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Abstract

We introduce and analyze a method of learning-informed parameter identification for
partial differential equations (PDEs) in an all-at-once framework. The underlying PDE
model is formulated in a rather general setting with three unknowns: physical parame-
ter, state and nonlinearity. Inspired by advances in machine learning, we approximate
the nonlinearity via a neural network, whose parameters are learned from measure-
ment data. The latter is assumed to be given as noisy observations of the unknown
state, and both the state and the physical parameters are identified simultaneously
with the parameters of the neural network. Moreover, diverging from the classical
approach, the proposed all-at-once setting avoids constructing the parameter-to-state
map by explicitly handling the state as additional variable. The practical feasibility of
the proposed method is confirmed with experiments using two different algorithmic
settings: A function-space algorithm based on analytic adjoints as well as a purely
discretized setting using standard machine learning algorithms.

Keywords Machine learning - Neural networks - Parameter identification -
Nonlinearity - PDEs - Tikhonov regularization - All-at-once formulation

B Tram Thi Ngoc Nguyen
nguyen@mps.mpg.de

Christian Aarset
c.aarset@math.uni-goettingen.de

Martin Holler
martin.holler @uni-graz.at

Institute of Mathematics and Scientific Computing, University of Graz, Graz, Austria

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00245-023-10044-y&domain=pdf
http://orcid.org/0000-0001-8163-9305
http://orcid.org/0000-0002-2895-2375
http://orcid.org/0000-0002-7245-7611

76 Page2of53 Applied Mathematics & Optimization (2023) 88:76

1 Introduction

We study the problem of determining an unknown nonlinearity f from data in a
parameter-dependent dynamical system

uw=FQ,u)+ f(o,u) in (0,7T) x Q 1

u(0) = ug on 2. M
Here, the state u is a function on a finite time interval (0, 7') and a bounded Lipschitz
domain €2, and i denotes the first order time derivative. In (1), both F', f are nonlinear
Nemytskii operators in A, «, u; these Nemytskii operators are induced by nonlin-
ear, time-dependent functions [F (A, u)](¢) := F(t, A, u(?)) and [ f(«, v)](t, x) :=
f(a, u(t, x)), where we consistently abuse notation in this manner throughout the
paper; see also Lemmas 2 and 4. We assume that F' was specified beforehand from
an underlying physical model, that the terms X, u( are physical parameters (with
A = A(x) depending only on space), and that « is a finite dimensional parameter
arising in the nonlinearity. Furthermore, the model (1) is equipped with Dirichlet or
Neumann boundary conditions.

Some examples of partial differential equations (PDEs) of the from (1) are diffusion

models it = Au + f(«, u) with a nonlinear reaction term f (c, u) as follows [30]:

o f(a,u) = —au(l — u): Fisher equation in heat and mass transfer, combustion
theory.

o fla,u) = —au(l —u)(a —u),0 < a < 1: Fitzhugh-Nagumo equation in
population genetics.

o fla,u) = —u/(l +oju + azuz), o = (ag,a2), a1 > 0, a% < 4ar: Enzyme
kinetics.

e f(a,u) = f(u) = —ulul?, p > 1: Irreversible isothermal reaction, temperature

in radiating bodies.

The underlying assumption of this work is that in some cases, the nonlinearity f is
unknown due to simplifications or inaccuracies in the modeling process or due to
undiscovered physical laws. In such situations, our goal is to learn f from data. In
order to realize this in practice, we need to use a parametric representation. For this,
we choose neural networks, which have become widely used in computer science and
applied mathematics due to their excellent representation properties, see for instance
[19] for the classical universal approximation theorem, [27] for recent results indicat-
ing superior approximation properties of neural networks with particular activations
(potentially at the cost of stability) and [3, 9] for general, recent overviews on the
topic. Learning the nonlinearity f thus reduces to identifying parameters 6 of a neural
network Ny such that My ~ f, rendering the problem of learning a nonlinearity to be
a parameter identification problem of a particular form.

For the majority of this paper, the nonlinearity f will therefore not appear directly;
instead, f will consistently be replaced by its neural network representation Ny, and
our focus will be on showing the properties of Ny, rather than those of f.

A main point in our approach, which is motivated from feasibility for applications, is
that learning the nonlinearity must be achieved only via indirect, noisy measurements
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of the state y> ~ Mu with M a linear measurement operator. More precisely, we
assume to have K different measurements

Y=mukt k=1,... K 2

of different states u* available, where the different states correspond to solutions of the
system (1) with different, unknown parameters (Ak, ok, u’(‘)), but the same, unknown
nonlinearity f which is assumed to be part of the ground truth model. The simplest
form of M is a full observation over time and space of the states, i.e. M = Id asine.g.
(theoretical) population genetics. In other contexts, M could be discrete observations
at time instances of u, i.e. Mu = (u(t;, ~));Zl, t; € (0, T), as in material science [31],
system biology [4] (see also Corollary 32), or Fourier transform as in MRI acquisition
[2], etc. In most cases, M is linear, as is assumed here.

Our approach to address this problem is to use an all-at-once formulation that
avoids constructing the parameter-to-state map (see for instance [21]). That is, we aim
to identify all unknowns by solving a minimization problem of the form

K
min IGOE, o, ug, 1, 0) — (0,0, 915
O ok b uF ) CXXR™ x Ugx V ]; 0 WxHxY
0e® -
+RIOK, o, ug, uh) + R2(6), 3)

where we refer to Sect. 2 for details on the function spaces involved. Here, G is a forward
operator that incorporates the PDE model, the initial conditions and the measurement
operator via

Gh,a,up, u,0) =@ — F(h,u) —Ny(a, u), u(0) — ug, Mu),

and R, R are suitable regularization functionals.

Once a particular parameter 6 such that /\fé accurately approximates f in (1) is
learned, one can use the learning informed model in other parameter identification
problems by solving

min )»,oc,u,u,é—0,0, 2 Ri(h, a,up, u) (4
(A,a,uo,u)eXmeonxV”g( 0 )—( sy +Ri( 0, u) (4)

for a new measured datum y =~ Mu.

Existing research towards learning PDEs and all-at-once identification Explor-
ing governing PDEs from data is an active topic in many areas of science and
engineering. With advances in computational power and mathematical tools, there
have been numerous recent studies on data-driven discovery of hidden physical laws.
One novel technique is to construct a rich dictionary of possible functions, such as
polynomials, derivatives etc., and to then use sparse regression to determine candi-
dates that most accurately represent the data [5, 33, 35]. This sparse identification
approach yields a completely explicit form of the differential equation, but requires
an abundant library of basic functions specified beforehand. In this work, we take the
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viewpoint that PDEs are constructed from principal physical laws. As it preserves the
underlying equation and learns only some unknown components of the models, e.g. f
in (1), our suggested approach is capable of refining approximate models by staying
more faithful to the underlying physics.

Besides the machine learning part, the model itself may contain unknown physical
parameters belonging to some function space. This means that if the nonlinearity
f 1is successfully learned, one can insert it into the model. One thus has a learning-
informed PDE, and can then proceed via a classical parameter identification. The latter
problem was studied in [11] for stationary PDEs, where f islearned from training pairs
(u, f(u)). This paper emphasizes analysis of the error propagating from the neural
network-based approximation of f to the parameter-to-state map and the reconstructed
parameter.

In reality, one does not have direct access to the true state u, but only partial or coarse
observations of # under some noise contamination. This factor affects the creation of
training data pairs (u, f(u)) with f(u) = it — F (u) for the process of learning f, e.g
in [11]. Indeed, with a coarse measurement of u, for instance u € Lz((O, T) x ),
one cannot evaluate u, nor terms such as Au that may appear in F (#). Moreover, with
discrete observations, e.g. a snapshot y = (u(%;, ~))gl, t; € (0, T), one is unable to
compute # for the training data.

For this reason, we propose an all-at-once approach to identify the nonlinearity f,
state u and physical parameter simultaneously. In comparison to [11], our approach
bypasses the training process for f, and accounts for discrete data measurements.
The all-at-once formulation avoids constructing the parameter-to-state map, which is
nonlinear and often involves restrictive conditions [16, 20, 21, 23, 28]. Additionally,
we here consider time-dependent PDE models.

For discovering nonlinearities in evolutionary PDEs, the work in [7] suggests an
optimal control problem for nonlinearities expressed in terms of neural networks. Note
that the unknown state still needs to be determined through a control-to-state map, i.e.
via the classical reduced approach, as opposed to the new all-at-once approach.

While [7, 11] are the recent publications that are most related to our work, we also
mention the very recent preprint [12] on an extension of [11] that appeared indepen-
dently and after the original submission of our work. Furthermore, there is a wealth of
literature on the topic of deep learning emerging in the last decade; for an authoritative
review on machine learning in the context of inverse problems, we refer to [1]. For
the regularization analysis, we follow the well known theory put forth in [13, 22, 26,
37]. It is worthwhile to note that since this work, to the knowledge of the authors, is
the first attempt at applying an all-at-once approach to learning-informed PDEs, our
focus will be on this novel concept itself, rather than on obtaining minimal regularity
assumptions on the involved functions, in particular on the activation functions. In
subsequent work, we might further improve upon this by considering, e.g., existing
techniques from a classical optimal control setting with non-smooth equations [6] or
techniques to deal with non-smoothness in the context of training neural networks [8].

Contributions Besides introducing the general setting of identifying nonlinearities
in PDEs via indirect, parameter-dependent measurements, the main contributions of
our work are as follows: Exploiting an all-at-once setting of handling both the state
and the parameters explicitly as unknowns, we provide well-posedness results for the
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resulting learning- and learning-informed parameter identification problems. This is
achieved for rather general, nonlinear PDEs and under local Lipschitz assumptions
on the activation function of the involved neural network. Further, for the learning-
informed parameter identification setting, we ensure the tangential cone condition on
the neural-network part of our model. Together with suitable PDEs, this yields local
uniqueness results as well as local convergence results of iterative solution methods
for the parameter identification problem. We also provide a concrete application of
our framework for parabolic problems, where we motivate our function-space setting
by a unique existence result on the learning-informed PDE. Finally, we consider a
case study in a Hilbert space setting, where we compute function-space derivatives of
our objective functional to implement the Landweber method as solution algorithm.
Using this algorithm, and also a parallel setting based on the ADAM algorithm [25],
we provide numerical results that confirm feasibility of our approach in practice. Code
is made available at https://github.com/hollerm/pde_learning.

Organization of the paper Section 2 introduces learning-informed parameter iden-
tification and the abstract setting. Section 3 examines existence, stability and solution
methods for the minimization problem. Section4 focuses on the learning-informed
PDE, and analyzes some problem settings. Finally, in Sect.5 we present a complete
case study, from setup to numerical results.

2 Problem Setting
2.1 Notation and Basic Assertions

Throughout this work, & C R will always be a bounded Lipschitz domain, where
additional smoothness will be required and specified as necessary. We use standard
notation for spaces of continuous, integrable and Sobolev functions with values in
Banach spaces, see for instance [10, 32], in particular [32, Sect. 7.1] for Sobolev-
Bochner spaces and associated concepts such as time-derivatives of Banach-space
valued functions.. For an exponent p € [1, co], we denote by p* the conjugate expo-
nent given as p* = p/(p—1)if p € (1, 00), p* = o0 if p = 1 and p* = 1 if p = oo.
For / € N, we denote by

Whr(Q) — L1(Q)

the continuous embedding of whp (2) to L9(2), which exists for g < d‘i—’;p, where

the notation < means if [p < d, theng < d‘i—’;p, iflp =d,theng < oo,andiflp > d,
then ¢ = oo . An example of such an embedding, which will be used frequently in
Sect.4, is H'(Q) — LO(Q) for d = 3. We further denote by Cy1,p_, 14 the operator
norm of the corresponding continuous embedding operator.

We also use <> to denote the compact embedding (see [32, Theorem 1.21])

WhP(Q) < LI7¢(Q),  fore € (0, — 1]. 5)
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The notation C indicates generic positive constants. Given any Banach spaces X, Y,
we denote by || - || x—y the operator norm || - || z(x,y), and by (-, -)x x+ the pairing
between dual spaces X, X*. We write CiocLip(X, Y) for the space of locally Lipschitz
continuous functions between X and Y. Furthermore, A - B denotes the Frobenius inner
product between generic matrices A, B, while AB stands for matrix multiplication,
and A" stands for the transpose of A. The notation B (x™) means a ball of center x ",
radius p > 0 in X. For functions mapping between Banach spaces, by the term weak
continuity we will always refer to weak-weak continuity, i.e., continuity w.r.t. weak
convergence in both the domain and the image space.

2.2 The Dynamical System

For the general setting considered in this work, we use the following set of defini-
tions and assumptions. A concrete application where these abstracts assumptions are
satisfied can be found in Sect. 4 below.

Assumption1 e The space X (parameter space) is a reflexive Banach space. The
spaces V (state space) and W (image space under the model operator), Y (obser-
vation space) and V are separable, reflexive Banach spaces. In view of initial
conditions, we further require Up (initial data space) to be a reflexive Banach
space, and H to be a separable, reflexive Banach space.

e We assume the following embeddings:

Uy—> H—> W, V— H— \7,
VY, Ve LP(Q) < W forsome p € [, 00). (6)

Further, V will always be such that either Lﬁ(Q) <> VorV e Lﬁ(Q).
e The function

F:0,T)xXxV—>W

is such that for any fixed parameter A € X, F(-,A,-) : (0,T) x V — W meets
the Carathéodory conditions, i.e., F (-, A, v) is measurable with respect to ¢ for all
v € V and F(t, A, -) is continuous with respect to v for almost every ¢ € (0, T).
Moreover, for almost all € (0, 7) and all L € X, v € V, the growth condition

IF@ 2, v)llw < BUAlx, Ivila) (@) + lviv) (N

is satisfied for some B : R? — R such that b > B(a, b) is increasing for each
aeR,andy € L*>(0, T).
e We define the overall state space and image space including time dependence as

V="L%0,T;: V)N HY0,T; V), W=L%0,T; W), )
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respectively with the norms ||u|ly := \/fOT ||u(t)||%, + ||12(t)||2‘7 dt and [Ju|lyy =

VI @3, dr.

e We define the overall observation space including time as

Y="L*0,T;Y),
with the norm ||y|lyy = 4/ fOT ||y(t)||%, dr and the corresponding measurement
operator
MeLMV,)). )

e We further assume the following embeddings for the state space:
Ve L0, T)x Q), V< CO,T;H).

The embeddings in (6) are very feasible in the context of PDEs. The state space V
usually has some certain smoothness such that its image under some spatial differential
operators belongs to W. For the motivation of V < C(0, T'; H), the abstract setting in
[32, Lemma 7.3.] (see Appendix A) is an example. Note thatdueto V — C(0, T; H),
clearly Uy = H is a feasible choice for the initial space; for the sake of generality,
only Uy < H is assumed in (6).

Under Assumption 1, the function F induces a Nemytskii operator on the overall
spaces.

Lemma 2 Let Assumption 1 hold. Then the function F : (0, T) x X x V. — W induces
a well-defined Nemytskii operator F : X x V — W given as

[F(A, u)l(t) = F(t, A, u(t)). (10)

Proof Under the Carathéodory assumption, t — F (¢, A, u(t)) is Bochner measurable
for every A € X and u € V. For such A, u, we further estimate

T T
/0 IF(t, h,u(t)||3y df < 2/0 B(IMlx, lulg)* (v @) 4+ u@)||3) dt

< 2B(13llx, lulc.r:m)* Uy 12 7, + lullyy) < oo
by b — B(||A|l, b) being increasing and by the embedding V < C(0, T; H). This
allows to conclude that ¢t — F (¢, A, u(t)) is Bochner integrable (see [10, Theorem

I1.2.2]) and that the Nemytskii operator F' : X x VV — W is well-defined. O

Note that we use the same notation for the function F : (0,7) x X x V — W and
the corresponding Nemytskii operators.
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2.3 Basics of Neural Networks

As outlined in the introduction, the unknown nonlinearity f will be represented by a
neural network. In this work, we use a rather standard, feed-forward form of neural
networks defined as follows.

Definition 3 A neural network Ny of depth L € N with architecture (”i)iL=0 is a
function Np : R"™ — R"L of the form

Ny (x) = Lg, o...0Lg (x)
where Lg, : R"-1 — R™, for z € R"-! is given as
R / 1 _ . L L
Ly (z) =0(@z+B)forl=1,....,L—1, Ly, () :=w"z+B".

Here, ' € LR™-1,R™), ! € R™, 6, = (o', B') summarizes all the parameters of
the /-th layer and o is a pointwise nonlinearity that is fixed. Given a depth L € N
and architecture (n i)iL=O’ we also use ® to denote the finite dimensional vector space
containing all possible parameters 61, . . ., 81, of neural networks with this architecture.

In this work, neural networks will be used to approximate the nonlinearity f : R+ —
R. Consequently, we always deal with neural networks Ny : R"T! — R, ie., ng =
m+landn;, = 1.

As such, rather than showing that f induces a well-defined Nemytskii operator, we
instead show that Ny does so. A sufficient condition for this to be true is the continuity
of the activation function o, as the following Lemma shows.

Lemma4 Assume that o € C(R, R). Then, with the setting of Assumption 1, Ny :
R™ x R — R as in Definition 3 induces a well-defined Nemytskii operator Ny -
R™ x V — L%(0, T; LP(RQ)) via

[No (o, i) 1(1) (x) = Ny (e, u(t, x)),

regarding u € V asu € L=((0,T) x Q) by the embedding V — L*((0,T) x Q).
Further, using the embedding LZ(O, T; LP(Q)) — W, Ny induces a well-defined
Nemytskii operator N : R™ x V — W.

Proof We first fix « € R™. By continuity of o, Ny is also continuous and, for
u € L®(0,T) x Q), sup;  [No(a, u(t, x))| < oo; thus, Np(a, u(t,-)) € LP(RQ)
for almost every ¢+ € (0,7). It then follows by standard measurability argu-
ments that the mapping ¢ fQJ\/'g(a, u(t, x))w*(x) dx is measurable for every
w* € Lﬁ*(Q). Using separability and the Pettis theorem [10, Theorem II.1.2], it
follows that t — Np(a, u(t,-)) € Lﬁ(Q) is Bochner measureable. This, together
with sup, , Mo (e, u(t, x))| < oo as before, implies that the Nemytskii operator
Ny : R™ x V — L0, T; LP(S)) is well defined. The remaining assertions fol-
low immediately from LP (Q) — W. m|

We again use the same notation for Ay : R” x R — R and the corresponding
Nemytskii operator.
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2.4 The Learning Problem

As the nonlinearity f is represented by a neural network A : R”*! — R, we rewrite
the partial-differential-equation (PDE) model (1) into the form

e X xR"xUyxVx0O—>WxH,
e(h,a,ug,u,0) = (1t — F(r, u) — Ny(a, u), u(0) — uo), (11)

and introduce the forward operator G, which incorporates the observation operator M,
as

G XxR"xUyxVx0O —=>WxHx)D,
G\, a,ug,u,0) = (e(h, o, ug, u,0), Mu). (12)

Here, Uy and H are the spaces related to the initial condition and the trace operator,
that is, one has unknown initial data ug € Uy and trace operator (-);=0 : V > u
u(0) € H. With Uy — H as assumed in (6), one has u(0) — ug € H.

The minimization problem for the learning process is then given by

K
min IGOE, ok, uk, uk, 6) — (0,0, y©)|I2
O ok uk k), CX X RM x Up x V ,; 0 W3y
0ec® -
+R1OK, ok uf, ub) + Ra(0), (13)

where R : X xR™ x Uy x V — [0,00] and R, : ® — [0, oo] are suitable
regularization functionals.

Assume now that the particular parameter 6 has been learned. As in (4), one can now
solve other parameter identification problems, given new measured datum y ~ Mu,
by solving

1G O ot ug. 1, 6) — (0.0, )y ey + Ri (. o, uo, 1)
(14)

min
(o ug,u)eX xR xUgx V

3 Learning-Informed Parameter Identification

3.1 Well-Posedness of Minimization Problems

We start our analysis by studying existence theory for the optimization problems (13)
and (14), where the unknown nonlinearity is replaced by a neural network approxima-

tion. To this aim, we first establish weak closedness of the forward operator. In what
follows, the architecture of the network N is considered fixed.
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Lemma 5 Let Assumption 1 hold. Then, ifo € Ciperip(R,R), N : R" x ¥V x © - W
is weakly continuous. Further, if either

F(t,-): X x H— W isweakly continuous for a.e. t € (0, T) (15)

or
Ves H, He W (16)

and (—F) is pseudomonotone in the sense that for almost all t € (0, T),

(), 20 = (2
tian inf (F (¢ s 1)), 0 0) = (o)) w, e = 0

Yo e W*: (F(t, A, u(t), u(t) — v)w, w*
> lim sup(F (¢, A, up(r)), up(t) — v)w.we,

k— 00

= (17)

then F is weakly closed. Moreover, if N is weakly continuous and F is weakly closed,
then G as in (12) is weakly closed.

Proof We first consider weak closedness of G. To this aim, recall that G is given as
G, o, ug, u,0) = (it — F(h, u) — Ny(a, u), u(0) — ug, Mu).

First note that M € L(V, )) by (9). Weak closedness of ((-);—o,Id) : V x Uy - H
follows from weak continuity of Id : Uy — H as Uy — H, and from weak-weak
continuity of (-);=o : V — H which follows from [[u(0)|[z < sup,c(o.7; (D) lln <
Cllully for C > 0 and V — C(0, T; H). Weak continuity of % : YV — W results
from the choice of norms in the respective spaces. Thus, weak closedness of G follows
when F is weakly closed and NV is weakly continuous.

Weak continuity of \. First, we observe that N : R xRx ©® — R, («, y, 0)
Ny (a, y) is in ClocLip(® x R™ x R, R), since the activation function o is locally
Lipschitz continuous. For a sequence (o, iy, 6,), converging weakly to («, u, 0)
in R" x V x ©, we observe that by the embedding V < L*°((0,T) x Q),
sup, y [l (@n, un(t, x), 0,)|| < M for some M > 0.

Now the embeddings V <> L? '(2) <= W imply in particular that V <>
L2(0 T, L”(Q)) (in case V — L”(Q) this follows from V < L2(0,T;V) N
HY0,T; LP(Q)) < L20,T; LP(Q)) together with [32, Lemma 7.7] (see
Appendix A), in the other case that LP (Q) — \7, this follows directly from [32,
Lemma 7.7]). Based on this, we deduce u, — u in L2(0, T} Lﬁ(ﬂ)). Then

||N(Oln, Uy, 9,1)—/\/(()!, u,0)|lw = sup <N(05n7una 6,,)—N(ot,u,9), w*>W,W*
w*eWw*,
lw* [y <1

! This somewhat abusive notation in particular implies that for this specific case distinction to hold, F
in (1) must have been well defined for u € H, with Assumption 1 holding for the restriction of F(z,-) :
XxH—-WtoX xV.
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T
= sup / / N (@, un(t,x),0,) — N(a, u(t, x),0)) w*(t, x) dx dr
w*ew*, JO Q
lw* [y« <1

T
<L) sup //(|an—a|+|un<t,x)—u<r,x>|+|en—9|)|w*<r,x>|dxdz
w*eWw*, 0 Q
[lw* Iy« <1

<cLm) swp  (lon = ull 2 pooy +low —al + 10 —01) Iw’l 5
w*eW*, L20.T;LP~1(Q))
lw*llyy= <1

< CL(M) (||un — ull 20,7 Loy + 1ot — @] + 165 — 9|) "=F0 (18)

I

as W* < LFT(Q), u, "= uin L20, T: LP(Q)), and N (@, u,(t.).6,)) €
LP(Q), as argued in the proof of Lemma 4. Above L(M) denotes the Lipschitz
constant of (a, y,0) — Np(a, y) in the ball with radius M and p/(p — 1) = oo
in case p = 1. This shows that here, we even obtain weak-strong continuity of Ny,
which is stronger than weak-weak continuity, as required.

Weak closedness of F. To show weak closedness of the Nemytskii operator F :
X xV — W, we consider two cases. We first consider the case that F (z, -) is weakly

continuous. To this aim, take (A,, u,), to be a sequence weakly converging to (X, u)
. C(0,T;H)
in X xV.AsV < C(,T; H), we have u, — u asn — o0. Now, we show

H
u,(t)—u() for all t+ € (0.T) via the fact that the point-wise evaluation function
(-)(#) : V — Hforanyt € [0, T]is linear and bounded, thus weak-weak continuous.
Indeed, its linearity is clear and boundedness follows from

(@@, ") g, u» < tNII[l()a);]((lZ)(f), ") u. e < llillcor:mlh* e < ClalvIh*| g
€lU,

H HxX
From this, we obtain u, (t)—u(t), thus having (u,(t), A,) X (u(t),r)) forall t €
(0, T). Using the growth condition (7), we now estimate

T
(F (s un) = F Oy ), w*hyy e = /0 (F s un) (@) = F o, u)(0), w* () w,w+ dt

T
=: / €, (1) dt
0

T
/o UF Qs un) O llw + 1F O i) (O llw)llw™ (@) [|w+ dr

IA

=< (B(”)\n”X, sup lun O )WY 20,7y + llunl)

+B(Ax, sup luI) Uy 20,7y + ||MI|v)> llw* =

< CUIMIxs Nl llw* =, (19)
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where C(||M|lx, [lu]ly) > O can be obtained independently from n due to V —
C(0, T; H), B being increasing, and boundedness of ((u,, A,)), in V x X. Since F
is assumed to be weakly continuous on H x X, when n — oo we have €,(t) — 0
pointwise in ¢. Hence, applying Lebesgue’s Dominated Convergence Theorem yields
convergence of the time integral to 0, thus weak convergence of F'(A,, u,) to F (X, u)
in W as claimed. Accordingly, if the condition (15) holds, we obtain weak-weak
continuity of F.

Now we consider the second case, i.e. (16)-(17), for weak closedness of F'. Assume
that V < H asin (16), H < W™ and that — F is pseudomonotone as in (17). Given

(un,kn)vi\x(u, A), F(h,, un)lv\g and V <» H <> W* H < V, it follows that
VY < L%(0,T; H) [32, Lemma 7.7] (see Appendix A) and that u,, — u strongly
in L2(0, T; H). By the embedding H — W*, it holds also u, — u in W*. With
En(t) == [(F (1, An, un (1)), un(t) — u(t))w, w+|, we obtain

T
/ £ (D] At < | F Guns )l lun — e < Clluy — ulp= "= 0. (20)
0

By moving to a subsequence indexed by (ny)x, we thus have &, (1) — Oask — oo
for almost every t € (0, T). As likm inf §,, () — 0, pseudomonotonicity (as in (17))
—> 00

implies that for any v € W*,

<F(tv M(t)v )‘)? M(l) - U([))W’W* = lim Sup<F(tv Upy (t)9 )Vnk)s Ltnk(l) - U(t)>W,W*~

k— 00

Further, from the Fatou-Lebesgue theorem, we get

T
(F(A,u),u — o)y = /0 (F(t, A, u(t)),u(t) —v(@))w, w-dt

T
> /O i Sup (F (¢, g ttny (1)), tny (1) — 0(D)) wype dt

k— 00

k—o00

T
> lim inf / CF (1, gt (60, (1) — 0D} e dt
0

T
> lim inf/ (F (Mg s ny (1)), thny, (8) — u(@))w,w= dt
0

k— 00

T
+1iminf/ (F (Mg (), u(@) —v(@))w,wr dt
0

k—o00
T
= lim (F Mg iy (), ty (8) — u(t)) w, w dt

k—o00 Jo

T
+kli)ngo/0 (F A, un (), u(t) — v(@))w,we dr

=0+ (g, u —v)w ws,
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where the last estimate follows from (20) and from weak convergence of of F(X,, u,)
to g in WW. As this estimate is valid for any v € W*, we conclude that F is weakly
closed on X x V, that is,

F(h,u)=g. g

Existence of a solution to (13) and (14) now follows from a standard application of
the direct method [ 13, 37], using weak-closedness of G and weak lower semi-continuity
of the involved quantities.

Proposition 6 (Existence) Let the assumptions of Lemma 5 hold, and assume that
R1, Ro are nonnegative, weakly lower semi-continuous and such that the sublevel
sets of (A, &, ug, u, 0) — Ri(A, a, ug, u) + Ro2(0) are weakly precompact. Then the
minimization problems (13) and (14) admit a solution.

Remark 7 (Stability) We note that under the assumptions of Proposition 6, also stability
for the minimization problems (13) and (14) follows with standard arguments, see for
instance [17, Theorem 3.2]. Here, stability means that for convergent sequence of data
(yn)n converging to some y, any corresponding sequence of solutions admits a weakly
convergent subsequence, and any limit of such weakly convergent subsequence is a
solution of the original problem with data y.

Next we deal with minimization problem (13) in the limit case where the given data
converges to a noise-free ground truth, and the PDE should be fulfilled exactly. Our
result in this context is a direct extension of classical results as provided for instance in
[17], but since also variants of this result will be of interest, we provide a short proof.

Proposition 8 (Limit case) With the assumption of Proposition 6 and parameters
B¢, BM > 0, consider the parametrized learning problem

k Kok o2 My gk _ k2
Gk by X B U vzﬂ e, o, g, u, )y, + B I1Mu =115,
o u uf) CX XR™ x Up x
0e®

+R1AK, &k ub, uf) + R2(0), 21)

and assume that, for (y)*), € VX, there exists Ak, &k, 12’6, ﬁk)k e XxR"xUyxV
and® € O suchthate(A*, &%, i, 0%, 6) = 0, Mid* = (yHE, R1(GK, &k, ik, i*) < oo
for all k and ’Rz(é) < 0Q.

Then, for any sequence (yn), = (y,l, B Ky, in YK with Zk 1 ||y —(yhHk ||§} =
8,% — 0 and parameters By, ,3,11” such that
M52

ﬁ—>oo/3 — ooand B, 6, — 0

asn — 0o, any sequence of solutions (()\ﬁ, (x,’i, (ul(‘)),,, uﬁ)k, 0,)n of (21) with param-

eters Bf, ,8,11” and data y,, admits a weakly convergent subsequence, and any limit of
such a subsequence is a solution to
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K
min ZRW»", o, uf, u*) + R (0)
()»k,otk,ug,uk)kCXxR’"on V-
[4=C)
e(kk, ak, u’é, uk, 0)=0

Muk = (3t (22)

s.t. for all k - {

If, further, the solution to (22) is unique, then the entire sequence (()L],‘,, a,];, (ul(‘)),,, M];l)k,
0,)n weakly converges to the solution of (22).

Proof With (ik, ak, ﬁg ﬁk)k and 6 arbitrary such that e(ik, ak, ﬁ(]j ﬁk, é) = 0 and
Mi* = (yH*, and (K, ok, @h)n, u¥)i, 6,), any sequence of solutions to (21) with
parameters S, ,8,1,” , by optimality it holds that

K
> BilleOu ok, ug)n, uh, 0) 1y + B IMul — YilI3, + Ri (M, e, (G)n, )
k=1

K
+R2(0n) < Y RIGK, & ag, a*) + Y57 + Ra (D) (23)
k=1

By weak precompactness of the sublevel sets of R and R, and convergence of 852
to zero it thus follows that ((k’,‘,, oef,, (u'é) s uﬁ)k, 0,), admits a weakly convergent
subsequence in (X x R™ x Uy x V)X x ©.

Now let ((Ak, ok, ulé, uk )k, 0) be the limit of such a weakly convergent subsequence,

which we again denote by ((kﬁ, oz,]g, (u](‘))n, u’,‘l)k, 6,)n. Closedness of G together with
lower semi-continuity of the norm || - |[yyx gy and the estimate (23) (possibly moving

to another non-relabeled subsequence) then yields that both

K

k k k k 2
> lleGX of ug, 1t )3y,
k=1

K
<liminf ) " lleChy. . () ey ) 3y s
k=1
K
<liminf y "Ry GX, &%, ag. @'/ B; + B 57/87) + Ra )/ = 0
k=1

and
IMu* = (DI < liminf | Mo, — vy 15,
<liminf Ry (AK, &, af, %) /BM + Ra(0) /M + 82 = 0. (24)
n
This shows that e(kk, ok, u’é, uk, ) = 0 and Muk = (yT)k for all k. Again using the

estimate (23), now together with weak lower semi-continuity of R, R;, we further
obtain that
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RiGE, ok u) + Ra(0) < Timinf Ry (hy. o, (). 4,) + R (6n)
< liminf Ry (AF, &, i, i*) + Ra(0) + M 82
n

= RiGF, &, af, i*) + Ra(6).

Since (ik, ak, ﬁg ﬁk)k and O were arbitrary solutions of e():k, &k, ﬁé, ﬁk, é) =0and
Mi* = (yPk, it follows that (WK, a*, uk, u¥)y, 6) solves (22) as claimed.

At last, in case the solution to (22) is unique, weak convergence of the entire
sequence follows by a standard argument, using that any subsequence contains another
subsequence that weakly converges to the same limit. O

Remark 9 (Different limit cases) The above result considers the limit case of both ful-
filling the PDE exactly and matching noise-free ground truth measurements. Variants
can be easily obtained as follows: In case only the PDE should be fulfilled exactly, one
can consider M fixed and only B¢ converging to infinity (at an arbitrary rate), such
that the resulting limit solution will be a solution of the reduced setting. Likewise, one
can consider the case that 8¢ is fixed and B converges to infinity appropriately in
dependence of the noise level §, in which case the limit solutions solves the all-at-once
setting with the hard constraint Mu* = (y")*, see [18] for some general results in
that direction. The corresponding assumption of existence of (O, &k, ﬁ](‘), ), 0)
such that e (3K, &k, ﬁ’é, k. 0) = 0 and Mi* = (y")¥ can be weakened in both cases
accordingly.

Further, note that the convergence result as well as its variants can be deduced also
for the learning-informed parameter identification problem (14) exactly the same way.

Remark 10 (Uniqueness of minimum-norm solution.) A sufficient condition for
uniqueness of a minimum-norm solution, and thus for convergence of the entire
sequence of minimizers as stated in Proposition 8, is the tangential cone condition
and existence of a solution (AK, 12’5, i*) to the PDE such that Muf = (y)¥, see
[22, Proposition 2.1]. In Sect. 3.3 below, we discuss this condition in more detail and
provide a result which, together with Remark 19, ensures this condition to hold for
some particular choices of F and Njy. Regarding solvability of the PDE, we refer to
Proposition 24 below, where a particular application is considered.

3.2 Differentiability of the Forward Operator

Solution methods for nonlinear optimization problems, like gradient descent or
Newton-type methods, require uniform boundedness of the derivative of G. Differ-
entiability of G is a question of differentiability of F and N, which is discussed in
the following. Note that there, and henceforth, we denote by H'(a) : A — B the
Gateaux derivative of a function H : A — B and define Gateaux differentiability in
the sense of [37, Sect. 2.6], i.e., require H'(a) to be a bounded linear operator. The
basis for differentiability of the forward operator is the following lemma, which is a
direct extension of [37, Lemma 4.12].
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Lemma 11 Let A, B, S be Banach spaces such that A < S. For ¥ C RN open and
bounded, and r € [1, 00), let A, B be Banach spaces such that A — L' (X, A) and
A — L>®(X,S), and L" (2, B) < B. Further, let H : ¥ X A — B be a function
such that H(z, ) is Gateaux differentiable for every 7 € ¥ with derivative H'(z, ),
and such that H is locally Lipschitz continuous in the sense that, for any M > 0 there
exists L(M) > 0 such that for every a, & € A with max{||alls, [[Ells} <M

IH(z,a) — H(z,§)llp = L(M)(la — &lla + (max{llalla, 4} + Dlla — &lls).
(25)

Then, if the Nemytskii operators H : A — B given as H(a)(z) = H(z,a(z)) and
H : A — L(A, B) given as H' (a)(§)(z) = H'(z,a(2))((z)) are well defined,
then H : A — B is also Géteaux differentiable with H'(a) € L(A, B) given as
H'(a)(¢)(z) = H'(z,a(2))((z)). Further, H' is locally bounded in the sense that,
for any bounded set A C A, sup,_; |H' (a)| < oo.

Proof Fix M > 0 and z € X. Local Lipschitz continuity implies for any a, § € A
with [lalls +1 < M,

H(z,a+ 68— H(z,a)
1)

= LM)(IENa + (lalla +2)151s)-

IH' (z, @)§lp = Jim, H .
(26)

Next, define & : [0,1] — B as h(s) = H(z,a + €s&),fora € Aand e € (0, 1)
such that |lalls +2 < M, €||€]ls < 1. We note that 4 is differentiable and Lipschitz
continuous (hence absolutely continuous), such that by the fundamental theorem of
calculus for Bochner spaces, see [15, Theorem 2.2.17], k(1) — h(0) = fol h'(s) ds.
This yields

1 r
(EIIH(Z,Q +ef) - H(z,a) — GH/(z,a)§||B>

1
/ €H'(z,a + se&)é — eH'(z, a)€ ds
0

er B

r

1
< ([ 1rGasseozl, + |Gkl o)

1 r
([ sup 2| H'(z,a +35€6)E |, ds)
0 §elo0,1]

sup 2| H'(z,a + 5e£)EN < 2T LMY (€N + (lall + 1514 + 2 IE).
Fel0,1]

IA

IA

Now by A — L*®(X%,S), for a,& € A, we can apply the above with M :=
sup,cx lla(z)lls + 2 and e sufficiently small such that € sup,. [5(z)[ls < 1 and
obtain
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1
€

rH(€) :=/E< IIH(z,a(z)JreS(z))—H(z,a(z))—GH/(z,a(z))E(z)IIB> dz
< /222’_1L(M)’(IIS(Z)IIQ + (la@lla + 1E@Na +2)"1E@)I)dz

<2¥-1LMy (||§||j4 + sup ||s<z>||g/2(||a<z)||A +1E@]a +2>’> <00
z€

Using the Lebesgue’s Dominated Convergence Theorem, we deduce lim¢_,g 7y (€) =
0, which, by L" (X, B) — B, shows Gateaux differentiability.

Local boundedness as claimed follows direct from choosing M := sup _ ;
sup;¢ (0,1 lla(®)|ls + 1, and integrating the rth power of (26) over time. O

Proposition 12 (Differentiability) Letr Assumption 1 hold and let o € C'(R,R).
Assume that for every t € (0,T), the mapping F(t,-,-) : X xV — W is
Jjointly Gdateaux differentiable with respect to the second and third arguments, with
(t, A, u,&,v) = F'(t, A, u) (&, v) satisfying the Carathéodory conditions.

In addition, assume that F satisfies the following local Lipschitz continuity condi-
tion: For all M > 0 there exists L(M) > 0, such that for all v; € V and \; € X,
i = 1,2, withmax{||vi||g, | illx} < M and for almost every t € (0, T),

| F(t, A, v1) — F(t, A2, v2)llw < LIM)(Jlvg — vally
+(max{[lvillv, lv2llv} + D(lvi — v2llg + A1 = A2l x)). 27

Then G : X x R™ x Uy x V x ®@ - W x H x Y is Gdteaux differentiable with

G'(h,a,uo,u,0)
—F (A u) =N (a,u,0) 0 % —F (o hu) — N (o, u, 0) =N (o, u,0)
= O O _Id (')t:o O
0 0 0 M 0

Furthermore, G'(-) is locally bounded in the sense specified in Lemma 11.

Proof First note that it suffices to show corresponding differentiability and local
boundedness assertions for the different components of G given as u — u, F, N,
(u, ug) — u(0) — ugp and M. For all except F and N, the corresponding assertions
are immediate, hence we focus on the latter two.

Regarding F, this is an immediate consequence of Lemma 11 with A = X x V,
B=W,S=XxH,2=(0,T),r =2, A= XxVwith | (A, v)|4 = IMx+viy,
B=Wand H(t, (A, v)) = F(t, A, v).

For N, this is again an immediate consequence of Lemma 11 with A = § =
R"xRx®,B=R,Z=(0,T) xQ,r =max{2, p}, A = R" x V x © with
(e, v, )4 = || + [lvlly + 161, B =W and H((t, x), (&, v, 0)) = Np(a, v(t, x)).

O

Remark 13 For stronger image spaces W 2 L9(2),Vq € [1, 00), differentiability
of F remains valid if (27) holds, while differentiability of A/ requires a smoother
activation function, e.g., the one suggested in Remark 29 below.
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3.3 Lipschitz Continuity and the Tangential Cone Condition

In this section, we focus on showing a rather strong Lipschitz-type result for the neural
network. This property allows us to apply (finite-dimensional) gradient-based algo-
rithms to learn the neural networks, where the Lipschitz constant and its derivatives are
used to determine the step size. Moreover, by this Lipschitz continuity, the tangential
cone condition on (14) can be verified. This condition, together with solvability of the
learning-informed PDE, answers the important question of uniqueness of a minimizer
to the limit case of (14), as mention in Remark 10.

For ease of notation, we assume in this lemma that the outer layer of the neural
network has activation o, as in the lower layers. Adapting the proof for o = Id in the
last layer is straightforward.

Lemma 14 (Lipschitz properties of neural networks) Consider an L-layer neural net-
work N : R™1 % © 3 (z,0) = No((Z1s .., 2m)s 2ms1) € R, L € N (z taking
the role of (a, u(t, x)) in Lemma 4). Denote by N ii the i lowest layers of the neural
network, depending only on z and on the i lowest-index pairs of parameters 0', while
N(;)O(z) =z e R

Fixany subset B C R" 1 x©. Foreach1 < i < L, define B; := {a)i/\fé;ll () +B" |
(z,0) € B)}, that is, the image of the i-th layer before applying the activation function.
Assume that the activation function o € C 1 (R, R) associated to N forall1 <i < L
satisfies the Lipschitz inequalities

lo(x) —o @I < Colx =, |o'(x) =o' @) < C; Ix - |

forallx, X € B; and some positive constants Co, C, and that s; := SUPy e, }a’(x)| <
00.

Fix now a layerl, 1 <1 < L, as well as (Z, 0), (z,0), (z, é) € B, where 0 differs
from 0 only in that its [-th weight is replaced by some &' and 0 differs from 6 only in
that its I-th bias is replaced by some B'; explicitly,

(0j)x otherwise, (0)x otherwise.

~1 . 51 .
= o, (. k=11, A . U =@,
@ = { / O = {’3 /
Then N satisfies the Lipschitz estimates

L
N (z,0) = NG, 0)] < (C)" (]"[ \ka -z,
k=1
(28)

3

ING.0) = N B)] < (Cp)P 1! ( ﬁ \w"\) Vi@l [of - af
k=1+1

’

‘N(z, 0) — N(z, é)\ < (Co)E ! )ﬂ’ - p
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while its derivatives with regards to z, o' and B!, respectively, satisfy the Lipschitz
estimates

NGz 0) = NI, 0)] = CF o' 12— 21, (29)

N (2, 0) = Ny (2. 0)] = € \N’, l(z)\ o - | (30)

N} (2. 0) = Ny (2. 0)| = cff (3D

where one defines Czﬂ = CZ’]H = CEIH := 0 and, by backward recursion for

1<i<L,

L
Ci = CL(Co)'™! ( [] s ) (
k=i+1

Si |w

) i

i—H‘

L
[
L
C;"l — C(/T(C(T)i—l< 1—[ ) ( 1—[ ) ‘) ‘Nl Iz, 00~ 1)‘ +Cl+1 ot
k= k=l
1 . L L .
cf = C[,(CG)”< I1 s )( I1 ) ‘) clsi ’w’“‘.
k=i+
- (32)
Proof See Appendix B. O

Remark 15 1f o’ is locally Lipschitz continuous on R, the existence of C,, C, and the
s; is clear whenever B is a bounded set. Thus, it is a direct consequence of Lemma 14
(or follows simply by the properties of the functions A is composed of) that the map-
ping (z, 0) — N (z, 0) restricted to any bounded set is bounded, Lipschitz continuous
and has Lipschitz continuous derivative. This is relevant for gradient-based optimiza-
tion algorithms to solve the learning problem (13), where Lipschitz continuity of the
derivative of the objective function is a key ingredient for (local) convergence, see
for instance [36] for a result in Hilbert spaces. In particular, Lipschitz continuity of
0 — N(z, 0) for z fixed is useful for the learning problem (13), where the exact (A, u)
is known. In this case, one simply learns the finite-dimensional hyperparameter 6, thus
standard convergence results on gradient-based methods in finite dimensional vector
spaces apply, see, e.g., [34, Sect. 5.3].

Based on these Lipschitz estimates, we can study the tangential cone condition for
the problem (14), given a learned Njy. For this, we assume that Ny (o, u) = Ny (u).

Condition 16 (Tangential cone condition [22, Expression (2.4)]) We say that the
tangential cone condition for a mapping G : D(G)(C X) — Y holds in a ball
Bff (xT), if there exists c;c < 1 such that

IG(x) = G(E) = G'@W)(x = Dlx < crellGE) = GED Iy  Vx, % € By(xh).
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Here, G'(x)h denotes the directional derivative [24].

Analyzed in the all-at-once setting (14), the tangential cone condition reads as

| F Oy u) — F(h, it) — F} (o u)h — X)) — FL(h u) (u — i)
+ N (u) — Np () — Nj(u)(u — i) |y
< cic(lli = ii = FGu )+ F L i) = Noo) + N @)y

¥ 2 2 \2
Flu(0) —u'(0) —uo + uolly, + |IM(M—M)||y> (33)

for all (A, ug, u), (A, ig, i) € B;(XUOXV(XT, ug, u™), where F' and N are the
Gateaux derivatives.

The tangential cone condition strongly depends on the PDE model F and the archi-
tectures of A/. By triangle inequality, a sufficient condition for (33) to hold is that
the tangential cone condition holds for F and for N separately. The tangential cone
condition in combination with solvability of equation G (x) = 0 ensures uniqueness of
a minimum-norm solution [22, Proposition 2.1] (see Appendix A). Solvability of the
operator equation G (x) = 0, according to the all-at-once formulation, is the question
of solvability of the learning-informed PDE and exact measurements, i.e. § = 0. For
solvability of the learning-informed PDE, we refer to Proposition 24 in Sect.4. In
the following, we focus on the tangential cone condition for the neural networks by
studying Condition 16 for G := Nj.

Lemma 17 (Tangential cone condition for neural networks) The tangential cone con-
dition in Condition 16 for G = Ny:V — W with fixed parameter 6 holds in any
ball BY ') if M = Id, Y < LP(Q) with p > 0 as in (6), 0 € C'(R,R) and p,
depending on the Lipschitz constant in Lemma 14 is sufficiently small.

Proof Since V < L*°((0,T) x Q) foru, u € B}f(uT), we have for almost all (¢, x) €
(0, T) x Qthat u(t, x), u(t, x) € Bfor some 5 bounded. Thus, we can use Lemma 14
with such a B, and in particular the estimate (62) for z = u(t, x), to obtain

NG () — N (@) — Ny () (u — @) [l

1
/0 NG+ el — @) dp(u — ) — Nj ) — @)

w
1
<Cpri_w H fo (N3 @ + e — @) — Ny ) dp(u — i)

L2(0,T;LP ()

< CriwCilol]

1
/0 (1= W dulu — i

L2(0,T; L7 ()
<(/DCy_ i@y CrimwCilotllu — illLeo, 1)) llu —illy

< P Cyosro0. 1% Cy 1@ Cri@y-wCiloilllu — dlly =: ciellu — illy
= crellM(u—u)|ly
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where C7|w| is the Lipschitz constant of AV, derived in Lemma 14, and ¢;. < 1 if

p<1/ (CV—>L°°((O,T)><Q)CY_>L13(Q)CLﬁ(Q)ﬁWCf|a)l|)~

We note that having full observation, i.e. M = 1Id, is crucial for establishing the
tangential cone condition, as it allows us to link the estimate from ||u — ily to
M (u — )|y, yielding the last quantity on the right hand side of (33). The necessity
of full observation has also been mentioned in [24]. O

Now using [22, Proposition 2.1] together with Lemma 17, a uniqueness result
follows.

Proposition 18 (Uniqueness of minimizer for the limit case of (14)) With v > 1,
consider the regularizer Ry = || - I, pm UoxV? and assume that the conditions in
Lemma 17 are satisfied. Moreover, suppose that the tangential cone condition for F
holds in B,),(XUOXV()»T, ug, u") and the equation G(\, ug, u, é) = 0with G in (12) and

0 fixed is solvable in BZ(XUU XV()\T, ug, u"). Then the limit case of the parameter iden-

tification problem (14) admits a unique minimizer in the ball B;(XUOXV()»T, ug, ub).

Remark 19 We refer to Section (4) below for solvability of the learning-informed PDE
in an application. We refer to [24] for concrete choices of F' and of function space
settings such that the tangential cone condition can be verified.

Note that, while the tangential cone condition for limit case of the of the parameter
identification problem (14) can be confirmed as above, the same question for the
learning problem (13) remains open.

4 Application

In this section, as special case of the dynamical system (1), we examine a class of
general parabolic problems given as

u—V-@Vu)+cu— f(a,u)=¢ in 2 x (0,7),
ulpe =0 in (0, 7),
u(0) = uop in €, (34)

where Q C RY is a bounded CZ%-class domain, with d € {1, 2, 3} being relevant
in practice. The nonlinearity f, which can be replaced by a neural network later, is
assumed to be given as the Nemytskii operator f : R” x V — W [32, Sect. 1.3] of
a pointwise function f : R™ x R — R, making use of the notation [ f («, u)](t, x) =
f (o, u(t, x)). We initially work with the following parameter spaces

peX,i=HNQ), ceX.:=L*Q), acX,:=W'YQ) upeUy:=H*Q), (35)
where Pa > d, and, for existence of a solution, we will require the constraints

O<ac<a(x)<a forae.x € Q. (36)
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Thus, the overall parameter space X is given as X = (X, X¢, Xq).

4.1 Unique Existence Results for (34)

Our next goal is to study unique existence of (34). The main purpose of this is to
inspire a relevant choice of function space setting for the all-at-once setting of (13)
and (14), even though unique existence is not required there. Also, a unique existence
result is of interest for studying the reduced setting, where well-definedness of the
parameter-to-state map is needed.

We will proceed in two steps: In the first step, we prove that (34) admits a unique
solution

u e Whoeeo0, 75 L2(Q), L*(2)) N W20, T; Hy (Q), Hy ()

with Wl’p*q(O, T;Vy, Vo) :={u € LP(0,T; V) :u € L0, T; V>)}. Then, in the
second step, we lift the regularity of u to the somewhat stronger space

ueL®(0,T) x Q)

to achieve boundedness in time and space of the solution, which will later serve
our purpose of working with a neural network acting pointwise. It is worth noting
that the study for unique existence is carried out first of all for classes of general
nonlinearity f satisfying some specific assumptions, such as pseudomonotonicity and
growth condition, see Lemmas 21 and 23 below. The nonlinearity f as aneural network
will then be considered in Proposition 24, Remark 25.

Before investigating (34), we summarize the unique existence theory as provided
in [32, Theorems 8.18, 8.31] for the autonomous case.

Theorem 20 Let V be a Banach space, H be a Hilbert spaces and assume that for
F: V—>V uoeHandgoeV wzththeGelfandtrlpleVCH Ji8 CV the
following holds:

S1. F is pseudomonotone.
S2. F is semi-coercive, i.e,

Vo e Vi (F().v) ey = cololy — calvly — eallvlly

for some co > 0 and some seminorm |.|‘; > 0 satisfying Yv € v ||v||‘; <
cri(vly + vl g)-
S3. F, ug and ¢ satisfy the regularity condition F(ug) — ¢ € H, ug € V and

(F) = F),u=v)ge 5 > Colu — vl = Callu — vll

Y
forallu,v € V with some Coy > 0.
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Then the abstract Cauchy problem

i)+ Fu@®) =¢  u(0) =uo
has a unique solution u € WH°°°(0, T A, I-AI) nwlhe2, T; v, ‘7).
By verifying the conditions in Theorem 20, we now obtain unique existence as follows.
Lemma21 (Unique existence) Let the nonlinearity f(a,-) : Hj(Q) — H}()*
be given as the Nemytskii mapping of a measurable function f(«, ) : R — R that

satisfies
(—f(a,)): HO1 (Q) — Hd (R)* monotone and continuous,

5 (37)
fa,0) =0, |[f(a,v)] <Cyx(l+|v]°), forsomeCy > 0.

Then, equation (34) with parameter ¢, ¢, a and uq such that (35), (36) hold, admits a
unique solution

u e Whooe, T; L2(Q), L2(Q2)) N W20, T; Hy (), Hy ()

Proof We verify the conditions in Theorem 20 for H = L3(), V= Hol(Q) with
lully = IVull 4 and F(u) := —F ) — f (e, u), where F : V — V" is given as

F(u) =V -(aVu) — cu.

First, note that due to measurability and the growth constraint, the Nemytskii map-
ping f(a, ) : V - ‘7*, where we set f (o, u)(w) = fQ fla,u(x))w(x) dx for
w e 17, is indeed well-defined since,

I f (@ v)llg+ = sup / flav@)w@) dr < sup Co(IQ17° + 1V o5 @) W]l 260

<1 llwlly <1

< CCxi s (L4 1Vl 05(0)) < C(Cppisy10)°(1 + 0I351 )

Since 0 < @ < a almost everywhere on Q2 and ¢ € Lz(Q), the estimate

3 3/2 1/2
(e, 1) g 5 = llel 2o 1 2u 2 2y < (Copis o)™l ey Nl el

4
(@ ) Conr)Pelizgy o
g \& iy 4 a3/ Uiy

(CH1%L6)6
4a3

IA

3a
=l + el 3o g el (38)
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yields

(=V - (aVu) + cu, u)‘;* v

3a (Coi_16)°
2 _ (24, 2 H'>L 4 2\ _ 2 _ 2
> allul} (4 lully + 2 el g Nl ) = collully, = eallul’,
with ¢cg (= a/4, ¢ = (CHI_)L6)6||C||22(Q)/423. Together with monotonicity of

—f(a,-) and f(a,0) = 0, one has (f(a,u), u)y+yv = (f(o,u) — f(o,0),u —
0)‘7* V= 0. This implies that semicoercivity as in S2. with cg, ¢ as above and
c1 = 0. Also, the second estimate in the regularity condition S3. now follows directly
with

co=Cp, Cr=cy,

where again, we employ monotonicity of f(c, -).

In order to verify pseudomonotonicity S1., we first notice that F:V - Vs
bounded, i.e., it maps bounded sets to bounded sets, and continuous where the latter
follows from continuity of F, which is immediate, and continuity of f, which holds
by assumption. Using this, one can apply [14, Lemma 6.7] to conclude pseudomono-
tonicity if the following statement is true

1% o A
[ up—u and limsup (F(u,) — F(u), u, — u) <0] = uy l u.
n—>0oo

] o A 1% H
The latter follows since, by V < H, one gets for u, —u that u,, — u and

0> limsup (F(un) — F), up — u)ox o

V.,V
n—00

> co lim sup ||u, — u||%7 — ¢y lim Jlu, — u||2ﬂ
n—00 n—00

= colim sup [luy — ul, (39)
n—0oo

which implies u;, — u as n — oo. With this, Theorem 20 implies unique existence
of a solution

ue WI,OO,OO(O’ T, ﬁ, I:I) N W1,0072(0’ T’ ‘7, ‘7)

O

Note that, by embedding, u € W20, T; H, H)nW'°2(0, T; V, V) implies
thatu € L*°(0, T; \7) NH! 0, T; \7)). In a second step, we now aim to find suitable
assumptions on the parameter spaces Xy, X¢, X, and Uy such that regularity of the
solution u of (34) as obtained in the previous proposition is lifted tou € L*°((0, T) x
Q).
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Remark 22 There are at least two ways to achieve this: One is to enhance space reg-
ularity of u from H'(Q) to W5P(Q) with kp > d such that W5P(Q) — C(Q)
and we can ensure u € L®((0, T), C(Q)) — L*((0, T) x ). The other possible
approach is to ensure a W24 (2)-space regularity with ¢ sufficiently large such that
ue L2((0,T), W24(Q)) N HY(0, T; W>1(Q)) — C(0, T; L>®(RQ)).

While the first approach might yield weaker condition on kp, it imposes a non-
reflexive state space. The latter choice on the other hand fits better into our setting of
reflexive spaces, thus we proceed with the latter choice.

Now our goal is to determine an exponent g such that, if u € LZ(O, T; W24 ()N
HY (0, T; H'()), it follows that u € C(0, T; W'-27(Q)) with p > d/2 such that
W12P(Q) < L®°(Q) and ultimately u € L>((0, T) x ). To this aim, first note that
foru e L?(0, T; W>4(Q)NH} () N H'(0, T; H'(Q)), by Friedrichs’s inequality,
it follows that u € C (0, T; L?P(Q)) if

|Vul? € C(0, T; L*(Q)).

To ensure the latter, we use that (Vu)? € L2(0, T; W-4/P(Q) N HY(0, T; L¥?(Q))
and that

L20, T; Wh4/P Q) n HY(0, T: L¥?(R)) — C(0, T; L*(R))

provided thatdp > q > d‘% and £ <1— g + 1. Indeed, in this case it follows that

2 dq 1.4 .
Lr(82) — Lda=drra(§2) — (W7 ()

such that the embedding into C(0, T’; L2(2)) follows from [32, Lemma 7.3] (see
Appendix A). Since 2pd/(2d +2 — dp) > dp/(d + 1), it follows that we can ensure
for p > d/2 thatu € L*°((0, T) x Q) if

2dp
dp>q> ——r——.
2d +2—dp

This is fulfilled for p = d/2 4 € withe > 0if dp > q > (2d*> + 4ed)/(4 4 4d —
d?* — 2ed) and, more concretely,incased =2forp=14+€qg =2+ 2¢)/(2 —¢€)
and e € (0,1) andincased = 3 for p = 3/2 +¢€,q = (18 + 12¢)/(7 — 6¢) and
€ €(0,1/2).

Let us focus on the latter case of d = 3 and derive suitable assumptions on X, X,
X4, Ug and f such that the solution u to (34) fulfills

ueL?0,T; W9 Q) NH'0,T: H(Q) — C(, T; WP (Q)),

where the embedding holds by our choice of ¢ and p.
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Lemma 23 (Lifted regularity) In addition to the assumptions of Lemma 21, assume
that d = 3 and that, for positive numbers p, €, q, q and Pa with

18+ 12¢ ¢

=3/24¢€, min{6,3 > R
p=3/2+€ min{6,3p}>q = ——~ 7 —q

527

5 _
7<—2_ pa>max3 211

3—¢q q9—q
it holds that

ceL1Q), aeW'PYQ), and0 <a < a(x) <a foralmostall x € Q,
¢ € LUQ), uoe H*(Q),
| f(a,v)| < Co(1 + |v|®) with B < 6/q +1,

Then, the unique solution of (34) fulfills

ueL?0,T: W»4(Q)NHY 0, T: H'(Q))
< C(0,T: Wh2P(Q)) < L®((0,T) x Q) (40)

Proof From (34) we get
aAu=1u—Va-Vu+cu+ f(a,u) — ¢, 41)

and by 7 < ;qu such that W4(Q) < L9(Q)), we estimate the components of the
right hand side of (41), using parameters 8, §; > 0 (which will be small later on).
Sinceg <6

lilliza@) = Cuipallitl gre)- (42)

By ¢ < 6 and ¢ € L9(%2), using density, we can choose ¢, € L°(£2) such that
llc — collLa(2) < & and obtain

leullza@) = llesottllLa(@) + (e — coodullLa(e)
< llesollze@ lluliza@) + lle — coollLa(@ylull Lo (@)
<Cpi_a ||Coo||L°°(Q)||M||H1(Q) + CWZJI—>L°°5||M||W2~‘I(Q)' 43)
Now by the assumption | f(a, v)| < Cu(l + |v|B) with B < 6/g + 1 (note that
this means also B < 5) then, by possibly increasing B, we can assume that 6/q <
B <6/q+ 1andselect 8 := B —6/q € (0, 1), such that g(B — B) = 6. Applying
Young’s inequality with arbitrary positive factor §; > 0, we have

/@ llzag) = Call + NP lo@) = Co (14 1l gy 1" Ploce )

| 1-g =
<Cq (1 + 88, P lull =@ + 77 s 0
1

@ Springer



Applied Mathematics & Optimization (2023) 88:76 Page 27 of 53 76

1-8 ﬂ
<Cqy (1 + Cw2q_>Looﬂ5 IMHqu(Q) + chlﬁum 5 ||M|| ))

(44)
Using a € W'P4(Q) with Pa > qqq and zgzq < 2, again using density, we can
choose ano € WH°(Q) such that |[Va — Vaso|| 4 < 8 and obtain

LT ()
IVa - Vulre@) < I(Va — Vae) - VullLa@) + IVac - V|l La (@)

< IVa — Vas|l IVull Lo + ||Vaoo||mc<g>|||W|”2|Vu|”2||m>

499
Ld

—1(2)
81
< dIVullpzq) + IVasliLe ) E“V“”Lﬁ(ﬂ) + ||V | "
L5 %@

Vaco L) el
251 LA

(45)

< Cyrg_wig (5 + = ||Vaoo||L"°(Q)) lullwa) +C

qq
L2—>L2—4

Using that also ¢ € L7(f2), taking the spatial L7-norm in (41), estimating by the
triangle inequality, raising everything to the second power, we arrive at

2
a ”Au”LZ(O T;L9(R)) S ”aA“”H(O,T;L‘I(Q))

. 2 2
=3 (”””LZ(O,T;M(Q)) T IVa-Vullpao 7,00y Itz r;Lac)
2 2
+||f(05, u) ||L2(O,T;L‘7(Q)) + ||§0||Lz(0,T;Lq (Q)))
<15 (10350 70y + Cealtlag oy + T19 0

B*ﬁ

+TCp.a. ,snun +TCg+ €l Aull3,

L°°(0 T;HY(Q)) (O,T:Lq(Q))>

with
1/8 81 ?
€ = |:Cw2,q_)L008 + CoCyrg_ B8, + Cyrg_yia <5 + EHVCIOOHLOO(Q))] .

For sufficiently small §, 81, this leads to

a2
0 = _ Aul)?
<\ 36 —€) IAullia 7;10(0

<112 2
S Cc,a,w,B,ﬂ,T (”u”LZ(O,T;HOl (Q)) + ||u||LOO(O,T;H01 (Q))) < 0Q0. (46)

The fact that Vu € L*(0, T; L*(Q2)) and Au € L*(0, T; L1(R2)), g > 2 as above
imply Vu € L*(0, T; H'()) thus Vu € L*(0, T; L4(R)) for ¢ < 6. This and (46)
ensures that u € L?(0, T; W>4()). By Lemma 21, u € W10, T; H, H) N
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whe2, T, v, \7); thus, by embedding, u € H'(0, T; H'(£2)). Consequently,
ueL?0,T; W9 Q) NHY 0, T; H(Q)).

This, together with the argumentation after Remark 22 completes the proof. O

The obtained unique existence result in now summarized in the following proposi-
tion.

Proposition 24 (i) The nonlinear parabolic PDE (34) with d = 3 admits the unique
solution

ue L*0,T; W9 Q) NH' 0, T;: H(Q))
< C(0,T; WP (Q)) — L®((0,T) x Q) (47)

if the following conditions are fulfilled:

p=3/2+€ewithe >0

18+ 12 q 3
+ 1% , and qu <2 withq such that q < s
— 6e 29 —q 3—¢q

ceLY(Q), acW'PYQ), Pa > max(3, -
7-q

min{6, 3p} > ¢ >

}and 0

<a <a(x) <a foralmostall x € 2,

@ e L1(Q), uye HX(Q),

(— f (o, ) is monotone and f(a,0) =0, |f(x, v)| < Co(1 + \v|B) with B < 6/q + 1,
(ii) Moreover, the claim in (i) still holds in case f(«, -) is replaced by neural network
Ny (o, ) witho € Crip(R, R).

Proof (i) Lemma 21 ensures that (34) admits a unique solution
ue Wheee, T5 LA(), LA(@) N Wh20, T H(Q), H' (),

such that in particular u € L0, T; H'()) N H'(0, T; H'(RQ)). Proposition 23
ensures the embeddings as in (47) hold true again by our choice of p, g.

ii) Now consider the case that f («, -) is replaced by Ng («, -) for some known o, 6.
With Ly 4 the Lipschitz constant of AVy(e, ) : R — R, we first observe that, for
veR,

INo (e, v)| < [Np(ar, 0)] + [Np(ar, v) — Ny(a, 0)] < [Np(ex, 0)| + Lo o|v]
such that the growth condition [Ny (e, v)| < Cu(1 + |v|B) with B < 6/¢ + 1 and
in particular the growth condition of Proposition 23 holds. This shows in particular
that the induced Nemytskii mapping N (o, -) : H Q) - HY(Q)* is well-defined.
Further, we can observe that, again for u, v € H Q)

|(No(a, u), M)HI(Q)*,HI(Q)| = LQ,(x”u”iZ(Q) + |~/\/'0,a(0)|CH1—>L1 ||M||Hl(gz),
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(N (o, 1) = Ny (@, v), 1t = V) prigye i@ | < Lol = vl 72

Using these estimates, it is clear that the conditions S2. and S3. in Theorem 20 can
be shown similarly as in Step 1 without requiring Ay (ar, 0) = 0 or monotonicity of
Ny (o, -). This completes the proof. O

Remark 25 For neural networks, some examples fulfilling the conditions in Propo-
sition 24, i.e. Lipschitz continuous activation functions, are the RELU function
o (x) = max{0, x}, the tansig function o (x) = tanh(x), the sigmoid (or soft step)
function o (x) = H-%’ the softsign function o = or the softplus function

o(x) =In(l +¢&%).

S
1+]x|

4.2 Well-Posedness for the All-at-Once Setting

With the result attained in Proposition 24, we are ready to determine the function
spaces for the minimization problems (13), (14) in the all-at-once setting and explore
further properties discussed in Sect. 3.

Remark 26 For minimization in the reduced setting, we usually invoke monotonicity
in order to handle high nonlinearity (c.f. Proposition 24). The minimization problems
in the all-at-once setting, however, do not require this condition, thus allowing for
more general classes of functions, e.g. by including in F another known nonlinearity
¢ as in the following Proposition.

Proposition 27 For d = 3 and € > 0 sufficiently small, define the spaces
V=wQ), V=H'Q), H=w"@),

3 18 + 12¢
W = L9(Q), =5;te6eq=—"—"",
@), p=5+eqg=——

and Y such that V. — Y, resulting in the following state-, image- and observation
spaces

VY =L*0,T: W>1(Q)NH' 0, T; H (Q)),
W=L%0,T; L), Y=L*O0,T;Y).

Further, define the corresponding parameter spaces Uy = H*(Q), X = XpxXexXq,
where

Xy =X.=LIRQ), X,={aeW"PYQ),Pa>3)
and let M € L(V,)) be the observation operator.
Consider the minimization problems (13) and (14), with F : (0, T) x X x V — W
given as

F(t, (¢, c,a),u):=V - (aVu) —cu+ ¢ + ¢ (u),
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where ¢ : V. — W is an additional known nonlinearity in F (c.f Remark 26); ¢ is
the induced Nemytskii mapping of a function ¢ € CiocLip(R, R). The associated PDE
given as,

iw—V-(@Vu) +cu+¢w)+Ny(a,u) =¢ in Q2 x,T),
u|3g2 =0 n (O, T),
u(0) = ug in 2, (48)

with the activation functions o of Ny(a, u) satisfying o € Cioerip(R, R), and with
R1, Ra nonnegative, weakly lower semi-continuous and such that the sublevel sets of
A, o, ug, u, 0) — Ri(h, o, ug, u) + Ra(0) are weakly precompact. Then, each of
(13) and (14) admits a minimizer.

Proof Our aim is examining the assumptions proposed Lemma 5, which leads to the
result in Proposition 6. At first, we verify Assumption 1. The embeddings

Uy>H—>W, Vs H, VY, Ves LPQ =W, Vo W.

are an immediate consequence of our choice of p and ¢ and standard Sobolev embed-
dings. The embeddings

V< L®(0,T) x Q), V< C(@0,T;H)

follow from the discussion in Step 2 above, see also Proposition 24.

Noting that well-definedness of the Nemytskii mappings as well as the growth
condition (7) are consequences of the following arguments on weak continuity. We
focus on weak continuity of F : V x (X, X4, Xy) = W, F(A,u) :=V - (aVu) —
cu+¢—+¢ (u) via weak continuity of the operator inducing it as presented in Lemma 5.
First, for the cu part we see (c, u) — cu is weakly continuous on (X, H). Indeed,
for cu—c in X¢, up—u in H = WH2P(Q) <> L°(Q) thus u,, — u in L>®(2), one
has for any w* € W* = L7 (),

n—o0

/(cu—c,,u,,)w* dx:/(c—c,,)uw* dx—i—/ chlu—u)w*dx >0
Q Q Q

due to uw* € L9 (Q), lenw*[l 1) < C < oo forallnand u, — uin L(2).

For the V - (aVu) part, H = Wh2r(Q) is not strong enough to enable weak
continuity of (a,u) +— V - (aVu) on (X,, H), we therefore evaluate directly weak
continuity of the Nemytskii operator. So, let (a,, u,)—(a, u) in X, x V, taking w* €
L2(0, T; L9"(2)) we have

/ (V- (@Vu) =V - (a,Vuy))w* dx dt
Qx(0,T)

= / V(a —ay) - Vuw* dx dt + / Va, - V(u — uy)w* dx dt
Qx(0,T) Qx(0,T)
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+ / (a —ay) - Au,w™* dx dt
2x(0,T)

n—o00

+/ alA(u — u,)w* dx dt -0
Qx(0,T)

due to the following: we have Vuw™* € L0, T: L"%(Q)), Va,—Va in L?%(Q) in
the first estimate, and u, — u in L*(0, T; W"13(Q)), | Va,w*| 120 7. 11317y <
C < oo for all n in the second estimate. In the third estimate, one has a, — a in
L*(Q) and

||Aunw*||L1(0’T;L|<Q))§ ||A”n||L2(O,T;L‘7(Q))||w*||L2 0.T: L7*(Q < C < oo foralln.
0,7;L97(2))

Finally, in in the last estimate it is clear that aw* € LZ(O, T; L (), up—u in
L%(0, T; W>4(Q)) implying Au,—Au in L2(0, T; L1(2)).

For the term ¢, by H = W27(Q) < L*(2) we attain weak-strong continuity
of g on H

H
g un) —pllw =< lun — ullLc@L Nuplla, llulz) — 0 for u,—u. (49)

Finally, the fact that activation function o satisfies 0 € CocLip(R, R) completes the
verification that the result of Proposition 6 holds. O

For the following results, we set ¢ = 0.

Lemma 28 (Differentiability) In accordance with Proposition 12 and the frameworks
in Proposition 27, setting ¢ = 0, the model operator F : X xV — W is Gdteaux
differentiable, as is the neural network Ny : R™ x V — W with o € C'(R, R).

Proof With the setting in Proposition 27, we verify local Lipschitz continuity of
F(h,u) =V -(aVu) — cu + ¢ with A = (¢, ¢, a). To this aim, we estimate

I F A1, ur) — F(h, u2)llw

=|IV- (@ V(i —u2) — V- ((a2 —a)Vua)
—ci(ur —u2) + (ca — cuz + o1 — @2l Law)

< IVaillprallV@Wr —u2)ll 7
+llar — azllLo@) | Aur — AuzllLa@) + IV(az — aD)llpra) I Vuzllpzq)
+ llaz — arllLo | AuzllLa) + llctllLa lur — uzllLe ()
+ llea — eillLa) lluzllLe@) + g1 — @2l La )

< Llurlla Nuzllas Idlxs 122lx) (e — wally + llur — uallg
+ (1 + Jluallv) A1 — 22llx)

with gg < 33qu' Also, Gateaux differentiability of F : X x V — W as well as

Carathéodory assumptions are clear from this estimate and bilinearity of F with respect
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to A, u. Differentiability of N witho € C 1 (R, R) has been shown in Proposition 12,
the last paragraph of its proof. O

When the image space VW is stronger, thatis, W 2 L7(2), Vg € [1, 0o) asdiscussed
in Remark 13, we require smoother activation functions than what was employed in
Lemma 28 in order to ensure differentiability of Nj.

Remark 29 (Strong image space V and smoother neural network) Consider the case
where the unknown parameter is ¢, parameters a, ¢ are known, and the neural network
Ny has smoother activation

o € CloeripR, R), ie. 0 € ClocLip(R, R).

The minimization problems introduced in Proposition 27 have minimizers that belong
to the Hilbert spaces
V=L*0.T: Q) NH' 0, T: H'(Q),
W=L*0,T; H'(Q), Y=L*0T:Y),
V=HQ<—Y, V=HYQ), H=HQ), W=H\(Q),

and
X.=H'YQ), X,=H*Q), X,=H'(Q), U= H* Q).

Proof For fixed 0, «, let us denote Ny(a, -) =: Ny. Itis clear that this setting fulfills
all the embeddings in Assumption 1. Weak-strong continuity of Ny is derived from

NG (n) = Noo @13y = INga W) = Noa @172 712
+ IVNo,o () = VNoa 1720 7120

n— oo

=A+B — 0,

since with V < C(0, T; H2(Q)) and o € CllocLip(R’ R), one has

A < CWy o elly) Nl = ull20 7120620
B < 2|ING o un) (Vitn = Vi) 72 7:12a)
+ 2 (NG o (n) = Ng o @)Vl 6 71200
< 20NG o @)l 700 (0, 7yxy I Vitn = Vit 320 7120600
+2(L o () I @n = WVl Fa 6 7120
< 2Ly o () IVitn = Vatllo o 7120
+ 2L o Nl VG .7 Lo 18n = #1720 72156200
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implying A + B — 0 for unz\u, VY < L2(0,T; HY(Q)) and Lipschitz constants
L’, L". This shows continuity of A/ in u; continuity of N in («, ) can be done similarly.
For F, when c, a are known and fixed, it is just a linear operator on u. Weak continuity
of F hence can be explained through its boundedness, which can be confirmed in the
same fashion as A, B above. O

To conclude this section, we consider a Hilbert space setting that will be relevant
for our subsequent applications.

Remark 30 (Hilbert space framework for application) Another possible Hilbert space
framework where the all-at-once setting is applicable is

VY =H"0,T; H¥(Q)) — C(, T; H*(Q)),
W =L*0,T; L*(Q), Y=L*0,T:Y),
V=V=H=HXQ)<=Y, W=L*Q)

where Y is a Hilbert space, and

Xe=L*Q), Xo=HQ), X,=L*Q), Uy=HQ).
Verification of weak continuity and the growth condition for F can be carried out
similarly as in Proposition 27; moreover, weak continuity of (X, x H) > (a,u) +—
V - (aV) € W can be confirmed like the part (c, u) + cu, without the need of
evaluating directly the Nemytskii operator. This is the setting in which we will study
in detail the application (34).
5 Case Studies in Hilbert Space Framework

5.1 Setup for Case Studies

In this section, for the sake of simplicity of implementation, we carry out case studies
for some minimization examples in a Hilbert space framework, where we drop the
unknown « and use the regularizers R = || - ”%{onxv’ Ro=| - ||%).

Proposition 31 Consider the minimization problem (13) (or (14)) associated with the
learning informed PDE

u—V-@Vu)+cu—@—Ny(uw) =i —F(,u) —Nu,0) =0 inQQx (0,T)
u(0) = ug in

foro € CY(R,R), M = Id in the Hilbert spaces

V=HY0,T; H*(Q) N H}(Q) = CO, T; H*(Q)), W=Y=L*0,T;L*(Q)),
V=V=H=HXQNH(Q), W=Y=LQ),
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Xe=L*Q), X,=H*Q), X,=L*Q), Uy=H* Q).

The following statements are true:

(1) The minimization problem admits minimizers.
(ii) The corresponding model operator G is Gdteaux differentiable with locally
bounded G'.
(iii) The adjoint of the derivative operator is given by

G u,0)*  WxHxY—->XxVx0

—FJ(h, u)* 0 0
G, 0) = | (L~ F(hu) — N, 0))" (Vig M* | =2 (8i.))} =
— N (u, 6)* 0 0
with
F;‘(A.,M)*W—)X, FL:(A,M)*W—)V, ()?:()H_)V
b, 0) W — 0, N (u, 0)*: W —V, M*: Y — V.

By defining (—A) ' (—A +Id)~" : L2(Q) 3 k% > 7 € HX(Q) N HY() such that T
solves

—A7 =z1 inQ —Az1+2z1 =k inQ (50)
7 =0 ondQ’ 21 =0 ond<,
we can write explicitly
g22: (jph=h, (5D
T
g3 M*z(t):f t+ DA A+ 1D 20 dr
0
t
—/ (t —s)(=A) N (=A+ 1) z(s) ds, (52)
0
: d F/(n N (u,6 )
8210\~ W u) =N, 0) ) z(@t)
T
=f t+ D(=A) " (=A+1d) "' Kz(t) dr
0
t ~
—/ (=A) N (=A+1d) [t — 5)Kz(s) — 2(s)] ds
0
withK = =V - @V-) + ¢ — N, (u, 0) and N, is computed as in Lemma 14, (53)
o 2 dr fori=c
g1t —Fowwrz=1 [l —z0) dr forr=¢ (54)

fOT(—A)‘l(—A +1Id)" Y=V - (zVu) (@) dt forx =a,
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83,1: one has the recursive procedure

8 =1, 8- = a,[T_la)ITBI, l=L..2,
T
Vo N (u, 0)*z =/ /sl,la,T_zzdx dr,
0 Q

T
vﬁ,le(u,e)*F/ /amzdx ar, (55)
0 Q

with a;, a] detailed in the proof.

Proof Assertion (i) follows from Remark 30. Using Proposition 12, Assertion (ii)
can be shown similarly as in Lemma 28. The proof for Assertion (iii) is presented in
Appendix B. O

Corollary 32 (Discrete measurements) In case of discrete measurements M; : )V —
Y, M;(u) = u(t;), t; € (0, T), where the pointwise time evaluation is well-defined as
V— C0,T; HZ(Q)), the adjoint g3 3 is modified as follows. For h € Y,

(h, v(@i) 2@ = (h, v(ti)) g2

1 ~
= /(\) (—l:t.h(l), v(t))H2(Q) dt + (h, U(l[))HZ(Q)

ti
= /OA (L'th(t), U(t))HZ(Q) dl + (uh(o), U(O))HZ(Q)

— @"(1) — h(), v(1) g2y + (@"(0) — u"(0), V(0)) 2

= (uh’ v)Hl(o,;,-;H2(Q)) = (Mh, )y,

provided that u" = const in [t; , T'] in order to form the integral of the full time line
(0, T) inthe last line. Above, h, h are respectively in place of k* and'Z in (50); besides,

u” solves
i"t)y=0 1e€,1)

- 56
i) =k, i(0) — u¥(0) = 0. (56)
Thus we arrive at
_A)-l— -1 _
(M;Y*h = uh (1) = ( A)_ ( A+1d)_ ht+1) 0<t<y 57
(=M N =A+I)7 (i +1) <t <T.

This shows a numerical advantage of processing discrete observations in an Kaczmarz
scheme, for instance in deterministic or stochastic optimization. To be specific, for each
data point in the forward propagation, thanks to the all-at-one approach, no nonlinear
model needs to be solved; in the backward propagation, by the same reason and (57),
one needs to compute the corresponding adjoint only for small time intervals.
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5.2 Numerical Results

This section is dedicated to a range of numerical experiments carried out in two parallel
settings: by way of analytic adjoints in Sect.5.2.1, and with Pytorch in Sect.5.2.2.
While, in our experiments, we evaluate and compare the proposed method for different
settings, such as varying the number of time measurements or noise, we highlight that
the main purpose of these experiments is to show numerical feasibility of the proposed
approach in principle, rather than providing highly optimized results. In particular, a
tailored optimization of, e.g., regularization parameters and initialization strategies
involved in our method might still be able to improve results significantly.

For both settings (analytic adjoints and Pytorch), we use the following learning-
informed PDE as special case of the one considered in Proposition 31:

w—Au—@—MNog(u) =0 inQx(0,7)

u(0) = ug =0 in Q, (58)

We deal with time-discrete measurements as in Corollary 32, i.e., we use a time-
discrete measurement operator M : ) — L3(Q)"7, with ny € N, given as M (u); =
u(ty) fortp = 0andt; € (0,7) withi = 1,...,n7 — 1. We further let a noisy
measurement of the initial state uo be given at timepoint + = 0. Further, we consider
two situations:

1. The source ¢ in (58) is fixed; we estimate the state u and the nonlinearity
Ny only, yielding a model operator G, : HY0,T; H3(Q) N HO1 () x O —
L%(0, T; L>(R)) x L*(0, T; L*(R)) given as

Gy(u, 0) = (“ — Au ]fbl_jvg(“)) .

2. The source ¢ in (58) is unknown, and we estimate the state u, the source ¢ and the
nonlinearity Ay. This results in a model operator G : L2(S2) x H'(0,T; H 2 ()N
Hi(Q) x ® — L0, T; L*(Q)) x L?(0, T; L*(R)) given as

Glo.u.0) = <u—Au ;4(/;—]\/9@)>.

For these two settings, the special case of the learning problem (13) we consider here
is given as

K

min 3 (19, 6) = 0. Y By, + 16413) + 1013, (59)
CgssY k=1
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for state- and nonlinearity identification and

K

: ko k kypi2 k2 2 2
wk,uk)f!i“zm)xv; (16" u*0) = O, ¥) By + N1, + 913 gy ) + 1613
0e®
(60)
for state-, parameter and nonlinearity identification.

It is clear that identifying both the nonlinearity and the state introduces some ambi-
guities, since the PDE is for instance invariant under a constant offset in both terms
(with flipped signs). To account for that, we always correct such a constant offset in
the evaluation of our results. As the following remark shows, at least if the state u is
fixed appropriately, a constant shift is the only ambiguity that can occur.

Remark 33 (Offsets) With ©, := u(2 x (0, T)) the range of u forall x € Q,¢ €
(0, T), and given that %u(x, t) # 0, consider any solutions f : 2y, — R, ¢ : 2 - R
of (34). Then all solutions of (34) are on the form

fO):=fM+e, ¢x):=¢px)—c, ceR.

Indeed, assume f, ¢ are solutions, and define g(y) := f(y) — f(y), ®(x) := (x) —
¢(x). Since these are solutions, one has 0 = g(u(x, t)) + ®(x) for all (x, #) such that

0 a a
0= 5,20 = melux, ) = 8 (u(x, D)gu& ).

As %u(x, 1) #0on Q x (0, T), it follows that g’(y) = 0 on u(2 x (0, T)), that is,
there is some ¢ € R such that ¢ = g(u(x, 1)) = —®(x) forall (x,7) €  x (0, T).
Moreover, finding any solutions f, ¢ and setting

Joe de—Jo f(y)dy
. 1920 + 12|

yields solutions f(y) = f(y) + ¢, ¢(x) = @(x) — ¢, minimizing ||go||iz(9) +

|| f”iZ(Qv)

Remark 34 (Different measurement operators) In our experiments, we use a time-
discrete measurement operator, and at times where data was measured, we assume
measurements to be available in all of the domain. As will be seen in the next two
subsections, reconstruction of the nonlinearity is possible in this case even with rather
few time measurements. A further extension of the measurement setup could be to use
partial measurements also in space. While we expect similar results for approximately
uniformly distributed partial measurements in space, highly localized measurements
such as boundary measurements and measurements on subdomains are more challeng-
ing. In this case, we expect the reconstruction quality of the nonlinearity to strongly
depend on the range of values the state # admits in the observed points, but given the
analytical focus of our paper, we leave this topic to future research.
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Discretization In all but one experiment (in which we test different spatial and tem-
poral resolutions), we consider a time interval T = [0, 0.1], uniformly discretized
with 50 time steps, and a space domain €2 = (0, 1), uniformly discretized with 51 grid
points. The time-derivative as well as the Laplace operator was discretized with central
differences. For the neural network Ny, we consider a fully-connected network with
tanh activation functions, and three single-channel hidden layers of width [2, 4, 2]
for all experiments. Note that this network architecture was chosen empirically by
evaluating the approximation capacity of different architectures with respect to differ-
ent nonlinear functions. For the sake of simplicity, we choose a simple, rather small
architecture (satisfying the assumptions of our theory) for all experiments considered
in this paper. In general, the architecture (together with regularization of the network
parameters) must be chosen such that a balance between expressivity and overfitting
may be reached (see for instance [3, Sects. 1.2.2 and 3]), but a detailed evaluation of
different architectures is not within the scope of our work.

5.2.1 Implementation with Analytic Adjoints

Set up In what follows, we apply Landweber iteration to solve the minimization
problem (13). The Landweber algorithm is implemented with the analytic adjoints
computed in Proposition 31 and Corollary 32, ensuring that the backward propagation
maps to the correct spaces.

PDE and adjoints. We employed finite difference methods to numerically compute
the derivatives in the PDE model, as well as in the adjoints outlined in Proposition 31
and Corollary 32. In particular, central difference quotients were used to approxi-
mate time and space derivatives. For numerical integration, we applied the trapezoidal
rule. The inverse operator (=A)"1(=A +1d)~! constructed in (50) is called in each
Landweber iteration.

Neural network. In the examples considered, f : u(x) — f(u(x)) is a real-
valued smooth function, hence the suggested simple architecture with 3 hidden layers
of [2, 4, 2] neurons is appropriate. As the reconstruction is carried out in the all-at-
once setting, the hyperparameters were estimated simultaneously with the state. The
iterative update of the hyperparameters is done in the recursive fashion (55).

Data measurement. We work with measured data y as limited snapshots of u (see
Corollary 32) and evaluated examples in the case of no noise and § = 3% relative
noise. Noise ¢ is sampled from a Gaussian distribution N'(0, 1), and the measured
datais y = u + de(lull/ll€]l2)-

Error. Error between the reconstruction and the ground truth was measured in the
corresponding norms, i.e. X,-norm for ¢ and YW-norm for the PDE residual and the
error of f. For u, V-norm is the recommended measure; for simplicity, we displayed
L?-error.

Minimization problem. The regularization parameters are R, = Ry and M;(u) =
10 u(#;) (c.f Corollary 32). We implement an adaptive Landweber step size scheme,
i.e. if the PDE residual in the current step decreases, the step size is accepted, otherwise
it is bisected. For noisy data, the iterations are terminated after a stopping rule via a
discrepancy principle (c.f. [22]) is reached.

Numerical results
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Fig. T Numerical identification of state # and ground-truth nonlinearity f(u) = u? — 1 in (58) for three
different values of the source term ¢. In each case, three noise-free observations are given (n7 = 3). Plots
1-3 and 4-6 in the top line show the given data and the ground truth state for the three equations, respectively.
The content of the remaining plots is described in the titles

Figure 1 discusses the example where only a few snapshots of u are measured;
explicitly, we here have three measurements y; = u(¢;), j = 1,25,50,ny = 3.
We test the performance using three datasets of differing source terms and states (i.e.
K = 3in (59)), but identical nonlinearity f. The top left panel (we denote by panel
(1, 1)) displays three measurements of dataset 1, each line here represents a plot of
u1(t;). The same plotting style applies for dataset 2 (panel (1, 2)) and dataset 3 (panel
(1, 3)). The exact source ¢;, i = 1,2, 3 in three equations are given in panel (2, 1).
In panel (3, 2), the nonlinearity f is expressed via a network of 3 hidden layers with
[2, 4, 2] neurons. In this example, we identify u;, i = 1, 2, 3 (panels (2,3 —6)) and f
(see Sect.5.2.2 for more experiments, including recovering physical parameters). The
output errors in f (panel (3, 3)), u (panels (3,4 — 6)) and PDE (panel (2, 3)) hint at
the convergence of the cost functional to a minimizer. The noisy case is presented in
Fig.2.

5.2.2 Implementation with Pytorch

The experiments of this section were carried out using the Pytorch [29] package to
numerically solve (59) and (60). More specifically, we used the pre-implemented
ADAM [25] algorithm with automatic differentiation, a learning rate of 0.01 and 10*
iterations for all experiments. In case noise is added to the data, we use Gaussian noise
with zero mean and different standard deviations denoted by o. The code is available
at https://github.com/hollerm/pde_learning.

Solving for state and nonlinearity In this paragraph we provide experiments for the
learning problem with a single datum, where we solve for the state and the nonlinearity
and test with increasing noise levels and reducing the number of observations. We refer
to Fig. 3 for the visualization of selected results, and to Table 1 (top) for error measures
for all tested parameter combinations.
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Fig. 2 Numerical identification of state # and ground-truth nonlinearity f(u) = u? — 1 in (58) for three
different values of the source term ¢. In each case, three observations (n7 = 3) with 3% noise are given.
Plots 1-3 and 4-6 in the top line show the given data and the ground truth state for the three equations,
respectively. The content of the remaining plots is described in the titles

It can be observed that reconstruction of the nonlinearity works reasonable well

even up to a rather low number of measurements together with a rather high noise
level: The shape of the nonlinearity is reconstructed correctly in all cases except the
one with three time measurements and a noise level of o = 0.1.
Solving for parameter, state and nonlinearity In this section, we provide experi-
ments for the learning problem with a single datum, where we solve for the parameter,
the state and the nonlinearity and test with increasing noise levels and decreasing of
observations. We refer to Fig. 4 for the visualization of selected results and to Table 1
(bottom) for error measures for all tested parameter combinations.

It can again be observed that the reconstruction works rather well, in this case for

both the nonlinearity and the parameter. Nevertheless, due to the additional degrees
of freedom, the reconstruction breaks down earlier than in the case of identifying just
the state and the nonlinearity.
Varying the discretization level In this paragraph, we test the result of different spatial
and temporal resolution levels of the state. To this aim, we reproduce the experiment
as in line 3 of Fig. 4 (6 time measurements, § = 0.03, quadratic nonlinearity, solving
for nonlinearity and state) for 501 x 500 and 5001 x 5000 gridpoints in space X time
(instead of 51 as in the original example).

The result can be found in Fig. 5. As can be observed there, changing the resolution
level has only a minor effect on result, possibly slightly decreasing the reconstruction
quality for the nonlinearity. We attribute this to the fact that the number of spatial grid
points for the measurement was equally increased, see also Remark 34 for a discussion
of localized measurements.

Reconstructing the nonlinearity from multiple samples In this paragraph we show
numerically the effect of having different numbers of datapoints available, i.e., the
effect of different numbers K € N in (60). We again consider the identification of
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Fig.3 Numerical identification of state # and ground-truth nonlinearity f(u) = u?—1in(58) for decreasing
numbers of discrete observations (lines 1-2, 3-4 and 5-6) and increasing noise levels (even lines versus odd
lines). Left: Given data, center: recovered state, right: recovered nonlinearity (orange) compared to ground
truth (blue) (Color figure online)
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Table 1 Summary of errors in recovering nonlinearity and state (top) and in recovering nonlinearity, state
and parameter (bottom) for different noise levels and different numbers of discrete measurements (denoted
by tmeas)

Recovering nonlinearity and state

o =0.01 o =0.03 o =0.05 o =0.1 o=02
Nonlinearity error
tmeas = 50 (= full) 1.94e—06 7.08e—06 1.22e—05 1.06e—05 1.91e—05
tmeas =6 2.33e—06 1.89¢—06 5.20e—06 4.07e—05 7.14e—05
tmeas =3 3.58e—06 1.28e—05 6.03e—05 1.24e—03 1.51e—02
State error
tmeas = 50 (= full) 7.09e—06 1.68e—05 2.75e—05 4.53e—05 2.76e—05
tmeas = 6 7.45e—06 2.71e—05 2.04e—05 1.20e—04 1.52e—03
tmeas = 3 8.04e—06 2.40e—05 1.20e—04 7.70e—03 2.21e—02
Recovering nonlinearity, state and parameter

o =0.01 o =0.03 o =0.05 o =0.08 o=0.1
Nonlinearity error
tmeas = 50 (= full) 1.38e—06 3.97e—06 4.05e—06 1.85e—05 3.36e—05
tmeas =10 1.98e—06 8.25e—06 1.62e—05 1.22e—04 7.12e—01
tmeas = 6 4.22e—06 1.54e—05 3.86e—04 5.47e—04 5.33e—01
Parameter error
tmeas = 50 (= full) 6.11e—05 1.15e—04 2.04e—04 3.59e—04 4.79e—-04
tmeas = 10 1.44e—04 5.15e—-04 9.13e—04 2.08e—03 4.89e—01
tmeas = 6 2.38e—04 7.23e—04 2.29e—03 4.36e—03 4.26e—01
State error
tmeas = 50 (= full) 1.73e—05 6.23e—05 1.63e—04 2.47e—04 3.24e—04
tmeas = 10 6.46e—05 1.91e—04 3.48e—04 8.45e—04 1.82e—02
tmeas = 6 2.30e—04 4.44e—04 2.35e—03 3.48e—03 1.73e—02

state, parameter and nonlinearity and use three time measurements and a noise level
of 0.08; a setting where the identification of the nonlinearity breaks down when having
only a single datum available.

As can be observed in Fig. 6, having multiple data samples improves reconstruction
quality as expected. It is worth noting that here, even though each single parameter
is reconstructed rather imperfectly with strong oscillations, the nonlinearity is recov-
ered reasonable well already for three data samples. This is to be expected, as the
nonlinearity is shared among the different measurements, while the parameter differs.
Comparison of different approximation methods Here we evaluate the benefit
of approximating the nonlinearity with a neural network, as compared to classical
approximation methods. As test example, we consider the identification of the state
and the nonlinearity only, using a noise level of 0.03 and 10 discrete time measure-
ments. We consider four different ground-truth nonlinearities: f(#) = 2 — u (linear),
fu) = u?—1 (square), f(u) = (u — 0.1)(u — 0.5)(141.6u — 30) (polynomial) and
f(u) = cos(3mu) (cosine).
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Fig. 4 Numerical identification of state u, ground-truth nonlinearity f(u) = u? — 1 and the parameter
@ in (58) for decreasing numbers of discrete observations (lines 1-2, 3—4 and 5-6) and increasing noise
levels (even lines versus odd lines). From left to right: Given data, recovered state, recovered nonlinearity
(orange) compared to ground truth (blue), recovered parameter (orange) compared to ground truth (blue)
and initialization (green) (Color figure online)
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Fig.5 Identical setting as in line 3 of Fig.4 (6 time measurements, § = 0.03, quadratic nonlinearity, solving
for nonlinearity and state), but with different spatial x temporal resolution levels. Left to right: Plots 1 and
3: Approximate state obtained with 501 x 500 and 5001 x 5000 grid points, respectively. Plots 2 and 4:
Recovered nonlinearity (orange) compared to ground truth (blue) for 501 x 500 and 5001 x 5000 grid
points, respectively. The error in the nonlinearity is 3.60e—06 for 501 x 500 gridpoints and 5.74e—06 for
5001 x 5000 gridpoints (compare Table 1) (Color figure online)

Nonlinearity (Error = 7.88e-02) Exact parameters (1 sample) Approximate parameters
-0751 « exc K 1.00 10
approx - 075
-0.80 N
. 0.50 0.5
-0.85 0.25
0.00 0.0
—0.90 < -0.25
- ~050 -05
-0.95 -
ot -0.75
-1.0
-1.00 - -1.00
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Nonlinearity (Error = 2.60e-03) Exact parameters (3 samples) Approximate parameters
-0.75 . . 1.00
opeox J 10
Pp! B 075
-0.80 .
B 0.50 05
—0.85 0.25
0.00 0.0
-0.90
-0.25
-05
—-0.95 P -0.50
= -0.75
e -1.0
-1.00 _1.00
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Nonlinearity (Error = 1.87e-03) Exact parameters (5 samples) Approximate parameters
-0.751 . 1.004
exc K 1.0
approx D 0.754
-0.80 .
) 050 05
~0.85 0% 02549
0.004 0.0
-0.90
~0.25 1
-05
_0.95 . ~0.50
o ~0.75
- o -1.0
1.00 _1.004
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Fig. 6 Numerical identification of state u, ground-truth nonlinearity f(u) = u? — 1 and the parameter ¢
in (58) for an increasing number of measurement data. Top to bottom: 1,3 and 5 measurements. Left to
right: recovered nonlinearity (orange) compared to ground truth (blue), ground truth parameters, recovered
parameters (Color figure online)

As approximation methods we use polynomials as well as trigonometric polyno-
mials, where in both settings we allow for the same number (= 29) of degrees of
freedom as with the neural network approximation. For all methods, the same algo-
rithm (ADAM) was used, and the regularization parameters for the state and the
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Fig.7 Comparison of different approximation methods. From top to bottom: Neural network, polynomial,
trigonometric polynomial. From left to right: ground-truth nonlinearity f(u) = 2 —u, f(u) = u? — 1,
fu)=(wu—0.1)(u —0.5)(141.6u — 30) and f(u) = cos(3mu)

parameters of the nonlinearity were optimized by gridsearch to achieve the best per-
formance.

The results can be seen in Fig. 7. While each methods yields a good approxima-
tion in some cases, it can be observed that the polynomial approximation performs
poorly both for the cosine-nonlinearity and the polynomial-nonlinearity (even tough
the degrees of freedom would be sufficient to represent the later exactly). The trigono-
metric polynomial approximation on the other hand performs generally better, but
produces some oscillations when approximating the square nonlinearity. The neural
network approximation performs rather well for all types of nonlinearity, which might
be interpreted as such that neural-network approximation is preferable when no struc-
tural information on the ground-truth nonlinearity is available. It should be noted,
however, that due to non-convexity of the problem, this result depends many factors
such as the choice of initialization and numerical algorithm.

6 Conclusion

We have considered the problem of learning a partially unknown PDE model from data,
in a situation where access to the state is possible only indirectly via incomplete, noisy
observations of a parameter-dependent system with unknown physical parameters. The
unknown part of the PDE model was assumed to be a nonlinearity acting pointwise, and
was approximated via a neural network. Using an all-at-once formulation, the resulting
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minimization problem was analyzed and well-posedness was obtained for a general
setting as well a concrete application. Furthermore, a tangential cone condition was
ensured for the neural network part of a resulting learning-informed parameter iden-
tification problem, thereby providing the basis for local uniqueness and convergence
results. Finally, numerical experiments using two different types of implementation
strategies have confirmed practical feasibility of the proposed approach.
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Appendices
A Auxiliary Results

In this appendix, for convenience of the reader, we provide some definitions and results
of [32] and [22] that are relevant for our work.
For V7 a Banach space and V; a locally convex space, V| € V>, we define

WhPa([0, TT; Vi, Vo) :={u € LP([0, T}; Vi) | &t € LY([0, T}; )} 1 < p.q < +oo.

Lemma [32, Lemma 7.3.] Let V € H = H* C V* and p’' = p/(p — 1) be the
conjugate exponent to p € [1, +00]. Then Wl’p'p/([O, T, V,V*) — C(0,T]; H)
(a continuous embedding), and the following integration-by-parts formula holds for
any u,v € Wl"””/([O, T, V,Vandany0 <t <tp <T:

%)

(u(r2), v(12)) — (u(r1), v(n))) = / (@ (), v(®))v=v + (@), v(@))v, v d.

4]
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Lemma [32, Lemma 7.7 (Aubin and Lions)] Let Vi, V, be Banach spaces, V3 a
metrizable Hausdorff locally convex space, such that Vi is separable and reflexive,
Vi <> V; (a compact embedding) and Vo, — V3 (a continuous embedding), and fix
1< p<+oo,1 <q < +o00. Then

WEPA((0, T1; Vi, V3) <> LP (15 V).
Proposition [22, Proposition 2.1, (ii)] Let p, € > 0 be such that
IG(x) = GE) — G'(x)(x = H)|| < c(x, HIG(x) = GFH)[, x,% € By(x0) € D(G)
for some c(x,x) > 0, where c(x,x) < lif||lx — x| <e.

If G(x) = yis solvable in B, (xg), then a unique xo-minimum-norm solution exists.
It is characterized as the solution x* of G(x) =y in B,(xo) satisfying the condition

x" —xp € N(G'(xT)*t.

Note that in this proposition, the claim does not change if the statement is made for
the ball B, (x") with xg € B,(x").

B Proofs

Proof of Lemma 14 Observe that for any z, Z, @, ®, B and B the inequalities

o (wz + B) — 0 (% + B)| < Colwllz — 2l o' (wz + B) — o' (@7 + B)| < Cl lol|z — 3,
o (wz 4 B) — 0 (@2 + B)| < Colzllw — @, lo"(wz + B) — o’ @z + B)| < Cllzllo — @], (61)
lo(wz 4+ B) — o(wz + B)| < Co 1B — Bl lo’ (wz + B) — o' (wz + B)] < CL 18 — Bl

lead to straightforward computations showing that for every layeri, 1 <i < L, one
has

NG @ = N @) = o) (]‘[ ]ka 2 -2, (62)
k=1

‘Ni; (2) —Néi, (Z)’ < (Cy)i~1H! ( ll_[ ’ka ’/\[é,j (Z)‘ ‘wl —5)1‘ fori > [, 0 otherwise,
k=I41
(63)

‘./\/i,» (2) —Ng, (z)’ < (C,)i~H*! ( ll_[ ’ka ’,81 — ,B]’ fori > 1, 0 otherwise, (64)

k=i+1

which yields (28) when i = L. Here, one recalls that / is the fixed layer with regards
to which we aim to compute derivatives and associated Lipschitz estimates.

More care must be taken regarding the Lipschitz estimates (29) for the derivatives.
Recursively writing out the chain rule, define Ay (z, 0) := o’ (WEN OL[_} (2)+p8 LyeRr
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and
Ai(2,0) = Aip1(z, ) o (@ NNz, 07 + gy e R forl <i < L

(understanding o’ (@' N ~1(z,0'~1) + B%) as a diagonal matrix in R™*"), which
satisfies the estimate sup, g3 14;(z,0)| < (]_[,le.Jrl Sk |a)k|) s;. Due to the chain
rule, it is not difficult to see that

N(z.6) = A1z, 0)' €R, N}(2.6) = Ai(z.60) € LR, R)
N (2,0) = [R"M=1 5w > Aj(z, O)wN ™' (z,0/7") e R].

@

(65)

The estimate (29) will now be shown via backwards induction, with the various con-
stants defined in (32) acting as the Lipschitz constants of the A;. Begin by noting

[AL(z,0) — AL, 0)] =

o/ (@ENE @, 087 + B — o @ NG 0ET) + )|

a)L‘ ‘NL—I(Z’ pL=1y — L1z, 011y

L—-1
ot ()t (]'[ \w"}) e =2l =Cj |z -2,
k=1

/
=G

/
=G

where the first inequality is immediate from (61) and the second follows from (62)
withi =L — 1.
Letnow 1 <i < L bearbitrary. Assume |A;1(z,0) — Ai+1(Z,0)| < C7 1z — 2],
and observe
[Ai(z,0) — Ai(Z,0)]
= ’A,-H (2,00 o (W N7z, 071 + ) — Aip1Z, 000 Mo (W N7V E 671 + ﬁ")‘
< ‘Az+1 (@00 o (@ N (2, 67 + 1) — A1 (2, 0)0 o (@ NTTE 6 + ﬁ")\

+ A1z O Mo @ NTHE, 07 + 1) — A1 G, )0 o (W NTTLE, 677 + )

= |Ai41(z. 0)] '@ NTHz, 07 — ) — o' (@ NV E, 6 + 8D

wl+1‘

+ A1z, 0) — Aip1 (2. 0)] o' (@ NTTHE 0T + D).

wl+1‘

We apply (61), then (62) and the bound on A; 4 to the first line, while we apply the
induction assumption together with the definition of s; to the second line to obtain

|Ai(z,0) — Ai (2, 0)]

= im0l o™

@ N2, 67 = B) — o (@ NG, 60 + /Si)‘

+ 14111z 0) = A1 G 0] [ | o/ @ NG 0T + )

< |Ais1(z, 0 )wi+l ‘ c. o ‘Ni—l(z, o1y — N1, 91'—1)‘ + Ciz+l lz —3| wi-H‘Si
L i—1
< |:< 1_[ Sk ‘a)k’) Sit1 a)'“’C; o' | (Co) ! <1_[ ’ka +Ciyysi a)'+l‘:| lz =zl =Cflz—2l.
k=i+2 k=1
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(29) now follows immediately from (65) and the fact that |[N/(z)| = 1, since this is a
matrix with a single entry 1 and otherwise consisting of zeros.

Completely analogous computations, employing (63) and (64), respectively, in
place of (62), similarly yield (30) and (31), concluding the proof. O

Proof of Proposition 31, iij) OnY = H'(0, T; V) < C(0, T; V), we impose the norm
| - |ly via the inner product

T
(u,v>v=/0 @), 5Oy di + @ (0), v(0))y.

since it induces an equivalent norm to the standard norm |[ullgig 7.v) =

\/ fOT ()12 + llu(t)||3 dt. Indeed, from the estimates (c.f. [32, Lemma 7.1])

T
lu@) v < u(©)ly +/0 i (0)lv dt
< max{v2, V2T }lully = lull20.7:v) < V2max{~/T, T}l|ully,

such that [[u| g1 (0, 7,vy < cllully for ¢ > 0, and

fo
luO)llvy < llu(to)llv +/0 @)l di

T u(e
5/0 ||“(T)||V+|| (t)llvdt<\/—maX{T ~/_}||M||H1(0TV)

for some 79 € (0, T') such that [|ully < Cllullgi,7.v) for C > 0. Here, we have

used ||u|ly = ||u||H2(Q)mH @ = \/||Au||L2(Q) + ||Vu||L2(Q), which is an equivalent

norm on H2(2) N H (£2) as a consequence of the Poincaré-Friedrichs inequality.

At first, we carry out some general computations. First note that L>(2) 3 k%
7€ H 2(Q) N H (£2) is well-defined due to unique existence of the solution to the
linear auxiliary problems (50). Thus, with k*(r) € L*(Q) and Z(r) € H?*(RQ) as in
(50), for any v(t) € H 2(£2), we can write the identity

(v”Z)HZ(Q) = / AUA’Z"‘ Vo - V’de
Q

= / Vv-Vzi +vz1dx = / v(—Az1 +z1)dx = (v,kZ)Lz(Q).
Q Q

GivenZ € L2(0, T; H*(Q)), let u? € H'(0, T; H*(2)) = V be the solution of the
ordinary equation
ii*(ty=-2@) t€(,T)

. . (66)
u*(T)=20, u*0)—u*0)=0,
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Now let K : V — L2(O, T; LZ(Q)) be any bounded, linear operator. For z €
L2(0, T; L3(Q)), v € V, let k* € L%(0, T; L%(£2)) be such that

(Z, KU)LZ(O,T;LZ(Q)) = (kz, U)LZ(O,T;L2(Q)) then define gZ = k%,
Then
T T
(Z, KU)LZ(O,T;LZ(Q)) = / (kz(t), U([))Lz(g) dt = / (Z(t), U([))HZ(Q) dt

0 0

T
= / (_iiz(t), U(t))HZ(Q) dt
0

T
= \/O\ (I:LZ([), U(t))HZ(Q) d[ + (MZ(O), U(O))HZ(Q)

— @*(T), v(T)) g2y + @ (0) — u*(0), v(0)) 2
= (uz, v)y.

Using the fact that u®* € V in (66) can be computed analytically, we obtain K* :
L2(0, T; L3(Q)) — V via

T t
K'z=u*= / (t+ DZ(@)dt — / (t —$)Z(s)ds
0 0
T
= f (t+ D(=A)"(=A+1d)"'Kz(t) dt
0

t
- / (t —)(=A) ' (=A +1d) "' Kz(s) ds.
0

With this derivation, g3 = M*z with M =1d : V — Y = L*(0, T L*()) can be
obtained by setting K = M, thus K = Id, yielding the adjoint as in (52).

We then compute g5 ;. For % + K = % —F(u)—N)u,0):V > W=
L%(0, T: L3(2)), one has, forz € W, v € V,

d T T
(Z, (d— + K> U) = / (Z(t), KU(f))LZ(Q) dt + f (Z(t), U(t))L2(Q) df
t w 0 0

T _ T d t
/ (Kz(1), UU))H(Q) dt +/ (— (/ z(s) dS) , l}(t)) dt
0 0 dt 0 L2(Q)

T T .
:/0 (kz(t),v(t))Lz(Q)dt+/0 (hz(t),b(t))Lz(Q)dt

T T g
‘/(;(Zv(f)yv(t))fﬂ(g)df‘l-/o (EZ(I),U(I))Hz(Q)dt

T d ~
: /0 (—i* (), v() 2y + (EE(I), V(1) g2 dt
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T
= ‘/(\) (l;tz(l), U(t))HZ(Q) dt —+ (MZ(O), U(O))HZ(Q)

T d. .
+ fo (Z20. 50 2 di + G(0). v(O0) e

= W' +7Z,v)y,

where k%, 7 are the same as before, and Z solves (50) with 4% := fot z(s) ds in place
of k*. Above, we notice that z2(0) = 0 since 4%(0) = 0 and unique existence result
of linear PDEs in (50). u? is still, as defined earlier, the solution to (66). For K =

—F) (A, u) — N, (u, 0), we deduce

Kz=-V-(aVz)+c—N(u,0)z

yielding g» 1 as in (53).
The next adjoint g;,1 = —F} (A, u)* is computed as follows. Forz € W, & € X,
T
(z, K&)w 2/ (z(1), K&) 12 dt
0

[ Rzt dr, & ifA=cori=¢

(fy Z0yar, s)HZ(Q) ifr=a

where K is the L%(Q)-adjoint of K = —F; (A, u); and 7 solves (50) for k* := Kz
(54) follows by

A=c: gz:zu, A=g: Ez:—z,
r=a: = (=A)""(=A+1d) =V (zVu)).

The adjoint for g2 2 = (-)}_, can be derived in a similar manner.

We now compute the last adjoint g3 1 = —A/(u, 0)* involving the neural network
with weights w, biases 8 and the fixed activation o. With the architecture mentioned
at the beginning of this section, we define by a; the output of the 1-th layer

a; =o(wai—1 + B;), ap=inputdatau [=1...L,
and introduce
aj =o' (wai—1 + B1), ay=inputdatau [=1...L,

with o = Id in the L-th (output) layer, and ¢’ is the derivative of o.
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In each layer, one searches for the unknown 6; = (wy, ;) € R">*"-1 x R™ . For
any Q € RUXM-1 7z ¢ W,

T
(VN (u, 0)Q, Z)W = /0 /Qa)La’L_l c.opp1a;Qap—y z dx dt

T
=0- f f (a—1wpa)_;...w1a) " zdxde
0 Q

T
T T
Q./O /Qa’l ofyy...a'p_opal | zdxdt
T
::Q~/ /&aﬁlzdxdt =:0-K/z,
0o Ja

where K l* is indeed the desirable adjoint le./\f (u, 6)* in layer I-th. With the use of §;,
one can perform a recursive routine for computing the adjoints in all layers, starting
from the last layer

sp=1, &_1=d] o, I=L1L...2

T
Vw,_,N(u,Q)*Z=/ fal,la,T_zzdxdr.
0 Q

A similar derivation yields Vg,_, NV (u, 0)*z, completing (55). O
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