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proximation of the Fokker—Planck equation by the variational formulation. It is de-
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1. Introduction
We consider a nonnegative solution of the following Fokker—Planck equation:

ap(t, X)/ot = Ay p(t, X) + divk (VW (X) p(t, X)) (t > 0,x € RY), (1.2)
/ pt,x)dx=1  (t=0). (1.2)
Rd

Herew (x) is a function fromR? to R, and we puth, = Y0, 82/0x2, V = (3/9%)"_,,

and dik(-) = (V, -). In Nelson’s stochastic mechanics (see [18] and [19]), itis crucial to
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construct a Markov procegs(t)}i>o, the so-called Nelson process, such that fer0,
P(&(t) e dx) = p(t, x) dx,
t
£(t) = £(0) — / VU (E(S) ds+ 22Wb),
0

whereW(t) denotes al-dimensional Wiener process (see [26]).
Fore > 0, by (1.1),

ap(t, x) /ot = e Axp(t, X)/2
+ divy{((1 — e/2)Vx log p(t, x) + V¥ (X)) p(t, X)}. (1.3)

Suppose thaVy log p(t, X) and VW (x) are continuously differentiable ir and that
(1+|x))~tVy log p(t, x) and(1+ |x|) "1V W (x) are bounded. Then there exists a unique
solution to the following stochastic integral equation:tfior 0 andx € RY,

E°(t,X) =x— /Ot{(l —€/2)Vxlog p(s, £°(s, X)) + VW (§°(s, X))} ds
+ e2W(t) (1.4)
such that
/Rd Po(y) dyP(*(t, y) € d2) = p(t, 2)dz (1.5)
(see [2] and [26], and also [3], [14], [16], [21], and [27]). Moreover, for dny- O,

(1—¢e/2)Vxlog p(t, X) + V¥ (X) is the unique minimizer of

T
/ / Ib(t, X)|?p(t, x) dx dt (1.6)
0 Rd
over allb(t, x) for which
ap(t, X)/9t = e Ay p(t, X)/2—divy(b(t, X)p(t, X)) O <t <T,xeRY. (1.7)

(This can be shown in the same way as in (6.1)—(6.2), by replacing(tog) by
(1 - ¢/2)log p(t, x) in (6.2).) By the standard argument (see [8]), one can show the
following: for anyx € RY,

P (Iim sup 19(t, x) — £5(t, X)| = 0) =1 (1.8)

e—0 0<t<T

This means that°(t, x) can be considered as the semiclassical limit of the Nelson
processeg® (t, x) with small fluctuation. The minimum of (1.6) over dlt, x) for
which (1.7) hold converges, as— 0, to

:
/ / |de0t, x)/dt|?p(0, x) dx dt (1.9)
0 Rd

In this paper we show thgf also plays a crucial role in the construction, by way of the
Wasserstein metric, of the solution to (1.1)—(1.2) (see [12]). We also charact®raze
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the solution to a class of variational problems. The importance of the consideration in
(2.3)-(1.9) is discussed again at the end of Section 2.

Letd denote the Wasserstein metric (or distance) defined by the following (see [22]
or [4], [5], and [10]): for Borel probability measurés Q on RY, put

1/2
d(P,Q) = inf{(/ X — y[2u(dx dy)) .
RdxRd
pn(dx x RY = Pdx), u(RY x dy) = Q(dy)}. (1.10)

In particular, we putl(p, q) = d(P, Q) whenP(dx) = p(x) dxandQ(dx) = q(x) dx.
Next we introduce the assumptions used by Jordan et al. in [12]:

(A.1) ¥ e C®(RY; [0, 00)) and SUR.re{ |V (X)]/ (W (X) + D)} is finite.
(A.2) po(x) is a probability density function oR® and the following holds:

M (po) = /d X% po(X) dXx < o0,
R

F(po) = f (log po(X) + W (X)) po(X) dx < oo.
Rd

Under (A.1) and (A.2), folh > 0, we can define a sequence of probability density
functions{ p}n=0 0N RY, inductively, by the following: pup® = po, and forp, determine

pntt as the minimizer of

d(pp, p?/2+hF(p) (1.11)

over all probability density functionp for which M (p) is finite (see Proposition 4.1 of
[12]). For a probability density functiop onRY, put

E(p)s/ W (x) p(x) dx, S(p)E/ log p(x) p(x) dx, (1.12)
Rd Rd

and forh € (0, 1), t > 0, andx € RY, put
pn(t, x) = pi/ " (%), (1.13)

where [] denotes the integer part ofe R. Then the following is known (see [20] and
the references therein for an application to physics).

Theorem 1.1[12, Theorem 5.1]. Suppose thgiA.1) and(A.2) hold. Then for any T>
0,as h— 0, pn(T, -) converges to @, -) weakly in LX(RY; dx), and g, converges to
p strongly in L1([0, T] x RY; dt dx), where ft, x) € C®((0, o0) x RY; [0, 00)) is the
unique solution of1.1)1.2) with an initial condition

p(t, ) = Po, strongly in L}(RY%; dx),as t— O, (1.14)
and M(p(t, 1)), E(p(t, -)), and Sp(t, -)) belong to L=°([0, T]; dt).
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Forp{(x) and pﬂ“(x), there exists alower semicontinuous convexfunaﬁl’xbﬂ(x)

such that
pﬂ(x)swﬁﬂ(x) (dy)dx (1.15)

is the minimizer ofd(pl, pht™). Vit is called the Monge function fai(pfl, ppth).
On the probability spaceR?, B(RY), Po(dx) = po(x) dx), put, forh € (0,1),t > 0,
andx € RY,
X0, x) = Vgl (x) = x,
XN, x) = Vol /(X" (max([t/h] — 1, 0)h, x)). (1.16)
In this paper we first give a stochastic representationpidr x) (see Theorem 2.1)
from which we give the estimate fo¥, log p(t, X) (see Theorem 2.2) . In the proof,
we use exponential estimates on large deviations and the idea in [25] where they gave
estimates for the derivatives of the transition probability density functions of diffusion

processes (see Section 4). By this estimate and an assumptibiise® Section 2), we
can construct the solution to the following: fere RY,

d X(t, x)/dt = =V log p(t, X(t, X)) — V¥ (X(t, X)) (t > 0),
X(0, X) = X. (1.17)

(From now on, we use the notatidfit, x) instead o£°(t, x).) We also showthat"(t, x)
-1
converges taX(t, x), ash — 0. In particular, it can be shown thﬁ*ox<t") dx) =

p(t. x) dxfort > 0 (see Theorem 2.3). (Recall tHf )" (B) = Py({x € R%: X(t, X)
e B}) for B € B(RY).) This is conjecturable by the Euler equation to (1.11). It can be
written, formally, as the following: fon > 0,

X"((n + Dh, x) — X"(nh, x)
= —h{Vlog p*(X"((n + Dh, x)) + V(X" ((n + Dh, x))} (1.18)

(see Lemma 5.3 in Section 5 for the exact statement of (1.18)).
We give two examples.

Example 1.1 (One-Dimensional Case (see [22, Chapter 3], or [17], [23], and [24])).
Put, forn > 0,h € (0, 1), andx € R,

F(x) = f A ay (1.19)
(—00,X

For a distribution functior- onR, put
Flu=supxeR: F(x) <u} for O<u<1 (1.20)
Thenforn > 0,h € (0,1), x € R, andt > 0,

Veprtt(x) = (FH 1R x),

1.21
X"(t, x) = (R (Fo(x)). (24
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Example 1.2(Gaussian Case). M/(x) = 0 and po(x) = (47) 92 exp(—|x|%/4),
then

p(t, X) = (4 (t + 1)) Y2 exp(—|x|2/{4t + D)), X, x)=(t+DY?x. (1.22)

In Section 2 we state our result which is proved in Sections 3—6.

2. Convergence and Characterization of Dynamical Systems

In this section we state our main result. Recall tRgidx) = po(x) dx. The following
are additional assumptions in this paper:

(A.3) ¥ e C*(RY; R) and has bounded second, third, and fourth derivatives.

(A.4) po(-) is a probability density function oRY, and is twice continuously dif-
ferentiable, with bounded derivatives up to the second order.

(A5) —c0 < —Cy = infyera{(IX[% + 1)~ log po(x)}.

(A.6) 0o > Cp = sup.ref(|X]| + 1)~V log po(x)|}.

Fort > Oandy € RY, let{Y (s, (t, y))}s=t be the solution to the following stochastic
integral equation:

Y, (t,y) =y+ / V(Y (U, (t, y))) du+ 2Y2(W(s) — W(t)). (2.1)
t

Equation (2.1) has a unique strong solution under (A.3) (see [9], [13], or [26]). We also
put, for the sake of simplicity,
Y(s,y)=Y(s, (0,Y). (2.2)

Itis known that{Y (s, (t, y))}s>t has the same probability law as that{¥f(s, y)}s-o.
The following theorem gives a stochastic representatiopforx).

Theorem 2.1. Suppose thgiA.1)—(A.4)hold. Thenforany T > 0, p(t, X) is continu-
ously differentiable in t and has boundedntinuous derivatives up to the second order
inx on[0, T] x RY, and for any t> 0 and x € RY,

t

pt,x) =E [po(Y(t, x))exp(/ AW (Y (s, x)d )} . (2.3)
0

By Theorem 2.1, we obtain the following result.

Theorem 2.2. Suppose thatA.1)—(A.6) hold. Then for any T> 0,

sup  {(Ix] + 1)~ Vylog p(t, X)|} < oo. (2.4)
xeRd,0<t<T

In particular, (1.17) has a unique solution.

Remark 2.1. In Theorems 2.1 and 2.2, we assumed (A.1) and (A.2) only to use the
fact thatp(t, x) is a smooth solution to (1.1)—(1.2) with (1.14).



208 T. Mikami
By Theorems 2.1 and 2.2, we obtain the following.

Theorem 2.3. Suppose thatA.1)—(A.6) hold. Then for any T> 0 ands > 0,

lim P0< sup |X(t, x) — X"t, x)| > 5) =0. (2.5)
h—0 O<t<T

In particular, fort > 0,
P (dy) = pt, y) dy. (2.6)
Put, forT > 0,

AT = [{S(t, \)}ot=T xers; Po) 7 (dX) = p(t, x)dx@ <t < T),
{S(t, X)}o<t<T is absolutely continuous-a.s}. (2.7)

The following result is a version of [14] in the case where the stochastic processes

under consideration do not have random time evolution.

Theorem 2.4. Suppose thatassumptigds1)—(A.6)hold. Thenforany T> Oand any
{S(t, X)}Osth,xeRd € AT,

T T
Eo U |d X(t, x)/dt|2dt} <Ep U |dS(t, x)/dt|2dt] , (2.8)
0 0
where the equality holds if and only if @Sx)/dt = d X(t, x)/dt dt Ry(dx)-a.e.

Forh € (0,1) andn > O, let V@Q*l be the Monge function fod(p(nh, -),
p((n + Dh, ) (see Section 1). On the probability spa@®, B(RY), Py), put, for
he (0,1),t >0, andx € RY,

X0, x) = V@) = x, XMk +Dh,x) = Vgt (X" kh,x))  (k=>0),
X"t, x) = X"([t/h]h, x) + (t — [t/h]h)
x (X"(([t/h] + Dh, x) — X"([t/h]h, x))/h. (2.9)
Put also, foih € (0, 1) andT > O,

A = {{S(t, X)JocteTxere: P (d%) = p(t, x) dx(t = 0. h, ... [T/h]h),
{S(t, X)}o<t<T IS absolutely continuous$-a.s}. (2.10)

Then the following holds.

Theorem 2.5. Suppose thatA.1)—(A.6) hold. Then for any he (0,1) and T > h,
{XM(t, X)}o<t<T.xere IS the unique minimizer of

[T/hlh
/ Eo[|d St, x)/dt|?] dt (2.11)
0
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over all {S(t, X)}o<t<T.xer¢ € Al, and the following holdsfor any T > 0 ands > 0,

lim Po( sup |X(t,x) — X"(t, x)| > 3) =0. (2.12)
h—0 Ofth

For Borel probability density functionpy(x) and p;(x) on RY, the Markov dif-
fusion process{é(t)}ogtgl with a drift vectorb® (t, x) and with an identity diffusion
matrix is called the h-pass process with the initial and terminal distributpgts) d x
and p1(x) dx, respectively, if and only ifP(E(t) € dx) = p(x)dx (t = 0,1)
and if [ E[|b%(t, £(t))[2] dt is the minimum of [} [, [b(t, X)[2q(t, x) dx dt over all
(b(t, x), q(t, x)) for whichq(t, x) satisfies (1.7) witle = 1 and withp replaced by on
(0, 1) x R% and for whichq(t, x) = py(X) (t = 0, 1). Theorem 2.5 implies that(t, x)
on (RY, B(RY), Py) plays a similar role to that of the h-path process (see [14]), when
diffusion matrices vanish. If the similar result to (1.3)—(1.9) holdsXdtt, x) and the
h-pass process with a diffusion matexeld, then one can consider Theorem 2.5 as a
zero noise limit of stochastic control problems. This implies that one might be able to
treat the Monge—Kantorovich problem in the framework of stochastic control problems.
This is our future problem.

3. Proof of Theorem 2.1

In this section we prove Theorem 2.1. The proof is divided into four lemmas.
For anm-dimensional vector functioffi (x) = (f'(x))", (x € RY), put

m 1/2
Df (x) = (f (x)/3%)%;,  |fleo = SUP (Z | f (x)|2> : (3.1)

xeRd \ 11

The following lemma can be proved by the standard argument, making usesof It”
formula (see, e.g., [9]) and of Gronwall's inequality (see [11]), and we omit the proof
(see also Theorem 5.3 on p. 120 of [9]).

Lemma 3.1. Suppose thafA.3) holds Then(2.1) has a unique strong solutipand
there exist positive constantsg @nd {C(m)}m-1 Which depends only ojV¥|,, and
|ID2W |, such that for t> 0 and y e RY,

E[IY(t, )™M < C(m) (Z ly[* +t> expC(mt)  (m=> 1),
k=1
19Y'(t, y)/dy;| < Caexp(Cat), P-as. (i,j=1,....d). (3.2)

Fort > 0 andy € RY, put

t
qat.y)=E [po(Y(t, ) eXp(/o AV(Y(s, y)d )] (3.3)

Then the following can be proved inthe same way asin Theorems 5.5and 6.1 in Chapter 5
of [9] and the proof is omitted.
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Lemma 3.2. Suppose thafA.3) and (A.4) hold. Then for any T> 0, q(t, y) has
boundedcontinuous derivatives in y up to the second ordad is continuously differ-
entiable in t on0, T] x RY, and is a solution tq1.1).

By Lemmas 3.1 and 3.2, we get the following lemma.

Lemma 3.3. Suppose thatA.1)<A.4) hold. Then for t> 0 and x e RY,

p(t, x) > q(t, x). (3.4)
Proof. ForR > 0andx € RY, put

or(X) = inf{t > 0: |Y(t,xX)| > R}. (3.5)

By Itd’s formula, if R > |x| and O< s < t, then one can easily show that the following
is true:

pt,x)=E [p(t — min(or(X), s), Y(Min(or(X), S), X))
min(or(X),S)
X exp(/ AW (Y (U, X)) du)}
0

> E [p(t -5, Y(s, x))exp(/ AW (Y (u, x))du) ; or(X) > t}
0
— q(t, x), (3.6)

ass — t and thenR — oo. Indeed, by (A.3), Lemma 3.1, and the Cameron—Martin—
Maruyama—Girsanov formula (see [13]),

E [I Pt —s,Y (s, X)) — p(0, Y(s, X))| eer(/OSA‘IJ(Y(u, X)) dU) ; OR(X) > t}
_E [| p(t — s, X + 2Y2W(9)) — PO, X + 2Y2W(9))|
x exp(/ot(VkIl(x + 2Y2W(u)), 272 dW(u))
- /Ot IVW(x + 2Y2W(u))|2du/4
+/OS AW(X + 21/2W(u))du> :sup |x + 2Y2W()| < R}

O<s<t

< /d Ip(t — s, x + 2Y2y) — p(0, x + 2Y2y)|dy
R

lzZl=<R

X (27rs)‘d/2exp< sup\IJ(z)/2+t|A\I/|oo/2> -0, (3.7)
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ass — t, by Theorem 1.1. Here we used the following: bydtformula,
t
/ (VW (x + 2Y2W(u)), 27Y2dW(u))
0

t
= {\p(x + 2Y2W(t)) — W(x) — / AW(X + 2Y2W(u)) du} /2. O
0

The following lemma together with Lemma 3.2 completes the proof of Theorem 2.1.

Lemma 3.4. Suppose thatA.1)<(A.4) hold. Then for t> 0 and xe RY,

t

pt,x)=E [po(Y(t, x))exp(/ AW(Y(s,x)d )} . (3.8)
0

Proof. By Lemma 3.2g(t, X) is a solution to (1.1) witlg(0, X) = pe(X). Hence for
t >0,

/ q(t,x)dx:/ Po(X)dx =1 (3.9
Rd Rd

by Lemma 3.3. Equation (3.9) together with (1.2), (3.4), and the continuityaridq
completes the proof. O
4. Proof of Theorem 2.2

In this section we prove Theorem 2.2. We ut= |VV¥|,, + |D?¥|.
We first state and prove six technical lemmas.

Lemma 4.1. Suppose thafA.1)—<A.5) hold. Then there exists a positive constant C
which depends only oV ¥ |, | D?¥|,,, and| pols such that for t> 0 and x € RY,

exp(—Cs(|x|?> + 1+ 1) exp(Cst)) < p(t, x) < Csexp(Cst). (4.1)
Proof. ByLemma 3.4,
P(t, X) < [Poloc EXPt| AW ]o0), (4.2)
and by Jensen’s inequality (see [1]),
Pt ) = exp(E [Iog PoCY(t.30) + [ AWV ) dsD
> eXIO(—E[Cl(IY(LX)|2+1)]0—t|A‘1’|oo) (4.3)

by (A.5), which completes the proof by Lemma 3.1. O
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Fort andT forwhichO<t < T andz € RY, let{ZT (s, (t, 2)) }i<s<T be the solution
to the following stochastic integral equation: ®e [t, T],

Z7(s (t,2) = Z+/ {2Vxlogpt +T —u, ZT(u, (t, 2)))
t
+ VW (ZT(u, (t, 2)}du+ 2Y2(W(s) — W(t)}, (4.4)

up to the explosion time (see [26]).
The following lemma shows that (4.4) has a nonexplosive strong solution.

Lemma 4.2. Suppose thafA.1)~A.5) hold. Then fort and T for whicld <t < T,
(4.4) has a unique nonexplosive strong solution and there exists a positive constant C
which depends only oV ¥ |, |D?¥|,,, and| pols such that for ze RY,

CeexpCsT) (|22 +1+T)

T
> supE[|1Z7 (s, (t,z))|2]+E[/ Vi logp(T +t—s, Z7(s, (t,z)))|2ds]
t

t<s<T
(4.5)
Proof. ForR > 0, put
R (t, 2) = inf(min(s, T) > t: |Z7 (s, (t,2)| > R}. (4.6)
Then, by Lemma 4.1,
2 (t.2)
E / IV, log p(T +t —s, Z7(s, (t, )P ds
t
<10gCs+CsT + Cs(1Z* + 1+ T) exp(CsT) + T|AW|w. (4.7)

This can be shown by applyingols formula to logp(T +t — s, ZT (s, (t, 2))), and by
the following: by (1.1),

dlog p(t, x)/ot = Axlog p(t, X) + (2Vk log p(t, X) + VW (X), Vy log p(t, X))
+ AW (X) — |Vy log p(t, x) 2. (4.8)

The following also can be shown, making use afdtformula and Gronwall’s
inequality, by the standard argument: foe [t, T],

E[1ZT (min(s, T (t, 2)), (t, 2)[]

7 (t,2)
< (E [f 1 2Velog p(T +t —u, ZT(u, (t, z)))|2du:|
t

+12P+ 2T —t)(d + Cf)) exp2(CZ + (s — t)). (4.9)

Let R — oo in (4.7) and (4.9) and then the proof is over. O
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The following lemma can be proved easily and we only sketch the proof.

Lemma 4.3. Suppose thatA.3) holds Then for Te (0, 1/(2C4)) and y e RY,

limsupR~2log P ( sup |Y(t,y)| > R) < —(1—2C4T)?/(16T). (4.10)
R—o00 o<t<T
Proof. Put
r=(R?—|y|?—2Td - 2TC4sR(R+ 1))/ (8T R?), (4.11)

which is positive for sufficiently largdR > 0. Then by (3.5) and by applyingds
formula to|Y(t, y)|?, and by the Cameron—-Martin—-Maruyama—Girsanov formula,

P < sup [Y(t, y)| = R)

o<t<T
= exp(—r R% +r|y>) E[exp(r |Y (or(Y), Y)I? = r1yl?); or(y) < T]
= exp(—rR? +rl|y|?

min(T,or(Y))
«E [exp<r 52 / (Y (s, ), dW(s))
0
min(T,or(Y))
—4r2/ IY(s. y)[*ds
0
min(T,or(Y)) ) )
+/ GrefY(s, YI°+1(2Y(s, y), VE(Y(S, ¥)))
0

+2rd)ds ) ;oR(Y) < T}

<exp(—rR?+r|y?+ T4r?R?+ 2rC4R(R+ 1) + 2rd))
= exp(—R?(1 — (Jy|? + 2T d)/R* — 2T C4(1 + 1/R))?/(16T)) (4.12)

by (4.11), which completes the proof. O

Lemma 4.4. Suppose thafA.1)A.5) hold. Then fort and T for whicld <t < T
and z € RY, the probability law of{ZT (s, (t, 2))}i<s<T is absolutely continuous with
respect to that of Y (s, (t, 2))}i<s<t and on Q[t, T]; RY),

(@PZ DT dPYCODT (Y (., (1, 2)))
T
=[p, Y(T,, 2))/p(T, 2] exp</ AV(Y (S, (L, 2)) ds). (4.13)
t

Moreover if T—t < 1/(2Cy4), then

limsupR~2log P ( sup |Z7 (s, (t, 2)| = R)

R—o0 t<s<T

< —(1—2C4(T —1))?/(16(T —1)). (4.14)
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Proof  Firstwe prove (4.13). By Lemma 4.2 ¢-t.2)™" js absolutely continuous with
respect taPY-¢.2™" onC([t, T]; RY), and

(d P AT g PYCADT (v (. (t, 2)))

.
= exp<21/2/ (Vylog p(T +t —s,Y(s, (t, 2)), dW(S))
t
T
—/ |Vxlog p(T +t —s, Y(s, (t, 2)))|2d3) (4.15)
t

on C([t, T]; RY) (see Chapter 7 of [13]). Applyingdts formula to logp(T +t —
s, Y(s, (1, 2)), we get (4.13).
Next we prove (4.14). By (4.13),

P ( sup |Z7 (s, (t, 2)| > R)

t<s<T

.
=E [(p(t, Y (T, (t,2))/p(T, 2) exr></ AV (Y (s (t,2)) dS) ;
t

sup [Y(s, (t, 2)] > R}
t<s<T
< Csexp(Cst + Cs(|z12 + 1+ T) exp(CsT) + (T — )| AV|.o)
x P < sup [Y(s, (t, 2)] > R) (4.16)

t<s<T

by Lemma 4.1. This and Lemma 4.3 completes the proof (see below (2.2)). O

Putd, = 9/9x . We obtain the following lemma.

Lemma4.5. Suppose thatA.1)—(A.6) hold. Then for any T> 0,

limsupR~2log { sup |3 log p(t, x)|} <0. (4.17)

R—00 [X|=R,0<t<T

Proof. Fort € [0, T]andy € RY, by (A.6) (see Theorem 5.5 on p. 122 of [9]),

|9 log p(t, y)I
<E [{Cz(IY(t» VI+1 +1V(AV)[} sSup [9Y (s, y)/dVil

O<s<t
t

x po(Y(t, y) exp( fo AW(Y(S,Y)) ds)} /p(t,y)
< dY2Czexp(Cst) {Cz +tV(AY)|

t
+ CE [IY(t,y)IIOo(Y(t,Y))eXD</O AW(Y(s, y))ds)}/p(t, Y)} (4.18)
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by Lemma 3.1. We only have to consider the second part on the last part of (4.18): for
m € N, by Holder’s inequality

t
E [IY(L YIPo(Y (. y) eXIO(/O AW (Y(s, ) ds)} /P, Y)

t

1/(2m)
5E[|Y(t,y)|2mpo(Y(t,y))exp< fo AW(Y(s, y))ds)} p(t, y) @™

< {| Polos EXP(t| AW | 5) )Y CVE]Y (t, y) |2 Y @™
x exp(Cs(]y|? + t + 1) exp(Cst)/(2m)) (4.19)

by Lemma 4.1. By Lemma 3.1, (4.18), and (4.19)nas> oo,

IimsupR‘ZIog{ sup |9 log p(t,x)|]§C5exp(C5T)/(2m)—>0. O (4.20)
R—o00 IX|=R,0&<T

Lemma 4.6. Suppose thgiA.1)—(A.6) hold and thai2.4) holds with T= T, for some
To > 0. Then for Te (To, To+ 1/(2C4)) and ze RY,

lim E[3; log p(T + To — 8 (To, 2), ZT (1§ (To, 2), (To, 2)))]
= E[3 log p(To, Z" (T, (To, 2)))]. (4.21)
Proof. ForT e (To, To + 1/(2C4)) andz € RY, by (4.6),

E[3i log p(T + To — 7& (To. ), Z" (t (To, 2), (To, 2)))]
=E[d log p(To, ZT (T, (To, 2))); 7z (To, 2) = T]
+E[3 log p(T+To—13(To, 2), Z" (28 (To, 2), (To, 2))); T8 (To, 2)<T]. (4.22)
The second part on the right-hand side of (4.22) converges to zeR as oo,
by Lemmas 4.4 and 4.5. The first part on the right-hand side of (4.22) converges to

E[8; log p(To, Z'(T, (To, 2)))] as R — oo, by Lemma 4.2 and the assumption on
induction. O

Finally we prove Theorem 2.2.

Proof of Theoren2.2. Suppose that (2.4) holds fér= Ty > 0. Then forz € RY and
T € (To, To+ 1/(2Cy)), by 1td’s formula,

E[di log p(T + To — 18 (To, 2), Z" (8 (To, 2), (To, 2)))] — 8 log p(T, 2)

% (T0,2)
. [ / [0 A% (ZT (U, (To, 2)) + (V2T (U, (To, 2)),
To

Vy log p(T + To —u, ZT(u, (To, 2)))] du} , (4.23)



216 T. Mikami

sincep(t, x) is smooth by Theorem 1.1, and since

a[a; log p(t, x)]/at
= Ax[di log p(t, X)] + (2Vx log p(t, X) + VW (X), Vx[d; log p(t, X)])
+ 3 AW(X) + (3 VW (X), Vxlog p(t, X)) (4.24)

from (4.8). LetR — oo in (4.23). Then by (A.3), Lemmas 4.2, and 4.6,
E[3 log p(To, Z' (T, (To, 2)))] — 3 log p(T, 2)

T
=-E |: [ AV (ZT (U, (To, 2)) + (8 V¥ (ZT(u, (To, 2))),
To

Vy log p(T + To — u, ZT (U, (To, 2)))] du} ) (4.25)

Equation (4.25) and Lemma 4.2 show that (2.4) is trueTfog (To, To + 1/(2C4)) by
(A.3) and the assumption on induction. Inductively, one can show that (2.4) is tfie.

5. Proof of Theorem 2.3

In this section we prove Theorem 2.3. Throughout this section we assunteg¢h@ 1)
and fixT > 0.
We first state and prove some technical lemmas.

Lemmab5.1 [12, p. 12, (45)]. Suppose thagA.1) and(A.2) hold. Then the following
holds

(T/h]

sup Y Eo[|X"((k+ Dh, x) — X"(kh, x)[’]/h < oc. (5.1)
0<h§1 k=0

Put, fort > 0 andx € RY,

X"t, x) = X"([t/h]h, x)
+ (t — [t/hI{X"(([t/h] + Dh, x) — X"([t/h]h, )}/,
b(t, X) = —Vxlog p(t, X) — V¥ (X),
C(b, R) =sup|b(s,x) —b(s, y)|/IX —y[: 0<s<T,
X#Y, XL, 1yl < R} (R>0),
C(b) = sup|b(t, x)|/(Ix| +1): 0<t < T,x € RY} (5.2)

(see Theorems 2.1 and 2.2). Then we obtain the following.

Lemma5.2. Suppose thafA.1)—(A.6) hold. For R; > 0, suppose that

[T/h]
1X(0, )| = [X"(0, X)| < Ry, Z IX"((k + Dh, x) — X"(kh, x)|?/h<Ry. (5.3)
k=0
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Then for R> max((Ry + C(b)(T + 1)) exp(C(b)(T + 1)), Ry + (T + 1)Ry)¥?), the
following holds for t € [0, T],

IX(t, %) — X' (t, )|

< (T SURIb(S, y) — bs+h,2)): 0<s<T, |yl |z < R, |y — 2P < hRy)
T
+ / Ib(s+ h, X"(([s/h] + Dh. x))
0

— (X"(([s/h] + Dh, x) — X"([s/hlh, x))/h]| ds) exptC(b, R)). (5.4)

Proof. By Gronwall’s inequality,

sup max(|X (t, x|, [X"(t, x)]) < R, (5.5)
O<t<([T/h]+Dh,|x|<Ry
since
t t
[X(t, x)| = X+/ b(s, X(s, X)) ds| < IX|+f C)(|X(s,x)|+1)ds,
0 0
and since
—h [t/h] 1/2
Xt 1 < x|+ [([t/h]+1)2|xh<<k+1>h, x) — X"(kh, xﬂ :
k=0

By (5.5) and Gronwall’'s inequality, we can show that (5.4) is true, sincé for
[0.T],

X(t, x) — X"(t, x)
t
- / (b(s, X (s, X)) — b(s, X"(s, x))) ds
0

t
+ / (b(s, X'(s, %)) — b(s + h, X"(([s/h] + Dh, x))) ds
0

t

+ /O (b(s +h, X"(([s/h] + Dh, %))

— (X"(([s/h] + Dh, x) — X"([s/h]h, x))/h) ds, (5.6)
and since fos < [0, T],
[T/h]

X5, = X"(([s/h] + Dhoo < > X"k + Dh,x) — X"kh, 02 O
k=0
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Lemma 5.3[12, p. 11, (40)]. Suppose thafA.1) and (A.2) hold. Then for any fe
C*(R%: RY and k>0,

Eo[(f (X"((k + Dh, x)), X"((k + Dh, x) — X"(kh, x))]
= —hE[(V¥(X"((k + Dh, x)), F(X"((k+ D)h, x)))
—div f (X"((k + Dh, x))]. (5.7)
ForR > 0, takegr € CS°(RY: [0, 00)) such that
Sup|Ver(X)| < 1/R,

xeRd
1 if |X] <R,
or(X) = { €0, 1]; if R<|x|<2R+1, (5.8)
0; if 2R+1<x|,
and put
br(t, X) = pr(X)b(t, X). (5.9)

The following lemma can be easily shown by Theorem 1.1 and Lemma 5.3, and the
proof is omitted.

Lemma5.4. Suppose thatA.1)—(A.5) hold. Then for any R> 0, the following holds
T
lim Eo [/ Ibr(s + h, X" (([s/h] + Dh, x))|2ds}
g 0

b
= fo dS/Rd Ibr(s, y)[*p(s, y) dy, (5.10)

;
lim Eo U (br(s + h, X"(([s/h] + h, x)),
e 0
(X"(([s/h] + Dh, x) — X"([s/h]h, x))/h>ds}
;
= fo ds fR L(Br(S.Y), b(s. y)) p(s, y) dy. (5.11)

Fork > 0,s > kh, x € RY, andR > 0, put

®f r(S,X) = X + (s — kh)br(kh, X),

D r(S. X) (= Dx®f g(S. X)) = Identity+ (s — kh) (@bg(kh, x)/ax);_;.

O R0 dx = (pl(x) dx) Phallrbh™, (5.12)

provided that it exists. Then we obtain the following.

Lemma5.5. SupposethdA.1)—(A.5)hold. Thenfor R> Oandk=0, ..., [T/h]-1,
there exist mappinggb'g,R(s, -)‘1}kh555(k+1)h for sufficiently small h> 0 depending
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only on T and Rand the following holds

[T/h-1
lim > Eollog gy (®h r((k + D, X"(kh, X)) — log pii(X"(kh, x))]
k=0

]
- / ds / divy br(s, y) P, ) dy, (5.13)
0 Rd

[T/h-1
il1im0 Z Eo[W (@K q((k + Dh, X"(kh, x))) — W (X" (kh, x))]
Y k=0 '

:
= fo dS/RdW\IJ(y), br(s, y)) (s, y) dy. (5.14)

Proof. Takeh € (0, 1) sufficiently small so that

d 1/2
hsup{ (Z 19bi (S, X)/8Xj |2> :0<s<T,xe Rd} <1, (5.15)
ij=1

which is possible from Theorem 2.1 and Lemma 4.1. By (5.15), the proof of the first
part is trivial (see [11]).
We prove (5.13). Since

OF R(X) = PE(®F g((K+ Dh, )7(x)) det Ddf g((k + Dh, )1 (x))
fork=0,...,[T/h] — 1 andx € RY, we have

Eollog gf g(®f r((k + Dh, X"(kh, x))) — log pK(X"(kh, x))]
(k+1)h d o)
=— sgno Dybr(kh, y)'7¢
/k h /R 3 san7 3 Dybrkhy
x [ [ D@} r(s. )17V (detDf (s, y)} ' pn(s, y) dy ds (5.16)
j#

Here & denotes a permutation group ¢h ..., d}. Hence we obtain (5.13) by Theo-
rem 1.1, the smoothnesstnf, and the bounded convergence theorem SID@{{/F?] (S, Y)
is bounded and converges to an identity matrikas 0.

Next we prove (5.14). Fdk =0, ..., [T/h] —1,

Eo[ W (®f r((k + Dh, X"(kh, x))) — w(X"(kh, x))]

(k+Dh
= /kh Rd[W‘I’(‘DE,R(S, ), br(kh, y))Ipn(s, y) dy ds (5.17)

which completes the proof by Theorem 1.1. O
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Lemma5.6[12, p. 6, (15)]. Foranya € (d/(d+2), 1), there exists a positive constant
C such that the following hold$or any R> 0 and any probability density function
onRY for which M(p) < oo (see(A.2)),

f A l|p<x)logp(x)|dxsc(RZ‘+1><*<2+">“+">/2<M(p)+1>“. (5.18)
X[=R,p(X)<

Lemma5.7. Suppose thatA.1) and(A.2) hold. Then the following holds
I|m |nf F(p[T/h]) > F(p(T, ). (5.19)

Proof.

FpTM) > / o™/ x) log pi™" (x) dx
[T/ (x)<1. |x|>R

- / (log pi™(x) + w(x) ph /M (x) dx. (5.20)
X|]<R

The first integral on the right-hand side of (5.20) can be shown to converges to zero as
h — 0 and therR — oo by Lemmas 5.1 and 5.6, and (A.2), since

[T/h]-1
M(pi’™) < 20T/h) Y EolIX"((k+ Dh, x) — X"(kh, x)[?]
k=0

+ 2Eo[|x/?]. (5.21)
The following together with Theorem 1.1 completes the proof: by Jensen'’s inequality,

/ pi/M (x) log pi" ™ (x) dx
|x\<R

> / [T/h (X) log p(T, x) dx
IX|]<R

—f T/h](x)dxlog</ p(T, x)dx/ mh](x)dx) O
IxI<R Ix|<R Ix|<R

(5.22)
Lemma 5.8. Suppose thafA.1)—A.6) hold. Then
[T/h]-1
limsup Y Eo[|X"((k + Dh, x) — X"(kh, x)[?]/h
h—0 k=0
T
5/ dS/d (s, y)[*p(s, y) dy. (5.23)
0 R

Proof. Fork=0,..., [T/h] —1andR > O,
EolIX"((k + Dh, x) — X"(kh, x)[?]/h = d(pf, pk)2/h
< Eo[|®f r((k + Dh, X"(kh, x)) — X"(kh, )/ h] + 2F (g r) — 2F (pf™)
= 2F (0r r) —2F (pf) + E[h|br(kh, X"(kh, x))[?] —2F (pg™™)+ 2F (pf) (5.24)
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(see (1.11), (1.15)—(1.16), and (5.12)). By Lemmas 5.5 and 5.7, we only have to show
the following:

]
ZE(P(T, ) + F(p(O, ) = /O ds fR Ib(s ¥)I2p(s, X) dx. (5.25)

Forsandt forwhichO0<t <s <t+1/(2Cy),

—F(p(s, ) + F(p(t, ) = / du/R |b(u, x)|2p(u, X) dx. (5.26)
t d
This is true, since
/ p(s,2)dzP(Z%(u, (t,2)) edx)=p(t + s —u, x) dx t<u<s) (5.27)
Rd

by (4.4) (see [7] or [15]), and henceforth by applying'stformula to logp(t + s —
3t 2), Z5(x&(t, 2), (1, 2)) + W(Z5(13(t. 2), (1, 2))) (z€ RY, R > 0),

—F(p(s, ) + F(p(t, )

= / p(s, 2)dzHlog p(t, Z°%(s, (t, 2))) + W(Z5(s, (t, 2))) — log p(s, 2) — ¥(2)]
Rd

:/ du [ p(t+s—u,x)dxbt+s—u,x)? (5.28)
t Rd

by (4.8), Lemmas 4.2 and 4.4, Theorem 2.2, and (A.3). O

We finally prove Theorem 2.3.

Proof of Theoren2.3. ForR; > 0 ands > (hR)Y2,

Py ( sup |X(t, x) — X"(t, x)| > 28)
o<t<T

[T/h]
<P (Z IX"((k + Dh, x) — X"(kh, x)[?/h > Rl)
k=0
+ Po(IX(0, )] = [X"(0. ¥)| > Ry)

[T/h]
+ Py (Z IX"((k+Dh, x) — X"(kh,x)[*/h < Ry,
k=0
1X(0, )| = [X"(0, ¥)| < Ry, sup |X(t,x) = X'(t,%)| > e>. (5.29)
o<t<T
This is true, since for € [0, T],
A [T/h] 12
Xt %) — XMt %)] < ! > IX"(( + Dh, x) — X"(h, x>|2} :

i=0
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The first and the second probabilities on the right-hand side of (5.29) converge
to zero ash — 0 and thenR; — oo by Lemma 5.1 and Chebychev’s inequality.
We show that the third probability on the right-hand side of (5.29) converges to zero
ash — 0. By Lemma 5.2 and Chebychev’s inequality, we only have to show the
following:

;
0= Jim Eo U Ib(s+ h, X" (([s/h] + Lh, X))
- 0
— (X"(([s/h] + Dh, x) — X"([s/h]h, x))/h| ds} ) (5.30)

We prove (5.30). FOR' > 0,

;
Eo [/ Ibs + h, X"(([s/h] + h, x))
0

— (X"(([s/h] + Dh, x) — X"([s/hlh, x))/h| ds]

;
< E U Ibs + h, X"(([s/h] + Dh, x))

0
—br(s+h, X"((s/h] + Dh, )| ds}
;
+ (T Eo U Ibr (s + h, X" (([s/h] + Dh, X))
0
1/2
— (X"(([s/h] + Dh, x)— X"([s/h]h, x))/h|2ds]) (5.31)

(see (5.8)—(5.9)).
The first part on the right-hand side of (5.31) can be shown to converge to zero as
follows: by (5.2) and Chebychev’s inequality,

g
Eo U Ib(s+ h, X" (([s/h] + Dh, x))
0
— br(s+h, X"(([s/h] + Dh, x))| ds}
.
5/ Eo[C()(IX"(([s/h] + Dh, x)| + 1); X" (([s/h] + Dh, x)| > R]ds
0

<2C()T ( sup M(pn(s, ) + 1) /(R + 1), (5.32)
0<s<T+h

which converges to zero &s— 0 and thenrR" — oo by Lemma 5.1 and (5.21).
By Lemmas 5.4 and 5.8, the second part on the right-hand side of (5.31) converges
to zero ah — 0 and therR' — oo. O
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6. Proof of Theorems 2.4 and 2.5

In this section we prove Theorems 2.4 and 2.5. Wdfix 0.
We first prove Theorem 2.4.

Proof of Theoren2.4.  For{S(t, X)}o<t<T.xer¢ € AT,
T T
Eo U |dS(t,x)/dt|2dt} > 2E, U (b(t,S(t,x)),dS(t,x)/dt)dt]
0 0

.
- Eo U Ibt, St, x))|2dt] (6.1)
0

and

]
Eo [ / <b<t,sa,x)),dsa,x)/dt)dt]
0
— _Eqllog p(T. S(T. x)) + W(S(T. %)) — log p(0, S0, X)) — W(S(0, x))]

+ Eo [/OT dlog p(s, S(s, x))/as ds]
= Eq [/OT(b(s, X(s, X)), d X(s, x)/ds) ds}
= Ep [/OT Ib(s, X(s, x))|2ds] (6.2)
by Theorem 2.3. Here we used the following:

T
/0 ds/Rd |9 log p(s, y)/as|p(s, y) dy < oo. (6.3)

We prove (6.3) to complete the proof. By (4.8), (A.3), and Theorem 2.2, we only
have to show the following:

T
/ ds/ | Ay log p(s, X)|p(s, X) dX < oo, (6.4)
0 Rd
since by Theorem 1.1,
sup M(p(s, 1)) < oo. (6.5)
0<s<T

Inequality (6.4) can be shown by the following: by (5.27),ifo£ 1, ..., d, in the
same way as in (4.23),

.
/ds/ 1821log p(s, X)/ax?>p(s, x) dx
0 Rd

T 2
Rd 0
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= / p(T,2)dz E|:<8i log p(0, Z™(T, (0, 2))) — 8 log p(T, 2)
Rd
;
+ f [3 AW (ZT(t, (0,2)) + (4 VW(ZT (L, (0, 2))),
0

2
Vylog p(T —t, Z'(t, (0, 2))))] dt) } < 00, (6.6)
by (A.3), (A.6), Theorem 2.2, (6.5), and Lemma 4.2. O

The proof of Theorem 2.5 can be done almost in the same way as in Theorem 2.3.
The following lemma plays a similar role to that of Lemma 5.1.

Lemma 6.1. Suppose thafA.1)—(A.6) hold. Then the following holdgor h € (0, 1),
[T/h]
> Eo[|X"((k + Dh, x) — X"(kh, )[’]/h
k=0

T+h
5/ Eo[lb(s, X(s, x))|2ds] < oo. (6.7)
0

Proof. The proof is done by the following: for arky=0, ..., [T/h],
Eol|X"((k + Dh, x) — X"(kh, x)|] < Eo[|X((k+ Dh, x) — X(kh, x)|*]

(k+1)h
<h [ Edbs XG0)Rd (6
kh
(see (2.9)) by Schwartz’s inequality. O

We finally prove Theorem 2.5.

Proof of Theoren2.5. We prove the first part of Theorem 2.5. F8¢t, X)}o<t<T xerd €
Al
[T/hlh ~ [T/h-1 _ 5
f Eo[[dX"(t, x)/dt’]dt = > Eo[|X"((k+ Dh,x) — X"(kh, x)[]/h
0 k=0
[T/h]-1
< Y EolIS((k+Dh, x)—S(kh, x)|]/h

k=0
[T/h]h

< / Eo[ldS(t, x)/dt/?] dt, (6.9)
0

where the equality holds if and only fS(t, x)/dt = dX"(t, x)/dt dtR(dx)-a.e. by
definition (see (2.9)).

We prove therestof Theorem 2.5. Inthe same way asin (5.29)—(5.32), by Lemma 6.1,
we only have to show the following:

;
/0 Eollbr (s, X"(s. %))
— (X"(([s/h] + Dh, x) — X"([s/h]h, x))/h|?] ds — O, (6.10)
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ash — 0 and therR' — oo. We prove (6.10):
[T/h]h B B 5
/ Eollbr (s, X"(s, x)) — (X"(([s/h] + Dh, x) — X"([s/h]h, x))/h[*] ds
0

[T/h]h ~ [T/h] _ _
=/ Eollbr (s, X"(s, )Pl ds+ Y Eol|X"((k + Dh, x) — X"(kh, )|]/h
0 k=0

[T/hlh -
2 Edlibe(s X6 0.
0
(X"(([s/h] + Dh, x) — X"([s/h]h, x))/h)] ds, (6.11)
and, by Lemma 6.1, we only have to show the following:
[T/h]h _ T
/ Eollbr (s, X"(s, x))[?] ds — / Eo[lb(s, X(s, x))|?] ds (6.12)
0 0

[T/h]h B B B
/0 Eol(br (s, X"(s, X)), (X"(([s/h] + Dh, x) — X"([s/h]h, x))/h)] ds

)
S / Eollb(s. X(s. x)?] ds (6.13)
0

ash — 0 and therR" — .
(6.12) can be shown as follows:

[T/hlh 5
f Eollbr (5. X"(s, x))[?] ds
° [T/hlh 5 B
= / Eollbr (s, X"(s, x))[? — |br (s, X"([s/h]h, x))[?] ds
0

[T/h]lh 5
+ / Eol|br (s, X"([s/hlh, x))[?] ds: (6.14)
0

By the continuity ofp(t, x), we only have to show that the first part on the right-hand
side of (6.14) converges to zerolas> 0, which can be done as follows:

[T/hlh 5 3
/ Eollbr (s, X (s, x))|? — |br (s, X"([s/h]h, x))|?] ds
0

<2 sup |br (S, )l SUP |Dzbr (S, )ls

0<s<T 0<s<T

[T/hlh
x/ Eo[| X"(s, x)— X"([s/h]h, x)[]ds — 0 (ash — 0) (6.15)
0

by Lemma 6.1 (see below (5.6)).
We prove (6.13). By the continuity gi(t, x) and (6.3), we only have to show that

[T/h]h - ~ -
fo Eol(Var (X(s. X)), (X"([s/h] + Dh, ) — X"([s/h]h, x))/h)

x {log p(s, X"(s, X)) + ¥(X"(s, x))}] ds — O, (6.16)
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ash — 0 and therR'" — oo. This is true, since, by (5.8)—(5.9),

[T/h]lh N " -
- /0 Eol(br (s, X"(s, %)), (X"(([s/h] + Dh, x) — X"([s/h]h, x))/h)] ds

= Eo[pr (X([T/h]h, X))
x {log p([T/h]h, X"([T/h]h, x)) + W (X"([T/h]h, x))}
— ¢r (¥){log p(0, X) + ¥ (x)}]
[T/h]h B B
_ / Eolgr (X(s. %)) log p(s, X"'(s, x))/ds
0

+(Vor(X"(s, %)), (X"(([s/ ]+ Dh, x)— X"([s/h]h, x))/ h)
x {log p(s, X"(s, x)) + W (X"(s, x))}] ds.

We prove (6.16),

[T/h]h - ~ ~
fo Eol(Vor (X(s. X)), (X"([s/h] + Dh, x) — X"([s/h]h, x))/h)
x {log p(s, X"(s, x)) + W(X"(s, x))}] ds
[T/h]h 5 - -
_ /O Eol(Vér (X"(s, x)){log p(s, X'(s, X)) + (X" (s, X))}

— Vér (X ([s/h]h, X))
x {log p(s, X"([s/h]h, x)) + ¥ (X"([s/h]h, x))},
(X"(([s/h] + Dh, x) — X"([s/h]h, x))/h)] ds

[T/h]h 5
+ fo Eol(Vér (X"([s/ hlh, %))

x {log p(s, X"([s/h]h, x)) + ¥ (X"([s/ h]h, x))},
(X"(([s/h] + Dh, x) — X"([s/hlh, x))/h)]ds.  (6.17)
The first part on the right-hand side of (6.17) can be shown to converge to Zere-a3
in the same way as in (6.15), by Lemma 6.1. The second part can be shown to converge

to zero ah — 0 andR’ — oo by Lemma 6.1, the continuity gb, (5.8), (5.32), (A.3),
and Theorem 2.2, since, fgre RY,

|Vor (y){log p(s, y) + ()}
< IR2r+1)V(R) XA+ 2R + DP)llog p(s, y) + ¥ (WI/ L+ 1y,

and sinceM (p(t, -)) € L*°([0, T]; dt) by Theorem 1.1. O
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