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Abstract

In a Hilbert framework, we introduce a new class of second-order dynamical systems
that combine viscous and geometric damping but also a time rescaling process for
nonsmooth convex minimization. A main feature of these systems is to produce tra-
jectories that lie in the graph of the Fenchel subdifferential of the objective. Moreover,
they do not incorporate any regularization or smoothing processes. This new class
originates from some combination of a continuous Nesterov-like dynamic and the
Minty representation of subdifferentials. These models are investigated through first-
order reformulations that amount to dynamics involving three variables: two solution
trajectories (including an auxiliary one) and another one associated with subgradients.
We prove the weak convergence towards equilibria for the solution trajectories, as well
as properties of fast convergence to zero for their velocities. Remarkable convergence
rates (possibly of exponential-type) are also established for the function values. We
additionally state notable properties of fast convergence to zero for the subgradients
trajectory and for its velocity. Some numerical experiments are performed so as to
illustrate the efficiency of our approach. The proposed models offer a new and well-
adapted framework for discrete counterparts, especially for structured minimization
problems. Inertial algorithms with a correction term are then suggested relative to this
latter context.
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1 Introduction

Let H be areal Hilbert space with inner product and induced norm denoted by (., .) and
II.]l, respectively. This paper aims at proposing fast continuous Newton-like dynamics
for solving the nonsmooth minimization problem

inf £, (1.1)

where f : H — IR U {400} is a proper convex and lower semi-continuous func-
tion such that S := argminf # (. This issue was particularly discussed this last
decade through second-order dissipative dynamical models with asymptotic vanish-
ing (isotropic linear) damping (see, e.g., [12—14, 23, 24, 31, 38]), possibly coupled
with geometric damping [3, 7, 9, 10, 16, 19]. Note that these afore-mentioned dynam-
ics can also incorporate a time rescaling process for acceleration purposes [13-16,
19]. Nevertheless, these studies (in which the two kinds of damping occur) are mostly
concerned with the case when the objective f is smooth. Some related strategies
were recently proposed to face the nonsmooth case by replacing the objective with an
appropriate smooth regularization (see, e.g., [7, 19]).

It is our purpose here to propose and investigate a different but simpler approach
to the issue under consideration. Our methodology is inspired by the recent models
in [30] (for computing zeroes of a maximally monotone operator) whose discrete
counterparts gave rise to very efficient forward-backward algorithms with a correction
term (see [26, 29]). Specifically, based on the work [30], we discuss fast continuous
models that generate dynamics {x(-), £(-)} lying in the graph of 9 f (the Fenchel
subdifferential of f). It is worthwhile noticing that similar dynamics can be deduced
from the systems studied in [30] (relative to the special case of the potential operator
d f) with nice features such as ||x(¢)| = o(r~1) and E@D = o(t™Y) (as r > 400)
among others. However, in absence of time rescaling process, the typical convergence
rate f(x(t)) — min f = o(r~2) (as t — —4o00) is not shown, which is somewhat
restrictive for numerical purposes regarding structured minimization. This drawback
can be overcome with our new models which are nothing but slight modifications of
the latter ones issued from [30] (with regard to the special case of potential operators).
This approach additionally leads us to noteworthy convergence rates related to the
trajectories. As discrete counterparts of our models in view of solving structured
minimization problems, we also suggest new forward-backward algorithms with a
correction term (besides the momentum term).

Notations In what follows, for any given function u : [0, 00) — H, we will
sometimes use the notations (u(~))(l) and (u(~))(2) as the first and second derivatives
in time (respectively) of u.

Furthermore, given two time-dependent functions @ : R — RRand b : R — R
we recall the notation a(t) ~ b(t) as t — —o00, which means that there exists a
real mapping 2 : R — IR for which a(-) = h(-)b(:) and lim;, oo A(t) = 1. In
particular, if b(-) = b* is a nonzero constant, a(t) ~ b* ast — 400 is equivalent to
lim;_, o0 a(t) = b*.
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1.1 A Second-Order Dynamical System

As a particular case of the second-order model initiated in [30], we intend here to
exploit the dynamics (x, £) : [0, 00) — H? generated by

E(t) € 0f(x(1)), (1.22)
(x() + 0 (EO) PO + @) (@) + B1) (0 (VEM) V(1) + b)o (NE@) =0,
(1.2b)

where {a(-), B(:), b(-), o (-)} are positive functions from IR to IR. Recall that this sys-
tem was inspired by the Minty representation of maximally monotone operators and the
approach due to Attouch—Chbani—Fadili—Riahi [16]. The term (x(~) +o(-)é (-))(2) (1)
acts as a singular perturbation of the possibly degenerated classical Newton continuous
dynamical system (see, e.g., [3]) in which a time scaling parameter o (-) is incorporated.
In addition to the time scaling parameter o (-), system (1.2) embeds some geometric
damping (through the terms & (-)), but also an isotropic damping coefficient (-) that
can be intended to vanish asymptotically.

1.2 An Equivalent First-Order System

A main step in our methodology is to rewrite (1.2) as an equivalent first-order dynami-
cal system, by means of a phase-space lifting method. This was done in [30] only
for sufficiently regular pairs {x(-), £(-)} verifying (1.2) together with parameters
{a(-), B(), b(-)} of the form

IO _ 6
B ) 6(1)
b(t) = (1) <K s 2820 (t)) , (13)

where « is some positive constant, while {6(-), w(-)} are positive mappings of class
C!. Let us stress that we will prove that (1.2)—(1.3) can be alternatively formulated in
some sense (even for a nonregular pair {x(-), £(-)}) as the first-order dynamical system
(see Propositions 2.1):

§(1) € 3 f(x(1)), (1.4a)
() +oED +00) (@) —x(1) + (6() + oD ®)E() =0, (1.4b)
(@) +r(y@) —x@) =0. (1.4¢)

Observe that the simplicity of the latter model makes it particularly interesting with
regards to numerical developments. In the sequel of this work, we consider the above
system with a particular choice of parameters {6(-), o (-), w(-)} taken such that
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k() — (1)
0(t) = W, (1.5a)
b0 _ s

ot)  v() + ex

B v (t) 5 ) 5(t) v(t) 5
v0=(<=35) 07 (20055 - (15 0)
(1.5¢)

o(t) = o()e(s Jo md‘v( = ), (1.5b)

where § is a nonnegative constant, {e,, oo} are positive constants and {v(-), ¢(-)} are
positive mappings of class C! that play crucial roles.

Note that the mapping () will be assumed to be nonincreasing and such that
V(1) ~ U (as t — o0) for some positive value V.

Remark 1.1 The coefficients used here are different from that used in [30] relative
to the computation of zeroes of an arbitrary maximally monotone operator. We also
stress that ¥ (-) could be chosen as a constant, but such a choice would be restrictive
with regard to the numerical purposes (see Sect.5.2).

1.3 Connection with the State-of-the-Art

Many of the inertial approaches to minimizing a smooth convex function f enter the
following model

_d _
X(0) +a@x() + p@) -V f(x(0) + OV f(x(1) =0 (1.6)

where a(t) (viscous damping coefficient) and b(-) (time scale parameter) are posi-
tive mappings, while B(-) is nonnegative. The parameter b(-) plays a key role in the
acceleration of the asymptotic convergence properties of the trajectories x(-) when-
ever b(t) — +oo (ast — o0). Nonetheless, it is worthwhile underlining that the use
of a bounded scale parameter b(-) is up until now of great importance with regard to
numerical purposes for structured minimization problems (by means of proximal-like
algorithms). In addition, this model originates from two important classes of second-
order systems (depending on the presence or not of the geometric damping) that follow
the seminal works on inertial dynamics initiated by Polyak [34], Su-Boyd—Candes
[38] and Attouch—Peypouquet—Redont [11].

1.3.1 A First Class with Only Viscous Damping

The first class (which only involves a viscous damping) enters (1.6) with 8 = 0 and
writes

¥(t) +a ()i (t) + b))V f(x(1)) =0, 1.7)

where f is of class C! and {a(), b(-)} are positive mappings. The special case of
(1.7) when @(¢) = @ > 0 and b(¢) = 1 corresponds to the (classical) heavy ball with
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friction method (initiated by Polyak [34]). The special case of (1.7) whena (#) = ot !
(for o, > 3) were discussed by Attouch—Chbani—Riahi [13, 14] as the time re-scaled
(AVD) (whose terminology stands for Asymptotic Vanishing Damping) given by

X(t) + O;—*).C(t) + b))V f(x(t)) =0,fort > 19> 0. (1.8)

The special case of (1.8) when b(r) = 1is nothing but the classical system (AVD),
which is the dynamic version of the popular Nesterov’s method introduced by
Su-Boyd—Candes [38] (see, also, Apidopoulos—Aujol-Dossal [4], Attouch—Chbani—
Peypouquet—Redont [12]). Let us underline that the asymptotic convergence rate of
the function value O(r~!) as t — oo (for the heavy ball with friction method)
was improved to o(tr~2) (for the classical (AVD)). Moreover, the trajectories of
(1.8) were shown to verify (see [14, Corollary 5]), under the growth condition
lim sup,_, o, ﬁ%b(r) < oy — 3, the fast convergen?e rates (for some 79 > 0):
. _ 1 . 2 _ b(t)
f(x(t)) —min f = O(f,; sé(s)ds) and ||X()|]* = o(ft; ”;(S)ds) as t — +00. So, for

the polynomial time scaling function b(r) = ¢” together with i, > p + 3, these rates
writes: f(x(#)) —min f = o(t~P*2) and (1) = o(t ") (ast — +00).
Continuous approaches to nonsmooth convex minimization based upon model (1.8)
were furthermore addressed by means of either Moreau-Yosida regularizations (see
Attouch-Cabot [5]) or smoothing techniques (see Qu-Bian [35]). A nonsmooth set-
ting based on the more general model (1.7) was also investigated by Luo [28] by
means of the concept of energy-conserving solution, leading to additional substantial
convergence results such as a rate of O(e™") as t — oo for the function values.

1.3.2 A Second Class with Both Viscous and Geometric Damping

The second class (linked with Newton’s method by combining both viscous and geo-
metric damping) writes as system (1.6) in which f is of class C?%and {a()), ,3_(~), b()}
are positive mappings. The special case of (1.6) when &(t) = a4t~ (for some con-
stant o, > 1) was introduced by Attouch—Chbani—Fadili—Riahi [16, 17] (see also,
Attouch—Peypouquet—Redont [11] and Shi-Du-Jordan—Su [36]) so as to neutralize
the oscillations observed for system (1.8). This modification of (1.8) gave rise to the
time re-scaled (DIN-AVD) that equivalently writes

i) + %)'c(t) + B(I)%Vf(x(t)) + bV f(x(@) =0,fort >19>0. (1.9)

It has been shown in [16] (under appropriate conditions on the parameters) that the
convergence properties of (AVD) regarding the function values are preserved, besides
having proved the strong convergence to zero of V f (x(-)) and other estimates on this
last term. The authors also established among others the asymptotic properties below
(see [17, Section 2.4]):

If a, > 3, B(t) = B (for some constant § > 0) and b(t) = 1, then

the trajectories of (1.9) satisfy f(x(¢)) — min f = 0(%) as t — oo,
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together wit t x(t t < oo (property of fast decayin radient) an
gether with [,™ 2|V f (x(1))[*d (property of fast decaying gradient) and

f,o+°° tlx@)|2dt < oo.

- If ,B(t) = tP and b(r) = ctP~! (for some positive constants 8 and c), along
with B < ¢ — 1 and B < a, — 2, then the trajectories of (1.9) satisfy the rate

f(x(®) —min f = 0(#) ast — +oo.

Later on, the nonsmooth setting of f based upon (1.9) was addressed by Attouch-
Laszl6 [7] and Bot-Karapetyants [19]. Their approaches consist in replacing f in (1.9)
with its Moreau envelope f3(.) of some time-dependent parameter A(-). Such a strategy
was first considered in [7] relative to constants {,3, 15} C (0, 00), and then extended in
[19] to the case of positive mappings {B(-), b(-)} through the model

.. _d _
X + aTX(t) + ﬂ(t)avfx(z)()c(l)) + bV far(x (1)) =0,fort > 19 > 0.
(1.10)

It was stated (see [19, Theorems 2, 4 and 5]), under appropriate assumptions including
as > 1 and limsup,_, o, %%E(r) < 00, that x(-) converges weakly to a minimizer
of f together with the following convergence rates as f — +o00 (in which prox, ., s
denotes the proximal operator of f):

~ fun(x(®) —min f =0 (%) » (prox; g ¢ (x(1)) — min f =0 (%) ,

~ IV iy (x®) I = 0 (ﬁ) EOI = 0(4),
- ftgot||)'c(t)||2dt < 00, ft(‘jo th(t)(fo.iy (x (1)) — min f)dt < oo.

More recently, Bot, Csetnek and Laszl6 proposed in [20] a slightly modified version
of system (1.10) which incorporates a Tikhonov regularization term, in order to get
strong convergence for the trajectories.

Unlike the methodology proposed in [7, 18-20], our new model (1.2) (which is
also linked with Newton’s method) incoporates the same types of damping terms
(even relative to the nonsmooth setting) without resorting to any regularization of the
objective.

1.4 Overview of the Main Results

We prove existence and uniqueness of a strong (global) solution (x, &, y) to (1.4)—(1.5)
(see Propositions 2.2 and 2.3), for which (x, &) equivalently solves (1.2)—(1.3)—(1.5).
Next, focusing on (1.4)—(1.5), we put out some important asymptotic features of its
trajectories with respect to v(-) (see Theorems 4.1, 4.2, 4.3 and 4.4). Theorems 4.1 and
4.2 are concerned with the general setting of v(-). They establish the weak convergence
of x(-) and y(-) towards the same equilibria, but also the strong convergence to zero
of both £(-) and &(-), with fast decaying properties. Theorems 4.3 and 4.4 deal with
the particular case v(f) = vé_y(t + vg)? for t > 0 (with vg > 0 and y € [0, 1])
for which the parameters in (1.3) satisfy as t — oo (see Proposition 4.3): «(z) ~
axt™Y, B(t) ~ B« and b(t) ~ b, (for some {w, By, by} C (0, 00)). It is particularly
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established (among others) remarkable convergence rates relative to y and the involved
parameters {8, k, 00, Vo, U0, €5} as described below:

- Case y = 1(v(t) =t + vyp). For any § > 0 and {«, o9, vo} C (0, 00), together with
ey > /c_l((S + 2) and ¥, > 1, we obtain for some 7y > 0, and as t — +o0:

f(x(t))—mmf—0< ,m) =0 (). [ tiiRdr < o,
0]

(1.11a)
1 o
€@ = (M)/ 22| (0[P dt < oo, (1.11b)
10
1 o0 .
IE@I = (M) / PREn))dt < oo. (1.11c)
10

- Case y € [0, 1). For any § > 0 and {k, op, vo} C (0, 00), together with e, =
14
Yo

Sk
0077 mmax(oey @nd for

M8 (for some A > 1) and ¥ > 1, we get for ¢ := (
some ty > 0 and as t — +00:

oo

1
Fa@) —inf £ = o(——), O] = o(t7), / 7 i ()|dr < oo,
t yect 10

(1.12a)
1 0 .
1§01 = o(——5=)- / 127 2 e )] Pdr < oo, (1.12b)

fo

1 o0 .
IE@ = o( e —=). / 127 2 E (1)) 2dt < o0, (1.12¢)
]

Remark 1.2 As a consequence of the latter case, we deduce (see corollary 4.1) that,
for any {8, 0g, vo} C (0, co) together with x = §, e, > 1 and ¥, > 1, the rates in

(1.12) still hold with ¢ := (W{W*))s.

Note that when y = 1, our results in terms of convergence rates are as good as those of
[19] (regarding model (1.10)), despite the simplicity of model (1.4)—(1.5). Moreover,
we observe that, in absence of time rescaling process (namely § = 0), better theoretical
convergence rates are obtained for the case y = 1, while our model can be easily
adapted to solve structured minimization problems. Concerning the case y € [0, 1)
in presence of time rescaling process (namely 6 > 0), we get better convergence rates
than for y = 1, excluding the two rates for ||x(-)||. In particular, through a certain
trade-off regarding the specific case when y = 0, together with the choice e, > 1
and k = 8, we can reach the following exponential-like rates as t — 400 (for the
sub-gradient and the function values):

F() —inf f = o (ef> IE0)] = o0 <e’> D=0 (ef)
(1.13)
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where the parameter § can be arbitrarily chosen.
The proofs of our results rely on Lyapunov properties of functionals L 4 (-) (related
to (1.4)—(1.5)) defined for (s, g) € (0,00) x S and ¢t > 0, by

Ly 4 (1) = 5lls(q — x(1)) + v (@) = x(O)|* + 50 (1) (ex + v(D)ED), x(1) — q)
+35(ex — )X (@0) = qlI* + 0 (1) (ex + () ((ex +vE)D (1) — 5)(f (x(1)) — f(q))-

Main assumptions Throughout this paper, we assume the condition

(CF)f : H — R U {400} is a proper convex l.s.c function such that S
= argminy f # 0. (1.14)

The other assumptions required on the parameters are detailed below. Given a
positive constant k and positive mappings {v(-), 9 (-)} we set p(-) 1= k — % while
assuming the following conditions:

v(-) and 9 (-) are positive, of class C!,and v() is nondecreasing on [0, 00), (1.15a)
% is nonincreasing and % < k on [0, 00), (hence p(-) is positive and nondecreasing),
V(- v(-

(1.15b)
V(1)
—~ —> 0ast — oo, (1.15¢)
v(t)
sup |v(¢)| < M (for some positive constant M). (1.15d)
t>0

We also consider the following additional condition on 9 (-):

¥ (+) is nonincreasing on [0, 0o) and ¥ (1) ~ ¥ as t — oo (for some P, > 0).
(1.16)

1.5 Organization of the Paper

An outline of this paper is as follows: In §2, we show some equivalence between
systems (1.2) and (1.4) as well as the well-posedness of (1.4). In §3, we exhibit some
Lyapunov functional associated with (1.4). §4 is devoted to the convergence analysis of
(1.4)—(1.5). §5 is concerned with numerical experiments and suggestions for discrete
models. The last section is an Appendix that contains several proofs.

2 Equivalency and Well-Posedness of the Considered Models

In this section, we establish some equivalence between absolutely continuous solutions
to (1.2) and (1.4). On the basis of this approach, we introduce a notion of strong solution
relative to each of these systems, for which we also state existence and uniqueness
results.
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2.1 Reminders on the Notion of Absolute Continuity

Let us recall some notions concerning vector-valued functions of a real variable (see,
e.g., [2]).

Definition 2.1 Given ¢ € [0, 00), a function z : [0, c] — H is said to be absolutely
continuous if one of the following equivalent properties (il)-(i3) holds:
(il1) There exists an integrable function g : [0, c] — H such that
2(t) = z(0) + [, g(s)ds, ¥t € [0, €l;
(i2) z is continuous, and its distributional derivative is Lebesgue integrable on [0, c];
(i3) Ve > 0, 3n > 0 such that, for finitely many intervals I = (ax, bx) C [0, c],
(kNI =@ fork # j)and Y |bx —ax| < n) = llz(br) — z(ap)|| < €.

For simplicity, we say that a function z : [0, c0) — H is absolutely continuous
whenever it is so on every bounded interval, and we denote by A, the set of such
mappings, that is

Ac :={z : [0, 0c0) = H | z(-) is absolutely continuous on [0, ¢] for any 0 < ¢ < 00}.
2.1

Remark 2.1 Recall that z belongs to A, whenever it is Lipschitz continuous on every
bounded interval. It is also well-known that any element of A, is differentiable almost
everywhere and that its derivative coincides with its distributional derivative almost
everywhere.

2.2 Notions of Strong Solutions

We introduce here two notions of strong solutions (through the next definitions) regard-
ing (1.2) and (1.4). Let us begin by defining a notion of strong solution for the first-order
system (1.2).

Definition 2.2 We say that (x, &) : [0,00) — H2 is a strong (global) solution to
(1.2), for initial data (xo, &o, qo) € H3 such that & € 0f(xp), if {x(-),&(-)} are
two elements of A, such that, (for £(-) := o (-)€(-)), x(-) + ¢(-) is of class C! and

(x()+¢())" € A, and if:

£(t) € 3 f((x(1)), forallt > 0, (2.2a)

@O+ NP @) +a@i@) + BV (0 +b1)¢ (1) =0, forae.t >0,
(2.2b)

(x(0), £(0)) = (x0, &) and (x(-) + ¢(-)(0) = qo. (2.2¢)

We proceed with a notion of strong solution for system (1.4).

Definition 2.3 We say that the triplet (x, &, y) : [0, 00) — H3is a strong (global)
solution to (1.4), for some Cauchy data (xo, &y, yo) € H3 such that & € 3 f(xp), if
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the functions {x(-), £(-), y(-)} C A, and if they satisfy the following properties:

E@) € df((x()),forallt >0, (2.3a)
() +aMED) +0@1) (y(1) —x(@®) + (6(1) + o (Do (1)) = 0, for ae. t € [0, 00),
(2.3b)
y() +k(y(t) —x(t)) =0, fora.e. t € [0, 00), (2.3¢)
(x(0), £(0), ¥(0)) = (x0, &0, yo)- (2.3d)

The previous two definitions will be shown farther to be equivalent in a certain way.

2.3 From a Second to a First Order System

Let us prove some equivalence regarding the second-order system (1.2) and the first-
order system (1.4).

Proposition 2.1 Let (CF) hold, let k > 0, let {6(-), w(-), o ()} be positive mappings
of class C' and suppose that {a(-), B(-), b(-)} are given by (1.3).

Then, for (xo, &, qo) € H>, the statements (il) and (i2) below are equivalent:

@il (x, &) : [0,00) — H2isa strong (global) solution to (1.2) with initial data
(x0, 50, q0);

(i2) (x,£,) : [0,00) — H3, for some auxiliary variable y(-), is an element of
Ac x Ae x A, that satisfies (when denoting ¢ (+) := o (-)&(+)) the first-order system

E(t) € 3 f(x(1)), forallt >0, (2.42)
(x() 4+ 2OV @) +00) (y(1) — x(1) + (1)) =0, forall t = 0, (2.4b)
y(@) +k(y(t) —x(t)) =0, forae t >0, (2.4¢)
1
with : x(0) = xo, £(0) =&y and y(0) = xo — o) (g0 + 0 (0)w(0)&)) .
(2.4d)
Proof See Appendix A.1. O

At first sight, any triplet (x, &, y) satisfying (i2) is nothing but a strong solution to
(1.4) with Cauchy data (xo. €. yo) Where yo = X0 — 7155 (q0 + 0 () (0)&). It will
be also proved (see Proposition 2.3) that, under some additional condition on o (-),
such a strong solution to (1.4) is uniquely defined.

2.4 Existence and Uniqueness of Strong Solutions
From now on, we denote by JC? ! and (8 f )g the resolvent and the Yosida approximation

of d f (with index o). Existence and uniqueness of strong solutions to (1.4) and (1.2)
are established through the next proposition under the following assumption:

(CG) {w(-),0(),0()} C C'([0, 00), Ry) and tigga(t) > 0.
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Proposition 2.2 Let (CF) and (CG)hold, and let k > 0. Then, for any Cauchy
data (xo, &, yo) € H3, with & € df(xq), there exists a unique strong solution
x (), (), y() to (1.4). Moreover, we have

X()—J()v()andé()— v() = x()), (2.5)

()(

where v(-) is obtained from the unique C' x C' couple (v(~), y(-)) satisfying, for
t>0,

B0 +6) (v = L v®) + 0@ Noyp) =0, (2.60)

YO + 10 — I v) =0,
with the initial conditions : y(0) = yo and v(0) = xo + 0 (0)§y.  (2.6b)

Furthermore, (v(-), y(-)) is the unique strong solution to (2.6) (namely, there is no
other couple of mappings belonging to A, x A. that satisfies (2.6) for almost every
t>0).

Proof See Appendix A.2. O

Proposition 2.3 Let (CF) and (CG) hold, let « > 0, and let {a(-), B(-), b(-)} given by
(1.3).

Then, there exists a unique strong solution (x(-),&(-)) to (1.2) for any initial
data (xo, &0, q0) € H3, with & € d f (x0). Moreover; the trajectories {x(-), E(-)}
are obtained from the unique strong solution (x(-), £(-), y(-)) to (1.4) with Cauchy
data (xo, &o, yo) such that yyp = xo — 0(1—0)(610 + w(0)o (0)&), where gy = (x(~) +

o (1E() M (0).

Proof Observe from Proposition 2.1 that a strong solution (x(-), £(-)) to (1.2) equiv-
alently solves system (1.4) (for some auxiliary variable y(-) € A, with yg =
X0 — ﬁ (go+®(0)o (0)&p)). Itis not difficult to see from Proposition 2.2 that this latter
system (1.4) admits a unique solution given by (2.5)—(2.6). Combining these previous
two observations yields existence and uniqueness of a strong solution to (1.2) O

3 Preparatory Results for a Lyapunov Analysis

In this section, we set up estimations by exhibiting some energy-like functional asso-
ciated with model (1.4)—(1.5).

3.1 Exhibiting a Lyapunov Functional

Consider {ey, k} C (0, 00) and positive mappings {o (), v(-), ?(-)}, as parameters
involved in (1.5), and denote p(-) := k — v8 (as a recurrent term in our analysis).
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With the trajectories {x(-), £(-), ¥(-)} produced by the system (1.4)—(1.5), we associate
the functionals £y ,(-) and 7 (-) defined with (s, ¢) € [0, 00) x S and ¢t > 0 by

1
Ly (1) = Zlls(g = x(0) + v(O)(y(1) = x> + 50 (1) (ex + V(D)) (1), x(1) — q)
2

1
Foslen— x@) — qlI* + o (@) (e + V(I))(ﬁ(l)(e* +v() — S)(f(X(t)) - (@),

3.1)
1 ey — S . 2
Ti(t) = p(0) |y(t) —x(t) + — 50 (1- m)xm
€y — S s + 3ey

The following result will serve as a basis for establishing Lyapunov properties for

Es,q(')~

Proposition 3.1 Consider {k, ex, 09} C (0, 00), § > 0, positive mappings {v(-), ¥ (-)}
of class Cl, and let {w(),d(),0()} be given by (1.5). Suppose also that
(x(-), (), ¥(+)) is a strong solution to (1.4)—(1.5), along with parameters satisfying:

v(t) < kv(t), fort >0, (3.3a)
S+v@) <9@) (K — %) (v(t) + e4), fort > to (for some positive time t;).
(3.3b)

Then, for (s, q) € [0, 00) x 'H and for a.e. t € [ty, 00), we have

L8O +VOT 1) + o) S E (1) k(1)) + Y (s. 1) (f (1)) — min f) <0,
34

where p() = Kk — V8 Ly 4(-) and Ty (-) are given by (3.1)~(3.2), and ¥\ (s, ) is
defined by

(O]
Yi(s.0) = o(t)((v(r) e )00 (sp1) = 8) = (02() +ed () (t)).
(3.5)
The above proposition will be proved in the next section.
3.2 Proof of Proposition 3.1

3.2.1 Preliminaries

Before proving Proposition 3.1, we recall three results of great importance that will
be helpful regarding our methodology. The first one is a key result established in [30].

@ Springer



Applied Mathematics & Optimization (2024) 89:1 Page 13 0f45 1

Proposition 3.2 [30, Proposition 3.1]. Let {k, e.} C (0, 00), let {v(-), w(:),o (")}
be positive mappings of class C' such that v(-) satisfies (3.3), and suppose that
(x(-), E(), y(~)) is a strong solution to (1.4), along with 0(-) given by (1.5a). Then,
forany (s, q) € [0, 00) x H, we have, for a.e. t > 0,

W) + 0 () U (£ 1) k(1)
+sa(r>(w<t)<e* + () — v(t)) (E@), x(1) — q) 3.6)

o (1) {etn” (w(r) + 28 s i%) (E), £(1) = =2 (T,

where p(t) = k — %, Ty (-) is given by (3.2), while & () is defined by

Esq(0) = 5lIs(g — x(@) + v (@) — x@)]? 37
+35(ex — 9)x@0) — qlI* + 50 (1) (e + v())(EWD), x(1) — q). '

The second result states some derivation chain rules for the convex Isc (lower
semicontinuous) objective, which was explicitly stated in [1, Lemma 1.9].

Lemma 3.1 [21, Lemma 3.3] Let (CF) hold, let ¢ > 0, and let {x,&} : [0,¢c] - 'H
satisfy the following conditions (i1)—(i3):

D) &@) € df(x(2)), fora.e. t € [0,c]; (12) &(-) € L2([0, cliH);
(i3) £(-) € L2([0, ¢l; H).

Then, f(x(-)) is absolutely continuous on [0, c] and we have
(faP@) = @), 2(1), for ace. 1 €10, . (38)

Next, a useful property of the considered dynamics is given through the following
lemma in which gra(d f) denotes the graph of d f, that is gra(df) = {(x,x*) €
HZ x* € df(x)).

Lemma 3.2 [30, Lemma 4.1] Let f : H — IR U {400} be a proper convex function.
For any couple of absolutely continuous functions (x,§) : [0,00) — gra(d f), we
have (£(t), x(t)) > 0, fora.e.t > 0.

Proof See Appendix A.3. O

3.2.2 Proving the Main Inequality (3.4)

For simplification we set 7(-) := e, + v(-). Clearly, given (s, g) € [0, 00) x §, by
applying Proposition 3.2 we obtain, for a.e. t € [0, 00),

2
— v (O T(1) — amﬁ@@ 2(0) = 800 +sa1()(ED). x(t) — q)

p(1)
Fax(1)(5(1), x(1)), (3.9
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where aj(t) and a;(¢) are defined by

2 .
ai(t) = o (1) (w (1)t (1) — v(1)) and ax(t) = o(t)L ( ) + o _ s&)

p) o () (1)
(3.10)
In order to estimate the right side of (3 9), we observe that (1.5b)—(1.5c) also give
?s % T(t) andw(t) = p(1)0(t)— T(t) (asp(-) :=Kk— v( )) whence (3.10) reduces
o}

ar(t) = o (1) (p ()0 ()T (1) — 8 — (1)) and ax (1) = o (1) (2 ()P (1) — sT(1)).
(3.11)

So, it is readily chezcked from condition (3.3b) that a;(-) is nonnegative on [#y, 00).
Moreover, setting f := f — min f, by the well-known convex inequality we have

(@), x(1) —q) = f(x()). (3.12)

It can also be set up a derivation chain rule regarding f (x(-)) by verifying the assump-
tions (il) to (i3) of Lemma 3.1. Indeed, given ¢ > 0, (il) is obvious, while (i2) is
also satisfied by £(-) because of its continuity on [0, c] (from (x(-), £(-), y(-)) € Ag,
as a strong solution to (1.4)). Regarding (i3), by (2.3b) we equivalently have, for a.e.
t € [0, 00),

x(1) + ¢(0) + 0@u() + w@)¢@) = 0, (where u(-) = y(-) —x(-) and £(-) =
o ()E(C)).

This, by (x(7), 5 (t)) = 0 (from Lemma 3.2), readily yields

1O < 150) + EDOIP = 1860u) + 0 OO,

which clearly ensures (i3). Then, applying Lemma 3.1 entails, for a.e. t > 0,

E@), 1) = (F) o). (3.13)

Consequently, l_)y (3.9) along with (3.12)-(3.13), while noticing that L, ,(-) =
Es,q() +ax(v) f(x(-)), we infer that, for a.e. t > o,

—2OT (1) — o () DD E @), 50) = £ (1) + sar (1) Fx(0) + a2 () (F0) 1) (3.14)
= L35 (1) + (sa1 (1) = da(0) F(x (1)
Regarding the second term in the right side of the above inequality, by % = %
(from (1.5b)) and 7(¢) = V(¢) (as t(-) := v(-) + e4), while using (3.11), we simply
get (omitting the variable t to shorten the equations)

say —ar = so(pdt —é) — sot — 6 (129 —s1) — o (20D + 507
=50 (p91 —8) — o (Z(r?9 —s7) + (2 D)
=sopd¥t — o (6T + (r219)(1)) =o(t9(sp — 8) — (r?»)D).
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Then, combining (3.14) and the previous argument leads us to (3.4) O

3.3 Specificities on the Parameters and the Dynamics

In view of our next computations, we make some observations regarding the parameters
and the dynamics.

Remark 3.1 The following arguments (j0)—(j2) will be very useful in our study:

(jO) Observe from (1.2) and p(-) := k — % that 6(-) can be rewritten as 6(-) =
v()p()
v(-)tey "

(j1) From (jO) we have 0(r) = p(t)(l + Ve(j))_l. Then, as v(-) and p(-) are positive
(from (1.15a)—(1.15b)), and e, > 0, we infer that 6(-) is positive. Moreover, observing
that p(-) and (1 + %)_1 are nondecreasing entails that (-) is nondecreasing. In
addition, we obviously have p(¢) € (0,«] fort > 0 and p(t) - « ast — oo (from
(1.15b)—(1.15¢))). So, by (jO) we obtain 6(¢) € [9(0), K) for r+ > 0. If, in addition,
v(t) = oo, we getO(t) — k (ast — 00).

(j2) From (1.15d) and the positivity of v(-) we have 0 < v(t) < Mt + v(0) for

t € [0, 00). This simply yields [;™ ;{5dt = +oo (hence [ —Lmdt = +00).

4 Convergence Analysis and Estimations

This section is devoted to the asymptotic behavior of the strong solution to (1.4)—(1.5).
As standing assumptions we suppose that f : H — R U {400} is a proper convex and
Ls.c. function such that § := argminy, f # ¢, and we denote f() :== f(-) — min f.
Estimations are established first in the general case of parameters (under somewhat
theoretical conditions) and then in interesting specific cases of parameters (under
classical conditions).

4.1 Intermediate Results by a Lyapunov Analysis

For the sake of simplicity and legibility, we start by assuming that {6, e, v(-), 9(-)}
(occurring in (1.5)) are such that:

(CP)§ > 0, {x, ex, 09} C (0,00), and {v(-), ¥ (-)} are positive mappings of class cl.

Another useful condition on the parameters is needed for our methodology. Let us
recall the definitions of a;(-) and ¥ (., .)(used in (3.11) and (3.5), respectively) and,

denoting p(-) 1=k — %, let us introduce a new mapping ¥ (., .). These mappings
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are given for s > 0 and ¢ > 0 by:

a1(t) = o () (pOY (e +v(1) =8 = D(1), (4.12)

Yi(s.) = 0(0) (20 ex +v)(sp(1) =) = ((ex + ()™ () 1),
(4.1b)

Ya(s, 1) = 0 (1) e+ V) (D) (e + 1(0) = 5). (410

We focus here on a full study of (1.4)—(1.5) along with parameters satisfying (CP) and
the additional theoretical conditions which consist of assuming for some sg € (0, )
and some fy > O that:

al() Z O? Wl (S(), ) 2 0’ W2(€*, ) Z Os on [t()s OO), (4’2)

8
w(-) := p(-)¥(-) — ———— is bounded away from zero, on [zy, 00). (4.3)
ex +v()

Atonce, showing Lyapunov properties for the functional Ly, 4 () allows us to derive
two series of estimations (through the next Propositions 4.1 and 4.2).

Proposition 4.1 Let {6, k, ey, 0o, v(-), 9 (-)} satisfy (CP) and (1.15a)—(1.15b), let
{w(-),0(),0(-)} be given by (1.5), and suppose that (x(-), &(-), y(-)) is a strong
solution to (1.4)—(1.5). Assume furthermore that {a(-), ¥1(., .), ¥2(., .)} (introduced
in (4.1)) satisfy (4.2) for some ty > 0 and so € (0, ex). Then, for any q € S, Ly, 4(-)
is nonincreasing on [ty, 00), convergent, and we have

sup [lx(1)[| < oo, supv(D)[[y(D)] < oo, 4.4)
t>1y

=10

together with the following integral estimates:

/to a0, 0 Fndr < Lsy.q(10), (4.52)
/t:o a(t)vz(t)(é(t), xX(0))dt < kL 4(t0), (4.5b)
(ex — 50) / T VO I OIdr < Ly g (0), (4.50)
/to Tl -y Pt < o0, / TV OId <o, @5d)
[to T RO + 0000 — x0)Pdr < oo, (4.5¢)
fm T 2O OEO) V0 + 00 FD) 2l < oo, (4.56)

<K - v(tO)) (ex — So)/ o (VOO (@) f(x(0)dt < Le, 4(t0).  (4.52)
v(to) to
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Proof With a view to applying Proposition 3.1, we first check that (1.15a)—(1.15b) and
(4.2) altogether guarantee the two conditions in (3.3). This is obv1ous regarding (3.3a).
In addition, for ¢ > ¢, denotlng T(t) = ex+v()and p(t) = Kk — U(t) ,by (4.2) we have
ai(t) .= U(t)( )t (t)—56— v(t)) > 0, or equivalently p ()0 (t)t(t) > 5+ v(¢)
(as o (+) is assumed to be positive), that is (3.3b). Thus, condition (3.3) is fulfilled.
Next, given g € S, we prove that Ly, ,(-) is nonincreasing on [y, 00) and convergent.
Indeed, denoting f = f — min f and u(-) := y(-) — x(-), by Proposition 3.1 with
s =50 € (0, ey), we get, fora.e. t > 1o,

T2(1)

20 (@), %), (4.6)

—2 () T5 (1) = LG, (1) + Y1 (s,

where Y1 (., .) is given by (4.1b), while L, ,(-) and 7, (-) are given (from (3.1) and
(3.2)) by

Lsp.q(t) = YIsolq — x(®) + vOu@®)| + Lsolex — s0)lx (1) — gl|?

= (4.7a)
500 (DTOE®D. 2(0) — q) + Va0, 1) F (1))
_ p() es )
T = o ( 2()>(>||
ex — S0 ) (S0t 3es o
<4p<r)v(r>>< v(0) +4> Ol (4.7b)

Concerning the terms appearing in the above formulations of 7y, (¢) and L, 4 (1), we
have (£(¢), x(t) —q) > 0 (as 9 f is monotone), Y2 (sg, 1) f (x(¢)) > 0 (by (4.2) which
guarantees that ¥ (e, t) > 0, while noticing from the expression of ¥ (-, -) given
in (4.1c) together with e, > sq that ¥2(so, #) > Yra(ey, t)). Hence, it is immediately
observed that 7, () and Ly, 4(-) are nonnegative. Moreover, regarding the last two
terms in the right side of (4.6), we have (é(t), x(t)) > 0 (from Lemma 3.2) and
¥1(so, ) = 0 (from (4.2)). So, from (4.6) and the previous arguments, we classically
deduce that Ly 4(-) is nonincreasing and bounded below on [#g, c0), which implies
that Ly ,(¢) is convergent as t — +-o00.

We proceed by proving the other estimates separately:

- Let us prove (4.4). As Ly, 4(-) is nonincreasing and nonnegative on [y, 00), we
clearly have (for t > #9) 0 < Ly, 4(t) < Ly, 4(t0). We also recall that the four terms
arising in the definition of L, 4(-) (given by (4.7a)) are nonnegative. Consequently,
each of these terms is bounded by Ly, , (o). So, we deduce (by the boundedness of the
second term) the boundedness of x(-), namely the first part of item (4.4)), which (by
the boundedness of the first term) guarantees that v(-)|lu(-)|| is also bounded. This, in
light of y(t) = —ku(t) (from (2.3c)), proves the second part of item (4.4).
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- Let us prove (4.5a)—(4.5b)—(4.5¢c)—(4.5d). Integrating inequality (4.6) between 7y
and f > 1o, in light of the nonnegativity of Ly, ,(-), entails

Jio Y1 Gso, ) F(x(r))dr +f,;a(r)f(<r’)> (E(r), x(m)dr + [; v2(1) T, (r)dr “8)
= Lso,q(IO)-

Then, remembering that the terms in the above integrands are nonnegative, we classi-
cally deduce that ftgo ¥ (so, t)f(x (t))dt < Ly,,4(to) (thatis (4.5a)) and the following
estimates:

o) 2
/ ov(r)r ) (E(r), 2(r))dr < Lso,q(t0), (4.9a)
0 ,0(7’)
/ - V2(r) Ty, (r)dr < Ly, 4(10). (4.9b)
fo

We also recall from Remark 3.1 that conditions (1.15a)—(1.15b) imply that
0 <p(0) < p(-) <xkonl0,00). (4.10)
So, (4.9a), (4.10) and 7(-) > v(-) yield ftzo a(r)@(é(r), x(r))dr < Ly 4(to) (that

is (4.5b)). Furthermore, using the formulation of 7, (-) (from (4.7b)) and noticing that
L(eot3e: | 4) > 1, by (4.9b) we obtain

V(1)
ev =) [ N RO dr < L), (“.11a)
1o
/Oov 20 0rur) + (1 — Z—2)i(r) ar < (10)
" 02(r) 2r(r) = S04 10)-

(4.11b)

Combining (4.11a) and (4.10) amounts to <22 (%1 (r) £ () |2dr < Ly 4 (10) (that
is (4.5¢)). In addition, for ¢ > 0, by Remark 3.1 wehave 0 < 6(0) < 6(¢) < p(t) <k,

which implies that 9"2((’[)) > 37 (1[) ] . Therefore, inequality (4.11b) immediately yields

/ V20 u(r) + g(r)x () |17dr < k Ly q(t0), (4.12)
0]

where g(t) :=1— 62*;;0 It is not difficult to check (for ¢ > 0) that 0 < g(¢) < 1 (as

5o < ex), hence, usmg the obvious decomposmon
lu@)|? = 92(,) 1530 @u@) + g)x@) — 38X D)%
besides the convexity of the square norm, together with 0 < 6(0) < 6(¢), we obtain

v(O)llu(@)|?

2 v 2 . 2
= 92(0)(”“)”9(””(”+g(f)x(f>ll FoOIEO1?).  (4.13)
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Then, by ]tooo v(OIO()u(r) + gxi)|*dr < oo (from (4.12) and v(-) >
v(0) > 0) together with ftzo () ||x(r)||12dr < oo (from (4.5¢)), we deduce that
f,ﬁo v(0)|lu(t)||>dt < oo, that is the first inequality of item (4.5d). The second one
follows in light of y(-) = —xu(:).

- Let us prove (4.5¢). For r > 0, using the notation g(z) := 1 — ez*r_(f;’
yields

Out)+x(t) = 9(t)u(t)+g(t))&(t)+ez*;(f)‘))'c(t),hence, noticing that v(t) < t(¢),
we deduce that

obviously

VOO @Ou() + 20 < 202010 (Ou) + g2 0> + @IH(I)IIZ-

This, by /-~ V20 (P u(r)+g(r)x(r)||2dr < oo (from (4.12)) and I X ()1 2dr
< oo (from (4.5¢)and v(-) > v(0) > 0), amounts to ft;"’ V210 u(r)+x(r)||2dr <
00, that is (4.5¢).

- Let us prove (4.5f). From a quick computation and using (2.4b) we have

(6(-)5(-))(1)0) + @) (o (1) =0 (DEE) + (6 (1) + w(1)o (1))E()

=—x@) —0@)u(t),

which yields ||(o()&())" (1) + &) (0 OED)I? = 1) +0Ou®),

thus, item (4.5f) follows from this last inequality and (4.5e).

- It remains to prove (4.5g). Applying Proposition 3.1 with s = e, in light of the
definition of 7, (-) (given in (3.2)) and (£(z), X(¢)) > O (from Lemma 3.2), implies
that, for a.e. t > 1,

—LD, (1) = Y1 (ews ) F(x(1)). (4.14)

Moreover, by Y1 (s, t) > 0 (from (4.2)) and the definition of ¥r{ (., .) (given in (4.1b)),
we get

Vi(ex, 1) = Y1(s0, 1) + (ex — s0)a (NT()D (1) p(1) = (ex — s0)o ()T ()T (1) p (7).
(4.15)

Therefore, using (4.14), in light of (4.15), entails

—LD (1) = (ex = 50)0 (TP (1)p(1) f(x (1)). (4.16)

Clearly, L., ,(-) and the term in the right side of (4.16) are nonnegative. Consequently,
integrating (4.16) between fo and ¢ > fo, in light of the nonnegativity of L, ,(-),
while recalling that p(-) is positive and nondecreasing (from Remark 3.1) and that
v(-) < t(-),yields (ex—so)p (t0) ftg(avz?)(r)f(x(r))dr < L., 4(t), which obviously
leads us to (4.5g) O

The next proposition establishes general convergence results, besides other estima-
tions.
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Proposition 4.2 Let {8, k, ex, 00, v(-), U (-)} satisfy (CP) and (1.15), and let {w(-), 0
(+), o (-)} be given by (1.5). Assume furthermore that (x(-), £(-), y(-)) is a strong solu-
tionto (1.4)—(1.5) and that conditions (4.2)—(4.3) hold for some ty > 0and sg € (0, ey).
Then the following estimates are reached.:

tgrgo v(O)lu@®)|l =0, tl_i)rgo v Iy =0, (4.17a)
tl_i)rgloa(t)vz(t)z?(t)(f(x(t)) — min f) =0, (4.17b)

/ T2 0l 012t < oo, Jim o2 (v (O)EMI* =0,  (@4.17¢)
10 — 00

f (v (O EMIPdr < 00, lim o (vOIENI =0, (4.17d)
10 —00
tllrgo v X @) = 0. (4.17¢)

Proof For simplification we set f = f—min f,u(-) = y(-)—x(-)and 7(-) = ex+v(-).
The proof will be divided into several steps:

- Let us prove (4.17a) and (4.17b). Given g € S, by Proposition 3.1 with s = 0,
and recalling that (é (1), x(t)) > 0, we have, for a.e. t > 1y,

£ @ — o (6r(r>z9<z) - (#(-)ﬁ(-))“’(r)) Fa@)+ v} 0T <0,

(4.18)
where Lo 4(-) and 7o(-) are given (from (3.1) and (3.2)) by
1 _
Lo4(1) = Evzmnumnz +o T (1) f(x (1)), (4.192)
_ L ST T WA
To(t) = p@)llu(t) + ) (l e +v(t)))X(t)I|
n <e—*) <3ﬁ + 4) 1212 (4.19b)
dp()v(r) ) \v(1) ) ’

It can be also checked that condition ¥1 (so, t) > 0 (from 4.2)) can be rewritten as

1
o) (zW 08 + (229 () V1) = 500 OTOD D).
Hence, by (4.18) and this last inequality, while noticing that 7, (-) is nonnegative
(in light of (4.19b)) and that p(¢#) < « (from Remark 3.1), we obtain

E(()l,fz(f) < soka () TV (1) f(x(1)).

Therefore, by ftooo (o) (r) f(x(r))dr < oo (from (4.52)), together with the nonneg-
ativity of Lo 4 (), we classically deduce that Lo , () is convergent as t — oo. Thus,
there exists / > 0 such that lim,, o, L£o,4(¢) = [. Let us prove by contradiction that
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I = 0. Indeed, using the above definition of Lo 4 (-) while noticing that ”83 < lyields

(t) Loq(t) < —V(t)llu(t)ll2 +o(M)TMP @) f(x(1)), (4.20)

which, by [ v(t)[|u(t)]|*dt < oo (from (4.5d)) and floo(orz?)(t) f(x(@)dt < 0o
(from (4.5g)), entails that fo m)ﬁo ¢(0)dt < oo. Then itis immediate that assuming
that [ > 0 would give us r(t) Log(t) ~
fo T(ll)dt oo (from Remark 3.1). We infer that lim;_, o, Lo 4(t) = 0, which, by the

definition of Lo 4 (), amounts to lim; 1)2(t)||u(t)||2 = 0 (that is the first estimate
of (4.17a)) together with

m as t — oo, which is absurd since

tl_i)lgoa(t)rz(t)ﬂ(t)f_(x(t)) =0. 4.21)

The second part of item (4.17a) is a direct consequence of the first one in light of
y(t) = —ku(t), while item (4.17b) clearly follows from (4.21) in light of T (¢) > v(¢).

- Next, we prove items (4.17c). We denote ¢(¢) := o (1)&(t) and I'(r) =
ﬁ(t) + w()¢(t). From the definition of I'(-) and noticing that (g;(t), @) =

L1z (), we have

VAL (). (1) = V2O @). £0)) + v (Do L0
1 2 2 M 2 2
=30 (IKOIP) " O+ OeOIOP.  (422)

A direct computation also gives us (V2() ¢ ()]l )(1) = 2O |cO)* +
w20 (Ie 12 (@),

which combined with (4.22) amounts to

VO @).0) = 3 L2010 @) = v@vo 1012 + 0ozl
1
= 3 (POIOIRN)" © + 70 (a)(t) - Q) o2,
(4.23)
Observe that w (¢) (introduced in (1.5¢)) can be rewritten as w(t) := p(t)9(t) — %,

while by condition (4.3) we assume (for some positive constant wg) thatw () > wg > 0

on [ty, 00). By condition (1.15¢), we also know that ”8; — 0 ast — oo. So, given

any constant 7 € (0, 1), we can see without any difficulty, for some existing € > 0,
that there exists 1; > fp such that 7 > 77 yields w(z) > ﬁ (% + %),
which can be equivalently written as

€ ()
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Moreover, by the Peter-Paul inequality, we classically obtain

VAT (@), £ (1)) < vEHOND @), ¢0) < v (r) lc@)II* + ()ur(r)n
(4.25)

Hence, by (4.25), in light of (4.23) and (4.24), we infer that

ZOIP @) > v2()(0 (), ¢(1) — v:n5Icol?
— 1 2OIOR) Y 0 420 (00 - § - ) o2 @26
> 120112 () + ho @20 12012

Whence, recalling that w(-) > wg > 0 (from condition (4.3)), (4.26) entails

2(t)

(0]
(v2<->||:<->||2) (O + hoov? OO (427)

Then, by this last inequality together with f P2 T (@) |2dt < oo (from (4.5f)), we
classically deduce that

o
/ V()12 (1)]1>dt < oo and lim V2 IZ@0))1? =1 (for some [ > 0).
f — 00
(4.28)
Clearly, the first estimate in (4.28) yields ftj" V2| (1)||>dt < oo (because of the
continuities of v(-), o (-) and £(-) on [#, #1]), namely the first estimate in (4.17¢). It is
also obviously checked from the two arguments in (4.28) that / = 0, which proves the
second result in item (4.17¢).
- Let us prove (4.17d) and (4.17¢e). Noticing that w(¢) + Zﬁi = p(t)v(t) (from
(1.5¢)) yields
o) +o(@)w®) =o()p(t)d(t) fort > 0. (4.29)
So, in light of (4.29), a quick computation gives us
sMEM) = (0(EO) V(1) + 000 ED) — (6(1) + 0 (Do )EW)
1
= (0(~)$(-))( () + 0o (DEW) — o () p () (1ED). (4.30)

Therefore, according to (4.30), using the Young inequality yields

loEMI? < 21(0 OEO) V@) + 0o OEDIP + 2021 p2 (D)D) 1E @) |-
4.31)
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We also underline that p () is bounded (from Remark 3.1) and so is ¢ () (from condition
(1.16)). So. by [ v2()[[(c()E())" (1) + (1) (o (VEM)|2dr < oo (from (4.56))
together with [, a2 () |E(1)||>dt < oo (from (4.17¢)), we deduce from these

last arguments that fzso oz(t)vz(t)Hé(t)szt < 00, that is the first estimate in item
(4.17d).
Furthermore, from (1.4b) together with o (1) + o (t)w(t) = o (¢)p(¢)¥(¢t) (from
(4.29)) and w(t) + ggg = p(t)Y(¢) (from (1.5¢)) we obtain
X(0) +oMEWR) = —0Ou) — (6 (1) + o (D ))E)
= —0(u(t) —o()p)D(1)E(),

from which we immediately derive that

v(O[E@) + o OE)] < vOODlu@)]| + v(D)o (1) pO) D D)IED)]I.
(4.32)

We also know that lim v(#)|lu(?)]] = lim v(t)o(?)]|E(¢)] = O (from (4.17a) and
t—00 =00

(4.17¢)). So, by the boundedness of {6(-), p(-)} (from Remark 3.1) and that of 9 (-)
(from (1.16)), we infer that

Am v@) () + o (5D =0. (4.33)

Moreover, by (x (), £(1)) > 0 (from Lemma 3.2), we obviously have

IO + 2O IED 2 < [15() + o (1)€(1)||1*. This, together with (4.33), yields
limy 00 V() X (@) || = limy— o0 V(1) () |E@)]| = 0, namely the second result in item
(4.17d) and item (4.17e), respectively m]

Now we claim the main result of this section regarding our model (1.4)—(1.5).

Theorem 4.1 Let$§ > Qand{k, ey, op} C (0, 00), let {v(-), ¥ (-)} be positive mappings
of class C! satisfying conditions (1.15), and suppose that (4.2)—(4.3) hold for some
1o > 0 and so € (0, ey). Then, for any strong solution (x,&,y) : [0, 00) — H> to
(1.4)—(1.5), we have the following properties:

/oo o (O ()9 (1) (f (x(t)) — min f)dt < oo, (4.34a)

0]

Jlim o VX)) (f (x(t)) —min f) = 0, (4.34b)

Iyl = o (v‘l(t)) f v [§(®))dt < oo, (4.34c)
fo

X)) = o (u—l(z)) / V()| X(0)]12dt < o0, (4.34d)
(0]

Jim o (v @) =0, / TR0 IEOIdr < 00, (@340

fo
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Jim (D)o 0)[E@)] = 0. f IO < 0o, @346)
— 00 10

3x € Ss.t.x(-)—x weakly in H. (4.34g)

Proof Items (4.34a) to (4.34f) are direct consequences of Propositions 4.1 and 4.2
whose hypotheses are fulfilled under the assumptions of Theorem 4.1:

— Items (4.34a) and (4.34b) are given by (4.5g) and (4.17b), respectively.

— The two results in item (4.34c) are given by (4.17a) and (4.5d), respectively.
— The two results in item (4.34d) are given by (4.17e) and (4.5¢c), respectively.
— (4.34e) is derived from (4.17c¢) and item (4.34f) follows from (4.17d).

It remains to prove (4.34g), that is the weak convergence of the trajectories. For
simplification we set 7(-) = e, + v(-), u(-) = y(-) —x(-) and f(-) = f(-) — min f.
Given g € S, by definition of Ly, 4 (-) (given in (3.1)) we have, for ¢ € [0, 00),

Lang® = 3ls0(q = x(1) +vO (O =xO)I* + 350(ex = s0)Ix1) =qI* 4 35)
+500 (NTWO(ED). x(1) = q) + o (OTO) (TOD (1) = 5) F(x(1)). '

The above equality can be equivalently written as

(53 + solex — 50))Ix () — q 1> = Ly q ()
—2 @)y (1) = x (@) |I> = sov(t) (g — x(1), y(t) — x(1)) (4.36)
—s00 (NTUE®), x(t) — q) — o (O)T(1) (TP (1) — 5) f(x(2)).

Let us analyze separately the behavior as t — oo of each term in the right side of
(4.36). Regarding the first term, we know that lim; , 1 o Ly,,4 (¢) exists (from Proposi-
tion 4.1). Next, we show that the other terms converge to zero. Concerning the second
term, we simply have lim,_, V2O |ly (1) — x(@)||> = 0 (from (4.17a)). In order to
estimate the third term, using the Cauchy—Schwarz inequality yields

sov(®){g — x (@), y(@) —x())| = sov(@)llg — xOIIly () —x(D),

which, by the boundedness of x(-) and lim;— o v(#)|y(t) — x(*)|| = 0 (from
(4.17a)), entails that

limy o0 SV (1) (g — x(2), y(#) — x(1)) = 0.

Regarding now the fourth term, by the monotonicity of d f and the Cauchy—Schwarz
inequality we have

0<o@t@®)(E@), x(1) —gq) =o@OTOIED % x(1) —qll.

Hence, by remembering that (as t — o0) o (t)v(t)||E(#)|| — O (from (4.17¢))
(thus o (t)T(t)||E(¢)|| — Osince T(-) = ex + v(-) and since v(-) is nondecreasing), we
deduce from the boundedness of x (-) that

lim;— 4 5o 0 (t)T(2)(E(2), x(¢) — q) = 0. Concerning the last term, recalling that
7(-) = e4x + v(-), we observe that

o (OTM)|TOD () — 5| f(x(1) = o ()T (1) (t) — %Lf'(x(t))

€y

_ 2
= o (v ()(1 + e

2 s -
)19 @) — %If(x(t)).
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Furthermore, we have lim,_, o o (1)v2(£)9 () f (x(r)) = O (from (4.17b)), hence
recalling that 9 (-) is bounded away from zero, we readily getlim;_, oo & (OVv2(@) f(x (1))
= 0. Thus, by noticing that the quantity (1 + Ue’;) )2|z9(t) — %| is bounded (since 7 (-)
is nondecreasing and since ¥ (-) is bounded as a positive and nonincreasing mapping),
we infer that

lim; oo a(t)r(t)(r(t)ﬁ(t) — s)f(x(t)) = 0. So equality (4.36) in light of the
previous arguments gives us

S0€x
2

. o2 — 1
im @) =gl = tim L4,

which implies that lim;_, +  ||x(#) — g|| exists.

Now, let x be a weak sequential cluster point of x(-), namely, there exists a sequence
(ty)n=0 C (0, oo) suchthatlim,_, ~ ¢, = 400 and for which the sequence (x(#,,)),>0
weakly converges to x as n — +o00. Then, for n > 0, we readily have

£(tn) € 8 f (x(t)). (4.37)

Observe that £(t,,) — O strongly in H asn — 400, since lim;_, ;oo o (£)v () [|E(@) | =
0 (from (4.17¢)) and since o () > o(0) > 0 and v(t) > v(0) > O (from (1.5b) and
(1.15a)). Therefore, passing to the limit in (4.37) as n — 400 and using the fact that
d f is sequentially semi-closed (as d f is maximally monotone), we obtain 0 € 9 f (x),
thatis ¥ € (3 f)~'(0). Thus, we conclude by means of the well-known Opial’s lemma
[33], which completes the proof O

4.2 Main Estimates and Asymptotic Convergence Results
4.2.1 The General Setting of Parameters

The next result can be regarded as Theorem 4.1 in which conditions (4.2)—(4.3) are
simplified.

Theorem 4.2 Let § > 0, {e4, k, 09} C (0, 00), let {v, ¥} : [0, 00) — (0, 00) satisfy
(1.15)—(1.16) (for some ¥ > 0). Assume that (x, &, y) : [0, 00) — H3 is a strong
solution to (1.4)—(1.5) and that the following conditions (a) and (b) are satisfied:

(a) e, > l(8 + 2 lim sup 1')(t)), (b) v(ty) > (ﬁL — 1)6>|< (for some t,, > 0).
K‘ o0

t——+00

(4.38)

Then the conclusions of Theorem 4.1 are still valid.
Proof In light of Theorem 4.1, we just prove that there exist two constants sg € (0, e)

and 79 > 0 for which (4.2)—(4.3) hold. For simplification, we set 7(-) := e, +v(-) and
p() =k — % From the definitions of ¥ (., .), ¥2(., .) and a; (-) (given in (4.1)) we
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readily have

Vi(so, 1) = o(r)(r(r)ﬂ(r)(spm —8) — (r2<~)z9<-))<”(r>),

Valex 1) = (TP (1) ~ ex),
ai(t)y = o)t @)(p()* (1) — m _ %)

The rest of the proof can be divided into the following steps (il)- (i4):

(i1): Let us prove (for ¢ large enough) that ¥ (sg, #) > 0 for some so € (0, ex).
Indeed, (4.38)-(a) writes e, > ‘HZM , where M := lim sup,_, | ., v(¢) is well-defined
(from 1.15d). So, we can take sq e (5+3M , ex). Moreover, for r > 0, by the definition
of Y1 (so, t) and by ?(-) < 0 (from 1.16) we successively obtain

Y160, 1) = (TP (O (s00(1) — 6 = 2(1) — () 52)
> o ()T()(t) (sop(t) — 8§ —20(1)) (since ¥(r) < 0 and 7(r) = v(2)).
(4.39)

In order to estimate the right side of this last inequality, we recall that lim;_, o, p(t) = &
(from Remark 3.1). It is then immediately observed that lim inf,_, (so,o(t) -6 —
20(1)) = sok — 8 —2M > 0 (since s € (P21 e,)).

Thus, by o (¢) > 09 > 0, t(t) > e, > 0 and 9 (t) > Yoo > 0 (from (1.16)) for all
t > 0, we readily infer that lim inf,_, o Y1 (so, #) > 0. Whence, for #; large enough,
t > 1 yields ¥y (so, t) > 0.

(i2): Setting wp := 5 L (koo — o )) we prove (for ¢ large enough) that w () > wo.
Indeed, by definition of w(-) (glven in (4.3)) and by 9(-) > ¥ > O (from (1.16)),
we obtain, for t > 1, (#, being the constant arising in condition (4.38)-(b)), w(t) =
p()d(t) — % > p(t)0oo — r(t) Recall that 11m,_)oo,o(t) = k (from Remark
3.1). Moreover, by t(t:) > 5:0 (from (4.38)-(b)) and e, > ; (from (4.38)-(a)), we
additionally have 7(z,) > & (hence wo > 0). It follows that lim inf;_, ;oo w () >

Koo — % = 2wp > 0. So we readily deduce for some t, > t, that t > , implies
w(t) > wy > 0.

(i3): Let us prove (for ¢ large enough) that yr»(ey, t) > 0 and a;(t) > 0. Indeed, we
have ¥ (-) > o > 0 (from (1.16)) and (z,) > ﬂe—; (from (4.38)-(b)), hence t > t,
yields ¥ (ex, t) > U(I)r(t)(t(t*)ﬁoo—e*) > 0.Inaddition, by inf;>s, w(t) > wp > 0

(from item (i2)), we can observe for ¢t > t, that a;(t) > o ()t (¢) (a)o — %) Note

that lim;_s oo % = 0 (from (1.15)). So, we classically deduce for some 73 > t, that
t > t3 yields ¥ (ex, ) > 0and a;(¢) > 0.
(i4): The desired result follows from (il), (i2) and (i3) altogether O
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4.3 Specific Cases of Parameters

Let us start by stressing, under appropriate conditions on the parameters, some prop-
erties regarding the isotropic damping coefficient «(-) that occurs in the equivalent
second-order formulation (1.2)—(1.3) of system (1.4)—(1.5).

Proposition4.3 Let§ > 0, {«, ex, } C (0, 00), let {v(-), ¥ (-)} be positive mappings of
class C? satisfying (1.15) and for which 9 (1) ~ s as t — 00 (for some Voo > 0),
and suppose that (ast — 00):

v(t) = +o00,v(t) — [ (for somel > 0), V(t) — 0. (4.40)

Then the parameters {a(-), B(:), b(-)} defined by (1.3) (depending on 6(-) and w(-)
given in (1.5)) satisfy (ast — 00):

|+ ke

a(t) ~ 0

B ~ k(1 + Vo) (ifﬁ(o) is Lipschitz continuous) b(t) ~ Kzﬁoo.
(4.41)

In particular, for v(t) = vé_y(l 4+ vo)Y withvg > 0 and y € (0, 1], we get (as
t— o0)

a(t) ~

1
e ey — 1) ~ 5 otherwise. (4.42)
t “Vyy

Yo
Proof See Appendix A.4.
At once, we specialize Theorem 4.1 to two particular cases of v(-) through the next
two results (Theorems 4.3 and 4.4).

Theorem 4.3 (Case v(t) =t + vg). Let § > 0, {k, ey, v, 0p} C (0, 00), set v(t) =
t 4 vg and let 9 (-) be any positive mapping of class C" satisfying (1.16). Suppose also
that (x, &, y) : [0, 00) — H3 is a strong solution to (1.4)—(1.5) with parameters such
that

2+96
ey > + . (4.43)

K

Then there exists x € S such that x(-)—Xx weakly in 'H, and, for some ty > 0, we
obtain:

/00 A (f(x(t)) — min f)dt <00, f(x(r)) —min f =0 (t_(5+2)>, (4.44a)
10

Ol =0 (). / 30 IPdr < oo, (4.44b)

fo

k@Ol =0 (7). /m HE@Pdi < oo, (4.44¢)

fo
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el =o (700). [~ A0 Par < o (4.44d)

fo

@) = o (:=¢+D), / "2 () Pdr < oo, (4.44c)

fo

Proof Let o (-) be defined by (1.5b), along with v(¢t) =t + vy. A simple computation

B
i — extvott ~ 00 8 ; ;
yields o () = o9 [ TV ] , so that o (1) eyl ast — oo Regarding this

situation in which v(-) = 1, (4.38)-(a) reduces to (4.43), while (4.38)-(b) is obviously
satisfied (since v(f) — oo as t — 00). Hence, Theorem 4.3 follows directly from

Theorem 4.1 and o (¢) ~ (e iov())s ¥ ast — oo

m}

Theorem 4.4 (Case v(r) = vé_y(t +vo)Y with y € [0,1)). Let § > 0, {k, ex, vy,
oo} C (0,00), y € [0, 1), set v(t) = vol_y(t 4+ vo)Y and let ¥ (-) be any positive
mapping of class C' satisfying (1.16). Suppose furthermore that (x, £, y) : [0, 00) —
Hisa strong solution to (1.4)—(1.5) with parameters such that:

(a) esx > é ®) @y =0 v > <L - 1) ex. (4.45)
K 1%

e¢]

Then there exists X € S such that x(-)—X weakly in H. Moreover, denoting a =
5\)3)/

Ton0ore e have the following properties (for some ty > 0):

fm tye&zl—y (f(x(t)) — min f)dt <00, f(x(¢)) —min f =0 <I—2ye—&zl—y)’
fo

(4.46a)
5O =0 (). [ 131 < oc. (4.46b)
fo
@) =0 (t77) / 7 | x(0)|12dt < oo, (4.46¢)
fo
gl =o(r7e ), / o 2 ()2t < oo, (4.464)
fo
Il =o (e ™), / T g )2 < oo, (4.46¢)
o

Proof Let o (-) be defined by (1.5b) with v(¢) = véfy(t + v9)?, where vg > 0 and
Y
y € [0, 1). Then, denoting & := %,
s

s _ _
— > =(1—9y)a(s+vy V.
vy 7 (s4v0)7 e (s+vo)V(v(;_y+:?§) ( a 0)

a simple computation yields, for s > 0,

Sl —L  ds
fo uéiy(s-#vo)y-%—e*

Consequently, by o (1) = ope we immediately deduce that

- _ 1— - 11— - 1=
o(t) > Goe"‘((’+”0)' 7—y7") > oge % Tt (4.47)
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Concerning this situation in which v (¢) = UJ}:}%, we have lim sup,_, ., v(t) = 0.
Hence, (4.38)-(a) reduces to (4.45)-(a). Moreover, if y € (0, 1), (4.38)-(b) is obviously
satisfied (since v(t) — oo as ¢t — 00), while, otherwise (if y = 0), (4.38)-(b)
follows from (4.45)-(b). Thus, Theorem 4.4 follows directly from Theorem 4.1 and
o(t) > aoefé‘véiy et O

The next result can be regarded as an important consequence of the previous theo-
rem that enlightens the possible effects of the parameters {§, x} on the estimates and
convergence rates in (1.12).

Corollary 4.1 Let{«x, ey, vo, 00} C (0,00),8 >0,y € [0, 1), setv(t) = v(l)_y(t+v0))’
and let ¥ (-) be any positive mapping of class C" satisfying (1.16). Suppose furthermore
that (x, &, y) : [0, 00) — H3 is a strong solution to (1.4)—(1.5) with parameters such
that:

(a) ex = %8 (for some A > 1), (b) (ify =0) vg > (ﬁL — 1) ey.. (4.48)

o0

Then the conclusions of Theorem 4.4 still hold when replacing a with ¢ =

14
((l—y;)?v0+x))ma)?{li3,fc}' Furthermore, in the special case 1fvhen Kk =6 > 0, (448)
8.

. _ Vo
(a) reduces to the condition e, > 1 and we get ¢ = T ooren

Proof Clearly, under condition (4.48), the conclusions of Theorem 4.4 (including the

Y
estimates and rates in (1.12)) hold \;vith o= U*V)KSC%

we readily deduce that @ > ( = y‘))? m +A)) ma}f{"&m}. This leads us immediately to the
two claims of Corollary 4.1 O

(since e, = %5). Hence

5 Numerical Experiments and Discrete Perspectives
5.1 Numerical Experiments

We carry out some numerical experiments regarding the dynamics {x(-), £(-)} gener-
ated by our models, relative to three examples of problem (1.1) when H = IR?. The
first one (which deals with a smooth objective) is intended to compare our model with
DIN-AVD. The last two examples deal with nonsmooth objectives (one is strongly
convex and the other is not), so as to provide insight into the influence and relevance
of the parameters. For the sake of legibility, we make the following observations.

Remark 5.1 Recall from Proposition 2.2 that existence and uniqueness of a strong
solution (x, &) to (1.2) require initial conditions:
1
(x(0). £(0)) = (x0. &) and (x(-) + 5 (&))" (0) = go. such that & € 8 f (xo).
As suggested by Proposition 2.3, we know that (x, &) uniquely solves (for some
auxiliary variable y) system (1.4) with Cauchy data: x(0) = x9, £(0) = &p and
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y(0) = xo— WIO) (g0 + 0 (0)w(0)&p). So, from Proposition 2.2, we focus on computing
(x, &) through the unique solution (x, &, y) given (for ¢t > 0) by

1
x(t) = JJ} v() and £(1) = m(v(r) —x(), (5.1)

(v(+), y(-)) being the unique classical solution to (2.6) that can be alternatively written
as

b(t) + @v(t) - (@ + 9(t)> I 0@t +0)y(t) =0 (5.22)
o(t) o) o) ’ ’
() — kI () + Ky (0) =0, (5.2b)

along with: y(0) = xo — ﬁ (g0 + 0 (0)w(0)&o) and v(0) = xo + o (0)&p. In our
forthcoming experiments, we compute the trajectories produced by DIN-AVD and
(5.2) by using Matlab.

In all the following examples, we denote f = f — min f and we consider our
model with v(t) = vé_y(t + v9)? for some y € [0, 1] and vg > 0, together with
V(1) = Uoo (for some ¥, > 0). Our experiments will be mainly focused on the two
special cases: (i) § = 0 (useful for numerical purposes); (ii) § > 0 and y = 0 (which
ensures exponential convergence rates).

5.1.1 Example 1 (Comparing Our Model with DIN-AVD)

Our first example aims at comparing the classical DIN-AVD [11] (namely, (1.9) where
b(t) = B, for some constant B, > 0) with our model in the special case when § = 0
(namely, in absence of time rescaling process) and y = 1 (for which «/(¢) ~ ”%
ast — 0o, from Proposition 4.3). Toward that end, we consider the smooth objective
used in [11] (for illustrating the former dynamic) and defined for x = (x1, x3) € R?
by f(x) = %(xl2 + 1000x22). This function is quadratic but somewhat ill-conditioned.
From its separable form (so as to use (5.2)), we classically obtain, for & > 0 and
v = (v, ») € R?,

- 1 1
T vy, ) = , . 53
o (i, v2) <l+0v] 1+1oooo”2> (5-3)

As in [11], concerning DIN-AVD, we use the near-optimal parameters o, = 3.1
and B, = 1, with xo = (1, 1) and X9 = (0, 0). Concerning our model we set xo =
yo = (I, 1) and & = (1, 1000) (so &y € 9 f(xp)), and we highlight the influence
of the parameters « and ¥, on its trajectories. It appears on Figs.1 and 2 that our
model outperforms DIN-AVD as soon as « and ¥, are large enough. In addition, its
performances are all the better as the values of k and ¥, are large. Further experiments
(not reported here) suggest that increasing e, tends to slightly damp the oscillations.
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Fig.1 Profiles of x1(-) (left), xo(-) (center) and t — (2 - 1) f(x1 (), x2(2)) (right) for several values of
k. The other parameters are § = 0,00 = 1,y = 1, ex = 100, vg = 10 and ¥ = 1

~ ——Model with &_=1 — — —Model with ¥_=1 — — —Model with 7 _=1
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Fig. 2 Profiles of x1(-) (left), xo(-) (center) and t — (t2 — l)f(xl (1), x2(1)) (right) for several values of
¥o0. The other parameters are § = 0,00 =1,y = 1, ex = 100, vg = 10 and k =2

5.1.2 Example 2 (Influence of the Parameters on the Trajectories)

We aim here at illustrating the influence of the parameters {3, y, «, ¥} 0n the trajec-
tories {x(-), £(-)} produced by our model. For this purpose, we consider the nonsmooth
objective defined for x € R? by f(x) = %Hx — b||% + |lx||1 for some b € R?, which
is linked to the Lasso problem. In our experiments, we set b = (0, 10). So it can
be checked that the minimum of f is reached at x* = (0, 9). As a typical result for
solving (5.2), we have, foro > Oand v € R,

, 1 o
]ng:p}"OXJL_Hll.Hl (H_—Ux—l— 1+Gb). 5.4
We also choose the initial conditions xg = yo = (10, 10), & = (11, 1) (so & €
d f (x0))

On figures 3-5, we illustrate the influence of {y, «, ¥} relative to the useful context
of no time rescaling. Figure 3 shows us that, when 6 = 0 (absence of time rescaling),
the convergence is slightly better for y = 1 (as it would be anticipated from Theorems
4.3 and 4.4).

Figures 4 and 5 are concerned with the influence of k and ¥, on our model, in the
special case when § = 0 and y = 1. It can be observed on these figures (as in example
1) the effectiveness of the model for sufficiently large values of k¥ and ¥ .

Now, we focus on the influence of {y, k, ¥} relative to the context of time rescaling.
In this context, the effectiveness of the model for sufficiently large values of « and ¥
can be also observed on additional experiments (not reported here for conciseness).
Figure 6 suggests that, when § > 0 (in presence of a time rescaling process), a fastest
convergence holds for y = 0 (which, once again, is consistent with our theoretical
results). Figures 7 and 8 show us, under particular choices of parameters entering
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Fig. 3 Profiles (in logarithmic scale) of ||x(-) — x*|» (left), 1 — ¢||&(r)||2 (center) and ¢ — tzf(x(t))
(right) for various values y. The other parameters are § =0, vy = 1,00 = 1, ex = 2.5, oo =S5and« =3
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Fig. 4 Profiles of ||x(-) — x*||2 (left), t — ¢]|£(¢)||2 (center) and r — t2f(x(t)) (right) for several values
k. The other parameters are § = 0,00 =1,y = 1l,ex =25, v9g = land 9o =5
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Fig.5 Profiles of ||x(-) — x*||» (left), t — ¢]|&(¢)||2 (center) and t — tzf_(x(t)) (right) for several values
¥oo. The other parameters are § = 0,00 =1,y = 1,e4 =2.5,vp =landk =1
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Fig. 6 Profiles (in logarithmic scale) of f(x(-)) for § = 0 and various values y (left), for § = 30 and
various values y (center) and for § = 40 and various values y (right). The other parameters are og = 1,
ex = 10, 900 = 1. and k = 4.04

Theorem 4.3 (see Fig.7) and Corollary 4.1 (see Fig. 8), that the convergence is all the
better as § increases.

On Fig. 8 we observe that, after an initial transient phase, the profiles stabilize to
straight lines relative to a semi-logarithmic scale. This clearly indicates an exponential
convergence rate of the form O (e‘A’ ) for y = 0. Letus recall that in this specific case,

Theorem 4.4 states the rate f x(@®) =o (e_&’ ) with o = UO_‘?_e*. Through a linear

regression of In f(x(-)) with respect to time (by means of a classical least squares
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Fig.7 Profiles (in logarithmic 10° ‘ ‘
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from Fig. 6 h
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Fig.8 Profiles (in logarithmic 10° ‘ ‘
scale) of ‘(x()) fory =0 ---- Model with =10 and ~=1.1

------ Model with 6=20 and xk=2.2
Model with §=30 and k=3.3 |
——Model with §=40 and ~k=4.4

K= l.la and various 8. The
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from Fig.6
10
1070 “
10718 .
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Fig.9 Comparison of A and & 10 20 30 40

0.9091 | 1.8182 | 2.7273 | 3.6364
1.8094 | 3.6285 | 5.4422 | 7.2525

(related to Fig. 8) for several
values §

PSR

method), we can easily estimate the values of A so as to compare it with & (see Fig. 9).
For all considered values §, we get A > «. This confirms the decaying rate o (e_‘” )

5.1.3 Example 3 (Influence of y for a Non Strongly Convex Objective)

In this last example, we consider the nonsmooth objective defined for x € R? by
f(x) = ||x||1. Even though this is a very simple problem, it has the advantage of
addressing the case of a convex objective function which is not strongly convex (as in
the two previous examples). We assess the trajectories generated by the dynamics for
various values of y and the following setting of parameters: § = 0, e, = 2.5, v9 = 1
and ¥, = 5. The experiment was conducted for xo = (200, 200) (which is a starting
point away from the minimizer of f), & = yp = (1, 1). It can be easily checked that
&0 € 9 f (x0).

It can be seen on Fig. 10 that the convergence is better for y = 1, which is in
accordance with the results of Theorems 4.3 and 4.4.

The last Fig. 11 shows off (through a zoom relative to the special case of the previous
figure when y = 0.5) regularity properties regarding the solution (x(-), £(-)), in which
x() = (x1(:), x2(-)) and §(-) = (&1(), &(+)). It can be noticed that x; (-) behaves as
an (absolutely) continuous function that reaches the minimizer of f (around the time
t = 8), while &;(-) appears to be differentiable almost everywhere together with
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Fig. 10 Profiles of || x(-) — x*||o (left), t — ¢]|£(¢)||2 (center) and t — tzf_(x(t)) (right) for several values
k. The other parameters are § = 0, ex = 2.5, v9 = 1 and Voo =5
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Fig. 11 Profiles of the real-valued functions t — x1(¢) (left),r — & (¢) (center) and t — x1(¢)+o ()& (1)
(right). The parameters are § = 0, ex =2.5,v) = 1, ¥oo =S5 and y = 0.5

x1(-) + o (-)&1(+) that seems to be twice differentiable, in accordance with Proposition
2.3.

5.2 Perspectives on Discrete Variants

Inspired by system (1.4)—(1.5), and following the methodology of [30], we suggest
a new inertial and corrected proximal algorithm for solving the structured convex
minimization problem:

min{®(x) := f(x) + g(x) : x € H}, (5.5)

where f : H — (—o0, 00] is proper convex and l.s.c. while g : H — (—o00, 00) is
convex and continuously differentiable.

However, the study of this algorithm is out of the scope of this study and will be
carried out in a future work.

In what follows, given some positive mappings v(-) and 9 (-), we set t, = hn (for
some positive value h), v, = v(t,), U, = 9(t,), 6, = 0(t,) and p, = p(t,) for all
n=>0.

We also introduce the operator M, defined for any ;> 0 and for any x € H by
M, (x) = ,u_l (x = Jugp(x —uVg(x)). Itis well-known that M, satisfies M;l 0) =
(@ f 4+ Vg)~1(0) = S and that it has co-coercive properties, whenever Vg is Lipschitz
continuous and u is small enough (see, e.g. [6]). For this reason, the algorithms based
on the computation of zeroes of M, (for some (1,) C (0, 00)) generally require to
use bounded indexes (u,), which excludes the benefit of time rescaling process in
structured minimization (see, e.g., Bot-Hulett [18]).
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In order to solve (5.5), without time rescaling process, we consider the discrete
model which consists of the sequences ((z,;, X, yn)) C H3 generated by the following
numerical scheme.

A discrete model Let ;1 and 7 be positive constants and consider any starting
elements {z_1, xg, Yo} C H. For n > 0, given elements {z,_1, x,, y»}, we compute
the updates by:

Zn = Xp — h0y (Yn — Xp) + M0 (Zn—1 — Xn), (5.6a)
Xn+1 = 2n — tM,u,(Zn), (5.6b)
Yn+1 = (1 - hK)yn + hK-xn» (560)

where “n,(z,—1 — x,)” is a correction term with coefficient 1, := 1 — haw,.

Remark 5.2 From an easy computation (noticing for § = 0 that w, = p,?,) we get
N, = 1 — hd,p,, or equivalently 9, = ];ﬂ. This suggests conversely that we can
consider (5.6) with any nondecreasing sequ'énce () C [0, €] (for some € € [0, 1)),
just by taking 9, = 1;"” , since (p,) is positive and nondecreasing. So, (1,,) is indeed
a nondecreasing seque’rllce that is bounded away from zero.

Remark 5.3 The specificity of this scheme lies in the fact that the inertial corrected
algorithms studied in the literature generally involve a correction coefficient such that
n, — 0asn — oo (see, e.g. [26, 29, 30]), contrary to the case of model (5.6) for
which n, — 1 — hx v oo.

The next result shows us that (5.6) can be regarded as a discrete counterpart of
(1.4)—(1.5) in which § = O and f is replaced with f 4+ g (with a multiplicative factor).

Proposition 5.1 Let ((z,, Xn, yn)) be any sequence generated by (5.6) Forn > 1, and
setting &, := z,—1 — X, we have

&n € 1A f (xn) + Vg(zn)), (5.7a)
1 1

Z(xn-l-] - xn) + E(Sn-l—l - Sn) + en(yn - xn) + wn—lén =0, (57b)
1

E(YnJrl —yn) +k(n —x,) =0. (5.7¢)

Proof For n > 1, by (5.6b) we have &, = tM,,(z,—1), while it is easily checked that
M, (zs—1) € 0 f(xp) + Vg(z,), which leads us to (5.7a). In addition, (5.6) readily
yields z, = x, — h6,(yn — x5) + (1 — hwy)&,, which, by z,, = §,4+1 + x,+1, entails

Xp+1 — Xp + hgn()’n —x) — (1 = hw,—1)&, + én+1 =0. (5.8)

It follows immediately (5.7b), while (5.7¢) is obvious from (5.6¢) O
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A Appendix
A.1 Proof of Proposition 2.1

Let us prove that (i1) = (i2). Consider a solution (x, £) € A, x A, to (2.2). Set £ (-) =
o ()&(-) and suppose that x(-) + ¢(-) is of class C! and that (x(-) + ¢(-)P € A..
Clearly, for t > 0, as x, g“ and ¢ are integrable on [0, ¢] (since x and ¢ belong to A,),
we can set as a well-defined quantity

t
Z(t) = /o (a(r)x(r) + B (r) + b(r)¢(r)) dr — qo. (1.9)
Hence, z € A, and by differentiating (1.9) we obtain

2(t) = a(t)x(t) + B(1)C (1) + b(1)¢ (1), forae. t > 0. (1.10)
Therefore, by (2.2b) together with the above equality, we get
(x()+ )P0 + () =0, forace. 1 > 0. (1.11)
Moreover, recalling that (x(-) + §(~))(1) € A.and z € A., we get

(O +20) Y +20) 0 = (x) +£0) P @)+ 20), for ae. = 0. Hence,
we straightforwardly deduce

% <(x(-) +¢0) V@) + z(-)) (t) = 0, forae. t > 0. (1.12)

It follows immediately that
(xO+20) PO + 200 = (x) + ) VO + 20) forr = 0, (1.13)
which, by the initial condition (x(-) + o (1&(-))"" (0) = go, yields

(x() +¢) @) + 2(0) = 0fort = 0, (1.14)
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which readily implies that
%(t) + () + z(t) = Ofora.er > 0. (1.15)
Multiplying (1.15) by B(¢) and adding the resulting equality to (1.10) give us
(B@) —a(0)i@) + 2(t) + B()z(t) — b(1)¢ (1) =0 foraer > 0.  (1.16)
Now, since 6(-) is positive, we introduce the function y(-) defined for t > 0 by

_ b _ o0
NOF 9()z(t)+ X0 = 50, (1.17)

For simplification we also set u(t) = y(t) — x(¢). Observe from (1.17) that we equiv-
alently have

2(t) = 0(u(t) + o) (1). (1.18)
Thus, for r > 0, (1.14) in light of the above equality entails
(x()+ )P @) +00u@) + 002 ) =0, (1.19)

that is (2.4b). We now prove (2.4c). Differentiating (1.18), while noticing that
{x, &, u} C A, readily implies, for a.e. t > 0,

2(1) = 0(Ou(t) + ()i (t) + o)L (1) + w (1) (1). (1.20)

Moreover, using the definitions of «(-), 8(-) and b(-) given by (1.3), namely o (t) =
gg;g +k—0(), Bt) = ZE;} +k+ o) and b(t) = w(t) (K 4 @0 _ %) yields

w(t)
Bt) —a) —0@) =w(), (1.21a)
B1)O(1) + 0(1) = k0(t) + w()0(1), (1.21b)
sy + 20 _ 2O _ o (121¢)
o) o) '

Hence, by (1.16) and using (1.20), (1.18), # = y — x and (1.21a), successively, we
get, fora.e. r > 0,

0= (B(1) —a(0))x(t) + 2(1) + B(1)z(t) — b1)¢ (1)
= (B(1) —a())i(1) + Ou(t) +0()i(t) + oM)¢ () + w )¢ (1)
+BOO)u(t) + B()w (1) (1) — b()L (1) - (1.22)
= (B(1) —a(t) = 0())x(t) + 0)y(1) + (BOO) + 6(1))u(t)

+omEO + (25 + 8(0) - 28 ) cw),
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namely

0=w(®x(®)+00)y)+ (k0(1) + 0O ®))u(t) + (1) (L (1) + 0(1)C (1))
= @) (X(1) + () +0Ou) + @) +0(0)(3() + ku(?)).

In addition, by (1.19), while recalling that {x, £} C A., we obtain
(1) + () +0(Dut) + w(t)c(r) =0, forae. t > 0. (1.23)

Thus, combining (1.22) and (1.23), in light of 8 # 0, yields

y(t) + «(u(t)) =0forae.t >0,

that is (2.4¢).

Finally, regarding the initial conditions, we have (x (0), £(0)) = (xo, &) and (x )+
((-))(O) = qo (according to (i1)) while (2.4b) at time ¢ = 0 ensures that

(x() 4+ 2())P(0) +6(0) (y(0) — x(0)) + w(0)£(0) = 0.
Hence, we deduce that y(0) = xo — ﬁ (g0 + (0w (0)&)p).

Let us prove that (i2) = (i1). Consider a solution (x,&,y) € A. x A. x C I'to
(2.4). For simplification, we set again u(-) = y(-) —x(-) and {(-) = o (-)&(-). Clearly,
by (2.4b), we have, for t > 0,

(x() + )V @) + 00u) + w2 (t) =0. (1.24)

This, by (x,&,y) € A. x A. x Ctand by {w(-), (), o(-)} € C'([0, oc]), entails
that x(-) + ¢ () is of class C! and that (x(-) + 0(-)5(-))(1) € A.. Then, differentiating
(1.24) gives us, fora.e t > 0,

xX) + NP @)+ 0u) +0(0)i(t) + o) (1) +o)e () =0, (1.25)

while we know from (2.4c¢) that y(t) = —«u(t). Consequently, we readily obtain, for
aetr >0,

)+ P @) +0Ou@) + 00— ku) — i) + o) + ()¢ (1) = 0.
(1.26)

Furthermore, for a.e. > 0, by (1.24) we readily have
u(t) = —Wg)((x(.) + ¢ + w()¢ (1)), which, by (1.26), entails

@O+ (NP
= FB (0 +E0 + 005 0) =00 (75 (E0 + L0 + 00i 1) —50)
—w (D¢ (1) = a(NE 1) _ o
= —(c = 0() = §58)i ) — (k + o) = §B) £ — o) (x + 28 — 8) ¢ ().
Hence the expressions of «(-), 8(-) and b(-) defined in (1.3) amounts to (2.2b).
In addition, from the initial conditions in (i2), we have x(0) = x9, £(0) = &
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and y(0) = xo — W10)(q;oJra(O)a)(O)so). This implies that y(0) = x(0) —
755 (g0 + 0 (0w (0)£(0)), while (2.4b) at time £ = 0 yields

1
(xC) + K(-))( '(0) +6(0) (y(0) — x(0)) + w(0)¢(0) = 0.
Hence, regarding the last two equalities, substituting the former in the latter gives

us (x() +¢(9) " 0) = q.
A.2 Proof of Proposition 2.2

A.2.1 The Yosida Regularization

Some useful properties of the Yosida regularization are recalled through the lemma
below established in [27] (see also [8, 21, 22]).

Lemma 1.1 Let A : 'H = 'H be a maximally monotone operator such that S :=
A710) £ 0. Let y,8 > 0and x, y € H. Then for z € A~1({0}), we have

ly — 9

lyAyx —8Asyll < 2|lx — yll +2 e =zl (1.27)

16 — v

2
[Ayx — Asyll < <3 x e =zl + S llx = yll)- (1.28)

Proof The proof of (1.27) can be found in [8]. For proving (1.28), we simply observe

that A, x — Asy = % (SAyx — SA(;y) = % ((8 —V)Ayx + (YA x — SAgy) , from

which we get [|A,x — Asyll < 3 (18 = y1 x | Ayx]l + lly Ayx — 3Asyl).
Consequently, by [|A, x| < %Hx — z|| and using (1.27), we obtain (1.28) O

A.2.2 Main Proof of the Proposition

The proof follows the same lines as in [30] (see, also, [1, 2]), but it is developed through
the following steps (s1)- (s3) with full details:

(s1) We begin by reformulating the (possibly) existing strong global solutions
to (1.4)) (that are supposed to satisfy (2.3)) by means of the Minty representation

of the maximal monotone operator d f (see [32]). Set Jf{) = (I + cr(-)af)_l and

@f)oc) = %(1 - j { ')), namely the resolvent and the Yosida approximation of
d f (with index o (-)), respectively, which are well-known to be single-valued and
everywhere defined. Associated with any strong global solution (x(-), £(-), y(-)) to

(1.4), we introduce the new unknown function

v() =x() +0()E0). (1.29)

It is readily seen that v(-) belongs to A, (the set of absolutely continuous functions)
and that
v(0) = xo + 0 (0)&.
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Moreover, for t > 0, by £(t) € 9 f(x(t)) we obtain v(t) € x(t) + o (¢)d f(x(¢))
and £(t) = %(v(t) — x(1)), hence, by Minty’s representation we simply have

) 1
x(t) = J) L v() and £(1) = m(v(t) — 1)L v®) = @ Hewv@).  (130)

Differentiating (1.29), in light of (2.3b), gives us, for a.e. t > 0,

0(1) = x(1) + (@ (E) V(@) = =01 (y(1) — x(1)) — w()o (1)E(1), hence, by
(1.30), we obtain

() + 0 (y(1) — 1)1 (@) + 000 (1) o) = 0.

Hence, from (2.3), we deduce that (v(-), y(-)) are implicitly given, for a.e. ¢t € [0, 00),
by

(1) + 6(t) (y(t) - Jj({)v(t)) + oMo )0 emv@) =0,  (1.31a)

YO + k() = T2 v(@) =0, (1.31b)

together with y(0) = yg and v(0) = xo + 0 (0)&.

This shows us that any strong global solution (x(-), £(-), y(-)) to (1.4) is entirely
determined (thanks to the two formulas in (1.30)) by some (strong) solution (v(-), y(-))
to (1.31). So, for proving existence and uniqueness of a strong global solution to
(1.4), we just state (as argued below) the existence and uniqueness of a (strong)
global solution (v(-), y(-)) to (1.31), but also the existence of a strong global solution
(x(),§C), y()) to (1.4).

(s2) Existence, uniqueness and regularity of a (strong) global solution (v(-), y(-))
to (1.31). First, we show that (1.31) is relevant to the Cauchy—Lipschitz theorem.
Indeed, (1.31) can be expressed as

U(t) = F(t,U(1)), (1.32)

where U(-) = (v(), y(-)) and F(zr,.) : H*> — H? is defined for any r > 0 and
(¥, y) € H* by F(1, (v, ) = (1(t. (0, ), ¢2(t, (1, ¥))), together with

910, (0. 5) = =0) (5 = 1J)5) = 000 O@Nowd,  (1.330)

9200, 0. ) = —k (5= J7,0) (1.33b)

In view of applying the global Cauchy-Lipschitz theorem, we establish two main
properties on F (., .) through the following items (a) and (b):

(a) Given (1, y) € H2, we prove that F(., (v, ¥)) is continuous on [0, co). Indeed,
let z € (3f)~'(0) and (11, 12) € [0, 00)*>. By Lemma 1.1 with A = 3 f and o'(-) >
00 > 0 (from (1.5b)), we obtain (3 o3 = (3 o3Il = 3HELZEL|5 — 2]
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Then, the continuity of o (-) on [0, co) yields that the mappings t — (9 f)s ()Y and
t — ]3(];)17 (given by Jj(];)f) =0 —0(1)(0f)o@)v) are also continuous on [0, 0o).
So, in light of the definition of ¢1(.,.) and ¢2(., .), together with the continuity of
{6(-), w(-)}, we infer that F(., (v, y)) is continuous on [0, co) (as are ¢;(.,.) and
$2(., ).

(b) Given t > 0, we prove that F (¢, .) is ¢(¢)-Lipschitz continuous on H2, for some
continuous mapping ¢ : [0, c0) — [0, 00). Indeed, for (v;, y;) € H? (fori = 1,2),
while noticing that J(%) and %o(t)(af)g(,) are nonexpansive on H, by (1.33) we get

¢1(z, (v1, y1)) = @1(t, (v2, y2))II -
< 0@y — 2l + 001201 = I vl + 0O le @@ Hewvr — o O@ Hewral
< (00 +200) (v — v2l + Iyt = y21).

while an easy computation gives us

lp2(2, v1, y1) — d2(2, v2, Y2 <k (Jlvr — v2ll + lIy1 — ¥211) .

It follows from the previous arguments that F (¢, .) satisfies

| F(, (vi, y1)) — F(t, (v2, y2)) I < (6(0) + 20(t) + )l (vi, y1) — (v2, y2)II,
(1.34)

hence F(z.,.) is t(¢)-Lipschitz continuous on H? along with ((-) = 0(-) + 2w (-) + «
which is continuous (by the continuity of 6(-) and w(-)).

Thus, for any given (xo, yo. £) € H>, applying the global Cauchy-Lipschitz theo-
rem yields existence and uniqueness of a global classical solution (v(-), y(-)) to (1.31)
(namely, y(-) and v(-) are of class C") such that y(0) = yo and v(0) = x¢ + o (0)&.
Furthermore, the previous arguments (a) and (b) guarantee existence and uniqueness
of a strong global solution (v(-), y(-)) to the same problem (1.31), by invoking the
version of the Cauchy-Lipschitz theorem involving absolutely continuous trajectories,
see for example [25, Proposition 6.2.1.], [37, Theorem 54].

(s3) Existence of a strong global solution (x(-), £(-), y(-)) to (1.4).Let (xo, &0, yo) €
H3 be such that & € 9 f(xp). Given a global classical solution (v(-), y(:)) to (1.31)
such that y(0) = yp and v(0) = xg9 + 0(0)&y, we consider the functions x(-) and
&(-) defined by (1.30), and we show through the following items (s3-a)—(s3-b) that
(x(+), £(-), ¥(+)) is a strong global solution to (1.4):

(s3-a) Let us prove the absolute continuity of x(-) and £(-) on any bounded subset
of [0, 00). As v(-) is of class C!on [0, 00), we immediately see that v(-) is absolutely
continuous from the characterization (il) of Definition 2.1. Hence, given ¢ > 0 and
finitely many intervals Iy = (ay, by) such that [ N I; = @ (for k # j), by using
Definition 2.1-(i3) we know for some n > O that D, |bx — ax| < n implies that

Zk [lv(br) — v(ag)|| < min(e, i—;). So, invoking the non-expansiveness of J:(f ) and

%a(-)(af)(,@ while recalling that o (-) > op > 0 entails that
Y 20 vibe) — 120 vian)]l < X v (i) — via) | < e
and that
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S @ o v =@ Homvia)l <3y = sl —v@a)l = & 25 b —
v(ap| < e. ‘

Consequently, the mappings x(-) = Jj{)v(-) and £(-) = (9 f)o(yv(-) also com-
ply with characterization (i3) of Definition 2.1, which proves that x(-) and &(-) are
absolutely continuous on [0, c0).

(s3-b) Let us show that the triplet (x(-), y(-), £(-)) satisfies system (2.3). Indeed,
by x() = 3{ v(-) (from (1.30)), and o (-)€(-) = v(-) — x(-), we readily deduce
that o (1)&() € (6 (-)af) (x(-)) (because v(-) € x(-) + o(-)d f(x(-))), which by
the positivity of o (-) proves (2.3a). Moreover, in (1.31), substituting v(-), J (f )v( 4

and o (-)(0 f)ov(-), by x(-) + o (-)€(-), x(-) and o (-)&(-), respectively, gives us
immediately (2.3b) and (2.3¢). In addition, regarding the initial conditions we obtain

x(0) = 1)}, v(0) = xo (since v(0) = x0 + o' (0)&o and & € 3 f (x0)). y(0) = yo and
0(0)5(0) = v(0) — x(0) = o (0)éo.

Consequently, by items (s3-a)— (s3-b), we get the existence of a strong global
solution to (1.4) O

A.3 Proof of Lemma 3.2

(See [30, Lemma 4.1]). Given ¢ € [0, 00) and h € (0, 00), we have £(¢) € 9 fx(¢)
and £(t + h) € d fx (¢t + h) hence, by monotonicity of d f, we simply have

(3(EC+m) — @), 3 (xt +h) —x1))) = 0. (1.35)

Clearly, assuming that x(-) and &(-) are absolutely continuous on [0, c0), yields that,
for a.e. t € [0, 00), and as h — 0T, we have

1 1 .
IIE(X(t +h) —x(1))=x(t)|| — O and IIE(E(I +h) —&0) =& — 0. (1.36)

Thus, letting & tend to 07 in (1.35), implies (é (1), x(t)) = 0, that is the desired result
O

A.4 Proof of Proposition 4.3

By Remark 3.1, we know under condition (1.15) that 6 (-) is well-defined and positive

on [0, 00). Moreover, by v(-) € C? and 6(-) = % (hence 0(+) =k — %),

we can see that 6(-) € C'([0, 00)) and (omitting the variable ) we readily get

9(/( —6) — (KV — V)(V +Ke*) andé _ U(\) +K€*) - (U —|—e*)v
(v + ex)? (v +e)?
(hence?. = PO HKe) = (vt e)i L
0 (v + ex) (kv — D)
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Let us recall (from (1.3)) that o := g + k — 6. Consequently, by the previous
arguments we obtain

@i=tOK-0)—6) = ((f) + e, L2 g v)
So, as t — o0, by v(t) — oo, v(t) — [ € [0,00) and ¥(t) — O (from

(4.40)), we immediately obtain that a(1) ~ -+ We also recall (from (1.3)) that

. v(t)+ex
B = —g + k + w, hence by the definition of « we equivalently have 8 = o + 6 + w.
Moreover, as t — 00, by w = (/c — %)1? — H‘E—&F (from (1.5¢)), by v(t) — oo,

v(t) — land ¥ (t) — U0, we readily deduce that w (1) — k9. Then, ast — oo, by
the latter formulation of 8, and remembering that (as t — 00) 6(¢) — «, a(t) - 0
and that w(t) — K ¥e0, we get B(t) — k(1 + Doo). Again from (1.3) we simply have

b() = o) (k+ 25— 58) = 00) (« - 53) + o).
In addition, we obviously see from its expression that w(-) is of class C', and we
have

. — (@) '\ VOv@) =)o) 3 ()
o) = (k= 58 (1) — HOMOIOUD y (1) 4 S0 (1.38)

Itis also classically deduced from the convergence of ¢ and the Lipschitz continuity of
P that ¥ (¢) — O0(ast — o0). This, in light of condition (4.40) and lim;_, oo ¥ (¢) = P00
entails that w(f) — k¥ (as t — 00). Consequently, as t — o0, by the previous

o]

5 0, w(t) = ks and w(t) — 0, we deduce

formulation of b together with

that (1) — k29
O
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