
Introduction

Geotechnical earthquake engineering deals with the ef-
fects of earthquakes on people and environments. Thus,
engineering geologist and geotechnical earthquake
engineers try to find most appropriate methods to reduce
the magnitude of earthquake related hazards. Evalua-
tion of ground response is one of the most crucial
problems encountered in geotechnical earthquake anal-
ysis. Ground response analyses are used to predict sur-
face ground motions for development of design response
spectra, to evaluate dynamic stresses and strains for
evaluation of liquefaction hazards, and to determine the
earthquake-induced forces that can lead to instability of
earth and earth-retaining structures (Kramer 1996).

The acceleration response spectra are mainly used to
predict the effects of earthquake magnitudes on the

relative frequency content of ground-bedrock motions.
Even though seismic waves generally travel tens of
kilometers of rock and less than 100 m of soil, the soil
plays a very important role in determining the charac-
teristics of ground motion (Kramer 1996).

The acceleration time histories thus obtained together
with the complete description of the dynamic properties
of the soils determined from seismic refraction studies
are used to understand the responses of the soil columns
to earthquake waves. Understanding of site response of
geological materials under seismic loading is an impor-
tant element in developing a well-established constitutive
model. A number of different techniques have been
developed for site response analysis since 1920s.

Equivalent linear model is one of the most widely used
approaches to model soil nonlinearity. To approximate
the actual nonlinear, inelastic response of soil, an
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Abstract Site response analysis is
usually the first step of any seismic
soil-structure study. Geotechnical
earthquake engineers and engineer-
ing geologist have been trying to find
both practical and most appropriate
solution techniques for ground re-
sponse analysis under earthquake
loadings. The paper attempts to give
a critical overview of the field of site
response analysis. In this paper, the
influences of nonlinearity on the site
response analysis summarized and
were evaluated with a numerical
example. Site response of a two
layered soil deposit with the
assumption of linear and rigid base
bedrock (or viscoelastic half-space)
was analyzed by using linear and

nonlinear approaches. The amplifi-
cation spectrum of the soil column is
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bottom of this soil deposit. Nonlin-
ear analysis was compared with the
linear method of analysis. Steps in-
volved in ground response analyses
to develop site-specific response
spectra at a soil site are briefly
summarized. Some of the well-
known site response analysis meth-
ods are summarized and similarities
and differences between linear and
nonlinear methods are compared by
a numerical example.
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equivalent linear approach was proposed by Schnabel
et al. (1972). In the equivalent linear approach, linear
analyses are performed with soil properties that are
iteratively adjusted to be consistent with an effective level
of shear strain induced in the soil. Yoshida (1994),
Huang et al. (2001) and Yoshida and Iai (1998) showed
that equivalent linear analysis shows larger peak accel-
eration because the method calculates acceleration in
high frequency range large.

The nonlinearity of soil behavior is known very well
thus most reasonable approaches to provide reasonable
estimates of site response is very challenging area in
geotechnical earthquake engineering. In this paper,
nonlinear and equivalent linear approach of site re-
sponse analysis will be compared and similarities and
differences will be summarized with a numerical exam-
ple. The main objective of this paper is to compare the
linear and nonlinear site response analysis techniques as
an overview and as numerically and to show their sim-
ilarities and differences.

Previous studies on site response analysis

The importance of site effects on seismic motion has
been realized since 1920s. Since then, many studies have
been conducted. The amplification due to sediments is
well understood in terms of linear elasticity for the weak
ground motion accompanying small earthquakes, but
there has been a debate regarding the amplification
associated with the strong ground motion produced by
large earthquakes. As Field et al. (1997, 1998) explained,
the view of geotechnical engineers, based largely on
laboratory studies, is that Hooke’s law (linear elasticity)
breaks down at larger strains causing a reduced (non-
linear) amplification. Seismologists, on the other hand,
have tended to remain skeptical of this nonlinear effect
(Field et al. 1997), mainly because the relatively few
strong-motion observations seemed to be consistent with
linear elasticity.

Quantitative studies have been conducted using
strong-motion array data after 1970s. Several methods
have been proposed for evaluating site effects by using
ground motion data, such as soil-to-rock spectral ratios
(e.g., Borcherdt 1970), a generalized inversion (e.g.,
Iwata and Irikura 1988; Boatwright et al. 1991), and
horizontal-to-vertical spectral ratios (e.g., Nakamura
1988; Lermo and Chavez-Garcia 1993; Field and Jacob
1995; Yamazaki and Ansary 1997; Bardet et al. 2000;
Bardet and Tobita 2001; Lam et al. 1978; Joyner and
Chen 1975).

Analytical methods for site response analysis include
many parameters that could affect earthquake ground
motions and corresponding response spectra. It is
important to investigate the effect of these parameters on
site response analysis in order to make confident eval-

uations of earthquake ground motions at site. Seed and
Idriss (1970), Joyner and Chen (1975) and Hwang and
Lee (1991) investigated the effects of site parameters
such as secant shear modulus, low-strain damping ratio,
types of sand and clay, location of water table, and
depth of bedrock. The parametric studies have shown
that the secant shear modulus, depth of bedrock, and
types of sand and clay have a significant effect on the
results of site response analysis. However, the low-strain
damping ratio and variations of water tables have only a
minor influence on site response analysis.

Two basic approaches have commonly been em-
ployed for representing soil stress–strain behavior dur-
ing cyclic loading, for application in site response
analysis. The first, in which the soil is modeled by a
series of springs and frictional elements (Iwan model),
uses Masing’s rules to establish the shape of the cyclic,
hysteresis curves (Seed et al. 1972). This model does not
normally simulate the degradation observed due to
cyclic loading of soils, nor does it provide a good sim-
ulation of the observed strain dependence of the shear
modulus and damping ratio. Furthermore, application
of Masing’s rules does not provide an adequate
approximation simultaneously for shear modulus and
damping ratio. In the second approach, damping is
modeled as a viscous, rather than frictional, effect. This
approach is adopted, which uses a pseudo-linear treat-
ment, and applies an iterative procedure in order to
account for the strain dependence of modulus and
damping (Schnabel et al. 1972). The main shortcoming
of the linear method is its inability to take account of the
strong strain dependence observed experimentally for
shear modulus and damping ratio. The best that can be
done with the linear model is to apply the method of
iterations, and to set values of shear.

Borja et al. (1999) developed a fully nonlinear fi-
nite-element (FE) model to investigate the impact of
hysteretic and viscous material behavior on the
downhole motion recorded by an array at a large-scale
seismic test site in Lotung, Taiwan, during the earth-
quake of 20 May 1986. The constitutive model was
based on a three-dimensional bounding surface plas-
ticity theory with a vanishing elastic region, and ac-
counts for shear stiffness degradation right at the
onset of loading. The accuracy of the method pro-
posed by Borja et al. (1999) is good, although the
peak values were slightly underpredicted.

Rodriguez et al. (2001) proposed and empirical geo-
technical seismic site response procedure that accounts
the nonlinear stress–strain response of earth materials
under earthquake loading. In this study, the primary
effects of material nonlinearities are: the increases of site
period and material damping as the intensity of ground
motion increases. The larger damping ratio is observed
in lower spectral amplifications for all periods. However,
the effect of damping is pronounced for high frequency
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motion. Thus, soil damping significantly affected the
peak acceleration.

In summary, there have been many researches on site
response analysis of ground under earthquake loading.
Equivalent linear approach (Schnabel et al. 1972) is
widely used for site response analysis. In the following
section, equivalent linear approach and nonlinear ap-
proach proposed by Kramer (1996) will be compared to
illustrate similarities and differences of linear and non-
linear approaches.

Background for equivalent linear and nonlinear site
response analysis

Schnabel et al. (1972), Idriss and Sun (1992) and Kra-
mer (1996) explained that the actual nonlinear hysteretic
behavior of cyclically loaded soil can be approximated
by equivalent linear approximation. Linear approxima-
tion requires an equivalent shear modulus (G) and
equivalent linear damping ratio (n). SHAKE (Schnabel
et al. 1972) is the most known computer program that
uses equivalent linear approximation, used widely. This
code based on the multiple reflection theory, and non-
linearity of soil is considered by the equivalent linear
method. Unlike the name of ‘‘equivalent,’’ this is an
approximate method.

SHAKE uses a frequency domain approach to solve
the ground response problem. In simple terms, the input
motion is represented as the sum of a series of sine waves
of different amplitudes, frequencies, and phase angles
(Schnabel et al. 1972). A relatively simple solution for the
response of the soil profile to sine waves of different fre-
quencies (in the form of a transfer function) is used to
obtain the response of the soil deposit to each of the input
sine waves. The overall response is obtained by summing
the individual responses to each of the input sine waves.

To illustrate the basic approach used in SHAKE,
consider a uniform soil layer lying on an elastic layer of
rock that extends to infinite depth, as illustrated in
Fig. 1. If the subscripts s and r refer to soil and rock,
respectively, the horizontal displacements due to verti-
cally propagating harmonic s-waves in each material can
be written as

usðzs; tÞ ¼ Ase
iðxtþk�s zsÞ þ Bse

iðxt�k�s zsÞ; ð1Þ

urðzr; tÞ ¼ Are
iðxtþk00r zsÞ þ Bse

iðxt�k00r zsÞ; ð2Þ

where u is the displacement, x is the circular frequency
of the harmonic wave and k* is the complex wave
number. No shear stress can exist at the ground surface
(zs=0), so

sð0; tÞ ¼ G�scð0; tÞ ¼ G�s
@usð0; tÞ
@zs

¼ 0; ð3Þ

where G�s ¼ Gð1þ 2inÞ is the complex shear modulus of
the soil.

In the equivalent linear approach, the shear modulus
is taken as the secant shear modulus which, as shown to
the right, approximates an ‘‘average’’ shear modulus
over an entire cycle of loading. Because the transfer
function is defined as the ratio of the soil surface
amplitude to the rock outcrop amplitude, the soil sur-
face amplitude can be obtained as the product of the
rock outcrop amplitude and the transfer function.
Therefore, the response of the soil layer to a periodic
input motion can be obtained by the following steps
(Idriss and Sun 1992).

Schnabel et al. (1972) explained that within a given
layer (layer j), the horizontal displacements for the two
motions (motions A and B) may be given as:

urðzj; tÞ ¼ Aje
ik�j zj þ Bje

�ik�0j zj

� �
eixt: ð4Þ

Thus, at the boundary between layer j and layer j + 1,
compatibility of displacements requires that

Ajþ1 þ Bjþ1 ¼ Aje
ik00j hj þ Bje

�ik00j hj : ð5Þ

Continuity of shear stresses requires that

Ajþ1 þ Bjþ1 ¼
G�j k�j

G�jþ1k
�
jþ1

Aje
ik00j hj � Bje

�ik00j hj

� �
: ð6Þ

The effective shear strain of equivalent linear analysis is
calculated as

ceff ¼ Rccmax; ð7Þ

where cmax is the maximum shear strain in the layer and
Rc is a strain reduction factor often taken as

75m 1ρ , 1SV  (Top Layer) 

105m 2ρ , 2SV (Second Layer) 

sec/3.2 mb =ρ (Bedrock) 

sec/1000mVsb =

Fig. 1 Bedrock half-space interface
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Rc ¼
M � 1

10
; ð8Þ

in which M is the magnitude of earthquake.
While the equivalent linear approach allows the most

important effects of nonlinear, inelastic soil behavior to
be approximated, it must be emphasized that it remains
a linear method of analysis. It is based on the continuous
solution of the wave equation, adapted to use with
transitory movements by means of the Fast Fourier
Transform algorithm. The strain-compatible shear
modulus and damping ratio remain constant throughout
the duration of an earthquake—when the strains in-
duced in the soil are small and when they are large.
Permanent strains cannot be computed and pore water
pressures cannot be computed. However, the equivalent
linear approach has been shown to provide reasonable
estimates of soil response under many conditions of
practical importance.

Maximum shear modulus of a layer is calculated via

vs ¼
ffiffiffiffiffiffiffiffiffi
G=q

p
¼

ffiffiffiffiffiffi
Gg
c

s
; ð9Þ

in which Gmax is maximum shear modulus, q is density
of the soil, c is unit weight, and g is the acceleration of
gravity.

As Finn et al. (1978) and Kramer (1996) explained
the method is incapable of representing the changes in
soil stiffness that actually occurs under cyclic loadings.
In addition, the behavior of geological materials under
seismic loading is nonlinear.

Nonlinear site response analysis

Main reason using linear approach is the method is
computationally convenient and provides reasonable
results for some practical cases (Kramer 1996). How-
ever, the nonlinear and inelastic behavior of soil is well
established in geotechnical engineering. The nonlinearity
of soil stress–strain behavior for dynamic analysis means
that the shear modulus of the soil is constantly changing.
The inelasticity means that the soil unloads along a
different path than its loading path, thereby dissipating
energy at the points of contact between particles. Both
time domain and the frequency domain analyses are
used to account for the nonlinear effects in site response
problems. Nonlinear and equivalent linear methods are
utilized respectively in the time and frequency domain
for the one-dimensional analyses of shear wave propa-
gation in layered soil media. When compared with
earthquake observation, nonlinear analyses are shown
to agree with the observed record better than the
equivalent linear analysis.

Kramer (1996) developed a nonlinear approach as by
this method a nonlinear inelastic stress–strain relation-
ship is followed in a set of small incrementally linear
steps.

The soil medium is divided into sublayers with
absolute displacements uj, defined at the jth sublayer,
interface and with shear stress, sj, defined at the mid-
points of each interface. As Kramer (1996) explained,
the response of soil deposit under dynamic loading is
governed by the equation of motion:

@s
@z
¼ q

@2u
Dt2

: ð10Þ

The differentiation for a soil divided to N sublayers of
thickness Dz and proceeding for the small time incre-
ment (Dt) is calculated by using finite difference method
as

@s
@z
¼ siþ1 � si�1

Dz
; ð11Þ

@2u
@t2
¼ _ui;tþDt � _ui;t

Dt
; ð12Þ

where _u ¼ @u=@t is the velocity of the motion and
@2u=@t2 ¼ @ _u=@t is the acceleration.

If we combine Eqs. 10, 11, and 12, we will get

siþ1 � si�1
Dz

¼ q
_ui;tþDt � _ui;t

Dt
: ð13Þ

The equation can be simplified as:

_ui;tþDt ¼ _ui;t þ
Dt
qDz
ðsiþ1;t � si;tÞ: ð14Þ

It should be noted that for the soil surface the shear
stress is equal to zero and boundary condition for each
sublayer must be satisfied.

Joyner and Chen (1975) proposed an equation for
soil rock boundaries as:

sr;t ¼ qrvsrð2 _urðt þ DtÞ � _uNþ1;tþDtÞ: ð15Þ

By using Eqs. 14 and 15, boundary conditions are sat-
isfied.

Kramer (1996) gave the shear for each layer as:

ci;t ¼
@ui;t

@z
� uiþ1;t � ui;t

Dz
: ð16Þ

As can be seen from the above equations, the shear
stress is calculated by using current shear strain and
stress–strain history ðsi;t ¼ Gici;tÞ. Thus the proposed
method satisfies the nonlinear and inelastic behavior of
soil under cyclic loading. The nonlinear method is
implemented into commercial software MATLAB and
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the results are compared with SHAKE for two layers
soil deposit.

Numerical example

Nonlinear and linear approximations are compared in a
two layers soil deposit as shown in Fig. 1. Total thick-
ness of the soil deposits is 180 m. The top soil is silty
sand (SM) with 75 m thickness and 19.5 kN/m3 mass
density (q1) and 420 m/s shear wave velocity VS1 =
420 m/s. Lower layer is silty gravel (GM) with 105 m
thickness and mass density, q2 = 19.5 kN/m3 and the
shear wave velocity and VS2 = 600 m/s. The shear wave
velocity of the half-space interface is 1,000 m/s.

The results of site response analyses were presented in
terms of acceleration time history and response spectra.
As explained in previous sections, SHAKE uses linear
equivalent approaches with an iterative procedure to
obtain soil properties compatible with the deformations
developed in each stratum. The method of analysis used
in SHAKE cannot allow for nonlinear stress–strain
behavior because its representation of the input motion
by a Fourier series and use of transfer functions for
solution of the wave equation rely on the principle of
superposition—which is only valid for linear systems.

The input and output motion of the soil medium is
given through Figs. 2, 3, 4, 5, 6, and 7. The comparison
of linear elastic numerical analysis by using SHAKE and
nonlinear analysis are given in Figs. 8, 9, and 10, and the
results are summarized in Table 1.

The solution algorithm used in SHAKE assumes
viscous soil damping which represents using a complex
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Fig. 2 The normalized strain-dependent damping ratio (Seed and
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Fig. 3 The normalized strain-dependent shear modulus ratio (Seed
and Idriss 1970)

Fig. 4 Output motions: top layer response spectra (SHAKE)

Fig. 5 Output motions: second layer response spectra (SHAKE)
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shear modulus. Viscous damping implies behavior that
would be characterized by elliptical stress–strain loops.
Because actual stress–strain loops are seldom elliptical,
an equivalent damping ratio is used—the equivalent
damping ratio is equal to the damping ratio that would
be computed based on the area within the hysteresis
loop, the secant shear modulus, and the maximum shear
strain. The relationship between this equivalent damping
ratio and shear strain is characterized by means of a
damping curve. Five percent damping ratio is used in
this study.

As Table 1 and Figs. 8, 9, and 10 illustrates, equiv-
alent linear approach gives a higher acceleration. The
reason of the high acceleration can is explained graphi-
cally in Fig. 11 (Kramer 1996). If the solid line in Fig. 11
is a stress–strain curve for the analysis and cmax is a
maximum strain, then linear relation used in the equiv-
alent linear analysis is a line OAC. Therefore the shear
stress (s2) at point B is not the peak shear stress that lies
on the specified stress–strain curve, but s1. Similarly,

when specified stress–strain curve is a solid line, then the
peak stress–peak strain relationship may be expressed to
be a dashed line; as it is seen in the figure, the shear stress
is always overestimated. As Yoshida (1994) explained,
Fig. 11 summarizes the reason why equivalent linear
analysis gives larger shear stress than the nonlinear
analysis. It should be noted that larger acceleration be-
gins to appear as nonlinear behavior becomes predom-
inant.

Fig. 6 Top layer time history of acceleration (SHAKE)

Fig. 7 Second layer time history of acceleration (SHAKE)

Fig. 8 Comparison of acceleration and time history relation for the
top layer

Fig. 9 Comparison of acceleration response spectra for the top
layer
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Summary and conclusions

This paper is an attempt to summarize what is currently
known about the linear and nonlinear site response
analysis. It began with a general overview on site response

analysis. It then goes on to discussions about linear and
nonlinear analysis of site response. It finally compares
the similarities and differences of linear and nonlinear
approaches with a numerical example. Site responses of
two layers soil column by using linear and nonlinear
solution techniques were analyzed for numerical simu-
lation. Site response analysis results of computer pro-
gram SHAKE, which is widely used in engineering
practice, and a nonlinear method of solution are com-
pared numerically. Previous studies showed that, based
on one-dimensional site response analyses, the effect of
nonlinear soil behavior is one of the key factors for
response spectra. Maximum acceleration distribution
along depth and spectrum ratios has proved that
equivalent linear analysis calculates larger peak accel-
eration. Because linear site response analysis calculates
acceleration in high frequency range, the method gives
higher acceleration. The depth and properties of soil
are important parameters in estimating seismic site
response. This paper summarized some of the well-known
site response analysis methods and compared similarities
and differences between linear and nonlinear methods by
formulation and implementation of a nonlinear method
of site response analysis.

Table 1 Summary of the site response analysis

Maximum acceleration
(m/s2)

MATLAB SHAKE

First layer 0.61 0.82
Second layer 0.8 1.06
Spectral acceleration (m/s2) 2.7 3.5

Fig. 11 The reason why linear approximations exhibit larger shear
strain than specified (Kramer 1996)

Fig. 10 Comparison of acceleration and time history relation for
the second layer
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