quotient.

The individual initial migration angle is randomly chosen from [0, 2π ], the starting
magnitude of speed ranges in the physiological meaningful interval of values between
0 and 67 µm/h. Furthermore, we set β = 0.8 h−1 and α = 10 µm h−3/2 in (2). The
nondimensional intensities for chemotaxis and contact guidance in (7) and (14) are
chosen to κchemo = 1,000 and κcg = 15, respectively. Another non-physical parameter
is the speed scaling factor for which we fixed randomly δ = 0.6.

The collagen density evolution is governed by p f = 0.064 and d f = 0.044 in (8).
Both these parameters originate from Dallon et al. (1999), but we used 0.1 as scaling
factor. This strategy is caused by the fact that the original values yield the steady
state after a short time span. This originates predominantly from the improved weight
functions, exhibiting a larger support in the direction of prolongated cell axis. The
scaling factor is identical for both p f and d f , because therewith the absolute value
of the steady state rs remains the same. For most of the simulations in this paper, the
turning rate of the mean fibre direction in (12) is set to κ = 0.1.

To show the effects of each external impulse, we consider the situation with no
taxis and either chemotaxis or contact guidance. Finally both these directional cues
are taken into account. For every numerical experiment, the fibre density ||f || and the
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smoothed cell trajectories are shown. The last mentioned quantity can be interpreted,
in a broader sense, as the pathways of the fibres.

Since we visualise realisations of stochastic processes, we always use the same
seed state for the random number generator, which allows a better comparability.

5.1 Artificial geometry

This simple scenario shows two circular structures in the rectangular domain � =
2.89 × 2.18 mm2. The left one, filled with dark grey, is considered to be the attrac-
tant-emitting tumour (see Fig. 5a). The adjacent disk represents healthy tissue and acts
as control structure. There are M = 601 cells uniformly distributed over the ECM,
which corresponds to a cell density of 100 cells per mm2.

If the cells are not influenced by any directional bias, their velocities are reali-
sations of the well-known Ornstein-Uhlenbeck process (Kloeden and Platen 1999).
Integration with respect to the time variable yields the corresponding paths, which
are smoothed by the aforementioned moving average filter in every time step (see
Fig. 6a). In this case, we have E[Xt ] = X0 and therefore a minor tendency to cover
large distances from the starting position. This in turn, may lead to a strong anisotropy
of the fibre density and the absence of any alignment (see Fig. 7a).

If the cell behaviour is influenced by chemotaxis, then we observe a preferred
migration towards the attractant producing disk. In regions where the gradient nearly
vanishes, e.g. in the right part of �, chemotaxis is almost not detectable (see Fig. 6b).
The pattern changes entirely if contact guidance acts on the migration of the fibroblasts.
Compared with the previous experiments, the common translocation is significantly
enlarged. Furthermore, the collagen density is more uniformly distributed over �

(Fig. 7c). The increased contact guidance along existing fibre material leads to a pre-
ferred migration on already pursued paths. As a result, there arises fibre bundling in
the whole domain, which increases with the magnitude of the contact guidance rate.
The rise of fibre bundles can be seen on both density representation (Fig. 7c) and
illustration Fig. 6c showing the smoothed trajectories.

Obviously, rs = p f /d f = 16/11 is the steady state of the fibre density. In both
cases, where chemotaxis is involved, the value of rs is nearly attained. However, in
the absence of contact guidance we have a dense collagen capsule around the tumour
representing disk (see Fig. 7b). This is not the case if contact guidance affects the
migratory behaviour of the fibroblasts. Indeed, the fibre density in the tumour vicinity
is enhanced but a capsule is not detectable (cf. Fig. 7d). In reality, the phenomenon of
a dense collagen capsule that encompasses tumour tissue, would exert great influence
on the pathogenesis of the desmoplastic stromal reaction.

5.2 Artificial geometry with pre-existing fibres

So far, the ECM was assumed to be initially void, which is not the case in real tissues.
In order to demonstrate the effect of pre-existing fibrous material, we create a simple
test scenario, where two regions are assumed to have a constant collagen density of
0.1rs . The location and the particular directions as well as the initial density of the
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Fig. 6 Smoothed versions of the cell trajectories. For better illustration, only every second path is displayed.
a No directional bias acts on the migratory behaviour of the fibroblasts. b Chemotaxis leads to a preferred
migration towards the attractant source. Contact guidance is neglected. c The fibroblasts react with contact
guidance on aligned fibrous material. The chemical agent has no influence on the cells. d Both chemotaxis
and contact guidance are considered to act as directional cues for migrating cells

collagen fibres are indicated in Fig. 8. Furthermore, the prescribed setup is appropriate
to study the impact of the parameters p f , d f and κ . The former are responsible for
the density evolution, the latter characterises the turning rate of f towards the cumula-
tive velocity vector V̄. For better accentuation of the parameter variations, we neglect
chemotaxis in the present experiments.

We observe that the predefined fibre region can be recognised in the graphical rep-
resentation of the simulation results (esp. in the Fig. 9a and b). Thereby, contact guid-
ance stimulates the fibroblasts to follow pre-existing traces, resulting in predominant
parallel migratory paths. As expected, the tendency to alter the primary directions
increases with the magnitude of the turning parameter. Thus, if κ is small then the
initial directions are retained and the incoming cells receive persistent acceleration
parallel to f , while they simultaneously increase ‖f‖ along their trails. This again pro-
vides positive feedback for subsequent fibroblasts, which prefer to follow the existing
dense fibre strands via contact guidance. This can be seen in Fig. 9c and d, where the
fibre rotation is facilitated. In both these illustrations, the initial setting is difficult to
recognise. As mentioned above, we use a scaled version of the original parameters
p f and d f adopted from Dallon et al. (1999). Thereby, we choose the same factor cr
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Fig. 7 Resulting collagen density at the end of the simulations with the artificial scenario. a No directional
bias acts on the migratory behaviour of the fibroblasts. b Chemotaxis leads to a preferred migration towards
the attractant source. Contact guidance is neglected. c The fibroblasts react with contact guidance on aligned
fibrous material. The chemical agent has no influence on the cells. d Both chemotaxis and contact guidance
are considered as directional cues

Fig. 8 Illustration of the input regarding the artificial scenario with a pre-existing fibre vector field. a Initial
fibre vector field. b Initial collagen density

for both values in order to retain the steady state rs = p f /d f . The influence of the
production and decay rate on the collagen evolution can easily be seen in Fig. 9, where
the overall density is significantly enhanced by the doubling of the scaling parameter.
This phenomenon is expected with regard to the underlying differential equation (8),
for which we henceforth assume the sum of the weights to be constant. Without loss
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Fig. 9 Simulation results with pre-existing fibres in the domain. Except for κ and the scaling factor cr
of p f and d f , we have used the same parameters as in Subsect. 5.1. The left column shows every second
smoothed cell trajectory, the right column illustrates the fibre density r = ‖f‖. a Parameters: κ = 0.1,
cr = 0.1. b Parameters: κ = 0.1, cr = 0.2. c Parameters: κ = 0.5, cr = 0.1. d Parameters: κ = 0.5,
cr = 0.2
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of generality, we set
∑

wi = 1 since the value of the sum does not influence the
qualitative predictions. Therewith, it is easy to verify that for a fixed point in �,

r(t) = rs − (rs − r0)e
−d f t

is the solution of the ordinary differential equation (8), where r0 denotes the initial
density. Thus, the density increase accelerates with the magnitude of d f .

5.3 Histological segmentation data

Anonymised samples of moderately differentiated squamous cell carcinoma of the
lung and their surrounding mesenchyme were included in the present study. The tissues
were recruited from the regular diagnostic pool of the year 2004 (Saarland University,
Department of Pathology, Homburg Saar Campus, Germany), fixed in 4% buffered
formaldehyde, embedded in paraffin-wax and subsequently stained with hematoxylin
and eosin (H&E). Digital images of the scenarios were manually segmented and his-
tomorphologically classified with the help of the prototypical software named SeViSe
(Landes et al. 2006).

Since in this paper, we have put emphasis on the mathematical features of the
suggested model, we use neither varying histological slices and present biomedical
implications, nor do we discuss other topics concerning real data. Instead we leave
these fruitful issues for further studies.

The regarded part of the exemplary histological slice (Fig. 10a) shows a character-
istical phenotype of the desmoplastic stromal reaction. The accordant segmentation
result is displayed in Fig. 10c. If not otherwise stated, we use the same parameters
for the simulations as before. Consequently, we have M = 233 cells in the domain,
which has an estimated extent of � = 2.04 × 1.53 mm2. In order to demonstrate the
impact of both directional cues, we firstly choose κchemo and κcg as above (first row
of Fig. 11) and then reduce these parameters (second row).

Regarding the second column in Fig. 11, it can be observed, that the maximum
collagen density is nearly reached in both experiments. However, with regards to the
second simulation, it disperses more homogeneously than expected. Similarly, the
tendency of generating collagen bundles is reduced with decreased κcg.

6 Discussion

In this paper, we have developed a new stochastic model that describes fibre alignment
in the extracellular matrix due to the influence of migrating fibroblasts. The innova-
tion originates from the combination and progression of two known approaches, where
both were modified with regard to the current problem.

The starting point is the modelling of single cells as functionally discrete enti-
ties and the characterisation of their positions and velocities. The most appropriate
approach seems to be the modelling of cell speed by a generalised Langevin equation,
since cell trajectories are reproduced in a lifelike manner (Dunn and Brown 1987).
The characterisation of collagen is also a crucial point. In reality, extracellular matrix
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Fig. 10 Illustration of the input regarding the real histological data. a Detail of the histological slice.
b Attractant density distribution. c Segmentation data and initial positions of the fibroblasts. d Norm of the
attractant gradient

contains a vast number of different sized fibres which, in addition, influence each
other mechanically. From a mathematical viewpoint, modelling the specified dynam-
ics is certainly possible, but the computational costs forbid this strategy. Thus, the
characterisation as a vector field offers several advantages: on the one hand, the inter-
pretation is straightforward and the complexity can be monitored. On the other hand,
the employed impulse term that characterises contact guidance can easily be specified
via interpolation.

There are several models which depict directional cues in the velocity equation of
the form (2) (Capasso and Morale 2009; Hadeler et al. 2004; Ionides 2001; Mantzaris
et al. 2004; Schienbein et al. 1994), especially in the case of chemo- and galvanotaxis.
The utilised taxis term Tchemo is an enhancement of a known ansatz, which ade-
quately depicts biased fibroblast migration (Stokes and Lauffenburger 1991) towards
the source of the chemoattractant. Thereby, we have modified the sine factor of the
external impulse in such a way, that existence and uniqueness of the stochastic differ-
ential equation system for chemotaxis and other unidirectional cues can be verified
(see appendix). As mentioned above, the requirements of the existence and uniqueness
theorem are naturally fulfilled for chemotaxis because the corresponding attractant dis-
tribution is the solution of an appropriate diffusion equation and thus infinitely smooth.
For other unidirectional impulses, e.g. galvanotaxis or phototaxis, the smoothness con-
dition of the fields are also presumed to be verifiable in concrete applications. Problems
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Fig. 11 Smoothed trajectories (left column) and density plots (right column) based on real tissue geome-
tries. a Parameters: κchemo = 500, κcg = 10. b Parameters: κchemo = 1, 000, κcg = 20

arise if the force term mediates bi-directional movement like in the case of contact
guidance. The situation 〈g, Vt 〉 = 0, i.e. where the directional cue changes its sign and
the cells migrate randomly in either of the opposite directions is crucial. We have not
overcome this difficulties yet, so we leave it as an open question for future research.

The modelling of cell migration in real scenarios requires the consideration of
immersed solid structures such as compact tissues, bones, blood vessels and so on.
Naturally, moving cells hit these impermeable structures during their motion and an
algorithmic treatment of these incidents has to be formulated in order to run computa-
tional simulations. We propose a deflection in the acute angle to the current direction,
parallel to the boundary combined with a simultaneous reduction of the speed. While
this ad-hoc modification of the velocity vector seems reasonable for cells as point
objects, it dramatically alters the character of the underlying stochastic process. Even
with regards to the classical Langevin equation, the presence of immersed complex
boundaries implies the pathwise uniqueness of a solution to be extremely hard to ver-
ify and perhaps not feasible. So at the current state of research we have no option but
to leave its treatment as an open question.

In Subsect. 5.2, we showed that the progression of the simulation depends not only
on the model parameters, but also strongly on the initial fibre distribution. According
to current knowledge, there are no computer simulations which start with segmenta-
tion data of real histological slices, even less with real fibre alignment information.
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Methods to remedy this deficiency are in preparation, however the attempts are bidi-
rectional. On the one hand the effort is to find an adequate method that realises the
projection of segmented fibre information on the initial vector field. On the other hand,
it seems to be feasible to employ image analysis routines to gain morphological infor-
mation of fibre distributions in digital images of histological slices. Amongst others, a
Fourier filtering method either of the masked digitised image of the histological slice
or segmentation data of fibres appears to be promising (Chaudhuri et al. 1987).

In the presented form, the model is limited to the two-dimensional case. A general-
isation towards three dimensions is straightforward for the Langevin equation which
characterises the cell velocity. Unfortunately, this does not hold true for the fibre
dynamics. To eradicate this flaw, suitable approaches are in preparation and will be
published in an upcoming paper. Another deficiency of the model in its introduced form
is the disregarding of cell-cell contacts. It is well-known that the resulting interactions
(Chen et al. 2004) in combination with possible shape-changes (Wells et al. 1999)
exert influence on cell dispersion, but the integration of either topic would require a
completely modified modelling approach. In literature, several papers addressed these
topics, e.g. Dickinson and Tranquillo (1993) considers stochastic fluctuations in the
cell membrane or Palsson (2001) covers pure deterministic mechanics arising in the
case of cell collisions. Yet all these approaches deal with spatial and temporal scales
which are much smaller than the ones in this paper. The incorporation of these phe-
nomena on the cellular or molecular level in order to develop a more realistic model is
a challenging topic for future research. A first, naive idea might be the modification of
the weight functions wi , since they are currently fixed for all cells and depend neither
on time, cell speed, nor on the environment. An according generalisation of the model
seems to be possible, but in practice this is very difficult to cover, not because of
the additional computational costs, but due to the algorithmic treatment of the under-
lying physical and physiological processes. Since the main goal of this paper is the
presentation of the basic model, we have not explored this concept here.

In this first approach of modelling the desmoplastic stromal reaction, we have not
distinguished between several molecules reported to induce chemotaxis with regard
to fibroblast migration. Accordingly, we have made some strong simplifications con-
cerning the diffusion domain and chose a diffusion coefficient μ without biomedical
substantiation. This has been due to the fact that the aim is merely to compute an
exemplary distribution that is related to the complex geometry of the real histological
data. The computation of more realistic concentrations for particular chemoattractants
would have required not only their correct diffusion rates, but also the information
regarding the 3D geometry of the underlying tissue assays, because the existence of
inner boundaries affects the diffusion process strongly. Due to the irregularity of the
immersed solid structures and outer boundaries, we believe that adaptive techniques
are required, as well as the consideration of local sources. This stems from the fact
that inflammation cells in the vicinity of the tumours also produce chemoattractants.
This in return, would of course imply the modelling of these cell types.

The detailed evaluation of the model is very complex and can only partially be
carried out. The employed impulse term in the generalised Langevin equation (2) is
an approximation of a known and validated ansatz (Ionides 2001; Stokes and Lauf-
fenburger 1991). As already outlined in Subsect. 3.2, the utilisation of Text results in
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an enhanced persistence time. Ionides et al. (2004) (see also Ionides 2001) provide
techniques that allow parametric estimation for the generalised Langevin speed equa-
tion describing unidirectional migration in a constant external field. This application,
which uses cell tracking information, is exemplarily applied to the translocation of
human keratinocytes affected by galvanotaxis, however it also possesses the potential
to deal with other fields. For instance, successful attempts to create stationary linear
attractant gradients can be found (Fisher et al. 1989; Zicha et al. 1991) as well as
other methods to gain long-lasting spatially continuous distributions (Knapp et al.
1999). Thus, comparable in vivo investigations of fibroblasts migration would poten-
tially help to determine adequate parameters and allow a rigorous evaluation of the
chemotactic migration model. In addition, there are also basic approaches to study
contact guidance (Amyot et al. 2008; Guido and Tranquillo 1993), but the methodical
handling is reported to be exceedingly difficult.

Similarly, the evaluation of collagen fibre dynamics and the corresponding parame-
ter estimation is a challenging project. Indeed, the parameters regulating the evolution
of the fibre density, p f and d f , as well as the turning rate κ are provided in literature
(Dallon et al. 1999) and employed in several subsequent publications without modi-
fication (Dallon 2000; Dallon et al. 2000; McDougall et al. 2006), but unfortunately
without a precise reference. Instead, it is merely stated that these values stem from
experimental data (Dallon et al. 1999). Similarly, the factor for non-dimensionalisa-
tion of the protein density is not substantiated. All that is mentioned is its scaling is
between 0 and 1.5 (Dallon et al. 2000). Thus, we are not able to expound the attainment
of those underlying biological values and adopt the particular parameters in such a
way that the steady state of the fibre density remains the same. Furthermore, the turn-
ing parameter κ had to be scaled down, because of the augmented right hand side of
(12), the elongated weight functions and the modification of the weighted cumulative
velocity vector. The validation of the concerning approach itself is also not completely
performed in the aforementioned papers because of the enormous methodical prob-
lems. Thereby, the problem generally starts with the acquirement of appropriate fibre
alignment measurements as a function of time. Since such data generation requires the
fixation and cutting of the tissue, it is impossible to achieve the required time series
from patients in vivo. In order to eradicate this flaw, there are attempts to prepare gels
with oriented collagen alignment (Girton et al. 1999; Guido and Tranquillo 1993).
Suitable in vitro experiments, combined with cell tracking methods could possibly
help to bridge the gap, but at the current state of research, this issue has to be left as
an open problem.

As a concluding remark, we state that despite the remaining research work, the
model seems adequate to simulate biased cell migration and the simultaneous fibre
alignment. Furthermore, we emphasise that the presented concept can be easily adapted
to describe other physiological or pathological processes, like wound healing or angi-
ogenesis.
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Appendix

Theorem 1 Let g = g(t, x) be a bounded two-dimensional function on [0, T ] × �

without zeros, where T > 0 and � ⊂ R
2. Furthermore, let the Jacobian Jg(x) be

bounded for all t and x. Then, for each constant (X0, V0), there exists a pathwise
unique strong solution of the stochastic initial value problem (3).

Proof We verify the requirement of a standard existence and uniqueness theorem, e.g.
Theorem 4.5.3 in Kloeden and Platen (1999). We set y = (x	, v	)	 ∈ R

4 and obtain
from (3) the drift vector

a(t, y) =
[

v
−βv + Text(v, g(t, x))

]
(20)

and the constant diffusion matrix

b(t, y) =
[

0 0
0 αI

]
. (21)

Since the initial values are assumed to be constant, we have to check three conditions.
In the following, it is sufficient to consider a, because b is a constant matrix and the
particular requirements are trivially fulfilled. Without loss of generality, we assume
‖. ‖ to be the Euclidean and ‖. ‖F the Frobenius norm.

I. Measurability. The function a is continuous and hence measurable.
II. Lipschitz condition. We have to verify that for all y1, y2 ∈ R

4 there exists a
K1 > 0 with

‖a(t, y1) − a(t, y2)‖ ≤ K1 ‖y1 − y2‖ .

At first the triangle inequality yields

‖a(t, y1) − a(t, y2)‖ ≤ (1+β) ‖v1−v2‖ + ‖Text(v1, g(t, x1))−Text(v2, g(t, x2))‖ .

For better readability, we omit the time-variable, and once more with the triangle
inequality we assess

‖Text(v1, g(t, x1)) − Text(v2, g(t, x2))‖ ≤ κ√
2

‖g(x1) − g(x2)‖ + κ

2
√

2
T1

with

T1 =
∥∥∥∥

〈g(x2), v2〉
‖g(x2)‖ (‖v2‖ + ε)

g(x2) − 〈g(x1), v1〉
‖g(x1)‖ (‖v1‖ + ε)

g(x1)

∥∥∥∥ .

Taylor’s theorem asserts that there exists a λ ∈ [0, 1] with

g(x1) = g(x2) + Jg(x2 + λ(x1 − x2))(x1 − x2).
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By assumption, the norm of the Jacobian is bounded, i.e. there exists a constant c1 > 0
with

‖g(x1) − g(x2)‖ ≤ c1

√
2

κ
‖x1 − x2‖ .

Further, the triangular inequality yields T1 ≤ T2 + T3, where

T2 =
∥∥∥∥
〈

g(x2)

||g(x2)|| ,
(

v2

||v2|| + ε
− v1

||v1|| + ε

)〉
g(x2)

∥∥∥∥

and

T3 =
∥∥∥∥g(x2)

〈
g(x2)

||g(x2)|| ,
v1

||v1|| + ε

〉
− g(x1)

〈
g(x1)

||g(x1)|| ,
v1

||v1|| + ε

〉∥∥∥∥ .

We state that the factor ‖g(x2)‖ is bounded by a positive constant c2, thus the
Cauchy-Schwarz inequality implies

T2 ≤ c2

∥∥∥∥
v2

‖v2‖ + ε
− v1

‖v1‖ + ε

∥∥∥∥ .

Finally, repeated applications of standard algebra and estimations show that

T2 ≤ 2c2

ε
‖v2 − v1‖ .

For the term T3, we conclude that

T3 ≤
∥∥∥∥

g(x2)g(x2)
	

||g(x2)|| − g(x1)g(x1)
	

||g(x1)||
∥∥∥∥

F

‖v1‖
||v1|| + ε

=
∥∥∥∥∥
{g(x2) − g(x1) + g(x1)} g(x2)

	

||g(x2)|| − g(x1)
{
g(x1)

	 − g(x2)
	 + g(x2)

	}

||g(x1)||

∥∥∥∥∥
F

≤
∥∥∥∥∥
{g(x2) − g(x1)} g(x2)

	

||g(x2)|| − g(x1) {g(x1) − g(x2)}	
||g(x1)||

∥∥∥∥∥
F

+
∥∥∥∥
(

1

||g(x2)|| − 1

||g(x1)||
)

g(x1)g(x2)
	
∥∥∥∥

F

≤ ‖g(x2) − g(x1)‖ + ‖g(x2) − g(x1)‖ +
∣∣∣∣

1

||g(x2)|| − 1

||g(x1)||
∣∣∣∣ ‖g(x1)‖ ‖g(x2)‖

= 2 ‖g(x2) − g(x1)‖ + | ‖g(x1)‖ − ‖g(x2)‖ |
≤ 3 ‖g(x2) − g(x1)‖
≤ 3

√
2c1

κ
‖x1 − x2‖ .
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In summary, we arrive at

‖a(t, y1) − a(t, y2)‖ ≤ K√
2

(‖x1 − x2‖ + ‖v1 − v2‖) ≤ K ‖y1 − y2‖

with

K1 = max

{
5c1√

2
,

κc2

ε
+ √

2(1 + β)

}
,

so the required Lipschitz condition is indeed fulfilled.

III. Linear growth bound. We have to verify the existence of a constant K2 > 0 with

‖a(t, y)‖2 ≤ K 2
2

(
1 + ‖y‖2

)
.

For the drift vector, we get

‖a(t, y)‖2 ≤ ‖v‖2 + 2β2 ‖v‖2 + 2 ‖Text(v, g(t, x))‖2 .

As mentioned above, ‖g‖ is dominated by c2, thus we obtain

‖Text(v, g(t, x))‖2 ≤ κ2

(
1 + |〈g, v〉|2

2 ‖g‖2 (‖v‖ + ε)2

)
c2

2

≤ κ2

(
1 + ‖v‖2

2(‖v‖ + ε)2

)
c2

2 ≤ 3

2
κ2c2

2.

Finally, we conclude

‖a(t, y)‖2 ≤ K 2
2

(
1 + ‖v‖2

)
≤ K 2

(
1 + ‖y‖2

)

with K2 = max
{√

1 + 2β2,
√

3κc2

}
. Therewith, the requirements of the existence

theorem are fulfilled and the stated result follows. ��
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