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Abstract The stochastic dynamics of a well-stirred mixture of molecular
species interacting through different biochemical reactions can be accurately
modelled by the chemical master equation (CME). Research in the biology and
scientific computing community has concentrated mostly on the development
of numerical techniques to approximate the solution of the CME via many real-
izations of the associated Markov jump process. The domain of exact and/or
efficient methods for directly solving the CME is still widely open, which is
due to its large dimension that grows exponentially with the number of molec-
ular species involved. In this article, we present an exact solution formula of
the CME for arbitrary initial conditions in the case where the underlying sys-
tem is governed by monomolecular reactions. The solution can be expressed in
terms of the convolution of multinomial and product Poisson distributions with
time-dependent parameters evolving according to the traditional reaction-rate
equations. This very structured representation allows to deduce easily many
properties of the solution. The model class includes many interesting exam-
ples. For more complex reaction systems, our results can be seen as a first step
towards the construction of new numerical integrators, because solutions to
the monomolecular case provide promising ansatz functions for Galerkin-type
methods.
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1 Introduction

The growing interest in stochastic models for biochemical reaction systems has
lead to increasing activities in the design of efficient numerical methods for
the solution of the underlying chemical master equation (CME) [1,3,4,10,12,
15,19,20]. Almost all current approaches indirectly approximate the CME by
generating a statistically large number of realizations of the associated contin-
uous-time, discrete state space Markov jump process, e.g. with the so-called
stochastic simulation algorithm, cf. [11,22]. The domain of numerical or analyt-
ical techniques for directly solving the CME is still widely open, which is mainly
due to the fact that the dimension increases exponentially with the number of
molecular species involved. The CME can be understood as a huge system of
coupled ordinary differential equations: There is one differential equation per
state of the system, in contrast to the traditional reaction-rate approach where
only one differential equation per species is required. For example, a rather
small system of only three species with molecule numbers varying between,
say, 0 and 99, contains 1007 different states, and 1,000,000 coupled differential
equations have to be solved in order to determine evolution of the probability
density in time! As a consequence, solving the CME with standard numerical
integrators is usually cumbersome and often completely impossible.

Analytical solutions of the CME are only known for special reaction systems
with particular initial conditions; these include, e.g., closed (mass conserving)
linear reaction systems with multinomial initial distributions [6,8], open linear
reaction systems with Poisson initial distribution [9], or a two-component, lin-
ear open system with deterministic initial conditions [21, Chap. 8.4]. Recently,
Gadgil et al. [8] presented evolution equations for the mean and the variance
of a general system of first-order reactions, but did not derive an analytical
solution formula for the probability distribution. Concerning the limit behavior
of the CME, it is known that the equilibrium distribution of a finite closed sys-
tem of linear reactions is multinomial, while the equilibrium distribution of an
open system of linear reactions is Poisson in each component (see, e.g., [8] and
references therein), but to the best of our knowledge, nothing is known about
the general time-dependent transient behavior for arbitrary initial conditions,
including the important class of deterministic initial conditions.

In this article we consider chemical reaction systems with arbitrarily many
species and states, but assume that only monomolecular reactions occur. Under
this condition we derive an explicit formula for the exact solution of the CME.
For the generic case of deterministic initial conditions, the solution turns out
to be the convolution of multinomial and product Poisson distributions with
time-dependent parameters evolving according to the traditional reaction-rate

@ Springer



Solving the chemical master equation 3

equations. All previously derived results on monomolecular reaction systems
can be restated in terms of our representation. Although the vast majority of
biochemical systems includes bimolecular or more complex reactions, many
interesting applications belong to the class of monomolecular reaction systems:
simplified models for the conformational dynamics of proteins and RNA, simple
birth and death processes, bacteriophage dynamics, queing systems, migration
processes, gating of ion chanels, hydrolysis etc. (see, e.g., [7,8] and references
therein).

Moreover, we believe that studying monomolecular reactions is worthwhile
for additional reasons: (1) Recent developments in speeding up the stochas-
tic simulation algorithm by treating isolated subsystems (the so-called virtual
fast process) analytically require the solution of the CME for these subsystems
[5]- The virtual fast process will often be related to systems of monomolec-
ular reactions (with rates depending on slow chemical species), although the
overall system involves bimolecular reactions. (2) The performance of new
numerical methods has to be evaluated, typically by applying the method to
a problem with known solution. In this case, nontrivial, time-dependent solu-
tions of chemical reactions systems are required. (3) The monomolecular case
can be seen as a starting point for the construction of new numerical solv-
ers for the general CME. Many numerical methods are devised in such a way
that they yield the exact solution in special cases, like monomolecular reaction
systems for the CME. Representing the solution as a linear combination of
suitably chosen basis functions and exploiting linearity of the equation, such a
representation would, at the cost of a hopefully small error, reduce the num-
ber of degrees of freedom considerably. Work in this direction is currently in
progress.

Outline: Sect. 2 sets the scene and gives a short summary of the determinis-
tic and the stochastic approach to reaction kinetics. In Sect. 3 explicit solution
formulas for the monomolecular CME under special initial conditions are pre-
sented. For the convenience of the reader, we report two known results, namely
that the solution of the CME for closed systems and multinomial initial con-
ditions stays multinomial [8], and that a corresponding assertion holds for the
Poisson distribution and open systems [9]. In our main theorem, both results
are combined and extended in such a way that for arbitrary initial conditions
an explicit solution formula of the monomolecular CME is obtained. In Sect. 4
we discuss properties of the solution distribution, like expectation, variance,
convergence to steady states and marginal distributions. Our results are illus-
trated in Sect. 5 in application to some simple examples previously discussed
in the literature. The last section sketches possible extensions and provides an
outlook.

2 Stochastic and deterministic reaction kinetics

We study a reaction system with n € N different species or substances Sy, ..., S,
subject to the following reaction channels:
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4 T. Jahnke, W. Huisinga

. Cjk . .

Reaction Rj: §; ELN Sk conversion (j # k)
. C . .

Reaction Rgr: # —> S production from source or inflow (1)
. cjo .

Reaction Rjp: S L degradation or outflow

These reactions are referred to as monomolecular reactions. In comparison
to general first-order reactions, we do not include (auto)catalytic reactions
S; LN S; + Sk, nor splitting reactions S§; -5 8+ Sk with j = [, k. For possible
generalisations, see Sect. 6.

The rates cj; are assumed to be nonnegative and can (but need not) be time
dependent, i.e., cjx = cji(¢). For simplicity of notation, let ¢z = 0 for all k € N

in order to exclude the trivial reaction S S k- We suppose that all molecules
are contained in a constant volume at constant temperature, and that the sys-
tem is “well-mixed” in the sense that the molecules are uniformly distributed
in space as explained in [11].

2.1 Deterministic reaction kinetics

In the traditional approach the concentration Cg(¢) of the substance Sy is the
solution of the reaction-rate equation

n n
Cr(t) = cor®) + D e Ci(1) = D ek Ci (1), (2)
j=1 j=0
Hence, the vector C(t) = (Cl(t),...,Cn(t))T of all concentrations evolves
according to
C(t) = AOC@) +b() (3)

where b(t) € R”" is the vector

T
b(t) = (co1 (), co2 (D), . . ., con(r)) 4)

and A(7) is the matrix with entries a;i (r) defined by

n
ajx(t) = cj() forj# k=1, ag) =—) ck(0). (5)
j=0
The definition of A implies that the sum of each column is nonpositive, because
n
> ap(t) = —cro(t) < 0. (6)
j=1
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Solving the chemical master equation 5

A matrix with property (6) and nonnegative off-diagonal elements is called a
compartmental matrix [2]. Compartmental matrices have many nice features
(see Proposition 4), for example that the solution C(¢) has nonnegative entries
if the initial vector C(0) has nonnegative entries. This can be readily seen from
(2), because Ci(¢) = 0 implies Ci(#) > 0. Moreover, mass balance shows that
D1 Cr(®) < X7 Cr(0) for each t = 0, and “<” can be replaced by “=" if
cxo = 0 for all k.

2.2 Stochastic reaction kinetics

At any time ¢ the state of the system is described by the number of molecules of
each species. Since no positional information is available the state of the system
is to be understood as a random variable X (7) = (X 10,..., Xy (t)) where X (1)
is the number of molecules of the kth species at time ¢.

The reactions are entirely defined by the stoichiometric vectors and the pro-
pensities. The stoichiometric vector v¥X) € N” corresponds to the state change
that occurs whenever the reaction channel Rj fires. In case of the reaction
system (1) we have

R S

where g denotes the kth column of the identity matrix in R"*". The propensity
aji (1, x) is related to the reaction probability in the following way: If the system
is in state X (1) = x € N" at time ¢, then (7, x)dt is the probability that in the
next “infinitesimal” time interval [¢,7 + df) the reaction channel Ry will fire.
According to [11] the propensities are given by

cjk(t)x;  for reaction Rjj
i (t,x) = 1 cok(?) for reaction Ry .
cjo(H)x;  for reaction Rjp

For ease of notation we define o (1, x) = 0 if x ¢ N".
In this article, we give an explicit formula for the probability distribution

P(t,x) = IP’(X1 ) =x1..... Xp(0) = xn)

of the random variable X (¢). For convenience, we define P(t,x) = 0 for all
x ¢ N". The distribution P is the solution of the chemical master equation
(CME)

WP =D > (ajk(t,x — k)Pt x — v*) — a1, x) P, x)), (7)

j=0 k=0
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6 T. Jahnke, W. Huisinga

which can be rewritten as

0P(x) = D cor0)(Plt,x — ) = P(t.))
k=1

+> cko(t)((xk + DP(,x + &) — x PG, x))
k=1

N0 ((x,» + DP(x + & — ex) — ;P x)). (8)

j=1 k=1

The first sum of the CME (8) corresponds to the inflow reactions Ry, the sec-
ond one to the degradation Ry, and the double sum represents the conversions
Ri.

We suppose that the molecule numbers at time ¢ = 0 are specified in terms
of some initial probability distribution u, i.e.

P,x) = pn(x) forallx e N 9)

By superposition, the problem of solving the CME for arbitrary initial distri-
butions can be reduced to the corresponding problem with deterministic initial
conditions, i.e.,

1 ifx=¢

P0,x) = 8 (x) = [0 otherwise (10)

with 8¢ (x) denoting the Kronecker symbol. To be more precise, if P (¢, -) denotes
the solution of (8) with initial condition (10), then the solution of (8) with initial
condition (9) is given by

P(t,x) = > p()Ps(1,%), (11)
EeNn

because the CME is linear and any . (x) can be represented as

1) = D" puE)se (x).

EeNn

Hence, our aim is to find a formula for the exact solution of the CME (8) with
deterministic initial conditions (10).
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Solving the chemical master equation 7

3 Explicit solution formulas for the monomolecular chemical master equation

To start with, we briefly list some basic definitions. The convolution Py x P, of
two probability distributions Py and P> on the state space N” is defined by

(P1+P)(xX) = > Pi(2)P2(x —2) = D P1(x — 2)P2(2),
z z

where the sum is taken over all z € N” such that (x — z) € N".

Let |x| := >_}_; |xk| be the 1-norm of the vector x. For any x € N” and
any p = (p1,...,pn) € [0,1]" with |p| < 1, the multinomial (or polynomial)
distribution M (x, N, p) is given by

DA
M(xaN7p)= . (N_|x|)' k=1 xk'
0 otherwise.

if [x] < Nandx e N*

Finally, let P denote the product Poisson distribution

)\xl )\x,,
P,d) = - 2 e xe N
x1! Xp!
with parameter vector A = (A{,...,;) € R" containing nonnegative entries,

and for ease of notation let P(x,1) = 0if x ¢ N".

3.1 Closed systems with multinomial initial distribution

In this section we assume that the system is closed! in the sense that all inflow
reactions Rox : * —> X} are excluded by assuming cox = 0O for all k. More-
over, suppose that instead of the deterministic initial data (10), P(0,x) is a
multinomial distribution. Then, this is one of the few cases where the CME (8)
can be solved analytically, cf. [8].

Proposition 1 Consider the monomolecular reaction system (1) with a total num-

berof N € Nmolecules and suppose that co;. = O for all k. Ifthe initial distribution
is the multinomial distribution

P(0,x) = M(x,N, po)

L We call such a system closed in spite of the fact that some molecules can leave the system via the
degradation reactions Rjp : S; —> *. We do so because, upon introducing a fictitious species Sy,
reactions of type Rjy can be considered as conversion reactions S; —> Sy, and as a consequence
the total number of molecules stays constant. The only particular thing about Sy is that there is no
reaction from S back to any other species.
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8 T. Jahnke, W. Huisinga

for some pg € [0,1]", then the probability distribution at time t > 0 is still a
multinomial distribution

P(t,x) = M(x,N,p(1))

with parameter vector p(t) = (pl(t), .o sPn (t))T evolving according to the differ-
ential equation

p(t) = A@p(1)

p0) =

(12)

with A defined in (5).

Remark The differential equation (12) is the familiar deterministic rate equa-
tion (3) in the inflow-free case b(¢) = (0, ... ,0)T. If all rates cjk are constant the
solution of (12) is simply p(f) = exp (tA) po. If some of the rates are time-depen-
dent, the matrix exponential exp (A(¢)) does generally not provide the solution,
but the differential equation (12) can be solved numerically by using, e.g., a
Magnus method [16].

Proof A proof based on random walks can be found in [8] (for constant rates).
We give a different proof by verifying directly that M (x, N, p(1)) solves indeed
the CME (8). The initial condition is obviously met. Let x € N" be fixed, put
y = N — |x| and define g(f) = 1 — |p(¢)|. We first consider the case that x; # 0
and y # 0. Taking the derivative of the probability distribution gives

y!

| - 0] - 1@
d_tM(x,N,P(f))—N!dt( g i )

1 n
(t) pk ( ) 4o (t)

From (12) we obtain

n n n n
pj= Zcijpi - (Z Cji)Pja qg=- Zpi = ZCiOPi
i=1 i=0 i=1 i=1

because p;(f) > 0 for all i (cf. Sect. 2). This yields
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Solving the chemical master equation 9

d (s Py
EM(X’N’p):N!(y—l)! ZCiOPi Hx_

non xj—1 xi+1 Xpe
q Pj pi' Py
NS D (i +1) [T 25
| PR ! . | |
T PRy RSV S

n n

— ZZcﬁij(x,N,p)
=1 i=0

n
= Z(x,- + DecioM(x + €i, N, p)

i=1

+ Z Z(xi + DM (x + & — €))

j=1 i=1
n n

— Z Z cjixiM(x,N,p).
j=1 i=0

Rearranging these expressions gives

d n
aMeNr) =3 cio((xi + DM@ + e, N.p) = xiM(x, N, p))

+ z Zc,-j((xi + DM(x + 6 — &) — xi/\/l(x,N,p))
j=1 i=1

which is the CME (8) in the case cop = 0 for all k = 1,...,n. If y = 0 and/or
X, = 0for some k, then some of the terms in the above formulas vanish because
pr(®?/0! = 1 and %pk(t)O /0! = 0, but the same calculation can be carried out
mutatis mutandis. O

Proposition 1 states an explicit formula for the probability distribution under
the assumption that there is no inflow into the system and that the initial distribu-
tion is multinomial. Both conditions, however, are very restrictive. Nevertheless,
Proposition 1 will be helpful in the proof of our main result (Theorem 1).
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10 T. Jahnke, W. Huisinga

3.2 Open systems with product Poisson initial distribution

In a next step towards this aim, we admit inflow reactions and quote a result
similar to Proposition 1 for the Poisson distribution, cf. [9].

Proposition 2 Consider the monomolecular reaction system (1). If the initial
distribution is given by a product Poisson distribution

P(0,x) = P(x, 10)

with some parameter vector Ay € R" of nonnegative entries, then the probability
distribution at time t > 0 is still a product Poisson distribution

P(t,x) = P(x, (1))
with parameter vector A(t) evolving according to the reaction rate equation

M) = AWDAD) + b(D)
(13)
A(0) = Ao

with A(t) and b(t) defined in (5) and (4).

Proof This result is derived in [9] using moment generating functions. For con-
venience of the reader, we give a direct proof. Let x € N and, as in the proof
of Proposition 1, assume first that x; # 0 for all k. Since

Xk Xk xi—1
e VI B OO VR S SO
= —Ap—¢€ + Ai e
dr xg! X! (xr — D!

the derivative of the Poisson distribution is

d no L
3 Peh = kz‘{kax,x) + ;)\ﬂ)(x — &, 1) (14)
= J=

From (13) and (6) we have
n n n
Aj = Zaﬁk,‘ +bj= Zcijki — Zc]'j)»j + coj
i=1 i=1 i=0

and

n
D k== ckori + Il

k=1 k=1
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Solving the chemical master equation 11

which turns the first term on the right-hand side of (14) into

=D MP@A) = (Z Crork — |b|)7><x, )

k=1 k=1

= ok + DPE+er,h) — D coxPx, 1), (15)
k=1 k=1

Using the relation A;P(x — &j,A) = x;P(x,1) we find that the second term of
(14) equals

n
Z XjP(x —&j,A)
j=1

n o n n on n
= Z Z ciinP(x — &, A) — Z Z le')»]"P(x — &, A) + Z C()]"P(x —&j,A)

j=1 i=1 j=1 i=0 j=1
n n n n
= Z Z cij(xi + DP(x + & — &, A) — Z z cjixjP(x, 1)
j=1 i=1 j=1 i=1
n n
- Z cjox;P(x, ) + Z coiP(x — &, 1). (16)
j=1 =1

Substituting (15) and (16) into (14) yields

n

d
E?’(x, A) = ECQj(P(x —¢&j,A) — Plx, A))

+ 3 cxo (@ + PG+ e ) — 1P, 2))
k=1

+>> cij((xi + P+ & — .4) — xP(x, ,\)),

j=1 i=1

which is exactly the CME (8). Now suppose that x; = O for one or more k.
Without loss of generality, it can be assumed, possibly after a suitable permuta-
tion of the indices, that there is an m € N such that x; = Oforallm < k <nand
xy # 0forall 1 < k < m. Then, the formula (14) for the derivative of P(x, A) has
to be adapted such that the second sum is only taken from 1 to m. Accordingly,
(16) remains valid if “>°7_; ...” isreplaced by “> 2 ...” everywhere, and since
we have defined P(x,1) = 0 for x ¢ N the CME (8) is again recovered. ]

Remarks 1.1tis worth noticing that Proposition 2 remains valid if all inflow rates
cok are set to zero, i.e. if the system is closed. In view of Proposition 1 this means
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12 T. Jahnke, W. Huisinga

that, in case of a closed system, multinomial distributions stay multinomial
whereas Poisson distributions stay Poisson. However, the occurrence of Pois-
son distributions for closed systems seems not to be very natural because in
closed systems a finite state space is typically considered.

2.If X1, ..., X, areindependent Poisson variables with parameters A1, . .., A,
then it is known that the conditional distribution of X (f) = (X7,..., X)) given
>, Xi = N is multinomial with parameters N and p; = A;/ > 1 A (see, e.g.,
[17]). Combining this fact with Proposition 2 could also be used to prove Prop-
osition 1 in a different way. However, we do not state any details here because
the alternative proof is not shorter and requires some technical efforts.

3.3 General systems with arbitrary initial distribution

The above propositions state that “Poisson stays Poisson” and, in closed systems,
that “multinomial stays multinomial”. Though these results provide solutions
of the CME their practical use is limited because in typical applications the
initial data is neither a multinomial nor Poisson distribution but a deterministic
condition of the form P(0,x) = 8¢ (x). However, for some special parameter
values the multinomial and Poisson distribution are indeed of this form, namely

Px,x) =68k < r=0
M(x,N,p) =b(x) <= p=0
Mx,N,p) = Ong;(X) = p =g

where the symbol 0 denotes the zero vector 0 = (0, ... ,0)T € R”. The first two
lines correspond to the situation where no molecules exist at all, i.e. P(X =
0) = 1. The third line is the situation where all N molecules belong to the same
species S;. Based on this observation we now derive an explicit formula for the
solution P(t,x) that holds if the initial condition is deterministic.

Theorem 1 Consider the monomolecular reaction system (1) with initial distri-

bution P(0,-) = 8¢ (-) for some & € N"'. Then, the probability distribution at time
t>0is

Pt,) = P(- 1) » M(- &1, pD(@0) % - - x M (-, 0, p™ (0)). (17)

The vectors p® (¢) € [0,11" and i(t) € R" are the solutions of the reaction-rate
equations

PP =A0pP @), i) = ADrD) +b),

pH(0) = &, 2(0) = 0, (18)

with A(t) and b(t) defined in (5) and (4), respectively.
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Solving the chemical master equation 13

Remark 1f the deterministic initial condition P(0,-) = &¢(-) is replaced by
P(0,-) = u(-) for some arbitrary probability distribution u, the solution can
be obtained by superposition, as already mentioned in Sect. 2.2.

Proof Since only monomolecular reactions are considered, the evolution of
each molecule does not depend on the evolution of the other molecules; cf. [8].
Therefore, we can split the set of all molecules into n + 1 disjoint subsets: A
molecule belongs to the k-th subset if and only if it was a molecule of the species
Sk (1 < k < n) at time ¢ = 0. The zeroth subset contains all molecules that do
not exist yet at t = 0 but are generated at some later time via one of the inflow
reactions of type Ry. As time evolves, any molecule can be transformed by one
of the reactions to a molecule of some other species, but it will forever belong
to the same subset determined by its initial state.

The molecule numbers within each subset of molecules is described by a
vector valued-random variable denoted by X ® () for all k = 0,1,...,n. By
definition, the random variable X (¢) of the entire system is the sum

X0 =X00+xD0) +- - +X"0.
The random variables X % (r) are independent: each subset of molecules evolves
independently because only monomolecular reactions are considered. Thus, the
joint probability distribution is given by the convolution
P(t,) = PO(t,) « POy w - PO, (19)
(see, e.g., [14]) where

PR (1 x) = P(Xl(k) O =x,.... X0 @) = x,,)

is the probability distribution of X (¢). These probability distributions, how-
ever, are immediately obtained from the previous propositions.

For k > 0 the evolution of the kth subset is a closed system, because by
definition any molecules generated by the inflow reactions Ry; does not belong
to the kth subset. At the beginning, the subset contains exactly & molecules of
Sx and no molecules of any other species. Hence, the initial distribution for the
kth subset (1 <k <n)is

PP 0,2) = 85, (00) = M(x, &, 20),
and according to Proposition 1 we have

PO @20 = M (%600 0) (20)

where p® is the solution of the left differential equation in (18).
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14 T. Jahnke, W. Huisinga

The zeroth subset is the only open system, because here all molecules gener-
ated by any of the inflow reactions are collected. The initial distribution of this
subset is

PO0,x) = P(x,0) = 5o(x),

since the subset is empty at the beginning. Hence, Proposition 2 states that the
probability distribution is

PO,x) = P(x,1(0)) (21)

with A being the solution of the right differential equation in (18). The proof
is now completed by inserting (21) and (20) into (19). Note that for ¢t = 0 the
formula yields the correct initial distribution because

P(0,-) = 80() * 8gyey () * -+ - % 8t () = S5 ().
O

Remark Of course, Theorem 1 can also be shown by inserting (17) into the
CME (8), but this requires long and tedious calculations. For a direct proof, it
is more favourable (yet still quite lengthy) to use generating functions.

Our main result represents the exact solution of the CME (8) in terms of
well-known probability distributions with parameters evolving according to
reaction-rate equations. This very structured representation allows to deduce
many properties of the solution, as exemplified in the next section.

4 Properties of the solution distribution

4.1 Marginal distributions

When the exact solution of the CME (8) is to be visualized, one is restricted to
low-dimensional projections. Therefore, we derive mariginal distribution for-
mulas for the solution distribution in this subsection.

For a vector-valued random variable X = (Xj,...,X,)T € N” and any num-
berjel,...,n— 1 we define two lower-dimensional random variables

Y=(Xn....X) €N, Z=(Xp1,...,X,) eN"

such that X = (Y, Z)T. Any other partition of X can be obtained by an appro-
priate permutation of the indices. Moreover, let

P(y,2) =P(Y =y,Z=2), Fy(n) =P =y), Fz(z)=P(Z=72)
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Solving the chemical master equation 15

be the corresponding probability distributions. Then Fy and Fz are called mar-
ginal distributions of P and are given by

> PG, =Fy(y), > Py,2)=Fz),

zeNn-j yeN/

cf. [14]. We show that the marginal distribution of the solution of (8) has the
same form as the distribution (17) itself, but in a lower dimension.

Proposition 3 Let P(t,x) be the solution (17) of the CME (8). Moreover, fix
jel,...,n—1landdefinex = (y,z) withy = (xl,...,xj) and z = (xj+1,...,xn) .
Then, the marginal distribution

Fy(ty)= D PL,(,2) =D > - ZP(zx)

zeNn—j Xjt1 Xj42

of P(t,x) is given by

Fy(ty) = (P (-i@) «M (w650 0)

* M (605" 0) )(y) (22)

where p%) = (pik), cey ;k))T and . = (Aq,... ,Aj)T only contain the first j entries

of the parameter vectors p® (t) € [0,11" and A(t) € R" defined by the differential
equations (18).

Remark Note that (22) does not depend explicitly on neither p;_]i)l, ey pﬁ,k) nor

Xjt1,- ., An, but these values still have to be computed because they are coupled
with the other entries via the differential equations (18).

Proof The marginal distributions of the multinomial and the Poisson distribu-
tion are

> M(,2),N,p) = M(y,N,p),

zeNn—Jj

> P(5.2.2) =P (1.4)

zeNn—i
with p = (p1,...,pj)T and A= (M-, 2)T (cf. [17]). Now, the statement fol-
lows from the fact that computing the convolution and passing to the marginal

distribution commutes. O
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16 T. Jahnke, W. Huisinga

4.2 Expectation and variance

The expectation E(X) and covariance Cov(Xj, X}) = E(X; — EX}) (X — EX})
of the probability distribution P(z,x) can easily be calculated. It is known that
an n-dimensional random variable Y with multinomial distribution M (x, N, p)
has

—Np; ifj #k
E(Y)=Np, Cov(Yj.Yo ={ o PP% | ifj.f .

(see [17]). If Y is distributed according to the product Poisson distribution
P(x, 1), then

E(Y) =2, COV(Y]', Yi)=0ifj £k, Cov(Yy, Yr) = .

The sum of two independent random variables Y| and Y, has expectation
E(Y1+Y2) = E(Y1)+E(Y3) and covariance Cov(Y7, Y2) = 0 (cf. [14]). Together
with the (bi-)linearity of Cov and E, this yields

E(X(®) =20+ > &p®®)

k=1
n - -
Doap (L —ph+a ifj=k
Cov(X, X =1 ="y
- Z éip](-‘)p,((’) otherwise
i=1

with p(k) and A(¢) from (18). It is well known that the expectation E(X) of the
monomolecular reaction system (1) evolves according to the deterministic rate
equation (3) used in traditional reaction kinetics. This can also easily be seen
from the above expression: At ¢t = 0 we have

E(X(0) =20)+ > &p®0) = > &er =&, (23)
k=1 k=1

and taking the derivative of E(X (¢)) yields via (18)

d ) n ‘ n

GEXW0) =40+ ; ™ (1) = AOLO) + b() + ; &.Ap® (1)

= ADE(X(®) + b(. (24)

This equation and a differential equation for the variance have been derived in

[8].
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Solving the chemical master equation 17

4.3 Steady states and convergence

In this section we study the limit behaviour of the CME, in particular the con-
vergence of its solution to a equilibrium distribution. For the remainder of
this section we impose two additional and natural assumptions on the reaction
system:

(A1) Allreaction rates cj are constant.
(A2) The matrix A is irreducible, i.e., there is no permutation of indices such

that A takes the form
Ay 0
A= .
(A21 A )

Concerning (A1), a steady state might not exist if the rates are time-dependent,
while (A2) guarantees that the system cannot be decomposed into two or more
completely separated parts (see, e.g., [2]).

Under these conditions it is well-known that the equilibrium distribution
of a finite closed system is multinomial, while it is product Poisson for open
systems, cf. [8]. We show that these results can easily derived from Theorem 1.
To do so, we quote some useful results about compartmental matrices.

Proposition 4 (Theorems 12.1, 12.3, 13.1, and 13.2 in [2])

— The real part of any eigenvalue oy of A is nonpositive and there are no purely
imaginary eigenvalues:

Re(or) <0 and Re(op) =0 < o, =0.

— Let oy be the eigenvalue with the smallest absolute value, i.e. |o1| < |og| for
all k. Then o1 = Re(o1) is real and nonpositive, and there is a corresponding
eigenvector containing only nonnegative entries. Moreover, Re(oy) < o1 <0
forall k > 1.

— Ifcpy # 0 for one or more k, then o1 < 0 and A is invertible. All entries of
A~! are nonpositive.

The proof is based on the Gerschgorin Circle Theorem and on the Perron-
Frobenius Theorem, see [2, p. 55ff].

4.3.1 Closed systems

Suppose that there are no inflow reactions Ry, i.e., cor = O for all k. If any
of the degradation rates cyg is nonzero, all molecules will disappear sooner or
later and the system will tend to the trivial steady state lim,_, », P(t,x) = 8p(x).
Therefore, we only consider the more interesting case that cxy = cox = 0 for all
k.
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18 T. Jahnke, W. Huisinga

Proposition 5 Let ¢y = cor = 0 for all k. Under the assumptions (Al) and (A2)
the solution of the CME (8) with initial data P(0,-) = 8¢ () for § € N converges
to a multinomial distribution:

Jlim P(t,x) = M(x. €], p)-

The vector p € [0,11" is uniquely determined by the relations Ap = 0 and |p| = 1.
A similar result can be found in [8].

Proof Tt follows from (6) that Z;’zl aj = 0 for each k. Hence, o1 = 0 is an
eigenvalue with left eigenvector (1,...,1). For b = 0 and constant A the solu-
tions of (18) are simply

p(k)(t) =exp(tA)e, = Texp(tJ)T_lek, A =0
where A = TJT~! is the decomposition provided by the Jordan normal form
(see, e.g., [18]). Thanks to the block structure of J we can treat the matrix
exponential of each Jordan block separately. Since the eigenvalue oy is simple
according to Proposition 4, the first Jordan block consists of only one entry,
namely o1 = 0, and hence
exp(t/1) = exp(oqt) = 1.
For any other Jordan block it can be shown that

lim exp(t/) =0
—00

(where “0” denotes the corresponding zero matrix) because Re(oy) < 0 for all
k > 1 by Proposition 4. Hence, lim;_, o exp(tA) = TLT™! with

. 0
L = lim exp(tJ) =
t—>00
: w0
o -~ 0 0

As a consequence, the parameter vectors p* () tend to well-defined limits and
the system converges to a unique steady state. The fact that exp(tA) converges
implies that its derivative vanishes and thus

d
0= lim — exp(tA) = lim exp(tA)A = TLT 'A.
t—o0 dt t—00

If v® is the k-th row of TLT~!, then v® A = (0, ..., 0) which means that either
v =(0,...,0) or v(¥ is a left eigenvector of A to the eigenvalue o7 = 0. Since
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Solving the chemical master equation 19

this eigenvalue is simple, the corresponding left eigenspace is one-dimensional

and only consists of vectors of the form - (1,...,1) with some r € R. This yields
that
rl r1 oo rl
1 r2 r2 e r2
TLT =
rn rn PR rn

has 7 identical columns and all parameter vectors p) (r) converge to the same
limit:
r
lim p® (1) = lim exp(tA)ex = TLT e = | : | =:p
—00 —00 :

n

The limit p lies in the kernel of A because Ap = TJLT '¢; = 0. Moreover,
it follows from (6) and ¢y = O that |p| = 1. We insert p into the solution
distribution given in Theorem 1 and use that

M(WSl’ﬁ) * M('a%.Z’ﬁ) = M("El +§2,ﬁ)

(cf. [17]). This shows that the only steady state distribution is a multinomial
distribution with parameters p and |£]|. O

Combining the above result with the representation (11), we obtain for every
initial distribution x and every x € N”

Jlim P(t.x) = 37w M(x.[1.p) = Dy M(x.N.p). (25
geln N=0

where p € [0,1]" is uniquely determined by the relations Ap = 0 and |p| = 1,
and py is defined by

uN = )

|§1=N

for N € N. Equation (25) allows three interesting observations: (i) The steady
state is not unique and does depend on the initial distribution p, unless co; > 0
for some k. (ii) Fix some N € N. Then the limit distribution is unique and
multinomial for the sub-class of initial distributions u satisfying uy = 1. (iii)
Closed systems may evolve to Poissonian steady states (cf. Remark 1 following
Proposition 2). As an example, consider the initial distribution . = P(-, 1) for
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20 T. Jahnke, W. Huisinga

some A € [0,00)". Then, u can be interpreted as the joint probability distribution
of n independent Poisson random variables X7, ..., X,,. As a consequence

un =P(X1+ -+ X, = N)
and
]P’(X1 =Xl X =Xn | X4+ X =N) = M(x,N,p)
for x € N”, see Remark 2 on p. 12. Now, by Bayes formula, we obtain

o
tgrgoP(t,x) = NZ,:')MN M(x,N,p) = P(x,1)

with A = |A|-pjfori=1,...,n.
4.3.2 Open systems
Proposition 6 Let cyy # 0 for one or more k and assume that (Al) and (A2)

hold. Then, the solution of the CME (8) with initial data (10) converges to a
Poisson distribution

lim P(t,x) = P(x,1)
t—>00

where X is the solution of Ax = —b and contains only nonnegative numbers.

Remark This agrees with a result proven in [8] which states that the station-
ary distribution of any species in an open first-order conversion network is a
Poisson distribution.

Proof By Proposition 4 the matrix A is invertible and all eigenvalues have
negative real part. The solutions of the differential equations (18) are

p® ) = exp(tA)e, A1) = (exp(tA) —I)A™'b
and since lim;_, o exp(tA) = 0 (use the Jordan normal form as above) we obtain
lim p® @) =0, lim A() = —-A"'b=:1.
— 00 — o0

All entries of A are nonnegative because of Proposition 4. Inserting the limits
into the solution distribution yields lim,—.o P(t,x) = P(x, 1). ]
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Solving the chemical master equation 21

Combining the above result with the representation (11), we obtain for any
given initial distribution P(0,-) = n(-) and every x € N,

lim P(t,x) = lim > w@Pe(tx) = > pu@) Px.i) = Plx,2),
geNn geNr

where A is the solution of Ax = —b and contains only nonnegative num-
bers. Hence, for open systems the convergence and limit behavior is drastically

different from that of closed systems. While in the latter case, the stationary
distribution depends on the initial distribution, it is unique for open systems.

5 Some simple examples

In this subsection we illustrate our result by means of two well-known examples.

5.1 First example

Consider one single substance S and the two reaction channels

. €01 . .
Reaction Ry : x* —> S production from source or inflow

Reaction Ryg: 5 0 degradation or outflow

with constant reaction rates cyp; > 0 and cjp > 0. Suppose that at t = 0 there
are £ molecules (¢ € N) and let P(¢, x) be the probability that at time ¢ there are
x € N molecules of S;. According to Theorem 1 this probability is given by

min{& x} x—k
A t
Pl = > (i)pk(n(l—p(rné—k-(x_—](c))!e-m
k=0

where p(t) = e 10" and A(f) = co1(1 — e710) /¢y are the solutions of the
differential equations

p(O) = —ciop(t),  A(t) = —c1oh(D) + cot,
p0) =1, 1(0) = 0.

This result is stated in the books of Todorovic [21, Sect. 8.4] and Gardiner [9,
Sect. 7.1]. Since lim/— o, p(¢) = 0 and lim;— o, A(f) = cg1/c10, the limit distribu-
tion

TX _
lim P(t,x) = —e*
—00 x!

is the Poisson distribution with parameter A = cg1/c1.
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22 T. Jahnke, W. Huisinga

5.2 Second example

Now we consider the isomerization process with two species S; and S, and the
two conversions

Reaction Ry : 3 Y \Y)

Reaction Ry; 1 S BCIN S
with constant reaction rates cjp > 0 and ¢31 > 0. Suppose that at t = 0 there are
&1 molecules of S and & molecules of S7. Let P(¢,x) be the probability that at
time ¢ > 0 there are x; molecules of S; and x; molecules of S,. Then, according
to Theorem 1,

Pt,) = M(&,pP®) » M(-,&,pP®)

with parameter vectors p((¢) and p® (¢) given by

—C C
PP = exptArer, p® () = exptd)es, AZ( o —21>'
12 21

The above formulas can be simplified if the diagonalisation A = TDT~! with

(1 e _(-d 0 1 1 fecnn —en _
T_(—l Clz)’ D—( 0 0)7 T _C_i 1 1 ’ d_C12+621

is used to compute the matrix exponential exp(tA) = T exp(tD) T-1. This yields

1 e ey +c 1 (1 —=e)e
My = = 12+ @ = = 21
p® d ((1 — e_td)clz) > PO d (e_’d021 +c12

Since [p® ()| = [p@ (1] = 1 we find that
i —Ix|
(1=1p 1) = 08 = g (.

Asa consequence,

e = oty () 0) (-0
= 8&(””% (pﬁk))xl (1 _pik))fk*xl

= 55, (1xDB (x1,6.p")

for k = 1 or k = 2, where B(-, &, pik)) denotes the binomial distribution.
This means that the total number of particles is constant, which is reasonable
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Solving the chemical master equation 23

for the above system. The two-dimensional convolution of two multinomial
distribution now reduces to a one-dimensional convolution of two binomial
distributions:

Px) = 85,1208 (21,6151 8es(1x = 2B (1 — 21, 82,517
Z

e X8 a0 5 (- 5.
21

Since both pgl) (t) and pf) (t) converge to the same value p = ¢51/(c21 + c12) the
stationary distribution is

Jim P(t,) = 85 (%) (B (.1.5) B (,£2.) ) = 8 (B (- [, p)

because the convolution of two binomials with the same parameter is again a
binomial (cf. [14]). In [13] the same stationary distribution was obtained in a
different way.

6 Further development

In this article we derive an explicit formula for the exact solution of the CME
under the assumption that only monomolecular reactions occur in the underly-
ing reaction system. For the generic case of deterministic initial conditions, the
solution turns out to be the convolution of multinomial and product Poisson
distributions with time-dependent parameters evolving according to the tra-
ditional reaction-rate equations. To our knowlegde this is the first report of a
general solution for arbitrary initial conditions. All previously derived results on
monomolecular reaction systems can be restated in terms of our representation
highlighting the structure of the system, as has been shown in Sect. 5. Exploiting
the structure of the solution, many interesting features of the time-dependent
distribution have been expressed in terms of the time-depending parameters
specifying the multinomial and the product Poisson distribution.

Our results presented so far are applicable to reaction systems including con-
version, production and degradation reactions, as specified in (1). The question
arises whether Theorem 1 can be extended to a larger class of systems including,

e.g.,

S; 5 S+ 8 splitting reaction (j # k,[)
S; —> S;j+ S catalytic production (j # k)
S; LN S;+S; autocatalytic production.

As afirst step in this direction, we discuss the case of one single species evolving

according to an autocatalytic reaction with nonnegative rate c¢(¢f). Theorem 1
cannot be applied to this situation because (26) is not a monomolecular reaction
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24 T. Jahnke, W. Huisinga

in the sense of Sect. 2. Nevertheless, we can state an explicit formula for the
probability distribution that solves the corresponding CME.

Proposition 7 Suppose that att = 0 there are § € N\ {0} molecules of a species
S taking part in the autocatalytic reaction

S 85+S (26)

with rate c(t) > 0. If P(t,m) denotes the probability to find m € N molecules of S
at time t, then

m—1 _

& m—§

P(t,m) = ‘ (m B g)P (1 —p®) form > & @)
0 form < &

with parameter p(t) obtained by solving the differential equation p(t) = —c(t)p(t)
with p(0) = 1.

Proof 1t has to be shown that (27) solves the CME
a
5P(t, m) =c(t)(m—1)Pt,m—1) — ct)mP(t,m) (28)

with initial data P(0,m) = 8¢ (m). Taking the derivative of (27) and omitting the
argument “(¢)” gives

a -1 m— m—&— .
= P(t,m) = (’" )(spé—l(l—p) f-pfm—e1-p)" ) b0

ot m—£&
- (1% . TT_;) pP(t,m)
= (—cé—i—cprf:é)P(I,m)
m—§

= —cmP(t,m) + ¢ 1 P(t,m)

—-p
= —cmP(t,m) +c(m — DHP(t,m — 1)

for all m > &, where we have used that 1 — p(¢) > 0 and p(¢) > O for ¢t > 0. At
t = 0 we obtain

-1 . _1
(Z _ E)P‘E(O)(l —p(O)) §_ (Z _ 5)1555(171) — 5:(m) = P(0,m).
This proves that (27) is indeed the solution of (28). O
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Solving the chemical master equation 25

Remark The distribution (27) is a shifted variant of the negative binomial dis-
tribution B defined by

3 1
B(m,r,q) = (r +}::1 )p’(l -p"

forallp € [0,1] and r > 0, see [14]. Itis easy to see that P(t,m) = B(m— £,6,p).
Since it is known that

E (B(-,r, q)) = mzz‘:)mlg’(m,r, q) = 1q_rq,

the expectation of P(t,-) is

E(P@,)) = D (m—&+&B(m—&,61—p@)

m=0
Cd-pwe &L
=T o0 o cC

which is again the solution of the traditional rate equation y(f) = cy(t) with
initial value y(0) = &.

Proposition 7 provides an analytic solution for isolated autocatalytic reac-
tions, but unfortunately we have not yet found a way to treat systems where
autocatalytic reactions occur together with production, conversion or degrada-
tion reactions. For example, the joint probability distribution of the system

c1

* —> S
&)

S —= %

S 28548

is beyond the scope of our results. We only know that somehow this distribu-
tion must “interpolate” between the Poisson, binomial and negative binomial
distributions, because each of these is obtained in a special case. We believe,
however, that Proposition 7 and Theorem 1 can be combined and extended in
such a way that analytic solutions of the CME are obtained even when both
monomolecular and autocatalytic reactions are possible.
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