
Abstract A quantum-mechanical calculation of the

zone-centre phonon spectrum of beryl has been per-

formed, by using an hybrid HF/DFT Hamiltonian

(B3LYP). An excellent agreement with the experiment

has been obtained, being the difference between the

calculated and the experimental vibrational frequen-

cies (Raman, IR-TO and IR-LO) less than 5 cm–1 on

average. In the few cases where a relatively large dis-

agreement between calculated and experimental data

is observed, an explanation can be found which attri-

butes the reason of the discrepancies to the experi-

mental data rather than to the calculated ones. The

calculation (i) allows the identification, in the experi-

mental spectra, of the peaks corresponding to funda-

mental modes, overtones, combination bands and

leakage; (ii) solves problems of band assignements due

to the presence of LO–TO splitting in the IR spectra;

(iii) provides the frequencies of silent modes; (iv)

permits a full analysis of the atomic motion corre-

sponding to each normal mode.

Keywords Vibrational spectroscopy Æ Quantum-

mechanical calculations Æ Beryl

Introduction

Extensive experimental reasearch has been devoted to

minerals belonging to the beryl group, whose chemical

formula can be expressed as (M3+,M2+)4 [T6
¢ T12

¢¢ O36-

z(OH)z]Æ (H2O)yAx (M: octahedral cations like Al, Fe,

Sc; T¢ mainly Be, but also Li; T¢¢ mainly Si; A: alkali

cations like Na, K and Cs; Ferraris et al. 1998), in order

to rationalise the observed correlations between

structural details and crystal chemistry (Hawthorne

and Cerný 1977; Aurisicchio et al. 1988; Artioli et al.

1993). The structure of beryl (ideal formula Al4Be6-

Si12O36; space group P6/mcc; see Fig. 1) consists of

sixfold rings of Si-centred tetrahedra stacked along

[001], interconnected by Be-centred tetrahedra and Al-

centred octahedra. Al, Be and Si cations sit on the 4c,

6f and 12l Wyckoff positions, respectively; 12 oxygen

atoms sit on the 12l Wyckoff position (O1), whereas

the remaining 24 oxygen atoms (O2) occupy the 24m

general position. The O1 anion coordinates two Si

cations and it is the shared vertex of the Si-centred

tetrahedra forming the sixfold rings; O2 coordinates

the Si, Al and Be cations; see Prencipe (2002) for a

discussion of bonding in beryl. The stacking of the

sixfold rings gives rise to channels, whose axes are

parallel to [001], which can host water molecules and

alkali cations. Besides X-ray and neutron diffraction
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based studies (see for instance Artioli et al. 1993),

several spectroscopic studies have been devoted to the

determination of the position and orientation of the

water molecule inside the channels of the structure

(Wood and Nassau 1967, 1968; Aines and Rossman

1984; Hagemann et al. 1990; Charoy et al. 1996;

Kolesov and Geiger 2000; Mashkovtsev et al. 2004;

Gatta et al. 2006), and in a number of papers the

problem of the characterization of the vibrational

spectrum of pure beryl has been experimentally affor-

ded (Gervais et al. 1972; Adams and Gardner 1974;

Hofmeister et al. 1987; Hagemann et al. 1990; Kim

et al. 1995). The identification and the characterization

of the fundamental normal modes of the pure beryl is

an aid in the study of isomorphous substitutions, which

occurs very commonly in beryl, through the analysis

of the vibrational spectra and their modifications as a

function of crystal chemistry.

Kim et al. (1995) and Pilati et al. (1997) attempted

the assignment of vibrational modes in beryl by using

empirically determined model potentials, parametrized

to reproduce observed vibrational frequencies. How-

ever this procedure is not fully satisfactory since, apart

from being based on classical models of atomic inter-

actions, requires the a priori knowledge of which

modes are fundamentals and which are not; not an easy

task.

As a contribution in the identification of funda-

mental frequencies and their assignement, the vibra-

tional spectrum of beryl has been calculated ab initio,

following a quantum-mechanical approach which

has already been successfully applied in several cases

(pyrope, Pascale et al. 2005a; andradite, Pascale et al.

2005b; katoite, Orlando et al. 2005; forsterite, Noel

et al. 2006).

It should be stressed that, in general, the terms

vibrational spectrum are used to indicate the set of

frequencies of the vibrational normal modes in crystals

and molecules, and not those functions expressing the

intensity of transmission, or reflection, of the electro-

magnetic radiation interacting with the vibrational

modes. In a crystal or molecule, atoms do vibrate

independently by the interaction with the radiation

used to detect and characterize such motion. As stated

in the title, the aim of the paper is just the calculation

and characterization of the vibrational normal modes

(phonons) of beryl, at the Brillouin zone centre.

Therefore the paper does not address the difficult

problem of the interactions of those phonons with

radiation in some specific experimental set up (IR and

Raman spectroscopy, for example). In other words, the

issue addressed in the present paper is not the repro-

duction or simulation of IR and Raman spectra, but

the direct calculation of the vibrational spectrum of

beryl at the G point. Nevertheless, in order to judge

the quality of our results, much discussion is dedicated

to the comparison of our computed frequencies with

those obtained from IR and Raman spectroscopy. It

must also be recognized that much of the efforts spent

by the experimentalists, making IR and Raman spec-

troscopy, are not aimed at just obtaining good well

resolved intensity (of radiation) versus frequencies

curves, but at the extraction (from those curves) of the

frequencies of the (active) normal modes; in doing

that, especially in case of IR reflectance spectroscopy,

experimentalists are often forced to use approximate

models describing the interactions of radiation with

matter, which are not always free of more or less

arbitrary assumptions (Hawthorne and Waychunas

1988; McMillan and Hofmeister 1988). These difficul-

ties in correctly describing the radiation-matter inter-

action, in order to extract the useful and relevant

information from the IR and Raman spectra (that is,

the frequency of vibrations) are not encountered in a

direct calculation like the one discussed in the present

paper.

The structure of the paper is as follows: a description

of the method of calculation, and a discussion con-

cerning the choice of the more critical computational

parameters, is provided in the next section; a section

Be

Si Al

O1

O2

Fig. 1 Perspective view of the beryl structure, approximatively
along [001]. The dark green polyhedra are the Si-centred
tetrahedra, whereas the light green one’s are the Al-centred
octahedra; circles represents Be ions. The two independent
oxygen atoms (O1 and O2) are shown
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concerning the calculated frequencies and their com-

parison with the available experimental data is then

provided, by separately discussing Raman and IR ac-

tive normal modes. A final section is dedicated at the

analysis of the atomic motions in the normal modes.

Computational details

Geometry optimization and spectra calculations were

performed by means of a development version of the

ab initio CRYSTAL code (Saunders et al. 2003), which

implements the Hartree-Fock and Kohn-Sham, Self

Consistent Field (SCF) method for the study of peri-

odic systems (Pisani et al. 1988), by using a gaussian

type basis set.

Basis set

In order to test for the variational basis dependence of

the calculated frequencies, three different sets were

used; the first one is similar to that used in Prencipe

and Nestola (2005) for the study of beryl with different

Hamiltonians, except that a second set of polarization

functions have been added to Si and O. More precisely,

the 66-21G(2d), 85-11G(d), 5-11G and 6-31G(2d)

contractions have been used for Si, Al, Be and O

respectively; in the following, this basis set will be

indicated as D1. The exponents of the outer sp shells of

the atoms were variationally optimized (Si 0.090; Al

0.466 and 0.370; Be 2.248 and 0.526; O 0.266 bohr–2);

the exponents of the d shells have been set to 2.000 and

0.510 (Si), 0.490 (Al), 2.000 and 0.500 bohr–2(O).

In the second, richer, set (D2), Be was described by

a 6-31G(d) contraction (Binkley and Pople 1977),

where the exponents of outer sp and d shells have been

reoptimized to 0.0823 and 0.4 bohr–2, respectively; for

Al a 88-31G(d) contraction was used as recently

adopted to study a-Al2O3 (Montanari et al. 2006);

for Si and O the basis set contained 88-31G(d) and

8-411G(d) contractions, as proposed by Nada et al.

(1996). The exponents of the most diffuse functions

were: asp = 0.12, ad = 0.60 (Be); asp = 0.14, ad = 0.51

(Al); asp = 0.193, ad = 0.61 (Si); asp = 0.181,

ad = 0.60 bohr–2) (O).

An even larger basis set (D3) was then created by

simply adding a double set of d functions to Al, Si and

O with exponents: 2.0, 0.4; 2.0, 0.5; 2.2, 0.6 bohr–2,

respectively.

The average of the absolute differences, jDj; be-

tween the frequencies calculated with the basis sets D1

and D2 is 7 cm–1, whereas the same figure evaluated

for the D3 and D2 basis sets reduces to 1 cm–1. Thus,

for accurate frequency calculations, a basis set of a

quality at least comparable to D2 should be used; a

further improvement of the basis quality (D3) does not

produce significant changes in the results, but increases

noticeably the cost of the calculation1.

In the following, results will be presented with ref-

erence to the D3 basis set only.

Hamiltonian and computational parameters

The B3LYP Hamiltonian has been used, which con-

tains a hybrid Hartree-Fock/Density-functional ex-

change-correlation term; such Hamiltonian is widely

and successfully used in molecular quantum chemistry

(Koch and Holthausen 2000) as well as for solid state

calculations. B3LYP has already been successfully used

for the calculation of the vibrational spectra of other

minerals, such as a-quartz (Zicovich-Wilson et al.

2004), calcite (Prencipe et al. 2004), brucite (Pascale

et al. 2004a; Ugliengo et al. 2004), pyrope (Pascale

et al. 2005a). In CRYSTAL (Saunders et al. 2003), the

DTF exchange-correlation functionals are evaluated

by numerical integration over the cell volume. Radial

and angular points of the atomic grid, at which the

functionals are evaluated, are generated through

Gauss-Legendre and Lebedev quadrature schemes. A

grid pruning is usually adopted (Pascale et al. 2004b)

and the influence of the grid size on both the accuracy

and cost of calculation is fully discussed elsewhere

(Pascale et al. 2004b, 2005a; Prencipe et al. 2004; To-

soni et al. 2005). In the present case a (75, 974) p grid

has been used, where the notation (nr,nW)p indicates a

pruned grid with nr radial points and nW angular points

on the Lebedev surface in the most accurate integra-

tion region (see the ANGULAR keyword in the

CRYSTAL user’s manual, Saunders et al. 2003). Such

a grid corresponds to 1583468 integration points in the

unit cell. The accuracy of the integration can be mea-

sured from the error in the integrated total electron

density, which amounts to –2 · 10–4|e| for a total of 532

electrons.

Default values have been used for the thresholds

(ITOL1, ITOL2, ITOL3, ITOL4 and ITOL5) con-

trolling the accuracy of the calculation of Coulomb and

exchange integrals (Saunders et al. 2003).

The diagonalization of the Hamiltonian matrix was

performed at 6 independent k vectors in the reciprocal

space (Monkhorst net; Monkhorst and Pack 1976)

by setting the shrinking factor IS (Saunders et al. 2003)

to 3.

1FL11 The D2 and D3 basis sets are reported at the CRYSTAL web
1FL2page, at the address http://www.crystal.unito.it
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Geometry

Cell parameters and fractional coordinates were opti-

mized by analytical gradient methods, as implemented

in CRYSTAL (Civalleri et al. 2001; the optimization of

cell parameters is implemented in the development

version of the CRYSTAL code). Geometry optimiza-

tion was considered converged when each component

of the gradient (TOLDEG parameter in CRYSTAL) is

smaller than 0.00001 hartree/bohr and displacements

(TOLDEX) with respect to the previous step are

smaller than 0.00004 bohr. Results (cell parameters,

optimized fractional coordinates and a set of selected

interatomic distances) are reported in Table 1. As

usual with the B3LYP Hamiltonian (see for instance

Prencipe and Nestola 2005), the cell volume is slightly

overestimated (+1.8%), with respect to the experi-

mental datum from Artioli et al. (1993). For the com-

parison with our geometrical data, out of the two

samples refined by Artioli et al. (1993) we chosen the

sample N.2 which, with respect to the sample N.1 has a

composition closer to the ideal one; sample N.1 has a

considerable Li content presumibly substituting Be.

Central zone phonon frequencies

The Born–Oppenheimer potential energy surface V(x)

of a system is a function of the position x’s of the N

nuclei. For a finite system, at the equilibrium nuclear

configuration and within the harmonic approximation,

V(x) takes the form

VðxÞ ¼ 1

2

X

ij

uiHijuj

where the i, j summations run over all the 3N coordi-

nates; ui represents a displacement of the ith cartesian

coordinate from its equilibrium value; Hij is the (i, j)

element of the matrix of the second derivatives of the

potential, evaluated at equilibrium, with respect to the

displacement coordinates:

Hij ¼
1

2

@2VðxÞ
@ui@uj

� �

0

Phonon frequencies are then evaluated as the ei-

genvalues of the weighted Hessian matrix W, whose

(i, j) element is defined as Wij ¼ Hij=
ffiffiffiffiffiffiffiffiffiffiffiffi
MiMj

p
; where Mi

and Mj are the masses of the atoms associated with the

i and j coordinates, respectively.

In periodic systems, the W matrix can be given a

block-diagonal form, each block being associated with

a different q-point in the first Brillouin zone [W(q)].

The q = 0 point (G point) is of special importance,

because IR and RAMAN spectra refer to this point.

Central zone (q = 0) phonon frequencies are the ei-

genvalues of the W(0) matrix:

Wijð0Þ ¼
X

G

H0G
ijffiffiffiffiffiffiffiffiffiffiffiffi

MiMj

p

where Hij
0G is the second derivative of V(x), at equi-

librium, with respect to atom i in cell 0 (translation

invariance is exploited) and atom j in cell G. By

the way, once the Hessian matrix H is calculated,

frequency shifts due to isotopic substitutions can

readibly be calculated, at no cost, by accordingly

changing the masses Mi, in the above formula. In the

present case, isotopic effects have been estimated in

the cases of substitution of 10Be for 9Be, 30Si for 28Si

and 18O for 16O; such isotopes were chosen accordingly

to a natural abundance criterium (second in abun-

dance). In the case of Al, isotopic effect was estimated

with the substitution of 29Al for 27Al, which however

has a zero natural abundance (27Al has a natural

abundance of 100%).

The energy first derivatives with respect to the

atomic positions, vj = ¶V/¶uj, are calculated analyti-

cally (Doll et al. 2001) for all uj coordinates. Second

derivatives at u = 0 were calculated numerically using

the formula:

Table 1 Calculated (Calc) and experimental (Exp, Artioli et al.
1993) structural data of beryl

Calc Exp

a 9.2775 9.218(2)
c 9.2409 9.197(2)
Vo 688.82 676.8(4)
Si
x 0.3871 0.3872
y 0.1151 0.1157
O1
x 0.3089 0.3098
y 0.2352 0.2363
O2
x 0.4985 0.4987
y 0.1448 0.1454
z 0.1455 0.1452
S–O1a 1.6053 1.593(2)
S–O1b 1.6079 1.597(2)
S–O2 (·2) 1.6329 1.622(1)
Be–O2 (·4) 1.6605 1.656(1)
Al-O2 (·6) 1.9228 1.909(1)

Lattice constants (a and c) and interatomic distances are in Å;
cell volume (Vo) is in Å3 ; x, y and z are fractional coordinates.
Errors on the experimental data, on the last digit, are given in
parentheses; the errors on the experimental fractional coordi-
nates are of the order of 1 · 10–4
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vj

ui

� �

0

� vjð0; � � � ; ui; � � �Þ � vjð0; � � � ; 0; � � �Þ
ui

where the magnitude of the displacement ui of each

atomic coordinate was set to u = 0.001. Such formula

was proved to be accurate in previous works (Pascale

et al. 2005a; Zicovich-Wilson et al. 2004).

In principle, since the number of atoms (N) in the

unit cell is 58, a total of 3N + 1 = 175 energy and

gradient calculations should be performed. However in

CRYSTAL the point symmetry of the system (6/mmm

in the present case) is fully exploited, so that only 14

SCF + gradient calculations were required. Another

point is that, in the CRYSTAL code, the hessian ma-

trix is block diagonalized by symmetry, so that modes

are automatically symmetry classified.

Since the energy variations for the displacements

here considered can be as small as 10–6 to 10–7 hartree,

the tolerance on the convergence of the SCF cycles has

been set to 10–9 hartree.

In the case of ionic compounds, a correction must be

added to the Hessian in order to obtain the TO–LO

splitting. Such a correction takes into account long

range Coulomb effects due to coherent displacement

of the crystal nuclei (see Born and Huang 1954, Sects.

5, 10, 34, 35; see also Umari et al. 2001) and depends

essentially on the electronic (clamped nuclei) dielectric

tensor �¥ and on the Born effective charge tensor

associated with each atom. In the present case, the

latter is evaluated through well localized Wannier

functions (Baranek et al. 2001; Zicovich-Wilson et al.

2001, 2002; Noel et al. 2002), whereas the former is

from experimental data (�xx = 2.4618, �zz = 2.4492;

Deer et al. 1992).

Results and discussion

There are 58 atoms in the unit cell, giving rise to 174

vibrational modes. Their symmetry decomposition

corresponds to:

Ctot ¼ 7A1g þ 9A2g þ 7B1g þ 6B2g þ 13E1g þ 16E2g

þ 5A1u þ 7A2u þ 9B1u þ 8B2u þ 17E1u þ 12E2u

Three modes (A2u + E1u) correspond to rigid trans-

lations of the whole crystal; 38 modes (6A2u + 16E1u)

are IR active; 65 modes (7A1g + 13E1g + 16E2g) are

Raman active and the remaining 68 modes (9A2g +

7B1g + 6B2g + 5A1u + 9B1u + 8B2u + 12E2u) are

inactive (silent modes).

Frequency of the normal modes: Raman

Three sets of experimental data are available for the

RAMAN active modes, due to Kim et al. (1995),

Hagemann et al. (1990) and Adams and Gardner

(1974) (to be indicated in the following as Exp1, Exp2,

Exp3). One of the factors that influence to some extent

the experimental spectra is the purity of the sample.

Hagemann et al. (1990) (Exp2 data set) reported the

Raman frequencies measured on beryl crystals having

different composition. In particular, Beryl A is a syn-

thetic sample which contains Cr2O3 (0.73 wt%) and a

minor amount of other impurities; Beryl B, C and D

contain Fe, as well as alkali cations and water (see

Table 1 in Hagemann et al. 1990). Since Hagemann

et al. (1990) considered sample A to be the most rep-

resentative of pure beryl among the samples they

analysed, the corresponding experimental data set (see

Table 2 in Hagemann et al. 1990) is here considered

for the comparison with the calculated spectrum. Kim

et al. (1995) and Adam and Gardner (1974) used

natural beryl crystals to collect their data, but did

not make any comment concerning the purity of the

samples.

The three sets of experimental data are reported

with the present calculated ones in Table 2. It must be

noticed that in the table there are 10, 16 and 19 lines

for A1g, E1g and E2g, respectively, in spite of the fact

that there are only 7, 13 and 16 active modes for the

three symmetries; the 3 extra lines for each symmetry

contain peaks which are experimentally observed at

frequencies with no calculated counterpart, and vice-

versa.

Apart from these specific cases, to which we will

come back later on, there is, in general, a fairly good

agreement between the four sets of Table 2, as docu-

mented by Table 3, where four statistical indices are

reported, that are defined as follows (with reference to

two data sets a and b): Dx ¼
PN

i ðxa
i � xb

i Þ=N;

jDxj ¼
PN

i jxa
i � xb

i j=N; (Dx)min and (Dx)max are

respectively the minimum and maximum values in the

set {xi
a – xi

b}i=1,N, where N is the number of data given

in the first line of Table 3. N is always smaller than

the total number of expected peaks (36) because,

obviously, in some of the lines of Table 2 one of the

two numbers to be compared is lacking. It is however

interesting to note that when 32, 31 or 33 peaks out of

36 are included in the statistics, the experimental

sets agree among them extremely well, with a mean

absolute difference of 2–3 cm–1, and a maximum

difference of 14 cm–1.

Such an extremely good agreement also exists

between the calculated and the experimental data, with
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a mean absolute error of only 4 cm–1 and a maximum

difference of 10 cm–1. This good agreement refers to

30, 32 and 32 frequencies out of 36.

We can now pass to discuss the remaining cases (6, 4

and 4 when comparing our calculated data with Exp1, 2

and 3), where large differences are observed.

Table 2 Calculated (Calc) and experimental (Exp1, Exp2 and Exp3) frequencies (m, in cm–1) of the Raman active modes

Calc Exp1 Exp2 Exp3

m m D m D m D

A1g

1 – – – 214
2 – 240 240 –
3 272 – – –
4 324 323 +1 320 +4 324 0
5 395 396 –1 394 +1 396 –1
6 630 625 +5 623 +7 626 +4
7 692 685 +7 682 +10 686 +6
8 1,065 1,070 –5 1,066 –1 1,068 –3
9 1,132 1,139 –7 1,139 –7 1,125 +7

10 – 1,192 – –
jDj 4 5 4

E1g

11 – 59 – –
12 138 – 140 –2 131 +7
13 145 144 –1 146 –1 145 0
14 197 192 +5 192 +5 188 +9
15 253 255 –2 253 0 254 –1
16 296 298 –2 296 0 297 –1
17 386 382 +4 381 +5 383 +3
18 446 450 –4 449 –3 450 –4
19 453 – – –
20 524 529 –5 527 –3 529 –5
21 672 683 –11 683 –11 683 –11
22 771 771 0 769 +2 770 +1
23 907 919 –12 919 –12 918 –11
24 1,007 1,014 –7 1,010 –3 1,012 –5
25 – 1,070 – –
26 – 1,221 – –
jDj 5 4 5

E2g

27 146 146 0 144 +2 146 0
28 184 185 –1 184 0 187 –3
29 – 222 – –
30 287 291 –4 288 –1 291 –4
31 314 322 –8 315 –1 318 –4
32 359 – – –
33 – 398 396 397
34 422 423 –1 421 +1 424 –2
35 444 444 0 443 +1 444 0
36 566 565 +1 562 +4 565 +1
37 579 584 –5 581 –2 583 –4
38 682 685 –3 683 –1 685 –3
39 748 – – –
40 776 772 +4 770 +6 772 +4
41 905 914 –9 916 –9 914 –9
42 997 1,004 –7 1,006 –9 1,005 –8
43 – 1,071 – –
44 1,228 1,230 –2 1,229 –1 1,225 +3
45 1,247 1,245 +2 1,243 +4 1,243 +4
jDj 3 3 4

D ¼ mcalc � mexp; jDj is the average over the absolute D values. Exp1, Exp2 and Exp3 data sets are respectively from Kim et al. (1995),
Hagemann et al. (1990) and Adams and Gardner (1974)
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We can classify these cases in three classes:

1. Calculated frequencies which are not observed in

any experimental data set (lines 3, 19, 32 and 39).

2. Calculated frequencies which are not observed in

only one of the experimental data set (line 12).

3. Experimental peaks which do not correspond to

any calculated frequency (lines 1, 2, 10, 11, 25, 26,

29, 33 and 43).

Since at the moment we are unable to compute the

intensities of the Raman signals, we cannot prove that

the calculated frequencies belonging to the first group

are not observed experimentally because of their very

low intensity; however this is the most likely explana-

tion.

Mode at line 12 is the only one belonging to the

second group. Kim et al. (1995) did not identify such

mode in their spectrum and they explained its occur-

rence in the spectra of other Authors (Hagemann et al.

1990; Adams and Gardner 1974) as due to the presence

of lattice defects. On the basis of our calculation, we

think that such peak corresponds to a fundamental

vibrational mode.

Several peaks belong to the third group. Let us

consider first lines 1, 2 and 3. In Kim et al. (1995), the

lowest frequency reported for the A1g symmetry is at

240 cm–1. However, visual inspection of the spectra

reported by these authors (see Fig. 2 in Kim et al.

1995) shows that a very weak absorption (which is

hardly distinguishable from the background) is present

at that frequency. Hagemann et al. (1990) did not re-

port such frequency for beryl C, and only a very weak

absorption is observed for Beryl A (see Fig. 1a in

Hagemann et al. 1990). Adams and Gardner (1974)

reported a weak (but visible) and broad absorption

band around 214 cm–1, but no peak at 240 cm–1.

Hagemann et al. (1990) concluded that the position of

such peak may depend on the presence of impurities in

the structure of beryl. It should be noted that alkali

cations, if sitting at the 2a or 2b Wyckoff positions (as

generally assumed) should not contribute to A1g

modes; however, as discussed in Prencipe (2002), the

positions they actually occupy are probably off the

[001] sixfold symmetry axis of the channel (on which

are located the two 2a and 2b Wyckoff positions) and

in this case they could contribute to normal modes with

that symmetry (by the way, it is also to be noted that, if

disorder is present in the positions of cations in the

channel, on average the sixfold symmetry axis is pre-

served, and the possible displacements of cations off

[001] cannot be detected by diffraction techniques).

Moreover, even if Al and Be should not directly con-

tribute to the A1g modes, they are bound to oxygens

(O2) which do contribute to those modes; therefore the

substitution of some Al with Cr [as in the case of beryl

A, in Hagemann et al. (1990)] could in general have an

influence on the observed frequencies.

The lowest calculated A1g frequency is at 272 cm–1.

It is stressed that in the calculated spectrum, at vari-

ance with experiment, there is no reason for large er-

rors on a few, out of many, individual frequencies, as

all the frequencies are generated by the same algo-

rithm and are then affected, roughly speaking, by the

same error (due to the selected Hamiltonian, limita-

tions in the basis set, numerical errors); therefore we

believe that our calculated datum corresponds to the

frequency of a fundamental A1g normal mode of pure

beryl, which is not experimentally observed possibly

because of its low intensity. Very weak signals (if any)

at lower frequencies, in the experimental spectra, could

be due to the presence of impurities in the samples.

Let us consider now line 10. At variance with respect

to Hagemann et al. (1990) and Adams and Gardner

(1974), Kim et al. (1995) reported a very weak A1g

peak at 1,192 cm–1 (line 10). On the basis of our cal-

culation, we propose that this peak (which is indeed

invisible in the published spectrum: see Fig 2 in Kim

et al. 1995) is an overtone. It is to be noted that, having

reached the maximum number of fundamental A1g

modes (7), Kim et al. (1995) were forced to assign to

an overtone another observed peak (mode 9, at

1,139 cm–1). Their interpretation of the nature of this

Table 3 Average difference ðDÞ; average absolute difference
ðjDjÞ; minimum (Dmin) and maximum (Dmax) differences (in cm–1)
among calculated and experimental data

Exp1 Exp2 Exp3

Calc
N 30 32 32
D –2 –1 –1
jDj 4 4 4

Dmin –12 –12 –11
Dmax 7 10 9

Exp1
N 32 31
D 2 1
jDj 2 2

Dmin –2 –2
Dmax 7 14

Exp2
N 33
D 0
jDj 3

Dmin –4
Dmax 14

N is the number of lines used in the calculation of the averages
(see text for explanation)
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peak is not confirmed by Hagemann et al. (1990) and

Adams and Gardner (1974); our calculation gives a

fundamental A1g mode at 1,132 cm–1, that is very close

to their supposed overtone.

The situation is similar for lines 11 and 12: Kim et al.

(1995) reported an E1g mode at 59 cm–1 (line 11)

which, judging from a visual inspection of their spec-

trum (Fig. 2 in Kim et al. 1995), is very hardly distin-

guishable from background noise. No peak was

reported in this region by the two other experimental

groups or results from our calculation.

The E1g peak observed at 683 cm–1 (line 21) was

attributed by the three Authors to leakage, due to

sample misorientation with respect to the incident and

scattered light polarizations. Indeed, strong absorp-

tions were observed at about the same frequency in the

A1g and E2g experimental spectra (lines 7 and 38). For

this reason, these Authors did not assign the peak at

683 cm–1 to any fundamental E1g mode. However, a

E1g mode is calculated at 672 cm–1, which is quite close

to the experimental frequency at 683 cm–1. The ob-

served peak might then not be due to leakage. As we

cannot evaluate its intensity, the hypothesis of leakage

for the experimental peak at 683 cm–1 should be sup-

plemented by that of a very low intensity of the cal-

culated peak at 672 cm–1. Alternatively we can suppose

that the observed peak at 683 cm–1 corresponds to the

calculated one at 672 cm–1, and then that it is a fun-

damental peak.

Another possible leakage was proposed by Adams

and Gardner (1974) and Hagemann et al. (1990), who

did not report E1g modes at frequencies higher than

about 1,010 cm–1, even if a peak close to 1,070 cm–1 is

clearly observed in their E1g spectra, because a very

strong A1g peak is observed at the same frequency; for

the same reason, a E2g peak observed at 1,070 cm–1 is

not reported. Consistently with their analysis, our cal-

culations do not provide any E1g or E2g mode with a

frequency close to that of the A1g mode calculated at

1,065 cm–1. Kim et al. (1995), who invoked leakage to

explain the presence of the E1g peak at 683 cm–1, did

not use the same argument to justify the presence in

their E1g and E2g spectra of peaks at just 1,070 cm–1,

which were attributed to some fundamental mode in

their analysis.

Moving now to the E2g spectrum, apart from a peak

observed only by Kim et al. (1995) at 222 cm–1 (line 29

in Table 2), the largest discrepancy with our calculated

data, which fall under the third group of the above

classification, is the mode at line 33 reported in all the

experimental papers at about 397 cm–1. The closest

calculated mode is 40 cm–1 apart, too far for invoking

inaccuracies in our model. The observed modes can

possibly be explained by invoking, once more, leakage

from the A1g spectrum (an intense A1g is present at

396 cm–1): the leakage from A1g in E2g is confirmed by

the peak at 1,071 cm–1 reported by Kim et al. (1995)

(line 43, unobserved by Hagemann et al. 1990; and by

Adams and Gardner 1974).

Frequency of the normal modes: infrared

Several sets of experimental frequencies of the infrared

active modes, are available. Data sets may differ in the

method used to collect the spectra (single crystal

reflectance, single crystal transmission, powder spec-

tra) and in their interpretation (in the case of single

crystal reflectance, the position of the band can be

either directly estimated by visual inspection of the

spectrum, or by fitting methods making use of the

Kramer–Krönig relation; McMillan and Hofmeister

1988). In the case of single crystal transmission, the TO

modes should be observed only, provided the crystal is

thin enough; however a contamination from the LO

component can be expected (McMillan and Hofmei-

ster 1988), leading to a shift of the observed TO fre-

quencies at higher values. Single crystal reflectance

spectra should provide both TO and LO modes, but

the procedure required to extract the relevant infor-

mation is not always straightfoward and might lead to

uncertainties in the retrieved data. Bands in powder

spectra are, in general, superposition of absorption

from both TO and LO modes, with weights depending

upon the distribution of particle size and orientation

(see e.g. McMillan and Hofmeister 1988).

Table 4 (TO modes) and 5 (LO modes) report

experimental data from Gervais et al. (1972; Exp1),

Adams and Gardner (1974; Exp2) and Hofmeister

et al. (1987; Exp3). Exp1 and Exp2 data sets are from

single crystal reflectance spectra; in both cases fre-

quencies of the modes, shown in Tables 4 and 5, were

determined by fitting methods through the Kramer–

Krönig relation, but in the case of A2u modes in Adams

and Gardner (1974) (Exp2; the Authors claimed it was

impossible to properly fit the reflectance spectrum).

Adams and Gardner (1974), also reported the E1u

frequencies determined by visual inspection of the

spectrum; the average absolute differences ðjDjÞ of

such frequencies with respect to those determined by

the fitting method being 7 (TO) and 5 cm–1 (LO).

These figures could be taken as a measure of the

uncertainty associated with the measurement of the

experimental frequencies. A slightly larger difference

exists between the Exp1 and Exp2 data sets ( jDj ¼
8 cm�1; calculated over the E1u fitted frequencies). The

Exp3 columns in Tables 4 and 5 (Hofmeister et al.
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1987) are from powder and single crystal transmission

spectra; according to the Authors, the powder spec-

trum should record mainly TO modes, eventually

shifted at higher frequencies due to the presence of LO

components; the single crystal spectrum contains lines

at frequencies close to those found in the spectrum of

the powder (assigned to TO modes), plus a number of

peaks not seen in the latter spectrum and assigned to

LO modes.

Let us now consider the comparison with our cal-

culated data in the case of TO modes. Out of a total of

22 infrared active modes, 10 calculated frequencies

were not observed in at least one of the experimental

data sets (modes 1, 6, 7–9, 11, 12, 14, 18 and 21)

whereas no frequency has been experimentally ob-

served, with no calculated counterpart. In all but a

few cases (modes 6, 14 and 18, which were not reported

by Hofmeister et al. 1987, only) the experimentally

unobserved frequencies correspond to modes having

a very low calculated intensity; this is likely to be

the reason they were not experimentally observed.

The largest discrepancies between calculated and

experimental data (Exp2 data set) concern lines 6

and 14 only, and are however smaller than 20 cm–1

(differences with respect to Exp1 are significantly

smaller).

In the case of LO modes, a significant number of

lines were not experimentally observed, presumibly

due to their low, or very low, intensities (Table 5,

modes 1, 4, 7–12, 16, 21). Several strong lines were not

reported by Hofmeister et al. (1987; Exp3) probably

because, as written above, the technique they used to

collect the spectrum (single crystal transmission) is not

suitable to record LO modes; moreover the frequen-

cies assigned to LO modes could be underestimated as

an effect of contamination from the TO component. In

fact, the largest discrepancies with our calculated data

concern the Exp3 set, with the experimental LO fre-

quencies being lower than the calculated ones, apart

the case of line 16 which has, however, also a low

intensity. It is to be stressed that the relatively high

disagreement between the calculated and the Exp3

data sets is observed in the case of the LO modes only,

consistently with the discussion above.

At variance with Gervais et al. (1972) and Adams

and Gardner (1974), Hofmeister et al. (1987) attrib-

uted the E1u line at 1,279 cm–1 to a fundamental TO

mode; in their reasoning, such a peak has a too high

Table 4 Calculated (Calc) and experimental (Exp1, Exp2 and Exp3) frequencies (m, in cm–1) of the infrared active TO modes

Calc Exp1 Exp2 Exp3

m Intensity m D m D m D

A2u(TO)
1 207 120 – 201 +6 207 0
2 359 1,556 362 –3 364 –5 368 –9
3 422 1,983 423 –1 419 +3 425 –3
4 532 182 537 –5 532 0 538 –6
5 735 3,467 733 +2 734 +1 743 –8
6 905 9,075 916 –11 924 –19 –
jDj 4 6 5

E1u(TO)
7 186 1 – – –
8 256 337 – 252 +4 258 –2
9 309 3 – – –

10 348 111 350 –2 342 +6 349 –1
11 377 173 – 376 +1 373 +4
12 386 140 382 +4 – –
13 484 8,068 488 –4 492 –8 482 +2
14 512 2,064 517 –5 528 –16 –
15 590 953 588 +2 596 –6 590 0
16 654 382 652 +2 656 –2 653 +1
17 682 2,316 674 +8 682 0 691 –9
18 807 3,700 803 +4 796 +11 –
19 954 6,600 955 –1 958 –4 953 +1
20 1,012 640 1,016 –4 1,014 –2 1,019 –7
21 1,184 165 – – –
22 1,194 9,464 1,196 –2 1,200 –6 1,185 +9
jDj 3 5 4

D ¼ mcalc � mexp; jDj is the average over the absolute D values. Exp1, Exp2 and Exp3 data sets are respectively from Gervais et al.
(1972), Adams and Gardner (1974) and Hofmeister et al. (1987)
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intensity to be attributed to an LO mode coupled with

a TO mode (the one at 1,185 cm–1, line 22 in Table 4)

having much lower intensity. However in our calcula-

tion we found an LO mode at 1,285 cm–1 (line 22 in

Table 5) whose intensity is more than twice the

intensity of the coupled TO mode calculated at

1,194 cm–1 (line 22 in Table 4). Therefore, in agree-

ment with Gervais et al. (1972) and Adams and

Gardner (1974), we propose that the peak observed by

Hofmeister et al. (1987) at 1,279 cm–1 is indeed an LO

mode.

Analysis of the normal modes

Vibrational modes in silicates are usually classified

either as internal (I; stretching or bending modes of the

covalent polyhedra, namely the SiO4 tetrahedra) or

external (E; modes involving the motion of other ca-

tions and rotations and translations of the tetrahedra).

This classification, however, tends to greatly simplify

the reality and, in general, neither pure I nor E modes

can be identified.

Ab initio calculations provide several tools for the

analysis of the nature of the relative motion of atoms

in a given normal mode: (i) direct inspection of the

eigenvectors of the dynamical matrix; (ii) isotopic

substitution of species in the unit cell: a zero (small)

frequency shift indicates that the substituted atom does

not move; (iii) graphical representation of the eigen-

vectors. These tools have already been successfully

applied in the study of pyrope (Pascale et al. 2005a),

andradite (Pascale et al. 2005b), katoite (Orlando et al.

2005) and forsterite (Noel et al. 2006).

Eigenvectors are deposited and they are available

upon request. Isotopic shifts, referring to the present

system, are reported in Table 6: normal modes are

ranked according to their frequency (independently by

their symmetry), and the label attributed to each mode

is, in general, different from that given in Tables 2, 4 or

5. Figure 2(a–d) shows graphically the magnitude of

the isotopic shift effects on the different atoms. As

shown in Fig. 2a, Be mainly participates to modes in

the range between 590 and 880 cm–1 with isotopic shifts

larger than 14 cm–1. By considering, for instance, Ra-

man and IR active normal modes only, it appears that

Be is involved in (i) modes 41, 76 and 84 of E1g sym-

metry; (ii) E2g modes 38, 67, 77, and 85; (iii) A2u modes

46 and 81; (iv) the E1u modes 40, 69, 75, 78, 88. Al is in

a special position and octahedrally coordinated. It

gives small shifts mainly affecting low frequency modes

Table 5 Calculated (Calc) and experimental (Exp1, Exp2 and Exp3) frequencies (m, in cm–1) of the infrared active LO modes

Calc Exp1 Exp2 Exp3

m Intensity m D m D m D

A2u(LO)
1 210 19 – 210 0 –
2 376 104 375 +1 376 0 –
3 472 838 473 –1 484 –12 470 +2
4 538 146 – 554 –16 –
5 771 804 771 0 772 –1 –
6 1,093 14,435 1,100 –7 1,100 –7 –
jDj 2 6

E1u(LO)
7 186 0 – – –
8 260 55 – 262 +2 –
9 309 1 – – –

10 349 12 – 350 –1 –
11 378 12 – – –
12 387 18 – 387 0 –
13 504 84 502 +2 510 –6 –
14 561 1,471 560 +1 564 –3 557 +4
15 606 1,211 608 –2 615 –9 602 +4
16 656 131 – 660 –4 668 –12
17 707 1,869 703 +4 706 +1 –
18 836 2,344 825 +11 836 0 823 +13
19 997 2,429 995 +2 1,002 –5 978 +19
20 1,029 4,650 – 1,032 –3 –
21 1,184 4 – – –
22 1,285 21,142 1,283 +2 1,290 –5 1,279 +6
jDj 3 3 10

See caption to Table 4 for explanation
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Table 6 Effect of the 10Be, 29Al, 30Si and 18O isotopic substitutions on the calculated wavenumbers m (cm–1) of all modes

n m Dm n m Dm

10Be 29Al 30Si 18O 10Be 29Al 30Si 18O

1 B1g 135 0 1 0 6 58 E2u 509 0 0 5 22
2 E1g 138 0 0 1 6 59 E1u 512 1 2 3 21
3 E1g 145 0 0 0 8 60 B1u 519 8 0 2 19
4 E2g 146 0 0 1 6 61 E1g 524 1 2 5 15
5 E2u 150 1 0 1 7 62 A2g 526 10 0 3 14
6 B1u 172 0 0 0 9 63 A2u 533 0 1 1 28
7 E2g 184 0 0 1 9 64 E2u 544 0 0 2 26
8 E1u 186 0 0 2 7 65 E2g 566 0 0 4 26
9 E2u 186 0 0 0 10 66 A1u 566 0 0 6 23

10 B2u 193 0 0 0 11 67 E2g 579 8 4 4 14
11 E1g 197 1 2 0 8 68 A2g 583 0 0 3 28
12 A2u 207 0 0 0 11 69 E1u 590 14 0 4 14
13 B1g 215 0 1 1 9 70 A1u 599 0 0 1 32
14 B2g 219 0 0 0 12 71 E2u 601 2 4 1 22
15 B1u 219 1 0 2 8 72 A1g 630 0 0 3 32
16 A1u 220 0 0 1 11 73 B1u 641 17 2 4 7
17 E2u 223 0 0 0 12 74 B1g 650 21 1 3 6
18 A2g 231 0 0 5 5 75 E1u 654 4 0 13 13
19 E1g 253 0 1 1 12 76 E1g 672 21 0 2 10
20 E1u 256 1 2 1 10 77 E2g 682 15 2 4 12
21 E2u 264 0 0 1 14 78 E1u 682 9 1 11 8
22 A1g 272 0 0 7 5 79 E2u 691 24 1 3 6
23 B2g 278 0 0 1 15 80 A1g 692 0 0 12 20
24 E2g 287 0 2 2 12 81 A2u 734 24 2 2 8
25 A2g 296 0 1 2 12 82 B2u 743 11 0 19 1
26 E1g 296 0 1 2 12 83 E2g 748 0 0 17 14
27 B1g 299 2 2 2 10 84 E1g 771 28 2 0 8
28 B2u 301 0 0 4 12 85 E2g 776 3 0 18 10
29 B1u 306 0 6 1 6 86 B2g 782 28 0 0 13
30 E1u 309 0 0 2 13 87 B1u 803 0 0 24 5
31 E2g 314 0 0 2 16 88 E1u 807 27 2 3 7
32 A1u 322 0 0 2 15 89 A2g 818 15 2 12 6
33 A1g 324 0 0 2 15 90 B1u 869 1 0 5 40
34 A2g 337 0 3 0 15 91 B2u 879 16 0 7 18
35 E2u 342 0 7 1 7 92 B1g 902 0 0 13 29
36 E1u 348 0 0 0 20 93 E2u 903 0 0 12 29
37 A2u 359 1 9 0 5 94 A2u 905 0 0 13 27
38 E2g 359 2 2 3 11 95 E2g 905 1 0 8 33
39 E1u 378 1 4 5 12 96 E1g 907 0 0 13 30
40 E1u 386 4 1 1 13 97 E1u 954 2 0 10 33
41 E1g 386 7 0 1 14 98 E2g 997 0 0 6 46
42 A2g 393 2 6 0 8 99 B2u 1006 2 0 3 49
43 A1g 395 0 0 0 22 100 E1g 1007 1 0 9 40
44 B2g 416 5 0 2 17 101 E1u 1012 0 0 8 43
45 E2u 420 3 1 4 13 102 A2g 1018 6 1 5 38
46 A2u 422 4 0 2 16 103 E2u 1042 0 0 10 41
47 E2g 422 1 6 0 13 104 A1g 1065 0 0 9 44
48 B1g 429 4 8 2 4 105 B2g 1072 3 0 10 39
49 B2u 433 3 0 2 19 106 A1u 1131 0 0 13 42
50 E2g 444 0 0 5 16 107 A2g 1132 0 0 8 50
51 E1g 446 1 5 3 15 108 A1g 1132 0 0 8 50
52 E1g 453 1 0 1 20 109 E1u 1184 0 0 8 54
53 B1u 459 1 5 2 14 110 E1u 1194 1 0 8 53
54 B2u 461 3 0 5 15 111 B1u 1226 0 0 5 60
55 E1u 484 0 3 3 18 112 E2g 1228 1 0 7 57
56 B2g 490 0 0 9 13 113 E2g 1247 0 0 8 57
57 B1g 507 0 0 0 28 114 B2u 1256 3 0 7 56

Isotopic shifts larger than 2.0 cm–1 are in bold-type. Vibrational frequencies reported in increasing order

Phys Chem Minerals (2006) 33:519–532 529

123



in the range 300� 460 cm�1 (see Fig. 2b). The Raman

active vibrations in which Al is involved are the modes

24, 51 and 61 of E1g symmetry, and the modes 24, 47, 67

of E2g symmetry, though the latter mode receives a

relevant contribution by Be motion too. Only one IR

active mode (i.e. 37 (A2u)) results mainly dominated by

the Al motion. Si does participate to many normal

modes in which Be is also involved, except those with

the highest frequencies; this is well illustrated in

Fig. 2c: vibrational modes having frequencies in the

range between 400 and 1,000 cm–1 involve motion of

either Be and Si; at frequencies higher than about

1,000 cm–1, Si is dominating, with the exception of the

silent modes 102, 105 and 114. Oxygens (O1 and O2)

contribute to all of vibrations and the isotopic shifts

increases roughly proportionally to the frequency of

the modes; the contribution from oxygens appears to

be less relevant (isotopic shift below 20 cm–1) for

modes with frequencies ranging from 600 to 800 cm–1.

In fact, in that spectral region, modes are more affected

by the motion of Be and Si with isotopic shifts larger

than 14 and 10 cm–1, respectively.

At variance with respect to other silicates (e.g. for-

sterite; Noel et al. 2006), no large gaps are observed in

separating the stretching/bending from the rest of the

spectrum. This is due to the structure of beryl where Si

tetrahedra are connected by vertex sharing to form

both the six-membered ring and the connection to the

Be tetrahedra. In fact, the gap between stretching and

bending modes of the SiO4 units is filled by the modes

involving the motion of the Be atom and of the oxygen

atom (O2) connecting Si and Be tetrahedra.

The graphical representation is perhaps the most

useful tool for understanding the nature of the atomic

motion involved in each vibrational mode; the reader is

therefore referred to the CRYSTAL web site2, where

the animation of the normal modes has been provided

for the case of beryl. We limit here to the discussion of

some particular cases.

On the basis of factor group analysis, as discussed

for instance by Hagemann et al. (1990), all of the A1g

modes derives from the motions of the atoms in the
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Fig. 2 Isotopic shifts (ordinate axis) versus frequencies of normal modes, relative to the four atomic species in the structure. Values in
cm–1

2FL12 http://www.crystal.unito.it/vibs/beryl
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sixfold rings of Si-centred tetrahedra (Si, O1 and O2),

with no contribution from Al and Be. Graphical ani-

mations2 show that mode at 272 cm–1 (line 22 in

Table 6) corresponds to anti-phase rotations around

[001] of the two Si6O18 rings stacked along the same

axis; the motion of the O2 atoms causes deformations

of the Be and Al-centred polyhedra. The mode at

324 cm–1 (line 33) is a breathing mode of the rings

mainly due to bending of the Si–O1–Si angle, as O1

moves in the XY plane along the bisector of the Si–O1–

Si angle. The mode at 395 cm–1 (line 43), is also a

breathing mode, this time due to bending of the angles

in Si, Be and Al-centred polyhedra. The mode at

630 cm–1, (line 72) is essentially a bending mode

involving the O2–Be–O2 and O2–Al–O2 angles; the

O2 motion produces an anti-phase rotation of the

rings. The mode at 692 cm–1 (line 80) is in some respect

similar to that occurring at 395 cm–1, but major bend-

ing deformations occurs in the Si-centred tetrahedra

only. The mode at 1,065 cm–1 (line 104) is mainly an

Si–O2 stretching mode coupled with O2–Al–O2 and

O2–Be–O2 angles deformations. The mode at

1,132 cm–1 (line 108) appears to be a Si–O1 asymmetric

stretching mode; the motion of the Si and O1 atoms is

entirely confined in the XY plane and no deformation

of Be and Al-centred polyhedra is involved.

Kim et al. (1995) attempted to establish the nature

of the atomic motions, for all the experimentally

observed modes, by looking at the eigenvectors of a

dynamical matrix evaluated from a model potential

parametrized to reproduce the assumed fundamental

observed frequencies; the agreement with our assign-

ements is however not fully satisfactory, since some of

their assignements differs significantly from our owns.

Conclusion

An ab initio quantum-mechanical calculation of the

vibrational spectrum of beryl, at the zone-centre has

been performed. In general, the calculated Raman and

IR frequencies are in excellent agreement with the

experimental data obtained by different Authors.

Some problems of leakage, overtone and combination

bands are identified, in the available experimental data

sets, as the reasons of a few discrepancies observed

between our calculation and the experiments. The

method used for the calculation proved to be more

satisfactory than other essentially classical and empir-

ical methods, based on model potentials, parametrized

to fit the observed vibrational frequencies. The calcu-

lation provides the frequencies of both the active

(Raman and IR) and inactive (silent) fundamental

vibrational modes, which are essential for the statistical

determination of many thermodymical properties;

moreover, the nature of the atomic motion, involved

in each normal mode, can definitely be established

by using several tools provided for the analysis of the

eigenvectors of the dynamical matrix.
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