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Abstract. A model of phytoplankton dynamics within a water column was analyzed with
special consideration on the existence of a bifurcation set in the parameter space. We consid-
ered two resources, light and a limiting nutrient, for phytoplankton growth and assumed that
the water column is separated into two layers by thermal and/or density stratification. It was
shown that there exists a bifurcation set in the parameter space when the growth function
meets several conditions that are general for growth functions of two essential resources.
Specifically, these conditions include that a less abundant of the two resources limits the
growth while the effect of the other is sufficiently small. Folded structure with two stable
states separated by one unstable state appears in the catastrophe manifold when parameters
move to a certain direction with a certain curvature from a point in the bifurcation set. These
results suggest that occurrence of discontinuous transition between two alternative vertical
patterns is possible nature of phytoplankton dynamics within a stratified water column.

1. Introduction

Phytoplankton, the primary producer of aquatic ecosystems, show strong hetero-
geneity in time and space, including spring blooms, horizontal patchiness, surface
scums, and subsurface maxima. Among them, the heterogeneity in vertical axes has
been considered one of the most significant for ecosystem functioning and global
biogeochemical cycling and studied extensively for over forty years [12]. The ver-
tical distribution patterns of phytoplankton are formed and maintained by both
physical (e.g., sinking of cells; vertical mixing) and biological (e.g., in situ growth;
grazing; adaptive strategies) factors. While many simulation models have success-
fully reproduced the development of vertical patterns, there are also studies that
focus on qualitative features and mathematical aspects of this subject [4, 11, 14].
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There has been increasing interest in catastrophic shifts in ecological systems
in recent years [9, 10]. For the management of ecosystems, it is crucial to examine
various systems whether they would include bistability and catastrophic structure
both theoretically and empirically. Though several systems have been extensively
studied and suggested to have bistable states and catastrophic shifts, examples of
such ecological systems are still limited (see reviews in [9, 10]).

Vertical distributions of phytoplankton are classified roughly into two patterns
in stratified water columns, surface chlorophyll maxima and subsurface chloro-
phyll maxima (Figure 1). In [15], it was suggested that these two patterns can exist
as bistable states and that a catastrophic shift can occur between these two pat-
terns. This was the first report that suggests that the peak of vertical distributions
of phytoplankton can shift discontinuously with gradual changes in environmen-
tal conditions and algal blooms may occur in a catastrophic fashion. Results were
obtained by numerical experiments of a mathematical model that considers two
vertical layers, a surface layer and a deep layer. Phytoplankton growth in the model
was assumed to be a function of two resources, light and a limiting nutrient, and the
two resources were assumed to be strictly essential, that is, a less abundant resource
exclusively limits the growth and the other does not affect the growth. Though this
kind of formulation is common in phytoplankton models [5, 13], simultaneous lim-
itations by two or more resources for phytoplankton growth are often observed in
natural conditions, implying requirements for other formulations to generalize the
results.

In the present paper, we analyze a model of phytoplankton dynamics within
two well-mixed vertical layers and show the existence of a bifurcation set in the
parameter space. The model is formulated as four simultaneous nonlinear integro-
differential equations with general phytoplankton growth function of two resources.
Instead of analyzing 4 x4 Jacobian directly, we heuristically construct a scalar
function K which decreases monotonously with time (lemma 2) and whose critical
points correspond exactly to steady states of the model equations (lemma 3). A sub-
set of the model parameter space [C, defined in (23)] is shown to be a bifurcation
set from which two stable and one unstable steady states bifurcate when parameters
move to a certain direction and curvature (theorem 1). The existence of the bifur-
cation set is shown when the growth function satisfies an additional assumption
(theorem 2). All proofs of theorems and lemmas are given in the section 6.

2. Model
2.1. Model equations

We consider phytoplankton population within a water column. The water column is
assumed to be separated into two layers, a surface layer and a deep layer, by strong
thermal and/or density stratification that is typical in temperate lakes and oceans in
summer, or estuaries with fresh water inflow. The vertical position is expressed as
the depth from the surface (z = 0) to the bottom (z = zp). Both layers are assumed
to be completely mixed, that is, all particles are distributed homogeneously. We
assume that phytoplankton cells are neutrally buoyant and the growth is expressed
as a function of two resources, light and a limiting nutrient, and that the nutrient



Catastrophic shifts in vertical distributions of phytoplankton 237

Temp. (°C) Chl. (ug L™ Temp. (°C) Chl. (ug L™
OO 10 20 300 2 4 &6 00 10 20 300 2 4 6

— 101 1 10
E
c
a
[0
a

20 1 20

30 30

12 September 1993 13 September 1994

Fig. 1. Examples of surface and subsurface chlorophyll maxima (modified from [7]). Two
sets of vertical profiles of water temperature and chlorophyll were taken in September 1993
and 1994 at the same location in Lake Biwa, Japan. Though similar thermal stratification
was seen in each year, chlorophyll profiles were significantly different; a surface chlorophyll
maximum was observed in 1993 and a subsurface chlorophyll maximum was observed in
1994

diffuses from the bottom sediment of the water column. We ignore the other nutrient
sources and nutrient regeneration.

Let Ps and Ng be phytoplankton population density and the limiting nutrient
concentration in the surface layer, Pp and Np, those in the deep layer, and 7 (z),
light intensity at each depth. Model equations for the dynamics of phytoplankton
and the nutrient are given by

. 1 27
Ps = . {VDT(PD — Ps) + PS/O [f(Ns, D) —9]dz},

. ZB

Pp = —{—yDT(PD—Ps)JrPD/ [f(ND,I)—Gle},
iB —ZT Ir
) 1 ir
NS:;[DT(ND_NS)_O‘PS A f(NS’I)dZ:|’

. ] ZB
Np=—— [DB(NB — Np) — Dy (Np — Ng) — OlPD/ f(Np, I)dz} ,
B — 2T r
(D

where the dots over variables stand for time derivatives, f(N, I) is the growth
rate of phytoplankton, Np, the nutrient concentration at the bottom sediment, z7,
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the thickness of the surface layer, «, the conversion factor from P to N, 9, the
loss rate of phytoplankton, D7, the diffusion coefficient of nutrient between the
two layers, Dp, the sediment-water column permeability, and y, the ratio of diffu-
sion coefficient of phytoplankton cells to that of nutrient particles. The right-hand
sides of (1) are averages of the sum of physical transport and biological reaction
(growth/nutrient consumption) in two layers.

In turbulent conditions, the diffusivity of phytoplankton cells and nutrient par-
ticles will be the same. In contrast in non-turbulent conditions, the diffusivity of
phytoplankton cells is much smaller than nutrient particles due to their particle sizes
[6]. In strongly stratified waters, turbulence is segmented by non-turbulent layers
and the diffusive transport will be restricted by the non-turbulent layers [1]. Thus
the relative diffusivity between surface and deep layers, y, will change between 0
and 1 depending on the strength of stratification.

The ambient light intensity, I (z), is described as

1) = {10 exp[—(r + s Ps)z], forz € 0,271, )

Iopexp{—[(r + sPs)zr + (r +sPp)(z — z7)]}, forz e (zr, 28],

where [ is the light intensity just below the surface, r, the background light extinc-
tion coefficient, and s, the self-shading coefficient of phytoplankton.
By scaling of variables and parameters we have

1 (T
Ps=—{VdT(pD—ps)+ps/ [sv(ns,i)—l]dé“},
¢r 0

1

{_VdT(PD —ps)+pp | lenp,i)— 1]d§} ,

PD = 11— r or
. 1 , {r
ng = — |:dT(nD —ng)—a PS/ p(ns, i)d{] ’
{r 0
X 1
Ap = [dg(ng —np) —dr(np —ng) _“/PDf ¢(np, i)df} e
1 —2¢r i

where Ng, Np, Iy, and I (z) are scaled to ng, np, ig, and i (¢) to be dimensionless,
pn,i) = f(N,1)/0,¢ = z/zB, {r = zr/2B, Ps = szgPs, pp = szpPp,
r" =rzp, o = (ans)/(szpNs), dr = Dr/(0zp), and dp = Dp/(6zp). The
scaled light intensity is described as

i) = {ioexp[—(r’ +ps)¢l, forg € 10,471,

ioexp{—[(r" + ps)¢r + (' + pp)(¢ — ¢}, for¢ € (7, 11.

In the following, we will omit the primes of parameters in (3) and (4). We define C
as the parameter space of (3) and refer a point in C as ¢ = (¢, ¢2, .. .).
The above equations (3) are rewritten in simplified form

d
);__TT(PD — ps) + (Fs — 1)ps,

vdr

pPp = — (pp — ps)+ (Fp — Dpp,
I—¢r

ps =
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. dr
ng = —(np —ns) —aFsps,
sr

dr

np = 1_§_T(nB_nD)_ l—gf(nD_nS)_aFDpD’ ()
where
1 ér
Fs = —/ p(ns, )dg, (6)
¢r Jo
1 1
Fp = / p(np,i)de. @)
=& Jor

From (4) and (6), Fy is a function of pg,ng, and ¢; from (4) and (7), Fp is a function
of ps, pp, np, and ¢. We specify them as Fs(ps, ns, ¢) and Fp(ps, pp,np,€),
respectively. All parameters are assumed to be within Ry = (0, co) except y which
is assumed to be within R+ = [0, 00).

2.2. Change of variables

Here we apply the following changes of variables to (5)

dr +d 1—
us=ns—n3+a[w+y}ps+a< CT_V)PD, (8)

drdp dp
o a(l —¢r)
uDan_nB'FﬁPS"'—;TpDv 9
dp dp
and we have
. vdr
ps = —(pp — ps) +(Gs — D ps,
it
. ydr
pp = — (pp — ps) +(Gp — Dpp,
1—¢r
. dr dr [(dT +dp)er } . (1 —r ) .
ug =——us+—up+a|—————-—1+y|psta —v ) pp,
{r {r drdp dp
) dr dr +dp alr . 1 —¢r .
= - =L —1) pp. (10
Up = TS 1—{TMD+dBpS+a( y pp, (10)
where

Gs(ps, pp, us,c)
dr +d 1 -
= Fy {Ps,us+n3—a [Mﬂ-y] Ps—a( & —J/> PD,C},

deB dB
(11)
alr a(l —¢r)
Gp(ps, pp,up,¢) = Fp | ps, pp,up +ng — ips - —ng, c|.
dp dp
(12)

By this change of variables, us = up = 0 for any steady states of (10).
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2.3. General assumptions for growth function

Here we make several assumptions for the normalized growth function ¢ (n, i) and
the derivatives:

(A1) ¢ is a continuous function for (n,i) € l_li and differentiable for almost all
(n,i) e RZ,

(A2) ¢(n,i) > 0and ¢(0,i) = ¢(n,0) =0,

(A3) d¢/0n, d¢/0di > 0 and at least one of d¢/dn and d¢/di is positive for all
(n,i) e I_{i,

(A4) there exists m; > 0 such that d¢/dn, d¢/di < m forall (n, i) € R2,

(AS5) there exists my > 0and ¥ > 0 such thateither dp/dn > moorde/di > m
when ¢(n,i) < 1+ ¥,

(A6) 3%¢/dn%, 3%¢/di> < Oforall (n,i) € R%.

All these assumptions are general for any growth function. Easy deduction of (A5)

gives

(A5’) ¢(n,i) > 1forn,i > 1/ms.

3. Conditions for a bifurcation set

In this section, we will show conditions for a subset of the parameter space to be a
bifurcation set.
Firstly we define C* as a subset of the parameter space

d
C+={c|G5(o,0,o,c)>1+”—T}, (13)
er
C*Ht as a certain subset of Ct that satisfies
d
Gs(Ct) > 1+ V;—T (14)
— T

where G g(CT 1) denotes the maximum lower bound of G5(0, 0, 0, ¢) forc € CT7,

and CD@S, PD,¢€) as
ydr
C_T(pD —ps) +[Gs(ps. pp.0,¢) =1l ps.  (15)

For CT and C*™, we have the following lemma:

ds(ps, pp,¢) =

Lemma 1. For ¢ € CT, there is 8o(c) > 0 such that a map ps(pp,c) > 0 is
defined implicitly by
&s(ps, pp,¢) =0,

for a region, [0, 8o(c)) x C*.
For ¢ € C™, there is 8§ > 0 such that a map ps(pp,c) > 0 is defined
implicitly by
®5(ps, pp,¢) =0,

for a region, [0, 83) x C*tF.
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The proof will be seen in the section 6.1.
For the region where ps(pp, ¢) is defined, G, G p, and ®p are defined as

Gs(pp,¢) = Gs[ps(pp. ©), pp, 0, cl, (16)
Gp(pp,¢) =Gplps(pp.c), pp,0,c], a7

Op(pp, ©) = —£L1pp — ps(pp, O+ [Gp(pp,©) = lpp. (18

We apply another change of variables p = ps — ps(pp, c) for (pp,c) €
[0, 8%) x C*TF to (10) and get

. ydr _ _ - aps .
p=—I[pp—(p+ p)I+[Gs(p + ps, pp,us,¢) — 11(p + ps) — —pb,
it opp
. ydr _ _
Pp==1_ = [pp — (p + ps)1 +{Gpl(p + ps), pp,up, el — 1}pp,
) dr dr [(dT +dp)¢r i|< aps . )
U =——us+—up+o| ——>~—1+ 0+ ==
s it s ir b drdp v 3PDpD

1 —¢r )
+a < P V) DD,

. d dr +d o . 0ps . 1-— .
up T S — T Bl/t + ) <p+ﬁp[)>+(x< dé‘T—l)pD.

= u D —_—
1—¢r 1—2¢r dp opp B
(19)
We define K (p, pp, us,up,c) as
o PD
K= us up)Q| us —K/ dp(x, c)dx, (20)
up 0

where Q is a positive definite matrix and x > 0, and a region R, as

Ra = {(ps pDvl"SsuD) | 0 S pD < 51 < 88(’ |IO| ’ |MS| ’ |MD| < 82}1 (21)

where §1 > 0 and 6, > 0. We also define another parameter set, C;f:r , that satisfies
Gs(C.") > (1 +ydr/tr) and y € [0, y*) forall ¢ € CF.

In the next lemma we will show that K decreases monotonously with time in
R, when y is sufficiently small.

Lemma 2. There existd) > 0,8, > 0,k > 0, y* > 0and a positive definite matrix
Q such that K < 0 for (p, pp,us,up) € Ry and ¢ € C;‘j

The proof will be seen in the section 6.2
Here we define another region R), as

Rh = {(pv pDaM57uD) € Ra | K(,O, pD7u57uDac) < K*}v (22)

forc € C;”:r and K* > 0.
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Lemma 3. For ¢ € C.1, if there is K* > 0 such that the closure of Ry, is a subset
of Ry, then all orbits of (19) that passing through points inside R}, converge to one
of the points that satisfies the equality

oK 0K 39K 0K

= = = =0,
3,0 8u5 3MD apD

and the point is asymptotically stable if

’K
2 0
opp

and unstable if

92K
—<O

BpD

The proof will be seen in the section 6.3. According to the lemma 3, the system
(19) converges to one of the critical points of K. The critical points are stable if
they are local minima of K and unstable if they are local maxima of K.

We define a subset of the parameter space, CcCtas

y =0,
Gp0,¢) =1,
9Gp(0,0) -0
app ’
N 392G p(0.¢0) 0
C e C = ~BPD2 ’ (23)
3G p(0,0)
azcgk(o )7,é "
C
apll))ac 750
dGD(O 0 o 3zaGD(§wc)
ppoc

where the symbol ¢« denotes that the two vectors are linearly independent.
For C, we have the following two lemmas:

Lemma 4. @(é) > 14 ydr/¢r.

Lemma S. There exists K * > 0 such that the closure of Ry, is a subset of R, for a
neighborhood of ¢ € C.

The proofs will be seen in the sections 6.4 and 6.5. We refer the neighborhood of
ce Cinthe lemma 5 as v(c¢) and the sum of v(c) as C. According to the lemma 4
andy =0forc e C, statements in the lemmas 1-3 can be applied to C.

Finally we have the theorem:

Theorem 1. C is a bifurcation set from which two stable steady states and one
unstable steady state bifurcate.
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The proof will be see in the section 6.6.
For K(p, pp,us,up,c), a catastrophe manifold [8] is defined as the set of
critical points within R, x v(c) for ¢ € C:

0. 24)

(p,PD,us,Up,c)

0K 0K 0K 0K
oo’  dpp Ous  dup

The top panel of Figure 2 is a sketch of an orthogonal projection of the catastrophe
manifold (catastrophe map, [8]) to (ip, np) plane based on Egs. (143)—(146). We
can see that two bifurcation sets extend to a same direction with a same curvature
from ¢ € C like a hooked beak. When parameters move along the curve, three
critical points, two stable and one unstable, appear in different orders of magnitude
(bottom panels of Fig. 2).

4. Existence of the catastrophe bifurcation set

We have shown that C, if exists, is a bifurcation set in the previous section. Our
next task is to show that the existence of C.

First we will give an assumptions for the phytoplankton growth function ¢ (n, i)
in addition to the assumptions (A1)—(A6):

(A7) for a function & (n) that satisfies #(0) = 0 and dh/dn > O:

dg .

— >0, fori <h(n),
di

0

2% >0, forn < hil(i),
on

there exists § € [0, 1] such that

0 0
2 <% fori < (1—8)hn),
on 01

a_? <522 forn < (1 =8h~1a).

ai on
Here we define F; as a set of functions that satisfy (A1)-(A7) for § > 0. The func-
tion h(n) separates (n, i) plane into two parts: a light limited region i < h(n) and a
nutrient limited region n < h~1(i). The case § = 0 in (A7) corresponds to growth
functions of two strictly essential resources, that is, only one resource exclusively
limits the phytoplankton growth [13].

The next theorem states that there exists C in the parameter space when we take

§ sufficiently small.

Theorem 2. When we take § sufficiently small, there is the bifurcation set Cin the
parameter space for (n,i) € Fs.

The proof will be seen in the section 6.7
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10 B>
nB
K(0,p0,0,0,8) K(0,pp,0,0,6+¢Tt))
0 pe A1) A1) o) pr

Fig. 2. A sketch of the catastrophe map onto (iy, n3) plane (top), and the bifurcation pattern
at ¢ (bottom). Two bifurcation sets, B; and B,, extend from ¢ to the same direction with the
same curvature. Within the shaded region between B, and B,, two stable and one unstable
states exist. The bottom left panel shows a sketch of the scalar function K at p = ug =
up = 0 and ¢ = ¢, where one neutrally stable critical point exists at pp = 0. When the
parameters move to the right direction and curvature [¢ = ¢+ €(7), see section 6.6], bifurcate
three positive critical points, whose orders are T° (stable), T2 (unstable), and T (stable) [see
Eqgs. (148)—(150)]

5. Discussion

We have proved the existence of a bifurcation set in the parameter space of a phy-
toplankton model when the growth function satisfies several conditions. Instead of
analyzing 4 x 4 Jacobian, which can be extremely complicated, we constructed and
analyzed a scalar function K (p, pp, us, up) that consists of a positive quadratic
form of (p, us, up) and a nonlinear term of pp. Cusp-like structure appears in
the catastrophe manifold when parameters move from a point in the bifurcation set
to a certain direction with a certain curvature (Fig. 2). The bifurcation pattern is
essentially different from cusp catastrophe or pitchfork bifurcation [8]; three steady
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o(7)

pD

> C

Fig. 3. Bifurcation diagram near the bifurcation point. Two stable (solid lines) and one
unstable (dotted line) steady states bifurcate from ¢ in different order of magnitude

states appear on the same side of the original steady state (pp = 0) in different
order of magnitude (Figure 3). This bifurcation pattern may be specific to popula-
tion dynamics or chemical reaction systems where only non-negative solutions are
possible. The classification of this bifurcation pattern is not discussed here and still
remains to be done.

The conditions (A1)—(A6) are satisfied by most phytoplankton growth functions
and the condition (A7) would be satisfied if the two resources are essential [13].
Since light and nutrients are essential resources for phytoplankton growth, these
conditions will be satisfied for most natural phytoplankton communities. Growth
functions under two essential resources are often formulated as

f(x, y) = min[f1(x), f2()],

for resources x and y. This type corresponds to the case § = 0 in (A7) and both
resource are strictly essential. The next equation

Xy

flx,y) = Mm,
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will satisfy (A7) for any small 6 > O if we take g large enough. According to the
theorem 2, the system will have the bifurcation set for these growth functions if
other general assumptions are satisfied. For other functions that are often seen in
phytoplankton models like

Xy X Y

X, = or )
S,y Mx+y Mx+th+Yh

we will need extensive analyses and numerical experiments to examine whether
the system would have any bifurcation set.

We assumed that phytoplankton and nutrient particles are distributed homo-
geneously in each layer. This assumption is valid if the order of scaled vertical
mixing coefficient in each layer is sufficiently greater than the orders of scaled phy-
toplankton growth and nutrient consumption terms and fluxes of phytoplankton and
nutrient between the two layers. Surface layers in lakes and oceans often meet these
conditions, but deep layers are normally heterogeneous. Thus, partial differential
equations used in [15] are adequate formulation for the deep layer. Mathematical
analysis of the partial differential equations is beyond the scope of this paper, but the
hooked beak-like catastrophe map (Figure 2) was also obtained by the numerical
analysis of the partial differential equations [15].

The bifurcation set lies on a subset of the parameter space where y = 0. There-
fore, we have only shown that a catastrophic shift between two stable states occurs
when the relative diffusivity is sufficiently small. In weakly stratified layers where
turbulent mixing is dominant, the diffusivity of cells and nutrient particles will
be the same. We did not answer the question whether there is the bifurcation set
when the relative diffusivity is larger or close to 1. This needs to be answered since
turbulent mixing is dominant in most cases.

As we noted in previous paper [15], the mechanisms for bistability and the cat-
astrophic shift are positive feedbacks for phytoplankton growth in each layer. The
growth in the surface layer suppresses the growth in the deep layer via shading; the
growth in the deep layer suppresses the growth in the surface layer via nutrient con-
sumption. Therefore, an increase in biomass in the surface layer enhances nutrient
supply from the deep layer by suppressing the growth in the deep layer and pro-
duces a positive feedback; an increase in the deep layer enhances light availability
by suppressing the growth in the surface layer and produces a positive feedback.
The system may be extended to include following factors: other nutrient sources
than the bottom sediment, multiple phytoplankton species, heterotrophic bacteria,
and glazers. Whether these factors amplify the positive feedbacks or not will be the
next investigation.

In spite of the recent increasing concern about catastrophic shifts in ecosystems,
most mathematical models are still simple and straightforward to produce positive
feedbacks and catastrophic shifts [9]. We have successfully derived a scalar function
whose critical points are exactly the steady states of the dynamical system, which
enabled us to show the sufficient conditions for the existence of a bifurcation set for
a nonlinear system with four variables. Sober mathematical analyses for various
ecological systems would be important for the further understanding of positive
feedbacks and catastrophic shifts in ecology.
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6. Proofs
6.1. Proof of lemma 1

From the definition (15), we have an equality when pp = 0
ydr
(DS(pS’Ovc): GS(pS’Ovorc)_l_C_T ps- (25)

Thus when pg > 0, ®(pgs, 0, ¢) = 0 if and only if

d
Gs(ps,0,0,¢) =1+ VQ_—T (26)
T

From the definition (11), the partial derivative of G g with respect to pg is

G aF, d d aF
s _ s_|:0l( r+dp)r J/i|_s. o7

aps  dps drdp ong

From (27) and the definition (6) we have
G 1 [T 3i d a(dr +d ad
_Sz_/ {——?—[M+a){|—¢}d§. (28)
aps  ¢trJo | 0ps di drdp an
From the definition (4), we have
ai .
— =—ig, for¢ €]0,¢r]. 29)
aps
By substituting (29) into (28) we get
G 1 [ér ad a(dr +d 0
s =——f i 20 jedr vt 109 e o)
aps ¢r Jo 01 drdp on

According to (A3) and (A4), the sum of the terms in the braces of (30) is positive
and bounded. Hence we have an inequality

—o0 < — < 0. 31
aps

From the definitions (13) and (14), we have

d
Gs(0,0.¢) > 1+ ”{—T fore e CT, 32)
T
++ ydr ++
Gs(0.0,0) 2 G5(C*) > 1+ 55, foree €. 33)
- T

As ps — oo, the ambient light intensity, i — 0. Thus ¢(n,i) — 0 as ps — oo
according to (A2). Therefore there is p; > 0 such that

d
Gs(pzu 0,0) <1+ yg—TT forc e C*. (34)
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From the inequalities (31), (32), and (34), there is a unique p§ (¢) > 0force Ct
such that

os[pt (). 0, ¢] = 0. (35)
From (33), we have an inequality for ¢ € CT

P5(CH) >0, (36)

where pi(C*J“) denotes the maximum lower bound of pftg(c) forc e Ct+.
The partial derivative of ®g with respect to py is
0Dy ydr 0Gs

=——+Gs— 1+ —ps. 37
aps {r ops b

From the definition (15), an equality

dr dr
T pp = (—y—-i-Gs— 1)ps, (38)
{r er
holds when ®g = 0. From (37) and (38), when &g = 0 and pg # 0, the partial
derivative of ®g with respect to pg is
0Dy vdr pp  9Gs

=———+ —ps. (39
aps {r ps  9ps

From (39) and the inequality (31), we have an inequality

B
—o < 5 <0, (40)
ops

when &5 = 0 and pg > 0. It is easy to see that the partial derivative of ®g with
respect to pp is bounded, that is,

ddg

< 0. 41)
pp

Since the inequality (40) holds when ®g = 0 and ps > 0, a map ps(pp, ¢)
for pp > 0 and ¢ € C* can be defined by

ps(0,¢) = pi(e) and Ps(ps, pp,c) =0, (42)

until pg > 0 according to the Implicit Function Theorem. From (40) and (41), the
partial derivative of pg with respect to pp is bounded, that is,

B <ac1>5> <aq>5>—1
|\ app ops

Since pﬁ(c) > 0 for ¢ € C* and the inequality (43) holds, there is 8y (c) such that

aps

< 00. 43)
app

ps(pp,e) >0, for pp €[0,80(c)) andc € CT. (44)
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Since ps(C*™") > 0 and the inequality (43) holds, there is §; such that
ps(pp,c) >0, forpp e€[0,8))ande e CT+. (45)

Therefore a map ps(pp,c) > 0 can be defined implicitly by &5 = 0 for
pp € [0,80(c)) and ¢ € CT; amap ps(pp,c) > 0 can be defined implicitly by
@5 =0for pp €[0,8)) andc € CT+. ]

6.2. Proof of lemma 2

For ¢ € C** and y = 0, we consider a system of three variables (p, us, up)
keeping pp = 0. It is easy to see that this system has a steady state (p, us, up) =
(0, 0, 0). By linearizing the system near (0, 0, 0), we have

o P
us | =M | us |. (46)
up up
where
205 ps(0, ©) 295 55 0, ) 0
M = a[(a’r+di)lr _ dGsPs(O c) — dT +a[(dTJ;‘fIB)§T _ %fsp (, ¢) tg
GG ps(0,¢) e+ G bs00) =R
47
From the definition (11), we have equalities when y = 0
d0Gs _ 0Fs a(dr +dp)ir 0Fs 48)
aps  dps drdp ang’
dGg _ 0Fy 49)
oug o ng

We substitute (48) and (49) into (47) and have the characteristic equation of (46)

dr dr +dp 9Fs _ Fg
k3+[— +a 0, ¢) — = j5(0, C)}
ir 1 —¢r on Sps aps bs
drdp (dT +dp ) dFg _
+|—" 4« +1) —ps(0,0)
[ml—m 1—¢r ons
dr dr +dB) dFs _ ]
—|—+ 0,c
(:r 1—¢ Ps©.9
a(dr +dp) 0Fs _ drdg 9Fs _
+———ps(0,¢c) — ————ps(0,¢) =0. (50)
I—=¢r 3nsps ¢r(1—¢r) dp spS
Easy deduction from (A3) gives
oF oF
550 and 22 <o, 1)
ong aps
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and at least one of these is positive. Considering (51), some tedious manipula-
tion yields that each eigenvalue of (50) has a negative real part according to the
Routh-Hurwitz Criterion [2]. Therefore there is a positive definite matrix Q such
that —(QM + MT Q) is a positive definite matrix according to the Lyapunov’s
Theorem [2].

For p, ug, and u p, we have the following expansions

d . . _
%[PD —(ps +p)1 +1Gs(ps+ p, pp,us,e) — 11(ps + p)
)/dT - - = 2
= E_T(PD — ps) +[Gs(ps, pp,0,¢) — 1lps +app +ayus + 07 (p, us)
= ®s(ps, pp,€) +app + ayis + 0*(p, us)
= app +ayis + 0 (p, us), (52)
d _ _
- 1)/_ ET lpp — (ps + )1+ [Gp(ps+ p, pp,up,¢) = lpp
ydr _ ~ 2
T (pp = ps) +[Gp(pp.©) = llpp +bpp + byup + 0°(p, up)
= ®p(pp, ) +bpp + buup +0*(p, up), (53)
where
d _ 9Gs(ps, pp,0,¢) _
ap =YL 4 Gg(ps. pp, 0,¢) — 1 + LS PDD B 50 (54
it ops
0Gs(ps, pp,0,¢) _
ay = PR D g, (55)
us
d aGp(ps, pp, 0,
by = ydr p(Ps, PD C)pD’ (56)
1—¢r aps
BG p k] 107
b, — p(Ps, pp, 0, ¢) . 57)
au[)

and o/ (x) is a sum of higher order terms than jth order of x.
By applying the expansions (52) and (53), the system (19) is modified to

) aps 2
p=app+ayus — D (®p + bpp + buup) + 0" (p, ug, up)
D

aps 3_5_ 9ps
= <ap _op bp) o +ayus — P byup — LCDD +0*(p, us, up),
pp Ipp opp
d d
us = ——TMS + _TMD
{r T
dr +d
b | AR |app + auns +0*(o.us) |

drdp

l_gT 2
+a 7 -y [<I>D+bp,o+buuD+o (,o,uD)]
B
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(dr +dp)¢r I—¢r
o [ drds +vylap+ P V]bpp
dr +d d
+{Q[M_1+y]au__f}us
drdg {r
[ (1—¢r > dT]
+|a -y )bu+ —|up
L < dp ) {r
1—
+a ( I V) ®p + 0 (p, us, up),
. dr dr +dp 79) 2
up = us — uD+—[a p+a us+0(p,us)]
1 —2¢r 1 —2¢r dg L'? !
1 —
+o [(d—gT) — 1} [CDD +bpp + byup + 0 (p, uD)]
B
{r 1 —2¢r ol dr
=o|—ap+ —1)b + | —a, +
a[dBap < dp ) p}p <d3au r—¢ )"
1-— dr +d 1—
+[a< r —1)1;”— rt Bi|uD+a( & —1>c1>D
dp 1 —¢r dp
+0%(p, us, up),
pp =bpp +byup + ®p +0*(p, us, up). (58)
Some manipulation of (58) yields
2 B P
u M ,C) vV ,C u
.S — (PD ) (PD ) S +02(;07MS1MD), (59)
up up
PD wl(pp.e) 1 ®p
where
M(pp, )
0~ b, ~35,
o (deJerB)ZT —14y a,
_ [ Je [ 2 1o a (e )t
-
. e wtr - I—tr _
o [%al, + (1d§, — l)bp] fB’ a, + lilfT a( nggilizj(xl)bl‘
(60)
Vi(po o) =~ o (52 —y) o (2 - 1)], 61)
w'(pp.¢)=(b, 0 b,). (62)
From (20) and (59)—(62), the time derivative of K is
0
. us 3
K=—[pusup ®p(pp.¢)|L(pp,c) “p +0°(p,us,up), (63)

®p(pp,©)
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where
_[—(oM +MTQ) —Qv+kw/2
L(pp.©) = [_VTQ CewTn } : (64)
Since M(0, ¢) = M and w(0, ¢) = 0 when y = 0, we have
_[—(oM +M" Q) —0v(0, ¢)
L(0,¢) = |: V(0,00 B ] , (65)

when y = 0. If we take « sufficiently large then L(0, ¢) is a positive definite
matrix since the matrix —(QM + M7 Q) is positive definite. Hence there is §; > 0
and y* > 0 such that L(pp, ¢) is a positive definite matrix for pp € [0, §;) and
ce C;":' . The first term of (63) is negative and the second order of p, us and up.
The second term of (63) is the third order or higher of p, ug and up. Therefore
there is 8, > 0 such that K < 0 for |p|, |us|, |us| < 8, thatis, K < 0 for
(0, pp,us,up) € Ry. 0

6.3. Proof of lemma 3

Let FrRy, and R;, be the boundary of R, and the closure of Rp, respectively. From
the definition (22), FrR), either satisfies K = K™ or is the boundary of R,. In order
that R, will be a subset of R,, FrR}, needs to be a subset of R,. From the definition
(21), R, does not include its boundary unless pp = 0. Therefore If R, C Ry, we
have

FrR, C {(p, pp,us,up) € R, | K=K* U(pp=0NK < K*}. (66)

Since pp > 0 for any orbit of the system (19) and K decreases with time in Ry,
orbits passing through Rj, will stay inside R;, and converge to a point in the limit
set {(p, pp,us,up) € Ry | K =0} if R, C R,.

From (63), K = 0 if and onlyif p =us =up = ®&p = 0since L(pp,c)isa
positive definite matrix for pp € [0, §1) and ¢ € C;:“ Ifp=us=up=®p =0
then the following equality holds by some manipulation of the definition (20)

oK K 0K 0K
— =—=—=—=0. 67)
ap dug oup app

Conversely, if (67) holds then p = ug = up = ®p = 0 by easy deduction. Thus
p=us =up = dp = 0is equivalent to (67). A point that satisfies (67) is a local
minimum and asymptotically stable if the matrix

3K 9°K 32K 32K

ap? dpdus  dpdup  9pdpp

2K 92K 92K 92K
dugdp 3,4% dusgdup dusdpp
92K 92K 92K 92K ’
3u[)ap 3141)3145 3uzD Bu[)apD
K %K 2K K
dppdp Oppdus Oppdup  p?

(68)
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is positive definite. From the definition (20), we obtain
20 0
(68) = o 2K |- (69)
Z)p%)
Since Q is a positive definite matrix, the matrix (69) is positive definite if and only

if 92K /9 p2D > 0. Therefore the point that satisfies (67) is asymptotically stable if
82K/8p%) > 0 and unstable if 82K/8p%) < 0. O

6.4. Proof of lemma 4

Suppose an equality

Go(€) =14 79T (70)
- er

holds for C. Then there is ¢* € C for any ¢ > 0 such that

d
G(0,0,0,c") — (1 + V—T) < &2 (71)
it
Since y = 0 forc* € C, (71) is modified to
Gg(0,0,0,¢") — 1 < &2. (72)

From the inequality (72) and the derivation of pg(0, ¢) in the section 6.1, it is easy
to see that

ps(0,¢*) = 0% (e). (73)
From (12), 3G p (0, ¢*)/0pp is written as

3G p(0, c*) _9Gplps(0,¢),0,0,¢] + dps(0,¢*) dGp[ps(0,¢*), 0,0, c*]
app opp opp ps '

(74)

In the subsequent proof, we take Gs(ps, pp, us, ¢), Gp(ps, pp, Up, ¢), and their
derivatives at (pgs, pp, us,up,¢) = [ps(0,¢*),0,0,0,c*]. From (15) and the
definition of pg, 3 ps(0, ¢*)/dpp will be

9ps(0,¢*) (ach) (3(135)_1
pp dpp ) \ Ops
dr 9Gs _ dr 9Gs _ -
= - [V—T+—Sps(0, c*)] [—u+—5ps(o, )+Gg — 1] .
125 it Ops
(75)

Since y = 0 for ¢*, we have

GS[ﬁS(pDvc)s stovc]_1:O9 (76)
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and (75) is modified to
Ips(0,¢*) (8G5> (acs)‘l
pp Pp aps '

Since 8@0(0, ¢)/opp = 0forc e é, we have an equality for ¢* € C from (74)
and (77)

(77

3G p(0, ¢ (3G5>‘ <8G5 3Gp 9Gs 8GD> o %)
pp  \dps dps dpp  Opp dps )
Since 0Gg/dps € (—o0, 0) from (31), we have an equality
0Gs 0G 0G5 0G
sdGp s9Gp _ 0. (79)
dps dpp  dpp dps
for ¢* e C.
From (11) and (12), partial derivatives of Gg and G p when y = 0 are
d0Gs _ 0Fs a(dr +dp)ir 0Fs (80)
dps  9ps drdg ang’
G 1— oF
s _ o (T)_S, @1
3pD dB ans
0G oF oF
gub _97b ﬂ_Dy (82)
aps dps  dp Onp
oG oF 1— oF
p_ 3Fp _ a(l —¢r) D 83)
pp opp dp onp
By substituting (80)—(83) into (79), we get an equality
0Gs 0Gp 0GsaGp
dps dpp  dpp Ops
_ dFg [8FD a(l —¢r) 3FDi|
~ ps [ dpp dg  dnp
_3Fs [aldr +dp)ir 3Fp  @’er(1=¢r) 3Fp (1 —¢7) 3Fp
81’15 deB 8pD deB anD dB aps
=0. (34)
From (11), (12), (23), and the definition of pg, we have
Gslps(0,¢%),0,0,¢*] = Fs[ps(0, €*), ns, ] =1, (85)
Gplps(0,¢),0,0,¢*] = Fp[ps(0,¢*),0,np,c*] =1, (86)
where
d d
s =np — LTI 500, ¢9), (87)

drdp
_ o _
ip = np — diBTps(o, ). (88)
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From (85), (86) and definitions (6) and (7), we have

1 [ér
—/ plns, i(0)ld¢ =1, (39)
¢t Jo
1 1
/ ¢lnp,i()lds = 1. (90)
1—¢r {r
Since the equality (89) holds and ¢(n15, i) decrease with ¢, we have inequalities
plns, i(0)] = 1, 1)
plns,i(¢r)] < 1. 92)
Similarly, we have
elnp,i¢r)] = 1, 93)
plap,i(D] < L %94)

For the difference between ¢[ng, i (¢7)] and ¢[np, i ({7)], we have an equality

. . D g
olip.i(er)] = glis.ierl = [ 52an. (95)
ns n
From (A5) and equalities (87) and (88), we have an inequality
lip. i(€)) = plis.i(6r)) < Gip = isymi = <L fs(O.<mi. (90
From (96) and (73), we have
liip, i(¢r)] — ¢lits, i(¢r)] = 0* (o). ©7)
From inequalities (92), (93), and (97), we have inequalities
1 — gliis, i(¢r)] = 0° (&), (98)
¢liip, i(¢r)] — 1 = 0*(e). (99)
Some tedious manipulation of (89) and (90) with consideration of (AS5) yields
¢lits, i(0)] —1=0'(e), (100)
1 = gliip, i()] =o' (e). (101)
From (98) and (100), we have
plits, i(0)] — glits, i(¢r)] = o' (e). (102)

For the difference between ¢[ns, i (0)] and ¢[ng, i (¢7)] we have an equality

lis. 1(0)] — gliis. i (¢r)] /,-(0) 9 4i /0 90 99 ¢
ng,l - ng,l = —dal = —
s pus, e itcr) 01 ¢r 0¢ 01

ir _ o
=f0 [r + ps(0, C*)]i(é)gdi- (103)
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From (102) and (103), we have

¢r
/ a—‘f’d; =o'(e). (104)
0 di

From (98) and (100), when we take ¢ sufficiently small, ¢[ng,i(¢)] < 1 + ¢ for
¢ € [0, ¢r]and ¥ > 0. Hence either d¢[ns, i(¢)]/on or dp[ngs, i(£)]/di is greater
than my for ¢ € [0, ¢r] when ¢ is sufficiently small according to (A6). Thus we

have
ir /9 P
/ 222 ag > crma. (105)
0 ai on
From (104) and (105), we have
JoF 1 9
9Fs _ / @4 > trmy —o\(e). (106)
ong o Oon
Similarly, we have
dF L
—2 = / —(pd§ > (1 —¢r)my — o' (e). (107)
onp o on

From (6) and (104), the partial derivative of Fg with respect to pg is

dF 1 [ 3¢ 0i
s _ / 9 g =ol(e). (108)
o 0i dps

dps  <r

Similarly we have

dF
=L — ok, (109)
aps
IF
2D _ ole). (110)
opp

From (106)—(110) and (84), we have

0Gs dGp 0Gs 0Gp a(l—¢r)oFs 0Fp n ](8)
— = -2 0
ops dpp  dpp Ips dg  dng dnp
1— 2
_ Mmg +ol(e)>0, (111
dp
for sufficiently small ¢. Therefore we have
dGp(0, c*
9600, ¢%) 0. (112)

app

This contradicts the definition of C. Consequently, we have G g (C) > 14+ydr/¢r.
O



Catastrophic shifts in vertical distributions of phytoplankton 257

6.5. Proof of lemma 5
For pp € [0,81]and ¢ € C, we have an expansion of (GD — 1) with respect to pp

G p(0, ¢) +1 392G p(0, ¢)

2, 3
PD pp-+0’(pp).
aPp 2 dpp?

(113)

Gp(pp,e)—1=Gp(0,¢) — 1+

Considering the definition (23), we have

N 192G p(0, ¢)
Gp(pp.¢) =1 =5 ——=—pp*+0’(pp). (114)
2 9pp

Since 8GD~(O, ¢)/dpp? < Ofore € C from the definition (A23),thereis 81" € (0, 8))
such that Gp(pp,¢) — 1 < 0 for pp € (0,81’] and ¢ € C. We define a closed set

R}, C R, as
R, ={(p, pp,us,up) | 0 < pp <8, |pl, lusl|, lupl <8 < &} (115)

Let K be the first term and K>, the second term of the right-hand side of (20),
that is,

0
Ki(p us up)=(p us up)Q| us |, (116)
up
PD
Kx(pp,c) = —K/ Op(x,c)dx. (117)
0

Forc € C,y = 0. Thus K will be

PD Pp
K, = —K/ Op(x,c)dx = —IC/ [Gp(x,c) — 1]xdx,
0 0
(118)

for ¢ € C. Here we define K [ as the minimum of K for the boundary of a
cube {(p,us,up) | |pl,lusl,lup|l = 85}, and K5 as the maximum of K, for
pp € [0, 8/1]. Since Q is a positive definite matrix, an ellipsoid

Eo ={(p,us,up) | K1 <K}, (119)

is included in the cube {(p,us,up) | |pl, lus|,|lup| < &,}. Hence we have a
4-dimensional cylinder-like closed set within R}, for K}

R, =1{(p, pp.us,up) | | J Eo} C R (120)

0<pp=<é]
Since Gp — 1 < 0 for pp € (O, 81], we have an inequality

K>

= —k[Gp(pp,c) —11pp > 0, (121)
PD
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for pp € (0, 8)]and ¢ € C. Therefore K} = K»(8], ¢).

Here we take K* < min(K7, K3) and define R, as (22). Then there is 8] €
(0, 87) such that K»(8},¢) = K*and K2(pp, ¢) < K* for pp € [0, §]). We define
another ellipsoid E(pp) as

E(pp) ={(p,us,up) | K1 < K* — K2(pp, 0}, (122)

for pp € [0, 87). Then we have

{(p, pD,us, up) | U E(pp)} ={(p. pp,us,up) | K = K + K» < K*}

0<pp<d]

= Rp. (123)

Since E(pp) C Eq forall pp € [0, 8]), Ry, is a subset of R) that is a subset of the
closed set R/,. Therefore R}, is a subset of R,,.

The set of points {(p, pp, us,up) | K(p, pp,us,up,c) = K*} will change
with the change in the parameters. The change of these points will be continu-
ous with the change in the parameters if all of 0K /dp, 0K /dpp, 0K /dug, and
0K /dup are not equal to 0. This condition will be satisfied anywhere in R
except (p, pp,us,up) = (0,0,0,0) for ¢ € C. Since K@©0,0,0,0,c) = O,
{(p, pp,us,up) | K = K*} do not include (0, 0, 0, 0) for K* > 0. Therefore
there is a neighborhood of ¢ € C for which R, is still a subset of R,. |

6.6. Proof of theorem 1

Here we consider ¢ € C and check multiple steady states would appear in the neigh-

borhood. Let ¢ = ¢—¢ which is expressed by a continuously differentiable map of a

parameter T as ¢(t) = [&1(1), é2(), ...]such that&(0) = Oand y = ¢ct%+07 (7).
By expanding ®p(pp, ¢) in the neighborhood of (pp, ¢) = (0, €), we get

Dplpp, €+ ¢(1)]

. dDdp(0,8) 13°dp(0,8) ,
= | dp(0, —

|: p(0.6) + at i a2 " +
ddp(0,8) 32dp(0,8) 133dp(0,8) , 13*Ddp(0,8) 4

+ T4 T - ——— T+ |pp

apD 3pDaT 2 8pDa‘L' 6 3pD3T

1320p(0,¢8) 133dp0,8) 13*®p(0,8) , 5
— — T —_ T + [)D
2 apD2 2 3]90281' 4 3pD28‘L'2
33Dp(0,8)

+ [# + O(r)] P +0*(pp). (124)

The following equalities hold for (pp, ¢) = (0, ¢) according to the definition of C
®p(0,¢) =0, (125)

00p©0,8) _ | [ _dr 0Gp©0,&) |
ot 1—¢r ot PP

_ dy
(PD—PS):|d—+("‘)J/+
T
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_ dr _ d_y _ dr . :
_(l_grps) dTr_6§<1_§Tps>r +0'(1), (126)

adeD(O,é)tz_ {_[ 2

dT ( _)d]/
972 1—§TpD ps dr2

dy
F )Ty
T

912

[( dr _\d* dy
=[5 m) e &

= 30¢ ( ‘S> %+ 07 (0), (127)

392G p(0,¢) 5
—— 5 —Pp(T

6 A

%16 =6!g<1 135) 5+ 07(0), (128)
7
%(;)c) T=0'(1). (129)

From (125)—(129), the sum of terms in the first pair of brackets in the right-hand
side of (124) will be

. 3®p(0,¢) 132q>D(o ) e
@ p (0, ..
[ p(0,¢) + 3 T 5 572 +-
_ d 6 7
= Ag e ps ) ° +0' (1), (130)
where A = 6 4+ 30 + 120 + - - - + 6! Similarly, the following equalities hold
3®p(0,.8)  ydr [1 ~ 0ps(O, é)]
app 1 —¢r opp
3G p(0,
—3Lﬁ30+Gmaa—1=Q (131)
opp
32dp(0, ¢ d 3ps(0, ¢
(0.0 _(_ r_|;_3ps0.0 Y by
dppat 1 —¢r app dr
32Gp(0, ¢) G p(0, ¢)
PD T
dppot ot
G p(0, ¢
_3600.9 . 6. (132)
aT
3B3dp(0,¢) 2 _ 3°Gp(0,¢) 24 b
, 133
Py T 572 +0°(7) (133)
3*dp(0, ¢ 33Gp(0,
p(0,¢) 3 _ p(0,¢) 3+0 (), (134)

T
AppaTd T3
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3 Ddp(0,8)
a;D)Wr“ = 0*(1), (135)

32d (0, ¢) ydr 9%ps(0,&) 982G p(0,¢) G p(0, ¢)
= S pp+2———

dpp?  1—¢r  dpp? opp app
aGp(0, ¢
_ 06000 _ (136)
app
FPep0,&) ([ dr 9*ps©0,&)]dy
app2or  ||l1—¢r app? |dr
3G p(0, ¢) 392G p(0, ¢)
2
+(C)y+ pp2it j2)) Oppit
392G p(0, ¢
_ 76009 | 6, (137)
apDaT
Pdp0,8)  ydr 3°ps(0,8) | 93Gp(0,0)
3 = 3 3 PD
9pp L—¢r dpp pp
392G p(0, & 32Gp(0, &
n D(2 )+2 D(2 )
apD aPD
892G p (0, ¢
_307600.0 (138)
dpp?
We apply (131)—(138) to (124) and have
. dr _ |6, 7
®plpp,c+c(r)] = |Ag 1_§TPS(0,C) 0 +0'(1)

G p(0, ¢) 19°Gp(0,8) , 133Gp(0,&)
+[ or T2 ez Tt e

3+ o“(r)} PD

32Gp(0, ¢ 19%Gp(0, ¢
+ | GO 2y | pp? 4 | 2 2GRGO L iy |y
appat 2 dpp

+0*(pp). (139)

Some manipulation for 3G p/dt,92Gp/dt? and 3G p/dT> gives

aGp 9Gp de Z aGp dé;
- (140)
i

9t dc dt dc; dt’

32G 3 (0Gp\ dé;  0Gp d*¢;
e
ot at \ dc; dt doc; dt

1

8261) dEl' dEj 36D d26~‘i
_ Gp deidcj aa 141
in: dcidcj dt dt +Z dc; drt? (141)
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#PGp 3 3 (9°Gp \ dédé;  9*Gp d’¢ dé;  3*Gp dé d°E;
at3 ¥ It dcidcj ) dtv dt ~ dcidc; dt* dt  dc¢idcj dv dt?

a (0Gp\ d*¢  aGp d3d

+Xi: |:81 ( ac ) dt? + dc; drt3
B Z ’Gp  dé dej déy 3y 0*Gp d*¢ de; 3 IGp d’¢;
8c186186k dt dr dt v dcjdcj dt? dt dc; dt3

(142)

Since 3G p (0, €)/dc # 0 according to the definition of C, we can take dc(0)/dt #
0 to satisfy

G p(0, &) G p(0, €) dé; (0)
- o T . 143
ot Z dt (143)
In this case, the following relationship holds
382G p (0, 392G p(0, &) dé; (0
9°Gp(0,¢) Z p(0,¢) dc;(0) 20, (144)

 Oppdt dppdc;  dr

since 8GD(0 ¢)/dc¢ and 82GD(0 ¢)/(dppdc) are independent according to the
definition of C. Similarly, we can take d?€(0)/dt? to satisfy

3>Gp(0, ) -y 32G p(0, &) dé;(0) d&;(0) iy 3G p(0, &) d*¢;(0)

—0,
at? dcidc; dt drt dc; dt?

i

(145)

and d3¢(0)/d3 to satisfy

3Gp(0,8) 5 33G p(0, &) dé;(0) d&; déy(0) 3 392G p(0, &) d*¢;(0) dé;
at3 - « deidcjock dt dt drt dcidcj dt? drt

+Z G p(0,¢) d3c, (0)

” #0. (146)

i

By taking d3¢(0)/dt> adequately, 3°G p (0, &)/87> will be either positive or neg-
ative. Hence if we take €(7) to satisfy (143)—(146), (139) is written as

. ng ps (O, é)] 0+ o7(r)}

[1 #°Gp0.9) 4

Oplpp, e +c(n)] = {As‘[

——— +04(r)} P

[3260(0, &

2 2
it T+o (r)} PD
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132G p(0, ¢)
+ |:2—3p1) +0(T)i|
+0*(pp). (147)

Solving ®p = 0 with respect to pp by the expansion method [3], we obtain three
solutions of the first order of t or higher

26 & 2G o]
_2[3 GD(O,C)} [a GD(oz,c)} 4ok = o(e).  (148)

PD1 = Ippdt IpD
. - -1
1| 93Gp(0,9) || 82Gp(0, @) 2, 3 2
_ 1 — , (149
pDp2 6|: 913 oppdt THem=eo, (149
. -1

Acdr _ 33Gp(0,8)

pp3 = — 15-; ps(0, )[% v +ot(r) =0 (). (150)

Asinthe proof of thelemma4,if ®p(pp, ¢) = Ofor pp > Othen (p, pD, us,up) =
(0, pp, 0, 0) is a steady state of the system. Since 32Gp (pp.€)/dpp? < Oaccord-
ing to the definition of C, pp1 will be positive if

3’Gp(pp, C)T

0, 151
oppdT (151)
holds; pps will be positive if (151) and

3G :

MT <0, (152)

at3

hold; pp3 will be positive if ¢ > 0 and (152) hold when 7 is sufficiently small. The
inequality (151) will be satisfied if we take the direction of d¢(0)/dt adequately;
(152) will be satisfied if we take d3€(0)/dt> adequately.

Consequently, we have three steady states within R,

1. (p, pp,us,up) = (0, pp1,0,0),
2. (p, pp,us,up) = (0, pp2,0,0),
3. (p, pp,us,up) = (0, pp3,0,0),

for ¢ 4+ ¢(t) when 7 is sufficiently small and the derivatives of ¢(t) are appropriate.
Next, we will examine the stability of each steady state. From the lemma 3,
steady states are stable if 32K /d pp> > 0 and unstable if 32K /d pp? < 0.
The second partial derivative of K with respect to pp is

2K ydr dps aGp
= x| — 1— Gp—1+—= 153
dpp? “ [ 1 —2¢r < 3PD> Fop i app bp (159

Since ®p = 0 for the three steady states and pp # 0

., _
Gp—1=2T <1—ﬁ>. (154)
1 PD
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Therefore we have

0’ K __K[ ydr dps

dr ps G
VTP_+ DpDi|

dpp? 1—=¢rdpp 1—¢rpp  9pp
G dr p
— | 22 pp - LIS L 5| (155)
app 1 —¢r pp

For 3G p/dpp. we have an expansion

dGp(pp. e+  3Gp(0,9) N 392G p(0,9) 22Gp©,8)
pp ~ pp dpp? pp dppot
+0*(pp) + 0 (1)
32Gp(0, ¢ 32Gp(0, ¢
= 20000 4 LIy 2 )+ 02(r).
8pD 3ppaf

(156)

We substitute (148)—(150) and (156) into (155) and have the inequalities for the
three steady states

92K
dpp?

32Gp(0, ¢) 32Gp(0, ¢)
=K PD1
Po=pp: dpp? 0ppiT

T+02(T)+02(P01)] PD1
ydr ps(0,¢)
1—¢r  ppi

2 = A
=K {[_WT +0%(7) + oz(pm)] o1+ 05(1)}
ppot

+o6<r)}

32G p(0, &)
=K| ——
appoTt

TPp1 + 03(1)} > 0, (157)

92K
3P02

3p02 3pD3f

ydr ps(0,¢)
1-¢r pp2

932G p(0,¢)

= —K _—
appat

32Gp(0, ¢) 32Gp(0, ¢)
= —x {[ b pPp2+ b 40> (1) +0*(pp2) | P2
PD=PD2

+06(r)}

Tpp2 + 04<f)} <0, (158)

92K
dpp?

{[aZGD(o, &) 3°Gp(0,¢)
= —K
PD=PD3 dpp? IppdT

pp3+ f+02(f)+02(1703)} PD3

_vdr ps(0,¢) +06(t)}:K|: ydr ps(0, C)+04(1)}
1—¢r pp3 1-¢r  pp3

. [§_T6drﬁs(0, &)

+ 04(r)] > 0. (159)
pp3 1 —¢r
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Therefore (0, pp1, 0, 0) and (0, pp3, 0, 0) are asymptotically stable steady states
and (0, pp2, 0, 0) is an unstable steady state.

Consequently, as we move parameters adequately to a certain direction
[dc(0)/dt as in (143)] with a certain curvature [d%(O)/dr2 as in (145)] from
¢ € C, a bifurcation occurs and three steady states appear. Any orbit will converge
to one of the steady states in R, without having other solutions as limit cycles, etc.
Two of the three steady states are asymptotically stable and are separated by an
unstable steady state. O

6.7. Proof of theorem 2

Let h(n) = n without loss of generality in this proof. Anyone can reconstruct the
proof for general /(n) though it will be more complicated.

Letngs(pp, ¢) and np(pp, ¢) be the nutrient concentrations that correspond to
a steady state, (p, pp,us,up) = (0, pp, 0, 0) for c. From (8) and (9), ns(pp, ¢)
and np(pp, c) when y = 0 are

i dr +dp)er _ |-
ns(pp,¢) =np — %l’s(ﬂD9 c) — a(d—B;T)PD, (160)
1 —
Ap(pp.€) = np — %ﬁs(pn, ¢ — “(d—B{T)pD. (161)

First we prepare the following lemma:

Lemma 6. For a positivg constant & and ¢(n, i), there is ¢ such that y = 0,
ip(0,¢) =&i(¢r) and Gp(0,¢') = 1.

Proof. For & > 0and ¢r € (0, 1), we take » > O to satisfy
£>expl—r(1—¢r)] and &2 > exp[—r(l —¢p)l. (162)
According to (A3), we have the inequality for it > 0

dolEir. i e
ol&ir zTeXSE r(¢ —¢ml} >0, for e (cr 1. (163)

From (162), we have
&ir > irexp[—r(1 —¢r)]. (164)

From (164), there is an interval within (¢, 1] for any £ > 0 such that

dp{&ir. i exp[—r (¢ — ¢p)]} -

0, 165
di (165)

according to (A7).
Let

Fplir) =

1
/ @l&ir, it exp[—r(¢ — {r)1}ds. (166)

1 —2¢r it
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By differentiating Fp we obtain

dFp 1 L 8 dgp
= — 4+ — — — dg. 167
ey /{ {san + 5 explr (s — i)l dg (167)
Since the sum of terms in braces of (167) is positive according to (A3), we have
dﬁD/diT > 0. It is easy to see FD (0) = 0 according to (A2) and there is i; >0
such that Fp (i;) > laccording to (A5’). Hence there isij. > 0 such that ﬁp(i;) =
1. Easy deduction from (163) and (165) gives

1

p&ir,ip) = —— | @iy, iz)d¢ > Fp(iy) =1, (168)
=47 Jor
1
p{giz, iz expl—r(1 —¢r)ly = ——— | @{&ir, it expl—r(1 = ¢p)1}d¢
=& Jor
< Fp(i}) =1, (169)
thus we have inequalities
pEir,ip) > 1, (170)
pl&iT, iz expl—r(1 —¢p)]} < L. (71)
Let
*lr

L ps), i expl(r + ps)(¢r — O, (172)

- 1 {r .
Fs(ps) = f_T/(‘) ol{Eir — &

fora > 0 and dr > 0. For ps = &ij.dr /(alr), we have

~ Ei;dT 1 &r -
Fs( ) = —/ ©{0, iz exp[(r + ps)(&T — O)]}d¢ = 0. (173)
alr ¢r Jo

From (172) and (170), we have an inequality

N 1o | L
Fs(0) = —/ l&ir, it explrr — ¢ = —/ pEir,ip)de > 1.
¢r Jo ¢r Jo
(174)
Thus there is pY such that Fs(p§) =1.
Take ig as
io = ipexp[(r + p§)er], (175)
np fordg > 0 as
o
np = (si; + ﬁpﬁé) , (176)
dp

and y = 0. Let the parameters decided above be ¢’.
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For ¢, ps(0, ¢’) is defined implicitly by
Gs(ps,0,0,¢) =1, (177)
from the lemma 1. From (11) and (6), Gs(p§, 0,0, ¢') is written as,

aldr +dp)tr

GS(p?g‘»OsOvc/)zFS(p;anB_ pSvc/)
drdp
1o a(dr + dp) ,
= —/ png — LT CBNT e i expl—(r + p)c]dc.
¢r Jo drdp

(178)

By Substituting (175) and (176) into (178), we have

* / 1 ;'T 3k a;T k. *
Gs(ps,0,0,¢) = — pEip — ——ps, ioexpl—(r + pg)(&r — )&
¢r Jo dr
= Fs(ps) = 1. (179)
Since ps(0, ¢) is unique for ¢, we have
ps = ps(0,¢). (180)
Similar manipulation gives
Gp(0,¢) = Fp(if) = 1. (181)
From the definition (161), 71 (0, ¢’) is written as

in(0,¢) = np %ﬁs(O, ¢) = £if = gigexp(—Ir + ps(0. ¢)]er)
— Ei(Cr). (182)
O

In relation to the above lemma, we have the following note;

Note 1. While constructing ¢’, dg can be taken independently of &, ¢(n, i) and
parameters other than np.

In the followings, we will consider the parameter set ¢’ for § = 1 — § and
@(n, i) € Fs.
For ¢/, np(0,¢) = (1 — 8)i(¢7). Thus we have an inequality

iis(0,¢) <iip(0,¢) < (1 —8)i(%), (183)

for ¢ € [0, ¢r]. Hence we have an inequality according to (A7) and (A4)

gl (0, ), i(4)] < 5 20lns (O, ), i@)] -

dmy, 184
01 on i (184)
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for ¢ € [0, ¢r). From (162), we have

(1 =8)% > exp[—r(1 — ¢7)]. (185)

Therefore there is {T € (¢r, 1) such that

(1—8)? =expl-r(" — ¢, (186)
(1 =8)? > exp[-r(¢ —¢r)], for¢ e (¢7, 11. (187)

By multiplying both sides of the inequality (187) by 71p(0, ¢')/(1 — 8) = i(¢r),
we have

(1 =8ap(0,c)>i), for¢e ({T, 1]. (188)
Hence we have an inequality according to (A7) and (A4)

d¢[np(0,¢'),i(¢)] <88¢[ﬁD(O’ ), i(¢)] -
on - i

smy, (189)

for z € (¢7, 1]. From (186), we obtain

2log(1—8) 26

¢ —¢r = -~ +0%(8) = 0L.(8), (190)

,
where oﬂr (8) is a sum of higher order terms than the first order of § and is positive.

Some manipulation of the partial derivatives of Fs and Fp at (ps, pp, ns,np)=
[ps(0, ¢, 0,750, ¢, ip(0, ¢)] gives equalities

oF 1 L9g 0i 1 Ly
o o rde == [ Pmiend
aps 1 —¢&r Jgp 91 Ops 1 —¢r Jop 0
1 1 .
- a—“_’(—ir)d; M v a—?ﬂdc
r(1 =2¢r) Jgp 00 r(1 —=2¢r) Jg 00 9¢
1
d
T T i, ¢, i(D)]—glin 0, ¢, i1,

Tr(—tr) Sy A2 T rA=2r)

- r(lg_ﬁ{w[(l — 8)i(¢r), i()] — gl(1 — 8)i(cr), i(;T)]}, (191)
IFp 1 Vg ai 1 /18(/) '
9Fp _ dp 00, _ o
opp  T—tr )y 91 app T T—gp )y, e €T
1 La

4
= | Zc—¢p)d
ra—cn ), dt (¢ —¢r)de

1 _ " !
= m {(1 —¢r)elnp(0, ¢),i(1)] — /gr wdC}

1 ~ 1
= el ©.).i(1] = Gp©.¢)} = ~ fpl(1 = )i i) - 1),
(192)
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and inequalities

IF IF. 1[4 3¢ di 1 [ 9 9F
’—S =- ——/ 2 ar < —/ 5L icde < Siotr—2,
aps aps ¢r Jo  9i dps ¢rJo  on ons
(193)
dFp 1 1 3¢ 1 " 9y 19
9D _ Nac = / Yac +/ Fac
onp 1 —2¢r Jep On 1—¢r \Je On ¢t on
< [ = ermi + = grom ] (194)

From (193) and (194), we have

oF dFg\ !
() ) =t 199

JFp 1
—= = 8). 196
. 04(8) (196)

The same procedure as (74)—(84) in the section 6.4 leads to

e / G5 G G5 G
aGD(O,c)_0 SIYD _TUSITD _ (197)

=4
opp ops dpp  dpp Ips

and yields an equality
0Gs dGp 0GgsaGp dFg |:3FD a(l —¢r) 3FDi|

dps dpp  dpp dps  9ps LIpp g np
_Fs [acT(dT +dp) 0Fp  &’¢r(1—¢r) 9Fp  a(l—¢r) aFD]

drdp opp drdp onp dp ops
(198)

3}15

for ¢’ and (ps, pp,us,up) = [ps(0,¢),0,0,0]. We substitute (191), (192),
(195), and (196) into the right-hand side of (198), and have an equality
0Gs dGp 0GsdGp

dps dpp  dpp Ops

_ L oaFs | IFp B |
= 2 s {0+(5) [dB—apD a(l CT)0+(5)]

—i—ﬁ(dg{(ﬂ[(l —8)i(¢r), i()] = 1} +dr{el(1 —&icr), i(cr)] — 1})

rdT
2 J—
—MOL(S)}
dr

__Lofs Fp olr o o
=~ s {d [8PD0+(8)+ rdr {(p[(l i(¢r),i(1)] 1}}

2 _
a“er(l gT)oi(S)}.

(199)

+ 2L 11 = 8)ier). iG] - 1=l - £)0k (6) -
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As we mentioned in the Note 1, we can take dp independent of parameters except
np. Terms in the right-hand side of (199) are independent of n p, thus dp is inde-
pendent of these terms except itself. Let G, (dp) be the terms in the braces of the
right-hand side of (199)

Fp
Gy (dp) = dg [ap L 8) + "‘dﬁ{ [(1 = 8)i(cr).i()] — 1}}

4__77_{¢[(1 — )i er),i¢n - 1)
a?er(l — &r) 1
— o +(8).

Since p[(1—68)i(¢r), i(¢r)] > 1from (170), p[(1—8)i(¢7), i(1)] < 1from (171),
and 0 Fp/dpp < 0 for (ps, 0,0, 0, ¢’), we have the two inequalities

aFp
EryS 04 () + —(fﬂ[(l = 8)i¢r),i¢r)]—1) (201)

—a(l = ¢r)ol(8) — (200)

—L {pl(1 = ®)i(¢r). i(D] = 1} > 0. (202)

From (201) and (202), there is dp > 0 such that G, (dp) = 0 for sufficiently small

8. Consequently, thereis ¢” such thaty = 0, Gp(0, c”) = 1anddGp(0,¢”)/dpp =
0 for ¢ € Fs when ¢ is sufficiently small.

Our next task is to examine the sign of 82G p (0, ¢”)/d pp2. 92G p(0, ¢”) /3 pp>
is written as

392G p(0, ")
dpp?

_(3Gs\ ' [(8Gs 8 8Gs B
"(55§) (555555_553E£>
aGs\ ' (0G5 dGp 9GsaGp
) |:<8PS) <3Ps dpp  pp ps >:|
_(3Gs\ ' (3Gs @  aGs @ 3Gs\ !
(5 |G i) ()
3Gs3Gp 3GsdGp
) (3ps dpp  pp ps >

4_<aGS>‘2[<aGS 9  3Gg o >
aps dps dpp  dpp Ips
<8G58GD 8G58GD>]
X — .
ops dpp  Opp Ops

(203)

For ¢”, the equality (197) holds, so we have
92Gp(0, ¢ __<BGS>_2[<8G5 9 9Gs o )

dpp? aps dps dpp  Opp Ips
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5 (E)GS 3Gp 3Gy aGD)]
dps dpp  dpp dps )|’

Further Manipulation of (204) yields an equality

02Gp(0.¢")  (8Gs\ °[ 8GsdGp 9°Gs
dpp? <3PS> [_BPD dpp Ips?
3GsdGp 9GsdGp\ 09°Gs dGs dGp 9%Gs
<3ps dpp  dpp Ips ) dpsdpp  dps ps dpp>

(204)

dpp ) dps? dps dpp Ipsdpp
3G\ 2[ 0GsdGp 92Gy

<3ps) [_ dpp dpp Ips?

9Gs dGp 9%*Gg 9Gs dGp 9%Gg
dps 9pp dpsdpp  dps dps Ipp2

aps

3Gs\? 392G p ,0Gs 9Gs 32Gp 3Gs\2 9%Gp
dpp?

dpp) dps? dps dpp dpsdpp ps

From (80)—(83), (195), and (196), we have equalities

pp ps dp  Ong || dps drdp
dr (1 —
_ T( {T) +01(8),

(dr +dp)tr
G oF
L )
aps aps
G oFr
=2 =2 40l).
opp  Opp

Applying (206)—(208) to (205) we have

32Gp(0,¢")  (3Gs\"
dpp? (3PS)
dr(1 —¢r) 9Fp 3°Gs _dFp 3°Gs dFp 3°Gs
[_(dr +dp)r dpp Ips®  dpp dpsdpp  Ips app2]

(305)2 392G p ,3Gs 9Gs 392G p <acs>2 a2GD}
app? |’

(205)

(@) (@)‘1 _ [_a(l —Zr)aﬂ} [@ _a(dr +dp)tr aﬁr
3}’15

(206)

(207)

(208)

[dT(l—CT) TazGD , dr( —¢r) 3?Gp  9°Gp

(dr +dp)er | 0ps®  “(dr +dp)r dpsdpp | Opp?

+0'(8).
(209)
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The second partial derivatives of G g with respect to pg and pp are written as

0°Gs _ 9’Fs _ 2u(dr +dp)ir _9*Fs [a(dT+dB)cr]2 9°Fs

Ips®>  0ps> drdg ~ dpsdng drdp ang?’
(210)
PGy ol —2r) 9% Fs a(dr +dp)er | [a(l —¢r)7 02 Fs
dpsdpp dg  Opsdng drdp dp ons?’
@11)
932G 1-— 2 92F
s _ a(l —¢r) S| 212)
3])02 dB 3}152

and the second partial derivative of Fg with respect to pg is written as,

32F 1 o820 / 0i \> 8¢ 8%
&Fs _ _/ T} 2220 g 213)
aps®>  trJo | 9i% \9ps di dps?

Since di /dps = —¢i and 9i /9 = —(r + ps)i for ¢ € [0, 1), we have

92F. 1 ot | 920 [ 9i\>  d¢ 3%
Y=o | e (57 ) + g | e
aps (r+ ps)¢r Jo di< \9¢ di ¢

1 rd’y
- [T L%y
" 197 /0 act
1 delns(0,¢”),i(¢r)] 7 do
ir —2 A

= —d
(r + ps)%¢r dg dCC ¢

. (214)

Since d¢[nis(0, ¢”),i(¢)]/di = 0'(8) for ¢ € [0, ¢7] from (184), we have

de _d¢0i _
i = arac =0'® for cel0er) 215)

From (214) and (215), we have

32FS

Tt = 0! (8). (216)

We substitute (210)—(212) into the terms in the first pair of brackets of (209), apply
(216) and then we get an equality

[ dr(1 —¢r) 9Fp 8*Gs _dFp 93%Gg dFp 82G5}
(dr +dp)¢r dpp dps? dpp dpsdpp  dps Ipp?
_ [a(l - m} [a(dT +dg)tr 3Fp _ a(l —¢r) aFD] 0> Fs

1
5).
a5 drds  opp | ds aps)ong 70O

217)
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Since 4G p (0, ¢)/dpp = 0, slight manipulation of (198) gives an equality
a(dr +dp)lr 3Fp  a(l —ir) 3Fp

drdp pp dp aps
_a*r(l—¢r) dFp n AFs\ (9Fs “'TaFp _a(l—2%r)dFp
o deB anD 8p5 ans 3pD dB 3I’ZD
=0'(5). (218)

From (217) and (218), we have

[ dr(1—¢r) aFp 3*°Gs ~ _dFp 3*Gs  dFp aZGS] 1)
— — =o0 .
(dr +dp)¢r dpp dps*  dpp dpsdpp  dps dpp?

(219)

The second partial derivatives of G p with respect to ps and pp are written as

32Gp _ 0*Fp  2air 3*Fp <E)2 32 Fp 220)
dps? aps? dp Opsonp dg ) onp?’
*Gp  *Fp  a(l—1ir) 3*Fp
dpsdpp  dpsdpp  dp  dpsdnp
_abr 9%Fp | e’tr(1—¢r) 9Fp @21
dp dpponp dg? anp?
32Gp _ *Fp  2a(l—¢r) 9*Fp [aa - gT)T 32Fp )
dpp>  09pp? dp dppainp dp np?’

Applying (220)—(222) to (209), some manipulation yields an equality

2Gp(0.¢") [ dr(—¢r) 1P 92Fp  2dr(1-¢r) 8*Fp | 8*Fp
dpp? [(dr +dB)§Ti| aps®  (dr +dp)tr dpsdpp | dpp?
2adr(1 —¢p)? 9%Fp  2a(l —¢7) 8%Fp
(dr +dp)*¢r dpsdnp dr +dp Oppdnp
a(l —¢r) ] 8 Fp
|: dr +dp :| anD2

+0'(8) (223)

The second derivatives of Fp with respect to ps, pp and np are written as
92F 1 (0% [ 0i \> 08¢ 8%
D _ [ 5% G) + s |de @)
Ips? 1—¢r Jop | 90 \Ops di dps?

92Fp 1 /1 [9%¢ 0i di ¢ 9% }dg
dpsdpp 1 —2¢r ’

— 225
o L0i% dps dpp  di dpp? (225)

92F 1 1020 / 0i \2 o8¢ 9%
D _ / ‘”(’)+") "lae, @26

app? — 1—¢r Jop | 92 \app 3i dpp?
82F 1 192y 9i
D _ / e, 227)
dpsonp L —¢r Jop 0i0n dps
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3%Fp 1 1920 9i
= —— (228)
dppdnp 1 —¢7 Jop 0i0n dpp
92F 1 152
D _ / 9. (229)
BnD2 1—2¢r or on?

Applying [1/(1 = ¢r)] f,, wdt = 1,9i/dps = —tri, 9i/0pp = —(¢ — ¢r)i and
0i/0¢ = —ri for ¢ € ({7, 1), we decompose (224)—(228) and get

2 2 1[92 2\ 2 2.

PRyt iy 0y s ri ],

aps?  r2(0—¢r) Jop | 002 \ 8¢ i 9r2
i Ld% dc

T 21— ¢p) Jyy dE?

S ¢r? {dfp[nD(O,c ), i(D]  delnp(0, "), i(r)] } (230)
r=(1—=2¢r) d¢ dg
PZFp  tr 1820 £0i\*>  d¢ 9%
dpsorn P20 -1 Jy aT(&) T |¢ %
_ {r Ld%
- I’2(1 — {T) o d_{z({ - ;T)d{
{r dol[np(0,¢”),i(1)] /‘ do }
= 11—y — | Za
r2(1—§T){ az (I—=¢r) T ¢
{r dol[np(0,¢”),i(1)]
- 1 —
I"2(1 — {T) { d§ ( ;T)
—¢[ap(0,¢"), i(D)]+ ¢[ap(0, "), i(l)]} ; (231)
?Fp 1 M 9% (8i\* 0y 9% s
apDZ - r2(1 —7) tr |:W (&) + = 9i 8; (& —¢r)7dg
1 L q?

¥ 2
=5— | 5@ -tr)d
20— ), d§2(§ {r) de

1 d = 07 /! , ; 1 1 d
_ { @lnp(0,¢”),i( )](1 —CT)Z—Z/ %(g _gT)dg}
ér

r2(1 —¢7) d¢
1 delnp(0,¢”),i(1)] 2
= l -
r2(1—¢r) { d¢ 4=

1
— 2¢lip(0,¢"), i(DI(1 - ¢7) +2f ¢d§}

¢r
1 [delap(0,c”),i(1 _ b
:r_z{ “’[”D(d; ). i )](l—ér)—Z(w[nD(O,c ),1(1)]—1)}, (232)

F#Fp & o2 ﬁd{— ¢r ' d (390)(1;
apsanp  r(1—¢p) Jop dionac >~ r(—¢r) Jyy dg
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_¢&r dplnp(0,¢”),i(D]  d¢lip(0, "), i(r)]
(1 —¢r) an an
3%Fp 1 1 9%2¢ 9i

apponp  r(—2r) J, dion g ¢r)dg

1 ld(a¢

=— | — (=) -trd
(1= ¢1) Jop dg an>@ erde

1 d¢lap(0,¢"),i(1)] " dg
~ - { on (== /; %dg}
1 {w[fm(o, ¢, i) aFD}

} . (233)

(234)

r on onp

For (229), we have the inequality according to (A6)

92Fp
2

<0. (235)
anD

Since dFp/dnp = 0'(8) and d¢/dn = o' (8) for (n, i) = [p(0, "), i(1)], (233)
and (234) are modified to

2 _ s
0°Fp _ G dp[np(0, ), i(5r)] +ol(8) (236)
apsonp r(1—=2¢r) on
3’ Fp .
opping =0 (). (237)

We substitute (230)—(232), (236), and (237) into (223) and have an equality

92Gp(0,¢")  dr*(1—tr) {dw[ﬁD(O, "), i(D]  dglin(O, c“),i(cm}

dpp®  (dr +dp)*r? d¢ dz
2dr dolnp(0,¢”),i(1)] _ b
" Wdr + dp)r? { dz (1 =¢7) —¢lnp(0,c"),i(1)]

+¢[np(0, "), i(CT)]}

1 [deliin©, ¢, i(D)]
7

P (1 =¢r) =2 (plap (0, ¢"), i(1)] - 1)}

_20dr(1=¢p) d9liip©. ¢, i) el =& ) 92Fp o)
(dr + dB)zr on dr +dp 8nD2 '
(238)

Some manipulation of (238) yields an equality
32Gp(0,¢”)
dpp?
. 1
~ (dr +dp)*r?

deliip(0, "), i(D)]
d¢

{dﬁ(l —¢7)
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—dr*(1 —¢r)

doliip(0, ¢”),i(¢)]
d¢

2
T dr 1 dpr? (d{elnp(0,¢"),i(1)] — 1}+dr{elnp(0,¢"), i(¢r)]-1))

_ 20dr(1—¢7) d9lip (0. €"), i (¢r)] [a(l - m]z 9*Fp

+0'(5).
(239)

(dr +dp)*r an dr +dg | 9np?

Considering 4G p (0, ¢”)/dpp = 0, slight manipulation of (199) gives an equality

[dB(elip(0,¢”),i(1)] — 1) +dr(plip(0,¢”),i(¢r)] — D]
2 _
_ rdr {—O‘ rd =2 1) — [dB@ . gT)ol(cS)] 01(5)}
olr dr app
=0'(5). (240)
Since 7ip(0, ¢”) = (1—8)i(¢r), dp[ip(0, "), i(c7)]/di = 0'(8). Hence we have

delip(0, ¢"), i(¢r)] _ d¢lap(0,¢"), i(¢r)] 3i

_ 1
7 o 3z =° 6} (241)
We apply (240) and (241) to (239) and obtain
9?Gp(0.¢")  dp*(1 —¢r) delip(0,¢"),i(1)]
dpp®  (dr +dp)*r? d¢
2adr (1 — &) 9lp(0, €”),i(¢r)] a(l—¢r)]? 9%Fp
- + 0" (8).
(dr +dp)*r an dr +dg | 9np?
(242)

Since inequalities do[np (0, ¢”),i(¢r)]/de < 0, dp[np(0,¢”),i(¢r)]/on > 0

and 9%F p/on D2 < 0 hold, we have an inequality from (242)
32Gp(0,¢”
# <0, (243)

pp

for sufficiently small §. B
Essentially the same tedious manipulation as we have done for G p (0, c¢)/dpp
and 392G p(0, ¢”)/d pp? yields the following inequalities

a~ 7 a~ /!
GD(Q,C )’ Gp(0,c") 20, (244)
dip ong
aZé 0’ " 826 0, /"
D 'C )’ p(0,¢") 0. (245)
dppoip dpponpg
and
aGp0,¢)y  3Gp(0,c”) 32Gp(0,¢”)  92Gp(0,c")
- ) —, . (246)
dip onpg dppaig oppong



276 K. Yoshiyama, H. Nakajima

(244)—(245) leads to

3G p(0, ¢’
% £0, (247)

3°Gp(0,¢”
9°Gp(0,¢’) £0, (248)

3pD ac
3Gp(0,¢")  9*Gp(0,c") 249)
dc dppiec

Therefore ¢ € C, a member of the bifurcation set. O
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