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Abstract In investigating early karstification of
one-dimensional conduits by computer models, so
far one has assumed that the CO2 content of the
calcite aggressive water stems entirely from the sur-
face. Subterranean sources of CO2, however, can re-
juvenate the solutional power of water already close
to equilibrium with respect to calcite, and boost
dissolution rates. In a first scenario we have inves-
tigated the influence of a punctual source of CO2 as
the most simple case of release of CO2 into a
karstifiable fracture at some position KL from its
entrance of the widening joint with length L,
(K~1). The results show that only a small increase
of the pCO2 

in the solution to about 0.01 atm is suf-
ficient to reduce the breakthrough times to about
0.3 with respect to the case, where no CO2 is deliv-
ered. Other sources of CO2 are due to the metabolic
activity of microorganisms. The existence of such
diverse subterraneous microbial life in karst sys-
tems is demonstrated. Whether situated on the fis-
sure surfaces or free floating in the karst water, one
basic product of their metabolism is CO2. This con-
tributes over the whole flow path to the pCO2 

of the
karst water. Therefore in a second scenario we as-
sumed a constant rate of CO2-input along parts of
the fracture, as could be delivered by the activity of
aerobic bacteria dwelling at its walls. Such a sce-
nario also applies to an extended diffuse CO2 mi-
gration from volcanic activity deep underground.
In this case drastic reductions of the breakthrough
time by about one order of magnitude are ob-
served. These reductions are enhanced when the

fracture aperture width of the initial fracture de-
creases. The physicochemical mechanisms of en-
hancement of karstification are discussed in detail
by considering the evolution of the fracture aper-
ture width and of the dissolution rates in space and
time.
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Introduction

Karst processes are driven by chemical, physical, and hy-
drogeological forces. Figure 1 schematically illustrates an
uplifted limestone block, which is dissected by various
primary fractures such as joints and bedding planes at
the onset of karstification. Some of these comprise perco-
lating pathways from the upper surface to a valley.
Through these, the surface water present at some input
points at the top is driven down to the valley. The solu-
tional attack of this CO2-containing water widens these

Fig. 1
Schematic drawing of a karst aquifer in its initial state. The full
lines represent a net of percolating pathways consisting of nar-
row initial fractures which transmit water from the input to the
outputs
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fractures by chemical dissolution of the bedrock and un-
derground drainage networks may result (Dreybrodt
1988; Ford and Williams 1989; White 1988).
To understand the evolution of karstification on its scales
in space and time one has to specify by which parame-
ters these processes are determined. To this end, first
models have been put forward (Dreybrodt 1988, 1990,
1996; Dreybrodt and Gabrovsek 1999a; Groves and Ho-
ward 1994a,b; Howard and Groves 1995; Palmer 1984,
1991, 1999; Siemers and Dreybrodt 1998; Dreybrodt and
Siemers 1999) which investigate the evolution of the
aperture widths of one-dimensional fractures with initial
even spacing. They all replace the complicated natural
fractures by a plane parallel fracture of length L, initial
aperture width a0 of a few tenths of a millimeter, and
width b0 in the order of meters. The hydraulic head h
acting at the entrance drives CO2-containing, calcite ag-
gressive water through this fracture, thus widening its
aperture by dissolution. The rates at which this happens
are governed by the dissolution kinetics of limestone,
which are given by

F(c)pk1(1Pc/ceq) for c~cs (1a)

and

F(c)pkn(1Pc/ceq)n for c6cs (1b)

k1 and kn are rate constants in mol7cmP27sP1 c is the
concentration of Ca2c ions and ceq their equilibrium con-
centration with respect to calcite in mole/cm3. At the
concentration cs, the rates switch from a linear rate law
to higher order kinetics with exponent n. Depending on
the lithology of the specific limestone n varies between 3
and 11 (Eisenlohr and others 1997, 1999). The switch
concentration cs is about 0.7 ceq to 0.9 ceq. This rate law
has first been suggested by Palmer (1984), and later ex-
perimentally proven to be valid for dissolution of lime-
stone under the conditions of a closed system with re-
spect to CO2, as it occurs in a completely water filled
fracture (Eisenlohr and others 1997, 1999). It must be
stressed at this point that this non-linear rate law is es-
sential to the evolution of karst. Under the action of sole-
ly a linear rate law, karstification cannot proceed in geo-
logical time scales (Dreybrodt and Gabrovsek 1999a).
Figure 2 shows the evolution of a one-dimensional karst
conduit with an initial aperture width of a0p0.02 cm,
b0p100 cm, Lp105 cm, and a hydraulic gradient iph/
Lp0.05. The equilibrium concentration is ceqp2710P6

mole/cm3 as it commonly occurs in karst waters. The in-
flowing solution has a concentration cp0. The rate con-
stants k1p4710P11 mol7cmP27sP1, and knp4710P8

mol7cmP27sP1 are typical values obtained from labora-
tory experiments under the conditions of a closed system
at 10 7C (Dreybrodt and Eisenlohr 1999, Eisenlohr and
others 1997, 1999). We refer to this as the standard later
on.
Figure 2a in a logarithmic plot depicts the flow rate
through the fracture as a function of time. Initially there
is a slow increase which is enhanced in time until the
flow rates are drastically accelerated to such an amount

that they exceed the water available at the surface (cf.
Fig. 1). At this breakthrough time TB

0 the hydraulic head
breaks down and the initial phase of laminar flow
through the fracture is terminated.
Figure 2b represents the evolution of the aperture widths
along the fracture for various times. During the first 90%
of Tb

0 widening of the fracture is restricted to its en-
trance, and only a slow increase of its aperture width is
observed at the exit, until close to breakthrough a dra-
matic widening occurs. This behavior is mirrored by Fig.
2c, which shows the concentration of Ca2c along the
fracture (note the logarithmic scale). During most of the
time it rises quickly at the entrance until cs is achieved
after a short distance compared to the length. From
thereon higher order dissolution kinetics, active along al-
most the entire length of the fracture, determines the
evolution of its aperture width. Then, at breakthrough,
the concentration drops to a value close to zero. Further
dissolution is then governed by the first order kinetics
and widening is uniform along the entire fracture. Fig. 2d
depicts the dissolution rates along the fracture. In the re-
gion of linear kinetics (cf. Eq. 1a) close to the entrance
the rates drop exponentially, as long as first order kine-
tics is active. Beyond the point cs where the rates are
nonlinear (cf. Eq. 1b), they drop much slower with a hy-
perbolic law, such that a small but still significant disso-
lutional widening exists at the exit. The rates at the exit
increase with time due to increasing flow, and the region
of first order dissolution slowly penetrates into the frac-
ture with accelerated speed, until breakthrough occurs.
Details of this dynamic behavior are given in the litera-
ture (Dreybrodt 1996, 1998; Dreybrodt and Gabrovsek
1999a).
It should be noted at this point that this behavior is not
affected as long as the inflowing solution has a finite con-
centration c0^cs, since during 90% of the time needed
for breakthrough the higher order kinetics is active along
almost the entire length of the fracture (Dreybrodt 1996;
Dreybrodt and Gabrovsek 1999a). The time to achieve
breakthrough is governed by a positive feedback mecha-
nism. Widening at the exit increases flow rates due to the
Hagen-Poisseuille law of laminar flow with approximately
a3 (L, t), where a(L, t) is the aperture width at the exit.
This increased rate enhances the dissolution rate at the
exit thus causing further acceleration of flow rates until
breakthrough occurs. A thorough mathematical analysis
gives an upper limit approximation for the breakthrough
time as

TB
0 p

(nP1)7a0

(2nc1)72g7F(L,0)
(2)

gp1.177109 cm3 sP1 year molP1 converts the dissolution
rate F(L, 0) at the exit of the fracture at tp0 from
mol7cmP27sP1 to removal of bedrock in cm/year. TB is
given in years. Thus breakthrough occurs, when the aper-
ture width at the exit has increased to several times of its
initial value (Dreybrodt 1996; Dreybrodt and Gabrovsek
1999a,b). By calculating F(L, 0) for the initial fracture
with even spacing a0 and length L, one obtains
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Fig. 2
Evolution of the standard fracture: a0p0.02 cm, b0p100 cm,
Lp105 cm, ip0.05, k1p4710P11 mol7cmP27s, k4p4710P8

mol7cmP27s, np4, csp0.9ceq, ceqp2710P6 mol/cm3. a Evolu-
tion of the flow rate as a function of time. Open circles mark
the points where the profiles in Figs. 2b–d are shown. The steep
increase of the flow rate marks breakthrough time. Note logar-
ithmic scale on Q(t). b Profiles of the aperture widths a(x) re-
corded at various times: 7840, 14620, 17920, 19840, 20820,
21300, 21540, 21640, 21680 and 21700 years, labeled from 1–10
respectively. Times are chosen so, that the flow rate Q between
two successive times doubles. Note logarithmic scale in aperture
widths. Note the dramatic increase in aperture widths at break-
through. c Concentration profiles along the fracture at times
given above. The concentration front, i.e. the steep increase in
concentration moves slowly towards the exit, such that during
almost the entire time of evolution the concentration is c1cs,
and fourth order kinetics is active along almost the entire
length of the conduit. Only close to the entrance first order ki-
netics (c~cs) is operative. d Dissolution rates along the fracture
at times given above

TB
0 ;

1
2g

7
nP1
2nc1

71 1
a0
2

2nc1
nP1 124hL (nP1)

rgiceq
2

n
nP1 (kn)

1
nP1 (3)

h is the viscosity of the water, r its density, and g earth’s
gravitational acceleration. Using units in g, cm, s, mole/
cm3 one obtains TB

0 in years (cf. Table 1).
This equation specifies breakthrough time as a function
of the parameters determining the evolution of karst.

Breakthrough time can be regarded as a measure of the
degree of karstification in the sense that more highly
karstified regions are expected, if breakthrough occurs in
shorter times. The consequences of Eq. 3 to the under-
standing of karstification have been discussed in detail
elsewhere (Dreybrodt 1996; Dreybrodt and Gabrovsek
1999a; Dreybrodt and Siemers 1999; Siemers and Drey-
brodt 1998). It should be noted here that completely
smooth even-spaced fractures are an idealization and do
not occur in nature. It has been shown, however, that
even considerable natural roughness of the fractures has
no influence to the general pattern of early karst evolu-
tion, and only little influence to the value of the break-
through time (Dreybrodt and Gabrovsek 1999b).
Up to now, in all the computer models of early karstifica-
tion one has assumed that the CO2-content of the calcite
aggressive solution originates entirely from the surface
water and that no additional sources of carbon dioxide
exist underground, delivering CO2 to the solution, when
it flows within the fracture.
Extra sources of CO2, however, can be supplied by: (a)
volcanic release of CO2 into a karstifiable region; (b) het-
erotrophic microorganisms dwelling at the walls of the
fracture oxidize organic carbon constituents of karst wa-
ter by aerobic metabolism to produce CO2 along the flow
path of the water.
Biogenic sources of carbon dioxide are due to the meta-
bolic activity of microorganisms. Recent studies on sub-
surface sediments have suggested that bacterial popula-
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Table 1
Parameters used in the model

Basic parameters

Description Name Unit

Aperture width a0 cm
Width b0 cm
Fracture length L cm
Hydraulic gradient i
Linear kinetic constant k1 mol7cmP27sP1

Nonlinear kinetic order n
Nonlinear kinetic constant kn mol7cmP27sP1

Switch concentration cs mol/cm3

Equilibrium concentration ceq mol/cm3

Viscosity of the solution h g/cms
Density of the solution r g/cm3

Additional parameters for the point CO2 sources

Description Name Definition

Position of the CO2 source K xinpK7L, K^1
Ratio between ceq before and
after CO2 input

a ceq1/ceq2

Additional parameters for the extended CO2 sources

Description Name Definition

Region of the additional K 0~xin~K7L
CO2 input K1, K2 K17L~xin^K27L
Total change of ceq due to the
CO2 input

Dceq ceq2Pceq1

tions which grow and survive in nutrient poor condi-
tions, can respond to a wide range of nutrient concentra-
tions, and are able to use a variety of organic substrates
(Kazumi and Capone 1994).
Studies of organic matter in bed sediments reveal that
biofilms together with the accompanying micro-fauna are
quantitatively and most probably also qualitatively, the
most important organic matter manifestation in this ha-
bitat. The spatial distribution of organic carbon (TOC)
and organic nitrogen (TON) indicate the importance of
water currents. In all the examined locations with lower
water currents or throughflows in bed sediments, TOC
contents are much higher. Biofilms are also important re-
tention mechanisms buffering the pulsed organic matter
imports (Leichtfried 1995). Bacteria and biofilms are ubi-
quitous in the subsurface of karstic landscapes. The mo-
bile part of the subsurface biocenosis is represented
mainly by the karst water biocenosis, the sessile part by
the biofilms at the fissure surfaces and sediments. Fissure
systems with diffuse flow reveal very good conditions for
microbial life. Deceased microorganisms constitute accu-
mulation of readily biodegradable material and will give
rise to succession and microbial metabolism. A study
performed in the Northern Limestone Alps reveals, that
the subsurface microorganisms may be foremost asso-

ciated with biofilms around sediment particles and bed-
rock surfaces (Menne and Rückert 1988; Menne 1997a,b,
1998). The basic biogeochemical mechanisms in karst
systems with respect to rock dissolution – carbonatolyse
and bioconservation – are described in Menne (1998).
Patterns of microbial activity may be related to hydraulic
gradients and flows of organic matter. Dissolved levels of
O2 and TOC influence the amount of organic matter
transformed.
Concerning the nutritional situation, it is interesting that
microorganisms are also known as inhabitants of ultra-
pure water. Due to the fact that karst water often reveals
DOC-contents of 2 or more mg/l, microbial life is easily
possible. There are pioneer bacteria, which can grow with
DOC-values of less than 10 mg/l (Morita 1985). It is pro-
posed, that temperature has little effect on growth in re-
source rich environments but a strong effect in resource
poor environments (Felip and others 1996).
One limiting resource is phosphate. Shang and others
(1996) demonstrated that especially Pseudomonas spec.
are able to use phosphates adsorbed to surfaces.
As known from surface environments, generally all kinds
of microorganisms are able to attack materials by the ex-
udation and exhalation of metabolic products. Processes
leading to material deterioration are quite complex, in-
cluding physical, chemical and biological factors. In karst
systems bacteria influence the equilibrium status of the
CO2–HCO3

P–CaCO3 system. In this paper we concentrate
only on one possible metabolic result of microbial life,
the carbon dioxide. Parameters of metabolism, which are
correlated with growth or respiration of bacterial cells
(oxygen uptake, production of carbon dioxide or acids)
might be an adequate measurement for bacterial biomass.
These testing methods are indicated in case other tests
fail, e.g. at very low cell densities. Therefore the model
calculations relate directly to microbial activity. Consider-
ing the dimension of the standard fissure in comparison
with the dimension of bacterial cells, the cells are about
two orders of magnitude smaller than the standard fis-
sure aperture widths.
In this paper we will discuss the influence of the above
mentioned CO2-sources on the breakthrough times and
thus to the intensity of karstification.

Punctual sources of CO2

In a first scenario we assume an idealized punctual
source of CO2 at some distance xinpK7L (K^1), from
the entrance of the fracture. This could apply to the most
simple case of volcanic release of CO2, which supplied to
the calcite aggressive solution at that point increases its
equilibrium value with respect to calcite by Dceq. The dis-
solution rates for x~xinpK7L are determined by ceq1, the
equilibrium concentration related to the CO2-concentra-
tion of the inflowing water. For x1xin, one has to replace
ceq1 by ceq2pceq1cDceq, since the equilibrium concentra-
tion increases due to the sudden increase of CO2-concen-
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Fig. 3
Chemical evolution of a H2OUCaCO3UCO2 solution flowing in
a fracture under closed system conditions with respect to CO2.
The limiting curve represents equilibrium with respect to cal-
cite. See text

Fig. 4
Breakthrough behavior for point inputs of volcanic CO2 at
xinpK7L for various K. a Evolution of flow rates for the stand-
ard conduit with a CO2-input for various values of K (denoted
on the curves) Dceqp0.2710P6 mol/cm3. The curve with Kp1
corresponds to the standard run of Fig. 2. b Breakthrough times
as a function of K for various values of apceq1/(ceq1cDceq)p
ceq1/ceq2 (values denoted on the curves). c Breakthrough times
as a function of a for various values of K (values denoted on
the curves). In Fig. 4b and 4c the time scale is in units of the
breakthrough time of the fracture without CO2-supply. In this
scale the curve is valid generally. See discussion

tration supplied from the punctual CO2-input at xin. This
idealized scenario gives first insight into the processes
underlying the model.
Figure 3 shows a plot of the equilibrium curve of ceq with
respect to the actual concentration of CO2 in an H2O-
CaCO3 solution (Dreybrodt 1988). All points above this
curve are related to an undersaturated solution. Point A
designates water entering the fracture at xp0 with initial
concentation [Ca2c]in and [CO2]in. When this water flows
down the fracture, CO2 is consumed by dissolution of
calcite under closed system conditions with respect to
CO2. By stoichiometry one molecule of CO2 is converted
to HCO3

P for each Ca2c-ion released into the solution.
Therefore the straight line reaching equilibrium at point
CA represents the chemical evolution of the solution
flowing along the fracture under closed system condi-
tions. At some position xin in the fracture due to the ad-
ditional source of CO2, the concentration of CO2 in-
creases from point Bb to point B, and the further chemi-
cal evolution will proceed along the full line until it
meets the equilibrium curve at point CB. ceq1 and ceq2 can
then be obtained from the [Ca2c] coordinates of the
points CA and CB. It should be noted that in all the fol-
lowing model runs point Bb is very close to the equili-
brium curve, since the aggressive solution quickly ap-
proaches equilibrium.
In our simulation of conduit evolution we have changed
the program by using ceq1 for the rate law if x~xin, and
replacing it by ceq2 for x1xin. Figure 4a shows the break-
through curves of the flow rates for various values of K
for the standard fracture with the parameters of Fig. 2. At
xinpKL, the initial equilibrium concentration
ceq1p2710P6 mol/cm3 increases by 10% to
ceq2p2.2710P6 mol/cm3. This corresponds to an increase
of the CO2 concentration of D[CO2]p3.5710P7 mol/cm3,
or expressed as DpCO2 

in equilibrium with the solution of
6.5710P3 atm. Note that the breakthrough curve with
Kp1 is the curve of our standard shown by Fig. 2a. All
curves exhibit the same behavior. Breakthrough times,

however, change from 21700 years (Kp1) to a minimum
value of 7500 at Kp0.5.
Figure 4b illustrates the breakthrough times for various
values of the ratio ceq1/ceq2pa as a function of K. All
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Fig. 5
Dissolution rates for the point CO2 input at Kp0.25 (dashed
lines) recorded at 0.1, 6.5, 9.4, 10.13, 10.35, 10.39 ky (labelled
from 1a–6a respectively) and the for the input at Kp0.75 (full
lines) recorded at 0.1, 6.93, 10.19, 11.07, 11.27, 11.31 ky (labelled
from 1b–6b respectively)

Fig. 6
Profiles of aperture widths for the input of CO2 at Kp0.25,
recorded at the times given in Fig. 5, labelled from 1–6

curves exhibit a minimum, which depends on a. Note
that the breakthrough times at Kp0 are related to an in-
flowing solution of ceq2. Therefore these breakthrough
times drop with increasing ceq2 according to Eq. 3 by
TBpa4/37TB

0.
Figure 4c represents the breakthrough times for various
K as a function of a. In all cases there is a drastic drop
in breakthrough times even for relatively small values of
Dceq, i.e. a;0.91. Two sets of curves are observed. For
K10.5 the breakthrough times drop by up to a factor of
two for Dceq;0.5710P7 mol/cm3 (ap0.975). But then lit-
tle variation is observed. In contrast the breakthrough
times show a significant continuous decrease for K~0.5.
To elucidate this behavior we have calculated the dissolu-
tion rates along the fracture for Kp0.75 and Kp0.25 for
various times of their evolution (Dceqp2710P7 mol/cm3,
a;0.91). This is shown by Fig. 5. The dashed lines repre-
sent the situation for Kp0.25. At the onset of karstifica-
tion the dissolution rates exhibit a characteristic drop
close to the entrance until they are boosted up at
xinp25000 cm. Then once again the rates drop until they
attain their lowest value at the exit. Therefore during the
entire time span of their evolution the rates at the exit
are significantly lower than those for x~xin and the re-
striction to the flow rates is caused by the bottleneck due
to the narrow exit. This can visualized from Fig. 6, which
illustrates the aperture width profiles of the fracture. It is
of utmost importance to realize that the positive feed-
back loop is operative at the most restricted section of
the conduit, since Hagen-Poisseuilles law relates the flow
rates in laminar flow to 1/a3. Therefore the most re-
stricted section determines flow resistance, and break-
through times decrease if these sections become shorter
(cf. Eq. 3). This is the reason, why breakthrough times
decrease with increasing values of K. For some value of
K, a minimum will occur, when the first section
0~x~xin has attained a flow resistance comparable to
the section from xin~x~L. As long as the last section

controls the flow rates due to a sufficiently large resist-
ance, breakthrough times are sensitive to an increase in
ceq2, which causes an increase in the dissolution rates at
the exit. Therefore, with increasing ceq2, a continuous
drop of breakthrough times occurs as depicted in Fig. 4.
The situation becomes different for Kp0.75. The dissolu-
tion rates, as they develop in time along the fracture are
also drawn in Fig. 5 (full lines). They first follow the rates
as in the case of Kp0.25, but drop further until they are
boosted up at xinp75000 cm (Kp0.75). Now the rates at
the exit are higher during almost the entire time span
until breakthrough is achieved. Consequently the most
restricted part of the fracture is in the region from
0~x~xin. Therefore increasing K leads to an increase in
breakthrough times due to the increasing resistance of
the restricted part. For further illustration Fig. 7 shows
the corresponding aperture width profiles along the frac-
ture. The first part of the fracture now represents the
bottleneck. An increase in Dceq only affects the rates at
the exit, but has no influence to the rates in the re-
stricted part for x~xin. Therefore an increase of Dceq by
an input of CO2 is only effective as long as the resulting
Dceq is needed to widen the exit part such that its resist-
ance becomes sufficiently small compared to that of the
first part. A significant drop of breakthrough times oc-
curs already for small values of Dceq. A further increase
of Dceq is then of little influence, since once the exit part
has attained a sufficiently small resistance, breakthrough
is determined entirely by the first part.
In summary we state: If an extra CO2-source supplies
small amounts of CO2 , sufficient to an increase of pCO2

by only 2710P3 atm, breakthrough times are already sig-
nificantly reduced. This is particularly true for the values
of K^0.5. In this case, as can be visualized by Fig. 3, the
total pressure of CO2 in equilibrium with the solution is
about 0.02 atm, which is a surprisingly low value. In oth-
er words, very small quantities of volcanic CO2 are alrea-
dy sufficient to reduce breakthrough times considerably.
We have modeled the reduction of breakthrough times
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Fig. 7
Profiles of aperture widths for the input of CO2 at Kp0.75,
recorded at the times given in Fig. 5, labelled from 1–6

Fig. 8
Breakthrough times for the standard fracture with continuous
CO2-input from xp0 to xpKL for various values of K. a Break-
through times as a function of K for various Dceq denoted in
units of 10P6 mol/cm3 at the curves. The dashed curves depict
theoretical approximations given in the discussion (Eq. 15). For
Dceq61 m mol/cm3 this approximation is quite accurate, but
deviations from the numerical calculation are significant for
lower values. The lowest dashed curve is for Dceqp1 mmol/cm3,
the next one for Dceqp0.2 mmol/cm3 and the upper one for
Dceqp0.07 mmol/cm3. b Breakthrough times as a function of
Dceq for various K, denoted on the curves

for ceq1p1 mmole/cm3. This is the case in poorly vege-
tated karst surfaces. Since the reduction of breakthrough
times depend on apceq1/(ceq1cDceq), a reduction of ceq1

reduces also the value Dceq to effect a similar influence
on breakthrough.

Extended sources of CO2

To simulate CO2-sources by microbiological activity we
assume that an evenly distributed population of microor-
ganisms oxidizing organic carbon and O2 into CO2 live in
the fractures. They deliver a constant rate of CO2 as long
as a sufficient amount of oxygen and organic matter is
available. We therefore model this situation by a linear
increase of ceq from ceq1 to ceq2 from the entrance xp0 to
xmpKL. For x1xm, ceq stays constant. Solubility of oxy-
gen in water at 10 7C is about 11.3 mg/l. The lowest con-
centration at which aerobic bacteria can still exist is
about 0.05 mg/l (Freeze and Cherry 1979). Therefore the
maximal increase of concentration in CO2 by biological
activity is about 3.5710P7 mol/cm3. This corresponds to a
change of concentration by Dceq;2710P7 mol/cm3, when
ceq1p2710P6 mol/cm3. Extended supply of CO2 can also
result by migration of endogenic CO2 from the deep un-
derground.
We have modelled the evolution of our standard fracture
(ceq1p2710P6 mol/cm3) for Dceq between 1710P8 mol/
cm3 up to 2710P7 mol/cm3. Figure 8a displays the K-de-
pendence of the breakthrough times for various values of
Dceq. With increasing K a significant reduction is ob-
served, which goes far beyond that when CO2 is supplied
at a point input (cf. Fig. 4a). Figure 8b represents the
breakthrough times as a function of Dceq for various val-
ues of K (denoted at the curves). There is a steep de-
crease at low Dceq. Most of the reduction occurs for
Dceq^5710P8 mol/cm3. Thus microbiological activity,
where the organism dwell in the first half of the fracture

(Kp0.5) and only about 25% of the maximal available
CO2 is consumed, reduces breakthrough time from 21700
years to 7500 years. If only 10% of O2 has been used
(Dceqp2.5710P8 mol/cm3) the reduction is still to 10000
years.
To envisage the evolution of the conduit, Fig. 9 shows the
dissolution rates along the fracture for various times.
There is a steep decrease in rates at the entrance. But
then the rates become constant due to the linear increase
in ceq, which compensates their decrease due to the in-
creasing concentration c. At xm60.5 L, ceq2 remains con-
stant and the rates drop continuously when the solution
moves towards the exit. Figure 10 shows the correspond-
ing aperture width profiles. The bottleneck to flow is lo-
cated at the exit. Therefore the widening there, deter-
mines the breakthrough time.
In this scenario we have assumed that microbiological
oxidation of organic carbon increases with increasing
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Fig. 9
Dissolution rates for extended CO2 input in the standard frac-
ture; Kp0.5, Dceqp0.1710P6 mol/cm3. Profiles are recorded at
0.1, 3, 5, 5.7, 5.82, 5.83 ky, labelled from 1–6 respectively

Fig. 10
Aperture widths for the example from Fig. 9, recorded at the
same time as in Fig. 9

Fig. 11
Breakthrough times for the standard fracture with continuous
CO2-input from xp0 to xpKL for various values of K. CO2-in-
put decreases with time, so that Dceq(t)pDceq(0)Q(0)/Q(t). a
Breakthrough times as a function of K for various Dceq, denoted
on the curves in units of 10P6 mol/cm3. b Breakthrough times
as a function of Dceq for various K, denoted on the curves

flow through the fracture, such that the increase in Dceq

is independent on the flow rate. This implies that the
overwhelming part of bacteria is floating in the solution
and their concentration is independent of flow rate. If,
however, the bacteria are located at the fissure surfaces
forming a biofilm and their rate of CO2-production is as-
sumed to be constant, then the concentration of CO2 de-
creases when the flow rate increases. If at time tp0,
Dceq(0) is the increase in equilibrium concentration with
respect to calcite at flow rate Q(0), at later times t,
Dceq(t)pDceq(0)7Q(0)/Q(t), where Q(t) is the flow rate at
time t. This can be incorporated into the numerical mod-
el by employing Dceq2

(t) in each time step. The results
are shown by Fig. 11a and b. Qualitatively they resemble
those of Fig. 8, although the variations are less pro-
nounced.
Many different scenarios can be envisaged and easily be
incorporated into the numerical model. A scenario, which
could apply to extended release of volcanic CO2 or also
to microbial production, is the following. From x1pK1L

to x2pK2L, a constant rate of CO2 is supplied, until
ceq2pceq1cDceq. Thus at a constant rate of CO2-supply,
there is a linear increase in ceq in this region between x1

and x2. For x1x2, ceq2 
remains constant. Figure 12a and b

show the results for the standard conduit (K1p0.3,
K2p0.8, Dceqp1710P7 mole/cm3). Breakthrough is
achieved at 3300 years, a reduction by almost a factor of
7. Figure 12a illustrates the dissolution rates at various
times. After an abrupt drop close to the entrance the
rates increase in the region, where CO2 is released, and
then drop when approaching the exit. The resulting aper-
ture width profiles are depicted in Fig. 12b.

Discussion

So far we have given only a few idealized examples re-
lated to the standard fracture, which demonstrate the un-
derlying processes. It would be useful, however, to obtain
information about their general validity with respect to
variation of the parameters determining the geological
situation (cf. Eq. 3). These are the fracture aperture width
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Fig. 12
Standard fracture with continuous CO2-input between x1p0.3L
and x2p0.8L, Dceqp0.1710P6 mol/cm3. The profiles are re-
corded at 0.1, 2, 2.93, 3.21, 3.29 ky, labelled from 1–5 respec-
tively. a Dissolution rates along the fracture. Note the changes
at x1 and x2. b Aperture widths along the fracture

a0, the length L, the hydraulic gradient i, and further-
more the chemical parameters in Eq. 3.
In order to give at least an estimation of breakthrough
times one has to know the dissolution rates at xpKL,
where the equilibrium concentration is still ceq1, and also
at the exit of the fracture, where ceqpceq2. These rates
can be obtained from a differential equation for the con-
centration c(x), which can be derived from mass conser-
vation (Dreybrodt 1990, 1996). It reads

dc(x)
dx

pF(c(x))7P(x)/Q, (5)

where F(c(x)) is the dissolution rate (cf. Eq. 1) by con-
centration c(x) at location x. Q is the flow rate through
the fracture and P(x) its perimeter at the position x.
Solving this equation for the initial plane parallel fracture
enables one to obtain the required initial dissolution
rates. For the initial plane parallel fracture, with b0pa0

(b0 is the width of the fracture) these are given by

F(x)pkn11P
c(x1)

ceq
2

n

11c
xPx1

l 11P
c(x1)

ceq
2

nP1

2
n

1Pn , (6)

Dreybrodt (1996). Where x is the distance from the input
and x1~x is some location where the concentration c(x1)
is known. No CO2-supply is located between x and x1.
The penetration length l is given by

lp
a3

0ceqirg
24h(nP1)kn

. (7)

Let us first discuss the case of a CO2 point input at
xpKL. By use of Eqs. 6 and 7 and considering that
ceqpceq1 for x^KL and ceq2 for x1KL one gets

F(KL)pkn11P
cs

ceq
2

n

11c
KL
l 11P

cs

ceq
2

nP1

2
n

1Pn

for x^KL (8a)

Assuming that at xpKL the solution is very close to
equilibrium, such that ceq1Pc(KL)Pceq2Pceq1, one gets

F(L)pkn(1Pa)n11c
(1PK)L

l
a(1Pa)nP12

n
1Pn ,

ap
ceq1

ceq2

. (8b)

This assumption holds when the condition (l/
KL)7((1Pa)/a)1PnP1 is valid, which is true in all cases
of interest. The breakthrough times can now be easily
calculated, when the rates F(KL)pF(L). In this case the
widening of both bottlenecks is equal, and therefore the
breakthrough time is minimal. For a given value of a,
there exists a value of Kmin, for which this minimum
breakthrough time occurs. From the condition
F(Kmin L)pF(L), and neglecting the summand “1” in the
second bracket of Eq. 8a, one obtains

Kminp((l/L) (1Pa)P(nP1)ca)/(1ca), (9a)

which can be approximated by

Kminpa/(1ca), if (9b)

(l/L) (1Pa)P(nP1)Pa. (9c)

Under this condition, Kmin becomes independent of the
parameter l/L. The breakthrough time can now be calcu-
lated from Eqs. 2 and 8a

Tmin
B pT0

B7Kn/nP1
min pT0

B 71 a

1ca2
n/nP1

(10)

Therefore Tmin
B has the same dependence on the various

parameters as T0
B.

Another limiting case can also be given: if ceq2 becomes
so large, that the dissolution rates at the exit are suffi-
ciently high, the last part of the fracture widens quickly
in comparison to the first part. Therefore after a short
time the hydraulic head acts only along the first part KL
of the fracture. The breakthrough time can then be calcu-
lated by replacing L by KL, and i by i/K in Eq. 3. One
thus obtains

TLim
B pK

2n
nP1 7T0

B. (11a)
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This equation describes exactly the lower dashed curve in
Fig. 4b. Finally for Kp0 we find

TKp0
B pa

n
nP1 7T0

B, (11b)

since in this case ceq equals ceq2 along the entire fracture.
In all three limiting cases the dependence of TB on the
parameters is given by that of T0

B. Therefore one can con-
clude, since all the equations solely contain the algebraic
group l/L, that this is true also generally and one can
read TB, for all intermediate cases from Fig. 4a if T0

B is
known, provided np4. For other values of n similar
graphs can be constructed. In the region between np3
and np10 which is characteristic for natural limestones
(Eisenlohr and others 1999) the deviations are not dra-
matic. We have therefore plotted the breakthrough times
as TB/T0

B in Fig. 4.
Now we focus on the case of a continuous CO2 input,

where ceq(x)pceq1c
x

KL
Dceq for x^KL and

ceq(x)pceq1cDceq for x1KL. In this case a special solu-
tion of the differential Eq. 5 can be given for x^KL,
which is valid for the initial plane parallel fracture. It
reads

c(x)pceq1c
x

KL
DceqPb1ceq1c

x
KL

Dceq2, b~1 (12)

In this case the dissolution rates become constant along
the fracture as long as x^KL.

F(c(x))pkn bn (13)

This is nicely demonstrated by the profile of the dissolu-
tion rates in Fig. 9, which also shows that this special so-
lution becomes valid for solutions entering with a con-
centration c(0)~ceq1 after a short distance. In all cases of
interest this distance is small compared to KL.
The value of b is related to Dceq by

Dceq

ceq1

p
KL
l

(nP1)bn/(1Pb) (14)

By use of Eq. 5 it is now possible to calculate the rate at
the exit of the initial fracture, and one can compare this
initial dissolution rate to that, when no additional CO2 is
supplied. From this we can give an answer to the follow-
ing important question. Which amount of Dceq is neces-
sary to lower the breakthrough time significantly? Figure
8b suggests that this value can be quite low (Dceq/
ceq1;0.025). Since the breakthrough times are related to
the initial dissolution rates at the evolving bottleneck of
the conduit (in this case the exit), one can compare these
initial rates for the case with CO2-supply to those with-
out. From Eq. 2 one concludes that if the rates with CO2

supply exceed those without by a factor of two, then the
breakthrough times are reduced accordingly. This leads
to an analytical equation (not given here) which can be
solved numerically. It must be noted, that this equation
contains only the parameter groups L/l, Dceq/ceq1, and K.
By solving this equation one therefore obtains, as a func-

Fig. 13
Limiting curves of εcrit for various values of L/l denoted at the
curves. The dashed lines give the value of εmax originating from
microbial activity in a solution of equilibrium concentration ceq

denoted on these lines. Whenever the curves for εcrit are below
the corresponding line for εmax karstification is significantly en-
hanced

tion of K and L/l, the value of Dceq/ceq1pε crit, which is
necessary to reduce breakthrough times to about one half
of those without CO2-supply. The results are shown in
Fig. 13 for various values of L/l denoted at the corre-
sponding curves. The lowest value of L/l corresponds to
a fracture with a0p0.04 cm, Lp104 cm, ip0.05, whereas
the highest value represents a fracture with Lp106 cm,
a0p0.01 cm and ip0.01. Thus the region of L/l given in
Fig. 13 covers the entire region of natural karstification.
The middle curve represents the standard fracture of
Fig. 2.
The four dashed lines parallel to the K-axes represent the
maximal possible values of εmaxpDcmax

eq /ceq1, which can
result by microorganisms, when using up all available O2,
thus creating an increase of CO2 concentration by 0.35
mmol/cm3. This corresponds to Dceq of 0.32 mmol/cm3 at
ceq1p0.5 mmol/cm3, 0.3 mmol/cm3 at ceq1p1 mmol/cm3,
0.2 mmol/cm3 at ceq1p2 mmol/cm3, and 0.1 mmol/cm3 at
ceq1p4 mmol/cm3 correspondingly (cf. Fig. 3).
If the curves representing εcrit lie above the correspond-
ing lines for εmax, karstification is not significantly en-
hanced by organic CO2 supply. If, however, the curves
are below, a drastic enhancement is to be expected. Fur-
thermore from Fig. 13 one deduces that a deep invasion
of microorganisms into the fracture is necessary. In view
of the initial flow velocities of the water (y;1047a2

0 i [cm/
s]) in the order of several meters/day such deep invasion
seems likely. For the standard case, ceq1p2 mmole/cm3,
K10.4 is required. If little external CO2 is supplied from
the surface, i.e. ceq1p0.5P1 mmole/cm3, this value of K
is reduced and significant enhancement of karstification
can arise by solely the activity of microorganisms.
It is also possible to give the extreme limit of enhance-
ment for each value of K. If Dceq becomes so large that
the constant initial dissolution rate becomes very large
compared to that of the same fracture with no CO2-sup-
ply, karstification is entirely governed by evolution of the
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Fig. 14
Breakthrough times for the standard fracture (full line) and two
fractures with Lp106 cm (dashed) and Lp57103 cm (dotted; all
other parameters are the same) as function of Dceq. The num-
bers on the curves denote K. The time scale is in units of the
breakthrough times of the respective fractures without CO2-
supply. These are Tp0.32ky, Tp21.7ky and Tp467ky, for
Lp57103 cm, Lp105 cm and Lp106 cm correspondingly

Fig. 15
Breakthrough times of the standard fracture with continuous
CO2-supply in Fig. 8a (full lines) compared to those, where a
corresponding continuous CO2 input starts at xpKL (see text)

last part of the fracture which represents the bottleneck
for the flow (x1KL). Then the hydraulic head acts entire-
ly along that part and by use of Eq. 3 one finds

TB(K)pT0(ceq2)7(1PK)
2n

nP1 (15)

T0(ceq2) is the breakthrough time of the corresponding
fracture with constant ceqpceq2 and can be obtained from
Eq. 3.
The lowest dashed curve in Fig. 8a represents this limit,
for the standard fracture. It shows that bacterial activity
can be sufficient to approach this limit closely. It should
be noted that the approximation breaks down for values
of K close to 1. For Kp1 the breakthrough time is given
by the dissolution rates at the exit and can be obtained
by use of Eqs. 2, 13 and 14. The two higher dashed
curves show that for smaller values of Dceq significant de-
viations occur.
To summarize the effect of CO2-supply, Fig. 14 represents
its effect for various values of L and K, for the standard
fracture otherwise. It demonstrates clearly that for large
L11 km and K10.5 an increase of Dceq by 1 mmol/cm3 is
sufficient to reach the maximum of enhancement. For
karstification along short fractures of about 100 m, how-
ever, biogenic CO2 reduces the breakthrough time only to
about one half. For low values of K;0.1 no significant
enhancement arises at all. This again shows that deep in-
vasion of microorganisms into the initial karst system is
necessary.
All considerations so far base on the well founded as-
sumption that breakthrough times are governed by wid-
ening of that part of the fracture, which exhibits the low-
est dissolution rates, such that it evolves into the bottle-
neck for flow.
This can be nicely demonstrated by Fig. 15. Here we have
plotted the results of our standard case from Fig. 8a (full

lines). The dotted lines represent correspondingly break-
through times for the case where the CO2-supply starts at
xpKL, i.e. ceqpceq1 for x^KL, and a continuous supply
of CO2 exists for x1KL. The numbers on the curves de-
note Dceq/ceq1. For the first case the bottleneck is the
back part with the fracture of the length (1PK)L. The
breakthrough times therefore are some function f(1PK).
If, however, CO2-supply is delivered for x1KL, than the
front part of the fracture represents the bottleneck and
the breakthrough time is a similar function, but now of
K, i.e. f(K). At K;0.5 breakthrough times should not dif-
fer much. Moreover the corresponding curves should be
mirror-like, because breakthrough times should be close
to each other if the lengths of the bottlenecks are equal
for the two cases. As an example, breakthrough time for
CO2-supply at the front part up to xpKL, should be
equal to the breakthrough time if CO2 is delivered in the
backpart (x1 (1PK)1 L), because the lengths of the both
bottlenecks are then equal. This behavior is nicely de-
monstrated by Fig. 15 and gives further support to our
crucial assumption.

Conclusion

Subterranean sources of CO2, either supplied at punctual
inputs or continuously along parts of a karstifying frac-
ture, do exert significant influence on the breakthrough
times of karstification. In the case of point inputs, a sig-
nificant reduction of breakthrough times is effected for
inputs located near to the center of the fracture. In this
case a small increase in the pCO2 

of the solution by about
2710P3 atm is sufficient to reduce breakthrough times to
about a half. A further increase to pCO2 

values of 0.06 atm
reduces the breakthrough times to about one third com-
pared to those without CO2-supply. If the location of the
CO2 input is close to the entrance, a large increase of
pCO2 

to about 0.1 atm is needed for a significant reduc-
tion of breakthrough times. For inputs close to the exit
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of the fracture even a large increase of pCO2 
effects break-

through times only moderately. The examples above hold
for situations of vegetated karst areas, where saturation
of emerging karst waters is about 2 mmol/cm3. For bare
karst areas, with saturation of about 0.5–1 mmol/cm3, the
influence of subterranean CO2 is increased and accord-
ingly less elevation in CO2-concentration is needed.
Continuous CO2-input may arise from extended diffuse
gas migration from deep volcanic sources or by aerobic
microorganisms dwelling at the walls of the initial frac-
tures. In the latter case if all oxygen, available in the in-
flowing water is employed by these organisms, an in-
crease in pCO2 

of about 6710P3 atm results. In all cases of
natural karstification this is sufficient to reduce break-
through times substantially, provided the microorganisms
have invaded deep into the fracture, populating at least
the first third of its length. If microorganic activity is re-
stricted close to the entrance, only moderate reductions
of breakthrough time occur. The influence of microor-
ganic CO2-supply increases for bare karst areas with little
external supply of CO2, such that karstification can arise
if only atmospheric CO2 (pCO2

p3.5710P4 atm) is con-
tained in the inflowing water. Therefore the consideration
of microbiological processes becomes an important new
parameter, when discussing karstification. Although little
is known about population by microorganisms in initial
primary fractures, our model forecasts their influence on
karst systems if only a few parameters are known. These
are the depth of the invasion into the fracture and the
amount of CO2 released. Furthermore any scenario on
subterranean CO2-inputs can be modeled by our method,
such as any combination of point and continuous inputs,
and also any local variation of CO2-supply in different
parts of the fracture. This covers most scenarios which
can be envisaged from volcanic CO2-sources, as well as
those from microbial activity and any combination of
both.
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