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Abstract Constant temperature and constant pressure
molecular dynamics (MD) simulations were applied to
quartz to calculate the structural details which are in-
determinable in usual X-ray structure studies. The dy-
namics of the structural changes was analyzed by means
of time-dependent atomic displacement parameters. The
Si-O bonds expand with increasing temperatures
through the o- and fS-phases, and atoms vibrate around
the - (or a»-) sites at lower temperatures in the a-phase,
and over the energy barriers between the o;- and the
oy-sites at higher temperatures in the o- and the
pB-phases. The ratios of time lengths spent by atoms in
the o;- and o,-sites determine the apparent atomic
positions as obtained in usual structure studies of
o-quartz. More frequent transfer of atoms over the
oq- and the ay-sites contributes positively to the thermal
expansions, whereas larger amplitudes of vibrations,
which carry atoms more distantly and more frequently
from the f-sites, contribute negatively. The well-known
steep thermal expansion in the a-phase is attributed to
the additive contribution from the expansions of the
Si-O bond lengths, the widening of Si-O-Si angles, and
the increase of the atomic transfer-frequency between
the o;- and the ay-sites. The nearly zero or negative
expansion in the f-phase is caused by balancing the
negative to the positive effects. The MD crystal trans-
forms to the f-phase via a transitional state, where the
o- and f-structures appear alternately with time, or
coexist. The slight and continuous expansions observed
right after the steep rise(s) of the volume or cell dimen-
sions up to the nearly horizontal curve(s) are attributed
to the continuous changes within the transitional state.
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Introduction

Crystals with quartz (SiO,) type structure with o—f3
transition show quite different thermal-expansion be-
haviors below and above the transition points (Jay
1933; Young 1962; Ackermann and Sorrell 1974; Sor-
rell et al. 1974; Kosten and Arnold 1980). The rapid
thermal expansion in o-quartz has been discussed by
many authors in relation to the o—f transition. Young
(1962) attributed the expansion to the shifts of atomic
equilibrium positions under the two restrictions that
the Si-O distance be kept constant and that the shifts
take place along the lines joining the Dauphiné twin-
related positions, a; and o,. Since then, this static in-
terpretation has dominated the thermal expansion
studies of a-quartz, resulting in the development of the
rotational model, in which the shifts of atomic equi-
librium positions are approximated by the rotational
displacements of corner-linked rigid (and nearly regu-
lar) SiO4 tetrahedra around (100),.., combined with
translation along (100),... The rotational model has
been also used to study dynamic aspects such as the
soft modes in the o—f transitions. In fact, many authors
since Young (1962) have taken advantage of the sim-
plicity in the rotational model (for instance, Hochli and
Scott 1971; Megaw 1973; Grimm and Dorner 1975;
Liebau and B6hm 1982, and others).

Megaw (1973) showed that the rotation of rigid SiO4
tetrahedra around (100),., from the high symmetry 222
positions produces a reduction of the lattice in both the
a- and c-directions. However, she had to introduce a
homogeneous reduction of tetrahedral size for improv-
ing the agreement with the observed changes of the cell
dimensions at higher temperatures. Grimm and Dorner
(1975) considered a similar model. Taking account of
possible distortions of the tetrahedra, they further re-
fined the model such that the mean Si-O distance within
the tetrahedron decreases with increasing temperature
(or rotational angles decrease), being associated with the
increase of the Si-O-Si angle.
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The negative expansion coefficient of the tetrahedra in
the Megaw’s (1973) model appears to be consistent with
those of the measured Si-O distances in the structure
refinements using Bragg diffraction. Grimm and Dorner
(1975) refined the model by employing the coordinates of
O atoms in the harmonic structure analyses of f-quartz.
However, in a more generalized structure refinement of
quartz and berlinite, the T-O bond lengths expand with
increasing temperature (Kihara 1990; Muraoka and
Kihara 1997). The Si-O bond lengths in cristobalite also
increase with increasing temperature in a correlation
function analysis of neutron powder-scattering intensi-
ties (Dove et al. 1997). According to Downs et al. (1992),
almost all of the Si-O bond lengths in nine silicates ex-
pand with increasing temperature when corrected for
tetrahedral libration using a TLS (translational, libra-
tional, and screw modes of motion)-rigid-body thermal
analysis. All these suggest that the negative expansion of
the Si-O bonds in the usual structure refinements using
Bragg diffractions is only apparent.

The probability density function (pdf) of an atom in
a harmonic crystal may be unimodal with the mode at
the minimum of the harmonic potential well. The mode
of pdf for an atom is thus located at the position of its
mean in harmonic crystals. On the other hand, if atoms
undergo anharmonic thermal vibrations, the means are
not necessarily at the modes of pdfs. The thermal
vibrations of T-O-T bonds in silicates or silicas are
typical examples showing librational motions. In the
usual harmonic structure refinements of diffraction
data, the mean positions of O atoms in these structures
may possibly be determined to be those shifted toward
the libration axes, T-T (Willis and Pryor 1975), result-
ing in smaller T-O bond distances than the real ones.
Such shifts are expected to become larger with in-
creasing amplitudes of the librational motions at higher
temperatures. Indeed, the atomic coordinates obtained
in the harmonic structure analyses of quartz (Kihara
1990) showed the Si-O bond lengths becoming smaller
with increasing temperatures: the two symmetrically
independent Si-O bond lengths of 1.605(2) and
1.614(2) A at 298 K are reduced to one symmetrically
equivalent bond of 1.588(3) A in f-quartz. Essentially
the same feature has also been observed for berlinite
(Muraoka and Kihara 1997). On the other hand, the
generalized structure analysis, which employs structure
factors expanded in higher order terms, is able to locate
the modes of pdf more closely to the real positions,
from which we can calculate real bond lengths (Johnson
1970). In the anharmonic refinements of quartz and
berlinite involving terms up to the fourth order, the
separations between the modes of the pdf for bonded Si
and O showed values larger than the corresponding
distances in the harmonic refinements at high temper-
atures: 1.620 A at 848 K and 1.624 A at 891 K for
quartz (Kihara 1990). However, we have experienced in
our previous X-ray studies that the determination of
anharmonic pdf is easily subjected to deterioration in
the quality or reduction in the number of measured

intensity data at high temperatures. The above values
referring to the separations for the modes are yet to be
established.

There have been a number of reported MD studies of
the quartz structure. In the extended system (constant
temperature and constant pressure) MD study using
nonempirical potential parameters, Tsuneyuki et al.
(1990) ascribed the dynamical character of f-quartz to
cluster dynamics. Tautz et al. (1991) analyzed quanti-
tatively the origin of the incommensurate phase in the
MD calculations with 4096 hexagonal unit cells of
quartz at different temperatures in the - and f-phases.
Miyake et al. (1998) conducted controlled temperature
and pressure MD and discussed details of the change in
crystallographic symmetry during the phase transition,
using static structure factors calculated based on atom
trajectory data.

In addition to these successful studies, we note that
real bond lengths and angles are sometimes inaccessible
in the usual structure refinements of real crystals, but
accessible in MD simulations. It is, of course, possible to
calculate the distances and angles for the mean positions
of given atoms in the MD system, which are quantities
comparable with atomic distances or bond lengths given
in the usual structure refinements.

In the present study, constant-temperature and con-
stant-pressure MD simulations were performed on the
quartz structure with the three different MD cells of 150,
810, and 1200 hexagonal cells in the o- and f-phases. The
cases for 810 and 1200 cells provided almost the same
results for the static quantities examined. The mean po-
sitions and the distances between those, and the mean-
squares displacements of atoms were first calculated from
the trajectory data, and then compared with the corre-
sponding X-ray values in the harmonic refinements of
Kihara (1990). Next, the distances for Si-O and O-O pairs
and the angles of any two given pairs, which may repre-
sent real bond lengths and angles, were calculated from
the trajectory data. The trajectories of atoms were also
used to calculate time-dependent atomic displacement
parameters, defined for the displacements measured from
the mid-points of «;—a, lines of the atoms. The charac-
teristic thermal expansion behavior was explained
through a combination of dynamical effects represented
by the atomic displacement parameters and static effects
arising from bond-length expansions. Finally, the struc-
tures and their changes are discussed by means of the time
series of molar volume or atomic displacement parame-
ters. The structural data appearing in this paper are all
from the case for 1200 cells. Since our MD crystal sizes
are not large enough even for the largest, we have not
considered the incommensurate phase.

Computer simulation

The present MD calculations were conducted using the semi-em-
pirical values of the ionic charges and the energy parameters in a
two-body potential energy function of the form
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The values of the charges, ¢, are from Kramer et al. (1991), but the
potential parameters, 4;, B; and Cy, for the Si-O and O-O pairs
were obtained by equating the Buckingham type expression of
Kramer et al. to expresswn (1). The quantity f'is a standard force
of 4.184 kJ A~ mol™". All the values used are shown in Table 1. A
rectangular cell including 18 atoms (6 Si and 12 O) was chosen as
A, =11,0,0], B, =1, 2,0] and C, = [0, 0, 1] of the hexagonal unit
cell. The extended system method by Nosé (1984) for constant
temperature MD in combination with the generalized form of the
constant pressure MD of Parrinello and Rahman (1981) was em-
ployed.

The Lagrangian of the NPT ensemble involves four additional
terms in comparison with the conventional NVE MD; two for ki-
netic and potential energies associated with a degree of freedom, s,
and the remaining two for a kinetic energy associated with the MD
cell and a potential energy PV (Nosé 1984; Parrinello and Rahman
1981). Two parameters Q and W, which determine the time scale of
temperature fluctuations and the relaxation time for recovery from
an imbalance between external pressure and internal stress, re-
spectively, are introduced in the dynamic equations for s and V. It
is, however, indicated that static quantities obtained from the tra-
jectory data of the MD are independent of the values chosen for Q
and W (see, for instance, Andersen 1980; Parrinello and Rahman
1981; Nosé 1984). Furthermore, some dynamic quantities are
believed to be less sensitive to Q (Nosé 1984).

In this study, simulations with more than 20 different combi-
nations of Q and W were first carried out on a (5A,, 3B, 5C,) MD
cell including 150 hexagonal cells. Then the effects of different MD
cell sizes were examined by applying a combination of W and Q to
the three different MD cells of 150, 810, and 1200 hexagonal cells,
each corresponding to (5% 3 x 5), (9x5x9) and (10 x 6 x 10)
cells of the (A,, B,, C,) cell. Compared are time-averaged quanti-
ties (cell dimensions, atomic coordinates, and mean-squares dis-
placements), and time-dependent quantities (fluctuations of molar
volume and atomic displacement parameter defined later). The
transition temperature was also compared for the different MD-cell
sizes. The simulation for the (10 x 6 x 10) cell was most intensively
carried out.

A series of the NPT simulations with increasing temperature for
the (10A,, 6B,, 10C,) MD cell were commenced at 300 K: the
starting positions of 10 800 atoms were derived from the X-ray
coordinates of a-quartz in space group P3,21 at room temperature.
The values at the final step of a simulation at a temperature were
used as the starting values in the next highest temperature
calculations: a similar process was repeated at 17 different
temperatures up to 1300 K, all under atmospheric pressure. The
MD runs were performed with the W and Q values of 500 g mol™'
and 100 kJ mol™! (ps)? respectively, and with a step width of 1 fs.
The first 5000 steps were sufficient to equilibrate the system except
for temperatures near the transition point, and the trajectory data
at every tenth step of the 40 960 steps of a run after equilibrating
were stored for the analyses. The vicinity of the transition point was
intensively examined with smaller temperature intervals, 880, 900,
910, 915, 920, 925, 930, and 950 K to find the transition. The time-
averaged (s) values were confined in narrow ranges from 0.996 to
1.014, with the fluctuations less than 0.009 in the final runs at all
temperatures. Averaged temperatures over whole time steps were
well controlled within the ranges of about 107> of set values.

Table 1 Energy parameters and charges used in MD simulations.
Charges are from Kramer et al. (1991), but the potential para-
meters in the Buckingham type expression of these authors are
transformed for the use in expression (1)

Pair  C; (k) A°mol™") 4; (A) B, (A7') Charge (je|)
Si-O 12 888.865 297960 020521 g5 = +2.4
0-0 16 890.695 412674 036232  go=-12
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Results and discussion

The most remarkable in the present simulations with
different MD cells is the simulated transition tempera-
tures: the case for the (5 x 3 x 5) cell provided temper-
atures as high as 1300 K, much higher than about 910 K
for the cases of the (9 x 5% 9) and (10 x 6 x 10) cell.
The differences between the simulations for the latter
two cases, both undertaken with a combination of
W =500 gmol™' and Q =100kJ mol™' (ps)’>, are
within statistical uncertainties as far as the time-aver-
aged quantities including the transition temperature are
concerned.

On the other hand, in further trial simulations for the
(5 x 3 x 5) cell, the effects of the different values of W
and Q on the transition temperature and the time-aver-
aged quantities were not sensitive. Two cases examined
with W =100 g mol™" and Q =20 kJ mol™" (ps)?, and
W =500 g mol™" and Q = 100 kJ mol™" (ps)? showed
almost the same temperature between 1280 and 1300 K.
Many runs with the different combinations of W and Q
were attempted to find the effect of these values, resulting
in nearly equal values for each of the time-averaged
quantities. The time scales of the fluctuations of volume
and of atomic displacement parameters, however, were
weakly affected by different W and Q. The structural data
in the present study are all referred to the simulations for
the (10 x 6 x 10) cell.

Cell dimensions and the transition temperature

The MD cell, averaged over all stored time steps, well
maintains the metric relation for the hexagonal lattice.
The hexagonal cell dimensions and volume are com-
pared with the X-ray data (Kihara 1990) in Fig. 1 as a
function of temperature. The characteristic features in
the temperature dependence of the cell dimensions ob-
served in the experiments are well reproduced. The sharp
changes at about 900-920 K apparently represent the
o—f transition. In the intensive measurements of the cell
dimensions around the o—f transition with X-ray or
neutron powder diffractions by Carpenter et al. 1998
and Welche et al. 1998, the a-dimension continues to
increase in the range of about 80 K after the transition
point while ¢ increases in the range of about 20 K and
then begins to decrease. Our MD cell sizes also show
similar tendency (Fig. 1¢); that is, after the steep increase
up to the nearly horizontal curve, a keeps a slightly ex-
panding trend in the range of about 300 K, while ¢ be-
gins to decline after arriving at the maximum within
about 100 K. This weak but characteristic feature
around the transition is explained in relation to the
emergence of a transitional state later on. The cell vol-
ume is about 3% larger than the X-ray data in either the
o- (at 300 K) or f-phase.

According to the temperature dependence of the cell
constants and atomic fractional coordinates, the o — f§
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Fig. 1la—c Temperature dependence of hexagonal cell dimensions a
and ¢, and volume ¥ in molecular dynamics simulations in
comparison with X-ray results (Kihara 1990). a MD. b X-ray.
¢ Close-up of the a and ¢ dimensions in MD. Lines connect hidden
data points

transition occurs between 900 and 920 K in the present
MD system, which is higher than the observed value of
846 K. In this paper, the temperatures are expressed in
the differences from 910 K, if necessary for comparison
with the experiments.

Atomic mean positions and mean-squares
displacements

One Si and one O atom were selected to represent the
asymmetrical unit of the space group of the a-phase, i.e.,
P3521, and then the atomic coordinates for these atoms
were averaged over the whole stored time steps and all
the symmetrically equivalent atoms in the (10 X 6 x 10)
cell. Table2 shows the atomic coordinates at
AT = -610 K300 K) and +40 K(950 K) in the frac-
tions of the averaged hexagonal cell, together with the
X-ray values in the harmonic refinements at
AT = -548 K298 K) and +45K(891 K) (Kihara

Temperature (K)

Temperature (K)

1990). The atomic fractional coordinates shift toward
the higher symmetry sites, which we refer to as the
p-sites, as observed in the X-ray studies of a-quartz. The
(averaged) coordinates of Siand O at AT = -10and 0 K
are already very close to those of the f-sites, but show
slight fluctuations from run to run until AT = +15 K:
for example, the coordinates of Si at AT = 0 K change
in the range of (£0.01, 0, 0) around (0.500, 0.000,
0.000). This instability could be related to the long-lived
clustered fluctuations of atoms in the transitional state.

The mean-squares displacement matrix for each atom
is defined by:

B(x) = (u(x)u(x)") (2)
where u(x) and u(x)" are a 3 x 1 column matrix and its
transpose with elements representing the components of
the displacements of atom x along the Cartesian axis,
and the brackets (- --) indicate an average over all pos-
sible displacements (Willis and Pryor 1975). In usual
diffraction studies, the temperature factors of an atom
are obtained from averaging over symmetrically equiv-
alent atoms. In the present study, all 18 atoms in an (A,,
B,, C,) cell were chosen and the averages of Eq. (2) were
taken over the whole stored time steps. In order to
compare with the X-ray mean-squares displacements,

Table 2 Fractional atomic

coordinates in molecular a-Quartz B-Quartz
dynamics simulation of o- and
p-quartz in comparison with ) ) (@) (x) ) (2)
X-ray values Si MD* 0.4694 0.0000 0.0000 0.5000 0.0000 0.0000
X-ray® 0.4697(1) 0 0 0.5 0 0
O MD* 0.4225 0.2654 0.1259 0.4273 0.2136 0.1667
X-ray® 0.4133(3)  0.2672(3)  0.1188(2) 0.415509)  0.2077 0.1666

4MD values at 300 K (AT = —610 K) for a-quartz and 950 K (AT = +40 K) for f-quartz. AT is the
temperature measured from 910 K

®X-ray values at 298 K (AT = —548 K) and 891 K (AT = +45 K) (Kihara 1990). AT is the temp-
erature measured from the transition point, 846 K. Standard deviations in parentheses are of
symmetrically constrained refinements: (y(Si)) = (z(Si)) = 0 for a-quartz, and (x(Si)) = 0.5, (y(Si)) =
(z(Si)) =0, (»(0)) = (x(0))/2, and (z(O)) = 1/6 for f-quartz



averaging was extended to involve all translationally
equivalent atoms and then all rotationally equivalent
ones. In Table 3, the diagonalized mean-squares dis-
placements for Si and O obtained at AT = —610 and
+40 K are compared with the corresponding X-ray
values at AT = —548 and +45 K, respectively. The cal-
culated B matrices for Si and O are both represented by
the anisotropic ellipsoids. The agreement between the
experiments and the present simulations is surprisingly
good in both the magnitudes and the directions of the
principal axes (Table 3), except for a couple of points.
Axes 2 and 3 for Si in the f-phase are calculated with
apparently large deviations from the expected site sym-
metry, i.e., 222. However, Table 3 also shows that the
ellipsoid for Si is almost perfectly spherical in the section
perpendicular to [100],.x- The apparent violation of the
symmetry is thus not as serious as it appears. We note
rather a little smaller magnitude in the longest axis of the
O ellipsoid than the X-ray ones at all temperatures.
Figure 2 shows the temperature dependence of the
mean-squares displacements for O and Si atoms in their
principal axes in comparison with the corresponding
X-ray ones. The axes 1 for both Si and O in the simu-
lation (a and d in Fig. 2) show sharper changes than the
others, as observed in the X-ray studies of quartz shown
in Fig. 2b (Kihara 1990) or berlinite (Muraoka and
Kihara 1997). The thermal vibrations in axes 1 are
contributed by low-frequency modes with rotational
components of the corner-linked TO4 units (Kihara
1993). Such important components for small wave vec-
tors are possibly excluded in the present simulations with
the limited MD cell size. Simulations with larger MD
cells are expected to give larger magnitudes in axes 1.

Similarly to the calculation of B(x) in Eq. (2), the
positions of all translationally equivalent atoms in the
MD cell were accumulated to construct the pdf for each
of the 18 atoms in the (A,, B,, C,) cell, which was
unimodal for every atom even in the f-phase, as shown
by the X-ray study (Kihara 1990).

On the basis of the good MD results for the time-
averaged quantities, we address the problems which we
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could not solve directly in our previous diffraction study
on quartz.

Atomic distances and angles

The temperature dependence of the separations between
the time-averaged atomic positions of bond-forming Si
and O atoms, denoted as (Si)-(O), are compared with
those for the X-ray harmonic refinements (Kihara 1990)
in Fig. 3. The two independent (Si)-(O) distances con-
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Fig. 2a, b Temperature evolution of mean square displacements of an
O atom and a Si atom in the principal axes of (uu”) ellipsoids in MD
in comparison with the X-ray ones. a MD. b X-ray (Kihara 1990).
The first (largest), second, and third axes are marked, respectively, by
a, b, and ¢ for O, and by d, e, and f for Si. Lines connect hidden data
points

Table 3 Atomic mean-squares

displacements in principal axes Si O
in molecular dynamics simula- o :
tion of o- and )[/)’-quartz in u?) (A?) A210]  AJ010] A[001] (u?) (A?) A[210]  A[010]  A[001]
comparison with the X-ray 2-Quartz
values. Principal axes are i3
expressed in angles (degrees) Axis 1 0.0068 31 120 87 0.0136 31 79 117
. 0.0082(3) 30 120 90 0.0189(3) 38 72 122
from [210], [010], and [001] .
. Axis 2 0.0062 99 111 22 0.0101 60 120 44
of the hexagonal lattice. For
- 0.0070(2) 97 103 15 0.0123(6) 52 118 50
each axis, MD values at 300 K .
_ ) Axis 3 0.0049 61 39 67 0.0055 85 32 58
(AT = ~610 K) and 350 K 0.0058(2) 61 33 75 0.0066(6 86 34 56
(AT = +40 K) are shown in : @ ) (©)
upper lines, and X-ray values at  B-Quartz
298 K (AT = —548 K) and Axis 1 0.0283 31 121 90 0.0785 89 139 48
891 K (AT = +45 K) (Kihara 0.0286(7) 30 120 90 0.0921(2) 90 134 44
1990) are in lower lines with Axis 2 0.0218 60 33 76 0.0515 8 96 84
standard deviations for 0.0212(6) 60 30 90 0.0522(2) 0 90 90
magnitudes in parentheses Axis 3 0.0212 98 104 16 0.0209 87 44 47
0.0206(5) 90 90 0 0.0210(2) 90 44 46
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tinuously decrease from 1.608 and 1.613 A at 149 F
AT = —-610 K to 1.592 A in the f-phase, where the val- 148 F

ues remain nearly constant. These values compare well

with the corresponding distances in the X-ray study, 147 3
1.605(2) and 1.614(2) A at AT = —-548 K and 1.588(3) A 146 © ‘ ' '
in the f-phase. We next show that, in spite of the 112
reduction of (Si)-(O), the Si-O bonds expand with i
increasing temperature. IR
The time-averaged distances for Si-O, O-O, and Si-Si, i
and angles for Si-O-Si and O-Si-O, all denoted as (Si-O), (°§10 3
(0-0), (Si-Si), (Si-O-Si), and (O-Si-O), respectively, are 109 |
directly calculated from the trajectory data for a given i
SiO4 tetrahedron and Si-O-Si bond. As far as we have 108 -
inspected, there is no significant violation of the space
group symmetry of P3,21 or P6,22 in the time-averaged 107 &
values for the distances and angles. Figure 4 illustrates 200 400 600 800 1000 1200 1400

the temperature dependence of the values for an arbi-
trarily chosen SiOy4 tetrahedron and Si-O-Si bond. The
root-mean-squares displacements for the lengths and f
angles for the tetrahedron are about 0.03 and 0.06 A for
Si-O, 0.06 and 0.12 A for O-O, 6 and 12° for Si-O-Si,
and 3 and 6° for O-Si-O at AT = —610 K and +390 K,
respectively. The time-averaged SiO, tetrahedra (com-

Temperature (K)

»
L

Fig. 4a—{f Temperature evolution of time-averaged distances (A) and
angles (°) for atoms in an arbitrarily chosen SiO, tetrahedron and a Si
atom linked to the tetrahedron. a Si-O. b O-O. ¢ Si-Si. d Si-O-Si.
e O-Si-O. Lines connect hidden data points. The positional relation
is given in f




posed of (Si-O) and (O-O)) are distorted in a manner
consistent with the space groups of the a- and fS-phases
from the regular tetrahedron: the distances, (Si-O) and
(0-0), and angles (O-Si-O) have two, four, and four
different values, respectively, in the o-phase, but one,
three, and three values in the f-phase. The two sym-
metrically independent (Si-O)s at AT =-610 K are
1.614 and 1.618 A, which are apparently larger than the
X-ray values, 1.605 and 1.614 A, respectively, in the
harmonic refinements at AT = —548 K (Kihara 1990).
We note that free-energy minimization calculations of
De Boer et al. (1996), based on quasiharmonic approx-
imation with the potential energy parameters of Kramer
et al. (1991), predicted smaller Si-O distances, 1.598 and
1.606 A at 300 K, than the present ones and even than
the X-ray values. Among the tetrahedral angles, three
are centered on 109° and one on 111° at AT = -610 K.
The three kinds of the tetrahedral angles in the -phase
are about 110.5(x2), 109.8(x2) and 107.6(x2)° at
AT = +390 K. The Si-O-Si angles widen from about
146.5° at AT = —610 K to about 152° in the f-phase.

The two (Si-O) bond lengths continuously expand
with increasing temperature: the two curves merge at
about AT = 0 K, where (Si-O) is 1.622 A, and then rises
almost linearly up to 1.628 A at AT = +390 K. The
expansion coefficient of the Si-O bond is about
0.74 x 107* K™! in the range from AT = —-610 K to
+390 K. It is important to note for the present MD
simulations that the bond lengths continuously increase
in the f-phase, but the unit-cell dimensions remain al-
most unchanged with increasing temperature. We will
discuss this later.

Atomic displacement parameter and structure changes

According to the structural studies of Young (1962), in
which positional parameters are expressed in fractional
coordinates, the equilibrium position of an atom at a
temperature below the o—f transition is somewhere on
the path from the o;-site (or a,-site) to the mid point of
the o- and a-sites, i.e., the f-site. The o -site is the room
temperature equilibrium position of an atom and o, its
Dauphiné twin-related position. The f-site is essentially
invariant with varying temperature, as far as fractional
coordinates are concerned. In analyzing the trajectories,
we can conveniently express the time-dependent atomic
positions by means of displacements from the f-sites. A
time-dependent atomic displacement parameter, denot-
ed n(x,1), for atom x, is defined as

B d(x,t)
1) = (1) 300K

where d(k, t) is the time-dependent separation of atom x
from its f-site, and J(k);x the distance between the
p-site and a;-site (or o) of atom x at 300 K, the lowest
temperature of the present study. It was found that the
histogram of #(k, ¢) for atom x shows the peak at almost
the same #5-value as those for different x’s: for example,

b
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all examined atoms showed the peaks at n= +1 at
300 K and = 0 for the f-phase. The atomic displacement
parameters could be the macroscopic order parameter
for the & — f transition, if they are averaged over time
and accumulated for all atoms in the system. The tra-
jectories of an atom are analyzed using 7n(x,t) or the
components in the line joining its - and a-sites, denoted
’7[;1(’@ t)'

Although Megaw (1973) and Grimm and Dorner
(1975) considered the static interpretation for the ther-
mal expansion in a-quartz, their studies are applicable to
the time evolution of the cell size, i.e., the cell size de-
creases when the rigid tetrahedrons tilt away from the
p-sites. The recent study by Welche et al. (1998) indi-
cates that many low-frequency modes with substantial
rotational components are associated with negative
Griineisen parameters. All these studies indicate that the
thermal expansion in quartz is related to the rotational
displacements of the corner-linked SiO4 tetrahedrons,
either static or dynamic. We first analyze the changes of
the atomic positions in the a-phase, and then show that
the steep expansion in the o-phase is caused by a com-
bination of dynamic and static effects.

Figure 5 shows the time series of 5(x, ¢) for an oxygen
atom at AT = -610, =210, —10, +90 and +390 K. At
lower temperatures in the a-phase, the atom vibrates in
the o- or a»-site as shown in Fig. 5a: in other words, the
atomic pdf is a well-defined sharp single-peaked distri-
bution with the means at np= 41 (or —1). With
increasing temperature, the amplitude of vibration
increases, causing the atom to move to the a,-side. In
Fig. 5b, we see that, at AT = —-210 K, the atom that has
moved to the side of the a,-site quickly returns to the
op-site. At AT = —-10 K (Fig. 5¢), the atom oscillates

dtoraomow Staioow bt otow o —w bbb ortow
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Fig. 5a—e Time series of displacement parameters, #(x,¢) for an O
atom at an every tenth step of 40 960 steps at five temperatures,
a AT =-610, b =210, ¢ —10, d +90, e +390 K. Temperatures for
MD are expressed in differences from 910 K
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over the boundaries between the o;- and oo-sites,
spending consecutive time steps in the o;-site for about
200-1000 steps and then in the a,-site for about 200
steps at the maximum. In the f-phase (Fig. 5d, e), the
atom oscillates in the a;-site (n = +1) for 200-300 steps
(0.2-0.3 ps) and then moves to the a,-site (n = —1) to
oscillate for approximately the same time steps as for the
op-site, resulting in a large total amplitude of thermal
vibration as illustrated in Fig. 2. The behavior, involving
time scales presented above about the displacement pa-
rameters for an O atom, was found to be common to the
remaining O and Si atoms as far as we examined.
According to the observations with 7(x, ) or n4,(x, 1),
the mean positions of atoms are determined by the ratios
of the time lengths spent by the atoms in the o;- and
oy-sites. The higher symmetry, P6,22, of the ff-phase is
attained for atoms spending time evenly at the two sites.

Thermal expansions and displacement parameter

If the Fourier transforms of a pair of random processes,
x(#) and y(¢), are given as

X(co):% / x(t) exp[—iwt]dt
and |
Y(w):% / (¢) expl—iooddt |

the cross-spectral density is given by

2
Sy(®) = lim Tx (w)Y(w)
T—o00
where w is angular frequency (Hino 1977).
We consider the total of [, (i, )| for all N atoms in
the system, taking average as follows:

1 N
6<t) = NZVI[M(’Q t)| .
k=1

This quantity is time-dependent, and represents the f—o;
(or a,) component of the mean departure of all atoms
from the f-sites. The corner-linked rigid units modes
may take the most important part in ¢(¢): when atoms
approach or depart from the f-sites in such modes, small
or large g(f) may result, respectively. We consider the
relation between o(7) and volume below.

The correlation between o(f) and time-dependent
volume V/(r) was evaluated by cross-correlation func-
tions,

Cor(t) = (a(O)V (1 + 7)) ,

where 7 is a time-lag and the brackets (---) indicate an
average over time providing that the processes are sta-
tionary. The essential feature of Cyy(7) at t=0 was
essentially free from fictitious mass W. Figure 6 shows

+ +
O—{\AAI\A,‘V 07/\/'\1—\/\-\.«\
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Fig. 6a—h Cross-correlation functions between a(f) and cell volume:
a AT =-610,b —110, ¢ -10,d 0, e +20, f +40, g +90, h +390 K.
a(t) is {|np,(r,1)]), where (...) means to take the average over all
atoms. Function values in vertical axes are in arbitrary scales. For ¢, d,
and e, vertical scales are six times larger than for other temperatures

the cross-correlation functions at some selected tem-
peratures, calculated from the Fourier transform of
cross-spectral density of the two processes S,y (®) by
using the FFT (fast Fourier transform) program of Hino
(1977), where strong negative correlation at zero time
lag is seen. (As mentioned again later, the time scales of
the fluctuations of volume or o(#) changed with the
different values of the fictitious mass W). The clear
negative correlation suggests that while atoms are col-
lectively moving toward or away from the f-sites, the
crystal expands or contracts, respectively. The macro-
scopic thermal expansion is to be contributed by these
dynamical factors averaged over time or ensemble. Then
we take the importance of the time-average of a(¢) into
consideration of the (macroscopic) thermal expansions.
More frequent collective transfer of atoms between the
op- and op-sites causes smaller (o(¢)), whereas increased
vibrational amplitudes in the modes with the substantial
rotational components of the corner-linked rigid units,
which carry atoms far beyond the room-temperature
op- Or ap-sites, cause large (g(¢)). In any event, we can
formulate that, if the time average, (o(¢)), increases or
decreases with varying temperature, the dynamical
factors work to decrease or increase the time-averaged
cell dimensions, respectively. The temperature depen-
dence of (g(z)) may reflect the result of the competition
between the two factors, i.c., transfer frequency and
amplitudes. As shown in Fig. 7a and b, the {o(¢)) value
reducing from nearly 1.0 at room temperature to the
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minimum of about 0.73 at the transition is associated by
the steep increase of transfer rate of atoms in the
a-phase. This negative relation suggests that the smaller
(o(¢)) at higher temperatures in the a-phase arises from
more frequent collective transfer of atoms between the
oq- and ay-sites. In the f-phase, the increasing trend of
the transfer rate weakens (Fig. 7b), but, instead, the
amplitudes of vibrations become so large that they vi-
brate far beyond the positions corresponding to the
room-temperature o;- or ap-sites. As a result, (o(¢)) turns
to an increasing trend (Fig. 7a).

Structure changes at high temperatures

Figure 8 shows the time series of the molar volume and
a(t) at AT =-610, —10, 0, +10, and +390 K. As sug-
gested in Fig. 6, the negative correlation between these
quantities is seen over the whole part of the time series at
all temperatures in Fig. 8; that is, when o(¢) rises, the
volume falls, and vice versa. At low temperatures
(Fig. 8a), molar volume and a(?) fluctuate along nearly
constant values, e.g., about 23.43 cm® mol™ and 1.0,
respectively, at AT = —610 K. With increasing temper-
ature, the two time series begin to fluctuate largely with
much longer time scales than at lower temperatures. The
long time-scale fluctuations also correlate negatively to
each other, and become more remarkable as tempera-
ture approaches the transition point (Fig. 8b, ¢, d). The
huge negative curves in the cross-correlation functions
of Fig. 6 may arise from these long time-scale fluctua-
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tions. At AT = —10 K (Fig. 8b), the volume fluctuates
around about 24.2 cm® mol™! for longer consecutive
time steps and gradually changes to larger values fluc-
tuating at about 24.4 cm® mol™' for shorter intervals,
resulting in a time scale as long as the whole time steps in
a single run of the present simulation. At AT=0K
(Fig. 8c), there are some parts of the consecutive time
steps over 10 000 steps (=10 ps) where the volume
changes around about 24.3 cm® mol™, which appears to
be about intermediate between the two values mentioned
above. The long time-scale fluctuations fade increasingly
as temperature rises to more than above AT =0 K. At
AT = +10 K (Fig. 8d), the volume fluctuates around
the larger value of about 24.4 cm® mol™! with small
amplitudes, but the steady tendency is disturbed by the
shorter duration of smaller values, which are no longer
visible at AT = +90 K. At AT = +390 K, the volume
fluctuates rapidly with small amplitudes around the
larger value of about 24.4 cm® mol™" (Fig. 8e).

The characteristic features in the fluctuations of vol-
ume near the o—f transition suggest that the MD crystal
changes via a transitional state, when passing the tran-
sition point. When approaching the o—pf transition from
below, the transitional state first appears with alternately
occurring o- and f-structures. This stage of the transi-
tional state corresponds to that represented by Fig. 8b,
where the volume is seen to change gradually between
the two main values. Then the transitional state changes
to a more complicated stage, where the mixed crystal of
o- and p-portions begins to appear alternately with the
pure f-crystal in the time series: the former corresponds
to the intermediate volume of about 24.3 cm?® mol™!
(AT =0 K, Fig. 8). The mixed crystal of o- and
p-portions no longer appears at temperatures higher than
AT =10 K (Fig. 8d). The a-structure stands for longer
time intervals than the f-structure at AT = —-10 K, but
the situation is reversed at AT = 10 K. This transitional
state persists probably up to AT = + 100 K, where the
typical -phase structure with the hexagonal symmetry is
attained.

The slight increase in the cell dimensions in the range
of about 100 K above the transition point (Fig. 1¢) can
be explained in relation to the emergence of the transi-
tional state. As temperature rises through the transition,
the structure changes rather continuously via the tran-
sitional state. The cell dimensions rise continuously
during these changes until the typical f-structure is
attained. The top of the c-axis dimension appearing in
Fig. 1c may correspond to the end of the transitional
state. After attaining the typical f-structure, the negative
contribution from large amplitudes becomes visible for
the e-dimension, but not for the a-dimension. We have
no atomic view at this moment of how this difference
occurs.

Welche et al. (1998) and Heine et al. (1999) ex-
plained the essential feature of the thermal expansion
in the quartz structure by taking a geometrical negative
contribution due to the rotational modes of SiO4 units
and positive contribution from anharmonicity of the



374

Fig. 8a—e Time series of molar
volumes (lower) and {a(¢)) (up-
per) in pairs: a AT = —610,

b —-10,¢ 0,d +10 and

e +390 K. Molar volumes
in em?®

SRS TS N VSRS AT S S TSRS A S S RN U |

T IR SR R

AR OO S T SN SNSRI SO S S SR N NSNS SR S S AR

M|

interatomic forces. In viewing the motions of each at-
om in the f-phase (Fig. 5), we also ascribe the main
oscillatory component in o(f) to the transferring mo-
tions of atoms between the a;- and the o,-sites. Even in
the a-phase, such transferring motions of atoms could
frequently occur at high temperatures (Fig. 5b, ¢), but
remain less oscillatory (more-random) than in the
f-phase.

The mean squares volume fluctuations, ((8)%), cal-
culated by

OO = (V=)

show a characteristic behavior in the vicinity of the
transition point, i.e., the values gradually rise to maxi-
mum at the transition, but fall steeply in the p-phase
(Fig. 9a). This behavior may also be explained in rela-
tion to the transitional state. The largely fluctuating
volume in the transitional state results in larger ((6 V)2>
than in the structure at temperatures away from the

5000 10000 15000 20000 25000
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30000 35000 40000

transition point. Besides the structural problems dis-
cussed, we may also calculate the bulk modulus of such
a system using the equation

oP VkT
K:— R — =
V(@V)

(7))

(Haile and Graben 1980), and compare with the exper-
imental results to examine the accuracy of our MD
volume fluctuations. Our value at AT =-610 K
(=300 K) is 45.5 GPa, a little larger than the experi-
mental value of 37.1 GPa at room temperature
(McSkimin et al. 1965). The temperature evolution of
our MD values is shown in Fig. 9b.

Tsuneyuki et al. (1990) found that their MD crystal
of 48 hexagonal cells transformed at 850-900 K with
increasing temperature, and ascribed the dynamical
character of the f-phase structure to cluster dynamics.
In the drawing of the trajectories of atomic positions for
4 ps, they observed locally o;- and a,-domains, switch-



ing to each other at 900 K. We note that these authors’
simulations are done with the small MD cell at a tem-
perature just above the transition point. We examined
the typical -phase structure in drawing the trajectories
of atoms accumulated over different time intervals.
Figure 10 shows the projections of the trajectories
of atoms in a tetrahedron and its neighboring atoms on
to the (001),.x planes over different intervals at
AT = +390 K. A series of trajectories accumulated over
the consecutive intervals of 1 ps indicates that the atoms
move well through the area centered to the f-sites in a
period shorter than 1 ps, while there is no obvious sign
of ay- or ap-domains over the period. The present ob-
servations about the atomic trajectories lead us to ex-
clude the idea that the typical -phase is the time average
of clusters of a-quartz on time scales longer than 1 ps or
even 0.5 ps. Our model of f-quartz is essentially the
same as that of berlinite by Kihara and Matsui (1999),
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Fig. 9a, b Temperature evolution of mean-squares volume fluctua-
tions, bulk modulus and related quantity: a (9 V)z) for MD cell in A®
and b bulk modulus K in GPa. Lines connect hidden data points

Fig. 10a—d The trajectories of positions of atoms in an arbitrary
chosen tetrahedron and of some neighboring atoms at AT = + 390 K.
a0.1,b05,¢c1,d10 ps

a b
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where the double-minimum feature remains, but atoms
can move over the barriers in the vibrational modes,
whose time scales are of the order of a few tenths of a ps.
The present model of f-quartz could be compatible with
most previous studies based on experiments (Tezuka
et al. 1991; Salje et al. 1992; Spearing et al. 1992; and
SO on).

The periods of the fluctuations of the molar volume
and o(¢) were slightly different by using the different
values of fictitious mass W in the NPT simulation. A
larger W causes a longer period and vice versa. We may
read the period of about 0.36 ps (=28 waves in 10 ps) in
Fig. 8a for W =500 g mol~!, whereas it reduces to
about 0.30 ps for W = 100 g mol™', both for the 1200-
cell at AT =-610 K. The time scales of the volume
fluctuations or ¢(¢) given in this study are fictitious.

Concluding remarks

In the structural studies of quartz, it is a common
practice to express the structural changes in terms of the
rotation of corner-linked (rigid) SiOy4 tetrahedra around
(100),.,- In analyzing the trajectory data of MD, how-
ever, it is not practical to handle the rotational angles,
because the tetrahedra are distorted from time to time by
all activated vibrational modes. Instead, time-dependent
atomic displacement parameters 7(k,¢) and their o—ff
components 7, (x, ) were defined and used to analyze
the structural changes in detail.

The present MD simulation succeeded to confirm
that, with increasing temperature, the Si-O bonds in
quartz expand, while the Si-O-Si angles are remarkably
widened. In addition, the present study showed that
thermal expansion in quartz is also related to atomic
displacements, more or less, in collective transferring
motions over the barriers between the o;- and the
ap-potential-energy minima.

In the present MD crystal, the structural change from
o to f occurs rather gradually via a transitional state
persisting within about 100 K. The continuous struc-
tural changes in the transitional state cause the slight
and continuous expansion after the steep rise of volume
up to the nearly horizontal curve. During the transi-
tional state, the hexagonal symmetry is yet to be
attained.
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