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Abstract For a Wright–Fisher model with mutation whose population size fluctu-
ates stochastically from generation to generation, a heterozygosity effective population
size is defined by means of the equilibrium average heterozygosity of the population.
It is shown that this effective population size is equal to the harmonic mean of popula-
tion size if and only if the stochastic changes of population size are uncorrelated. The
effective population size is larger (resp. smaller) than the harmonic mean when the
stochastic changes of population size are positively (resp. negatively) autocorrelated.
These results and those obtained so far for other stochastic models with fluctuating
population size suggest that the property that effective population sizes are always
larger than the harmonic mean under the fluctuation of population size holds only for
continuous time models such as diffusion and coalescent models, whereas effective
population sizes can be equal to or smaller than the harmonic mean for discrete time
models.
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1 Introduction

A large amount of molecular data that estimate the genetic diversity of populations
such as the average heterozygosity have been accumulated using recent developments
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in molecular techniques (see Iizuka et al. 2002). The average heterozygosity can be
expressed as a simple function of population genetic parameters population size N
and mutation rate u under the neutrality assumption (Kimura 1968). This means that
it is possible to obtain information on these population genetic parameters from esti-
mates of average heterozygosity under the neutrality assumption. On the other hand,
the neutrality assumption can be examined by estimates of the average heterozygosity
when the values of these population genetic parameters are known. However, the size
of population is hardly constant and it may fluctuate from generation to generation. In
such cases, it is important to understand how the fluctuation of population size affects
the average heterozygosity. For this purpose, it is necessary to introduce an appropriate
effective population size Ne and the properties of the effective population size must
be investigated. Then Ne can be used for N in the average heterozygosity formula.
Since the harmonic mean of population size Nh has played an important role when
the population size is not constant, the relationship between the effective population
size and the harmonic mean of population size must be clarified.

Consider a population whose population size fluctuates temporally from genera-
tion to generation and the fluctuation is stochastic. There are several definitions of
effective population size (see Ewens 1982). In a series of papers (Iizuka 2001; Iizuka
et al. 2002; Sano et al. 2004), the relation between effective population sizes and the
harmonic mean of fluctuating population size Nh was described. Definition of these
effective population sizes and their properties are presented in Appendix 1. For a
Wright–Fisher model without mutation, Iizuka (2001) defined an inbreeding effective
population size when its population size fluctuates stochastically. This effective pop-
ulation size is denoted by N (WF1)

e in this paper. It was shown that N (WF1)
e is equal to

the harmonic mean Nh if the stochastic changes of population size have no correlation
between distinct generations, though N (WF1)

e is larger (resp. smaller) than Nh if the
stochastic changes of population size are positively (resp. negatively) autocorrelated
(Iizuka 2001). For a diffusion model with mutation, Iizuka et al. (2002) defined an
effective population size by means of the equilibrium average heterozygosity (hetero-
zygosity effective population size) when its population size fluctuates stochastically.
This effective population size is denoted by N (D)

e in this paper. It was shown that
N (D)

e is always larger than the harmonic mean Nh (Iizuka et al. 2002). For a coales-
cent model with fluctuating population size, Sano et al. (2004) defined a coalescent
effective population size by means of the mean coalescent time from k genes to k − 1
genes. In this paper, this effective population size is denoted by N (C)

e (k). It was shown
again that N (C)

e (k) is always larger than the harmonic mean Nh (Sano et al. 2004). See
Gillespie (2000) and Sjödin et al. (2005) for other definitions of coalescent effective
population size with stochastically fluctuating population size.

Is the property of effective population size being always larger than the harmonic
mean Nh due to the definition of effective population size such as inbreeding effec-
tive population size, heterozygosity effective population size and coalescent effective
population size or is it due to the difference between discrete time models such as
Wright–Fisher models and continuous time models such as diffusion and coalescent
models (Y. Iwasa, personal communication)? In this paper, a heterozygosity effective
population size N (WF2)

e is defined by means of the equilibrium average heterozygosity
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for a Wright–Fisher model with mutation when its population size fluctuates stochas-
tically. It will be shown that N (WF2)

e is equal to the harmonic mean Nh if and only if the
stochastic changes of population size have no correlation between distinct generations
and N (WF2)

e is larger (resp. smaller) than Nh if the stochastic changes of population size
are positively (resp. negatively) autocorrelated. This result together with the results
so far obtained suggests that the property of effective population size being always
larger than the harmonic mean Nh is that of continuous time models. It will be also
discussed how the four effective population sizes N (WF1)

e , N (WF2)
e , N (D)

e and N (C)
e (k)

are related.

2 The model

Consider a haploid population whose population size in generation t is N (t). The
population size changes stochastically from generation to generation. The changes of
population size are not independent between distinct generations in general as the case
of stochastic fluctuation of selection intensity (see Iizuka 1987; Iizuka and Matsuda
1982 and the citation therein). In other words, stochastic changes of population size
may have autocorrelation. In this paper, the following two-valued Markov chain is
introduced as a model of autocorrelated stochastic changes of population size (see
Iizuka 2001). It is assumed that {N (t)}t=0,±1,±2,... is a stationary Markov chain on
{N1, N2} such that

(
P(N (t + 1) = N1)

P(N (t + 1) = N2)

)
=

(
1 − q1 q2

q1 1 − q2

) (
P(N (t) = N1)

P(N (t) = N2)

)
, (1)

and

P(N (0) = Ni ) = p(st)
i , (2)

where 1 < N1 < N2 < ∞, 0 ≤ q j ≤ 1, q1 + q2 > 0 and

(p(st)
1 , p(st)

2 ) =
(

q2

q1 + q2
,

q1

q1 + q2

)
(3)

is the stationary distribution of the Markov chain. Here qi is the probability that
N (t + 1) �= N (t) conditional on N (t) = Ni (i = 1, 2). It is easy to obtain some
explicit formulas for this simple Markov chain. Indeed, Iizuka (2001) showed that the
covariance of N (t) and N (t + k) is

Cov[N (t), N (t + k)] = (N2 − N1)
2 q1q2(1 − q1 − q2)

k

(q1 + q2)2 , (4)

k ≥ 0. By the formulas (1) and (4), we have the following classification of the change
of population size. The stochastic change of population size is positively (resp. nega-
tively) autocorrelated, that is, Cov[N (t), N (t+k)] > 0 (resp. Cov[N (t), N (t+1)] < 0)
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if 0 < q1 + q2 < 1 and q1q2 > 0 (resp. 1 < q1 + q2 < 2). It is uncorrelated if
q1 + q2 = 1 and q1q2 > 0. The change of population size is deterministic and cyclic,
that is, N (t) = N (t + 2k) �= N (t + 1) = N (t + 2k + 1), k = ±1,±2, . . . if
q1 = q2 = 1. The population size is constant if q1q2 = 0.

Put

ni = 1 − 1

Ni
(5)

for i = 1, 2 and denote by E[ ] the operation taking the expectation. By Lemma 2 of
Iizuka (2001), it holds that

E

[
t∏

k=1

{
1 − 1

N (k)

}]
= Aαt−1+ + Bαt−1− (6)

if q1 �= 0 or n1 �= n2(1 − q2). Here α+ and α− (α+ ≥ α−) are solutions of the
quadratic equation

α2 − {n1(1 − q1) + n2(1 − q2)}α + n1n2(1 − q1 − q2) = 0 (7)

and

A = c1q2 + c2q1

q1 + q2
, B = d1q2 + d2q1

q1 + q2
, (8)

ci = ni {ni (1 − qi ) + n j qi − α−}
α+ − α−

, di = −ni {ni (1 − qi ) + n j qi − α+}
α+ − α−

, (9)

i, j = 1, 2 (i �= j). Note that α+ and α− are real and α+ > α− if n1 �= n2(1 − q2). It
is assumed that n1 �= n2(1 − q2) in this paper. The harmonic mean of N (t) is defined
by

1

Nh
= E

[
1

N (t)

]
= p(st)

1

N1
+ p(st)

2

N2
= 1

q1 + q2

(
q2

N1
+ q1

N2

)
. (10)

Consider a neutral locus with K alleles A1, A2, . . ., AK . The genetic composition
of the population in generation t is x(t) = (x1(t), x2(t), . . . , xK−1(t)) where xi (t) is
the gene frequency of Ai in generation t . Mutation and random genetic drift cause the
change of x(t) in this order. Mutation rate per generation from Ai to A j is u/(K − 1)

(i �= j). In generation t random genetic drift occurs in a finite population of N (t)
haploid individuals subject to the standard assumptions of the Wright–Fisher model
and it produces N (t + 1) individuals of generation t + 1. The explicit probability
law of random genetic drift when population size fluctuates stochastically is given in
Iizuka (2001) for the case of K = 2 and no mutation.

For models with stochastically fluctuating population size, see Araki and Tachida
(1997), Chia and Pollak (1974), Donnelly (1986), Heyde and Seneta (1975), Kaj and
Krone (2003), Karlin (1968), Klebaner (1988), Seneta (1974) and Tachida (2000).
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3 Results

Let

H(t) = 1 −
K∑

i=1

xi (t)
2 (11)

be the heterozygosity of the population in generation t . In the same way as the proof
of Lemma 1 of Iizuka (2001), it can be shown that the conditional expectation

G(t) = E[H(t)|H(0), N (k), k ≤ t] (12)

conditional on the values of H(0) and N (k), k ≤ t satisfies

G(t + 1) =
{

1 − 1

N (t + 1)

}
{(1 − uK )2G(t) + u(2 − uK )}, (13)

where we put uK = K u/(K − 1). The solution of the recursion Eq. (13) is

G(t) = G(0)(1 − uK )2t
t∏

k=1

{
1 − 1

N (k)

}

+u(2 − uK )

t∑
j=1

(1 − uK )2(t− j)
t∏

k= j

{
1 − 1

N (k)

}
. (14)

By (14), the stationarity of {N (t)}t=0,±1,±2,... and noting that E[G(t)] = E[H(t)]
which is a property of the conditional expectation, we have

E[H(t)] = E[H(0)](1 − uK )2t E

[
t∏

k=1

{
1 − 1

N (k)

}]

+ u(2 − uK )

t∑
j=1

(1 − uK )2( j−1)E

⎡
⎣ t∏

k= j

{
1 − 1

N (k)

}⎤
⎦ . (15)

Note that E[H(t)] is the expectation of H(t) with respect to random genetic drift and
the fluctuation of population size, whereas E[∏t

k=1{1 − 1/N (k)}] is the expectation
of

∏t
k=1{1 − 1/N (k)} with respect to the fluctuation of population size only. By (6),

we have

E[H(t)] = E[H(0)](1 − uK )2{A[(1 − uK )α+]t−1 + B[(1 − uK )α−]t−1}
+ u(2 − uK )

{
A

1 − [(1 − uK )2α+]t

1 − (1 − uK )2α+
+ B

1 − [(1 − uK )2α−]t

1 − (1 − uK )2α−

}
(16)
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and the expectation of equilibrium average heterozygosity is

E[H(∞)]= lim
t→∞ E[H(t)]=u(2−uK )

{
A

1 − (1 − uK )2α+
+ B

1 − (1 − uK )2α−

}
.

(17)

The key observation to obtain the relation between the harmonic mean Nh and an
effective population size defined by means of the equilibrium average heterozygosity
is the following expression for E[H(∞)]. After tedious calculations, it can be shown
that the right-hand side of (17) is equal to

u(2 − uK ){1 − 1
Nh

− (1 − uK )2n1n2(1 − q1 − q2)}
1 − (1 − uK )2{1 − 1

Nh
− [1 − 1

Nh
− n1 − n2 + (1 − uK )2n1n2](1 − q1 − q2)}

.

(18)

Note that

E[H(∞)] = (N − 1)u(2 − uK )

1 + (N − 1)uK (2 − uK )
(19)

holds if the population size is constant (N (t) = N ), where E[H(∞)] is the expectation
of H(∞) with respect to random genetic drift only. By this formula, a heterozygosity
effective population size N (WF2)

e can be defined by means of the expectation of equi-
librium average heterozygosity as follows for the Wright–Fisher model with mutation
when population size fluctuates stochastically.

E[H(∞)] = (N (WF2)
e − 1)u(2 − uK )

1 + (N (WF2)
e − 1)uK (2 − uK )

, (20)

where the left-hand side of (20) is given by (18). This definition of heterozygosity
effective population size is analogous to that of the heterozygosity effective popula-
tion size N (D)

e defined for a diffusion model with mutation when its population size
fluctuates stochastically (Iizuka et al. 2002). The effective population size N (WF2)

e is
an increasing function of E[H(∞)] since

N (WF2)
e = 1 + E[H(∞)]

(2 − uK ){u − uK E[H(∞)]} . (21)

By (17), (18) and the definition of N (WF2)
e , the following result can be proved.

Result 1 If the successive population sizes are positively autocorrelated (0 < q1 +
q2 < 1 and q1q2 �= 0), then

N (WF2)
e > Nh . (22)
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If the successive population sizes are uncorrelated (q1 + q2 = 1 and q1q2 �= 0), then

N (WF2)
e = Nh . (23)

If the successive population sizes are negatively autocorrelated (1 < q1 + q2 < 2),
then

N (WF2)
e < Nh . (24)

The proof of Result 1 is given in Appendix 2.
The dependence of N (WF2)

e on the jump probabilities is given as the next result for
the case of symmetric jump probabilities (q = q1 = q2).

Result 2 Assume that q = q1 = q2. Then the heterozygosity effective population size
N (WF2)

e is a decreasing function of the jump probability q.

The proof of Result 2 is given in Appendix 2. This property corresponds to that for
the inbreeding effective population size N (WF1)

e for the Wright–Fisher model without
mutation when its population size fluctuates stochastically (put c = 1 in Theorem 4
of Iizuka 2001). The proof of Result 2 in Appendix 2 implies that the expectation of
equilibrium average heterozygosity E[H(∞)] is a decreasing function of the jump
probability q.

Finally, we consider how the four effective population sizes N (WF1)
e , N (WF2)

e , N (D)
e

and N (C)
e (k) are related (see Appendix 1 for definition and properties of N (WF1)

e , N (D)
e

and N (C)
e (k)). Assume that the population size fluctuates between two distinct states

N1 and N2 (N1 < N2) for the four models. The jump rate from Ni to N j is denoted
by γi (i, j = 1, 2, i �= j) for the diffusion and coalescent models (see (46) and (49)).
The jump probability from Ni to N j is qi for the discrete time models (i, j = 1, 2,
i �= j). Note that the parameter N in (33) of Sano et al. (2004) is a scaling parameter
and we can put N = 1 in this formula without loss of generality. Let

Ñ (WF2)
e = lim

u→0
N (WF2)

e , (25)

and

Ñ (D)
e = lim

u→0
N (D)

e . (26)

Then the following result holds.

Result 3 It holds that

Ñ (WF2)
e = Nh + (Nh − N1)(N2 − Nh)(1 − q1 − q2)

N1 N2(q1 + q2) + Nh(1 − q1 − q2)
, (27)

though

Ñ (WF2)
e �= N (WF1)

e (28)
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in general. Further

Ñ (D)
e = Nh + (Nh − N1)(N2 − Nh)

N1 N2(γ1 + γ2) + Nh
= N (C)

e (2) (29)

holds.

The proof of Result 3 is given in Appendix 2. By (27) and (29), it holds that

Ñ (WF2)
e = Ñ (D)

e (30)

if γ1 + γ2 = (q1 + q2)/(1 − q1 − q2) and q1 + q2 < 1. This equality implies
that the hererozygosity effective population size of the diffusion model approxi-
mates the heterozygosity effective population size of the Wright–Fisher model when
q1 + q2 < 1.

4 Discussion

When the population size varies, it is usually described in the literature that the effec-
tive population size is equal to the harmonic mean of the population size (see Crow
1954; Gillespie 1998; Nei et al. 1975; Wright 1938). For the Wright–Fisher model
without mutation whose population size fluctuates stochastically, however, I showed
that the inbreeding effective population size N (WF1)

e is not equal to the harmonic mean
Nh unless the stochastic changes of population size are uncorrelated from generation
to generation (see Theorem 2 of Iizuka 2001). By Result 1, this property holds for the
heterozygosity effective size N (WF2)

e of the Wright–Fisher model with mutation when
its population size fluctuates stochastically.

The definition of N (WF2)
e is essentially the same as that of N (D)

e for the diffusion
model with mutation when its population size fluctuates stochastically. Though the
definitions of these heterozygosity effective population sizes are essentially the same,
the relations of these effective population sizes to the harmonic mean of population
size are not the same. The heterozygosity effective population size N (D)

e for the diffu-
sion model is always larger than the harmonic mean (see Iizuka et al. 2002), whereas
the heterozygosity effective population size N (WF2)

e for the Wright–Fisher model can
be equal to or smaller than the harmonic mean. Further Sano et al. (2004) showed for
the coalescent model with fluctuation of population size that the coalescent effective
population size N (C)

e (k) defined by means of the mean coalescent time from k genes
to k − 1 genes is always larger than the harmonic mean. These results suggest that
the property that the effective population sizes are always larger than the harmonic
mean under the stochastic fluctuation of population size holds only for continuous time
models such as diffusion and coalescent models and the effective population sizes can
be equal to or smaller than the harmonic mean for discrete time models.

Let

� = (Nh − 1)u(2 − uK )

1 + (Nh − 1)uK (2 − uK )
(31)
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be the equilibrium average heterozygosity when the population size is constant and it is
Nh (N (t) = Nh). Then the proof of Result 1 in Appendix 2 implies that E[H(∞)] > �,
E[H(∞)] = � and E[H(∞)] < � for positively autocorrelated stochastic changes,
uncorrelated stochastic changes and negatively autocorrelated stochastic changes of
population size, respectively. These results suggest that the stochastic changes of pop-
ulation size are likely to have positive (resp. negative) autocorrelation when it is known
that the observed heterozygosity is larger (resp. smaller) than �.

The effective population sizes N (WF2)
e and N (D)

e depend on mutation rate. It may
be preferable that the effective population sizes do not depend on mutation parameter.
The limits Ñ (WF2)

e and Ñ (D)
e can be regarded as the appropriate effective population

sizes when the effect of mutation is weak for the Wright–Fisher model with mutation
and the diffusion model with mutation when the population size fluctuates stochasti-
cally, respectively. These limits are given in Result 3 (see (27) and (29)). By Result 2
it holds that Ñ (WF2)

e > Nh (resp. Ñ (WF2)
e < Nh) if the successive population sizes

are positively (resp. negatively) autocorrelated and Ñ (WF2)
e = Nh if they are uncorre-

lated. Also it holds that Ñ (D)
e > Nh . Note that the formula (27) tells that the difference

Ñ (WF2)
e −Nh has the maximal negative value in the case of deterministic demographics

with q1 = q2 = 1 (cyclic change).
It is easy to see that

lim
N1(q1+q2)→∞

N (WF2)
e

Nh
= 1 (32)

and

lim
N2(q1+q2)→0

Ñ (WF2)
e

Na
= 1, (33)

where

Na = E[N (t)] = N1 p(st)
1 + N2 p(st)

2 = N1q2 + N2q1

q1 + q2
(34)

is the arithmetic mean of the fluctuating population size N (t) (Nh < Na). The same
properties as (32) and (33) hold for the heterozygosity effective population size N (D)

e
of the diffusion model with mutation when its population size fluctuates stochastically
(see (51) and (52) of Iizuka et al. 2002) and for the coalescent effective population
size N (C)

e (k) of the coalescent model with fluctuating population size (see (31) and
(32) of Sano et al. 2004). For the inbreeding effective population size N (WF1)

e of the
Wright–Fisher model without mutation the same property as (32) holds though the
property as (33) does not hold (see Theorem 5 of Iizuka 2001).

The equality (32) and the same properties of the other three models imply that
the effective population sizes are close to the harmonic mean if the population size
fluctuates between two large values and the probability of the change is not weak
(the autocorrelation of population sizes in two distinct generations is weak) in the
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sense that N1(q1 + q2) is large. Sjödin et al. (2005) considered the three cases that
fluctuations of population size are fast, intermediate and slow compare to coalescent
time scale. Their coalescent effective population size only exists when fluctuations
are fast and the population sizes are large enough and it is asymptotically equal to the
harmonic mean (Jagers and Sagitov 2004 obtained a much more general asymptotic
result providing N (t) being a finite Markov chain and exchangeable reproduction
laws introduced by Cannings 1974). This is consistent with a result of present paper
since the equality (32) implies that the heterozygosity effective population size N (WF2)

e
becomes asymptotically equal to the harmonic mean Nh as N1, N2 and N1(q1 + q2)

tend to infinity (the essentially the same property holds for the other three effective
population sizes N (WF1), N (D)

e and N (C)
e (k)). The condition that N1(q1 + q2) tends

to infinity corresponds to fast fluctuations of population size in the sense of Sjödin
et al. (2005). Note that fluctuations of population size are intermediate in the sense
of Sjödin et al. (2005) for the coalescent model of Sano et al. (2004). On the other
hand, the equality (33) implies that under weak mutation the heterozygosity effective
population size N (WF2)

e is close to the arithmetic mean if the population size fluctu-
ates between moderate or small values and the probability of the change is weak (the
autocorrelation of population sizes in two distinct generations is strong) in the sense
that N2(q1 + q2) is small.

Considering effects of selection on the genetic diversity of populations, effects of
weak selection depend on population size (Ohta 1973, 1992). The fluctuation of pop-
ulation size must be incorporated in weak selection models when population size is
not constant. It is difficult, however, to develop the mathematical analysis of these
complex models. One of mathematically tractable ways is introducing an appropriate
effective population size and replacing the population size by the effective population
size in the weak selection models without fluctuation of population size. The results
of this paper show that the harmonic mean of population size cannot be used as the
effective population size in general.

The classical result that the effective population size is equal to the harmonic mean
was originally obtained asymptotically as the census population sizes tend to infinity.
Therefore, it is a remarkable fact that the effective population size is exactly equal to
the harmonic mean when the population size changes stochastically and the successive
changes are uncorrelated.

An advantage of discrete time models is that it is easy to incorporate stochastic
change of a model parameter such as the population size into the models since the
cases of positive autocorrelation, negative autocorrelation and no correlation can be
formulated in a unified way (see Iizuka 1987). In this paper, a two-state Markov chain
is considered for population evolution since various explicit formulas can be obtained
for this simple Markov chain. It is a future problem to see whether the conclusions
of the present paper on the effective population size hold for more general Markov
chains.
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Appendix 1 Definition and properties of N(WF1)
e , N(D)

e and N(C)
e (k)

Definition of three effective population sizes and their properties of the Wright–Fisher
model without mutation, the diffusion model with mutation and coalescent model
under stochastic fluctuation of population size are presented. The different notations
and terminologies from the original papers (Iizuka 2001; Iizuka et al. 2002; Sano et al.
2004) may be used here to unify them with those of the main text of this paper.

A.1.1 Wright–Fisher model without mutation under stochastic fluctuation
of population size (Iizuka 2001)

The definition of this model is the same as that of the main text of this paper (Wright–
Fisher model with mutation under stochastic fluctuation of population size) except
that u = 0. By (15) and u = 0,

E[H(t)] = E[H(0)]E
[

t∏
k=1

{
1 − 1

N (k)

}]
(35)

for this model. Since it holds that

E[H(t)] = E[H(0)]
(

1 − 1

N

)t

(36)

when the population size is a constant (N = N (t)), the inbreeding effective population
size N (WF1)

e of this model is defined by

1 − 1

N (WF1)
e

= lim
t→∞

(
E

[
t∏

k=1

{
1 − 1

N (k)

}]) 1
t

. (37)

Then N (WF1)
e has the following concrete expression.

N (WF1)
e = 1

1 − α+
, (38)

where α+ is the largest solution of the quadratic equation

α2 −
{(

1 − 1

N1

)
(1 − q1) +

(
1 − 1

N2

)
(1 − q2)

}
α +

(
1 − 1

N1

)

×
(

1 − 1

N2

)
(1 − q1 − q2) = 0. (39)

It holds that N (WF1)
e > Nh (resp. N (WF1)

e < Nh) if 0 < q1 + q2 < 1 and q1q2 �= 0
(resp. q1 + q2 > 1) and N (WF1)

e = Nh if q1 + q2 = 1 and q1q2 �= 0, where is Nh is
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defined by (10). Though two allele case is considered for simplicity in Iizuka (2001),
it is obvious that this model can be extended to K allele case (K ≥ 2).

A.1.2 Diffusion model with mutation under stochastic fluctuation of population
size (Iizuka et al. 2002)

For this diffusion model, time parameter t is continuous (−∞ < t < ∞) and N (t) is
the population size of a haploid population at time t . Consider a neutral locus with K
alleles (2 ≤ K ≤ ∞) and with symmetric mutation between them. If the population
size is constant (N = N (t)), the average heterozygosity of the population H(t) at
time t satisfies

dH(t)

dt
= − 1

N
H(t) + 2{u − uK H(t)}, (40)

where u is the total mutation rate of an allele and uK = K u/(K − 1). Then H(t) and
H(∞) = limt→∞ H(t) are given by

H(t) = 2Nu

1 + 2NuK
+

{
H(0) − 2Nu

1 + 2NuK

}
e−(2uK +1/N )t , (41)

and

H(∞) = 2Nu

1 + 2NuK
. (42)

Let N (t) be a stationary process. The diffusion model under stochastic fluctuation
of population size is defined replacing N by N (t) and this is a diffusion model with a
random parameter N (t). For this diffusion model, the average heterozygosity of the
population H(t) at time t satisfies

dH(t)

dt
= − 1

N (t)
H(t) + 2{u − uK H(t)}. (43)

Then H(t) is given by

H(t) = 2u

t∫
0

e− ∫ t
z {2uK +1/N (s)}dsdz + H(0)e− ∫ t

0 {2uK +1/N (s)}ds . (44)

The expectation of a quantity X with respect to the stochastic fluctuation of population
size is denoted by E[X ]. By (42), the heterozygosity effective population size N (D)

e is
defined by

E[H(∞)] = 2N (D)
e u

1 + 2N (D)
e uK

, (45)
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where H(∞) = limt→∞ H(t). This effective population size has the property that
Nh < N (D)

e < Na , where Nh and Na are the harmonic mean and the arithmetic mean
of population size, that is, 1/Nh = E[1/N (t)] and Na = E[N (t)].

For the special case that N (t) is a two-valued Markov chain on {N1, N2} such that

(
P(N (t + �t) = N1)

P(N (t + �t) = N2)

)
=

(
1 − γ1�t + o(�t) γ2�t + o(�t)

γ1�t + o(�t) 1 − γ2�t + o(�t)

)

×
(

P(N (t) = N1)

P(N (t) = N2)

)
, (46)

(�t ↓ 0), this effective population size has a concrete expression

N (D)
e = Nh + (N2 − Nh)(Nh − N1)

(γ1 + γ2 + 2uK )N1 N2 + Nh
(47)

Here N1 < N2 and γi is the jump rate of N (t) conditional on N (t) = Ni (i = 1, 2).

A.1.3 Coalescent model under stochastic fluctuation of population size
(Sano et al. 2004)

For this coalescent model, time parameter t is continuous (−∞ < t < ∞) and N (t)
is the population size of a haploid population at time t . Here N (t) is a continuous time
Markov chain on {N1, N2, . . . , NL} with N1 < N2 < · · · < NL and

P(N (t + �t) = N j | N (t) = Ni ) = γi j�t + o(�t), (48)

(�t ↓ 0), which is assumed to be an ergodic and reversible Markov chain with respect
to the stationary distribution ν = (ν1, ν2, . . . , νL). Let K be a fixed positive integer.
A (K × L) × (K × L) matrix Q = (

γ(k,i)(l, j)
)

with

γ(k,i)(l, j) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

k(k−1)
2Ni

, if l = k − 1, j = i
γi j , if l = k, j �= i
− k(k−1)

2Ni
− ∑

m �=i γim, if l = k, j = i
0, otherwise

(49)

is the generator of a continuous time Markov chain (k(t), N (t)) on {(k, Ni ) : k =
1, 2, . . . , K ; i = 1, 2, . . . , L}. Measuring the time backward, (k(t), N (t)) is the coa-
lescent model under fluctuation of population size. Let A(t) be the standard Kingman’s
ancestral process (see Tavaré 1984) and I (t) = ∫ t

0
1

N (u)
du. Kaj and Krone (2003) con-

structed a coalescent model (A(I (t)), N (t)) under fluctuation of population size. Two
coalescent models (k(t), N (t)) and (A(I (t)), N (t)) can be regarded as the same Mar-
kov chain (Sano et al. 2004). Let Tk = inf{t > 0 | A(t) = k − 1, A(0) = k} be
the coalescent time from k genes to k − 1 genes. Let E[Tk] be the expectation of Tk

with respect to coalescent events and the stochastic fluctuation of population size. The
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coalescent effective population size from k genes to k − 1 genes N (C)
e (k) is defined

by

E[Tk] = 2

k(k − 1)
N (C)

e (k), (50)

since E[Tk] = 2
k(k−1)

N when the population size is constant (N (t) = N ).

For this effective population size, it holds that Nh < N (C)
e (k) < Na where Nh =(∑L

i=1 νi/Ni
)−1 and Na = ∑L

i=1 Niνi are the harmonic mean and the arithmetic
mean of population size.

For the special case that N (t) is a two-valued Markov chain on {N1, N2} (N1 < N2),
the coalescent effective population size from two genes to one gene is expressed as

N (C)
e (2) = Nh + (Nh − N1)(N2 − Nh)

N1 N2(γ1 + γ2) + Nh
, (51)

where γ1 = γ12, γ2 = γ21 and Nh = (γ1 + γ2)
(

γ2
N1

+ γ1
N2

)−1
.

Appendix 2 Proof of Results 1, 2 and 3

A.2.1 Proof of Result 1

Note that (L − l)/(M + m) > L/M if and only if Lm + l M < 0, (L − l)/(M + m) =
L/M if and only if Lm + l M = 0, and (L − l)/(M + m) < L/M if and only if
Lm + l M > 0. Put

L = 1 − 1

Nh
, (52)

l = (1 − uK )2n1n2(1 − q1 − q2), (53)

M = 1 −
(

1 − 1

Nh

)
(1 − uK )2, (54)

m = (1 − uK )2
{

1 − 1

Nh
− n1 − n2 + (1 − uK )2n1n2

}
(1 − q1 − q2). (55)

Then it holds that

Lm + l M = −(1 − uK )2
(

1

N1
− 1

Nh

) (
1

Nh
− 1

N2

)
(1 − q1 − q2), (56)

L

M
= Nh − 1

1 + (Nh − 1)uK (2 − uK )
, (57)

L − l

M + m
= E[H(∞)]

u(2 − uK )
, (58)
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by noting (18). Since Lm + l M < 0 if and only if 0 < q1 + q2 < 1, Lm + l M = 0 if
and only if q1 + q2 = 1, and Lm + l M > 0 if and only if q1 + q2 > 1, it holds that

E[H(∞)] >
(Nh − 1)u(2 − uK )

1 + (Nh − 1)uK (2 − uK )
= � (59)

if and only if 0 < q1 + q2 < 1,

E[H(∞)] = � (60)

if and only if q1 + q2 = 1,

E[H(∞)] < � (61)

if and only if q1 +q2 > 1. Here � is the equilibrium average heterozygosity when the
population size is constant and N (t) = Nh (see (31)). The conclusion of Result 1 holds
since the heterozygosity effective population size N (WF2)

e is an increasing function of
E[H(∞)] (see (21)). 	


A.2.2 Proof of Result 2

It is enough to show that E[H(∞)] is a decreasing function of q since N (WF2)
e is an

increasing function of E[H(∞)]. For the symmetric case that q = q1 = q2,

1 − 1

Nh
= n1 + n2

2
(62)

and E[H(∞)] can be expressed as

g(q) = E[H(∞)] = u(1 − uK ){n1 + n2 − (1 − uK )2n1n2(1 − 2q)}
1 − (1 − uK )2(n1 + n2)(1 − q) + (1 − uK )4n1n2(1 − 2q)

.

(63)

Here E[H(∞)] is denoted by g(q) as a function of q. After tedious calculations, it
can be shown that the derivative of g(q) with respect to q is

g′(q) = − u(1 − uK )(n1 − n2)
2

{1 − (1 − uK )2(1 − q) + (1 − uK )4n1n2(1 − 2q)}2 < 0. (64)

Then E[H(∞)] is a decreasing function of q. 	
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A.2.3 Proof of Result 3

By (18) and (21), it can be shown that

Ñ (WF2)
e = Nh + (Nh − N1)(N2 − Nh)(1 − q1 − q2)

N1 N2(q1 + q2) + Nh(1 − q1 − q2)
. (65)

On the other hand,

Ñ (D)
e = Nh + (Nh − N1)(N2 − Nh)

N1 N2(γ1 + γ2) + Nh
(66)

holds by (47). The second equality in (29) can be shown by (51). The result of (28) can
be seen quantitatively since 0.67 < Ñ (WF2)

e /N (WF1)
e < 0.68 if N1 = 10, N2 = 100

and q1 = q2 = 0.01. 	


References

Araki H, Tachida H (1997) Bottleneck effect on evolutionary rate in nearly neutral mutation model. Genetics
147:907–914

Cannings C (1974) The latent roots of certain Markov chains arising in genetics: a new approach. I. Haploid
models. Adv Appl Prob 6:260–290

Chia AB, Pollak E (1974) The inbreeding effective number and the effective number of alleles in a popu-
lation that varies in size. Theor Popul Biol 6:149–172

Crow JF (1954) Breeding structure of population. II. Effective population number. In : Kempthorne O (ed)
Statistics and mathematics in biology. Hafner, New York, pp 543–556

Donnelly P (1986) A genealogical approach to variable-population-size models in population genetics.
J Appl Probab 23:283–296

Ewens WJ (1982) The concept of the effective population size. Theor Popul Biol 21:373–378
Gillespie JH (1998) Population genetics—a concise guide. The Johns Hopkins University Press, Baltimore
Gillespie JH (2000) The neutral theory in an infinite population. Gene 261:11–18
Heyde CC, Seneta E (1975) The genetic balance between random sampling and random population size.

J Math Biol 1:317–320
Iizuka M (1987) Weak convergence of a sequence of stochastic difference equations to a stochastic ordinary

differential equation. J Math Biol 25:643–652
Iizuka M (2001) The effective size of fluctuating populations. Theor Popul Biol 59:281–286
Iizuka M, Matsuda H (1982) Weak convergence of discrete time non-Markovian processes related to selec-

tion models in population genetics. J Math Biol 15:107–127
Iizuka M, Tachida H, Matsuda H (2002) A neutral model with fluctuating population size and its effective

size. Genetics 161:381–388
Jagers P, Sagitov S (2004) Convergence to the coalescent in a populations of substantially varying size.

J Appl Probab 41:368–378
Kaj I, Krone MS (2003) The coalescent process in a population with stochastically varying size. J Appl

Probab 40:33–48
Karlin S (1968) Rates of approach to homozygosity for finite stochastic models with variable population

size. Am Nat 102:443–455
Kimura M (1968) Evolutionary rate at the molecular level. Nature 217:624–626
Klebaner FC (1988) Conditions for fixation of an allele in the density-dependent Wright–Fisher model.

J Appl Probab 25:247–256
Nei M, Maruyama T, Chakraborty R (1975) The bottleneck effect and genetic variability in populations.

Evolution 29:1–10
Ohta T (1973) Slightly deleterious mutant substitutions in evolution. Nature 246:96–98

123



Effective population size 375

Ohta T (1992) The nearly neutral theory of molecular evolution. Annu Rev Ecol Syst 23:263–286
Sano A, Shimizu A, Iizuka M (2004) Coalescent process with fluctuating population size and its effective

size. Theor Popul Biol 65:39–48
Seneta E (1974) A note on the balance between random sampling and population size. Genetics 77:607–610
Sjödin P, Kaj I, Krone S, Lascoux M, Nordborg M (2005) On the meaning and existence of an effective

population size. Genetics 169:1061–1070
Tachida H (2000) DNA evolution under weak selection. Gene 261:3–9
Tavaré S (1984) Line-of-descent and genealogical processes, and their applications in population genetics

models. Theor Popul Biol 26:119–164
Wright S (1938) Size of population and breeding structure in relation to evolution. Science 87:430–431

123


	Effective population size of a population with stochastically varying size
	Abstract
	1 Introduction
	2 The model
	3 Results
	4 Discussion
	Acknowledgments
	Appendix 1 Definition and properties of Ne(WF1), Ne(D) and Ne(C)(k)
	A.1.1 Wright--Fisher model without mutation under stochastic fluctuation of population size (Iizuka 2001)
	A.1.2 Diffusion model with mutation under stochastic fluctuation of population size (Iizuka et al. 2002)
	A.1.3 Coalescent model under stochastic fluctuation of population size (Sano et al. 2004)

	Appendix 2 Proof of Results 1, 2 and 3
	A.2.1 Proof of Result 1
	A.2.2 Proof of Result 2
	A.2.3 Proof of Result 3

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


