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Abstract

This paper is devoted to proving the strong averaging principle for slow—fast stochas-
tic partial differential equations with locally monotone coefficients, where the slow
component is a stochastic partial differential equations with locally monotone coeffi-
cients and the fast component is a stochastic partial differential equations with strongly
monotone coefficients. The result is applicable to a large class of examples, such as the
stochastic porous medium equation, the stochastic p-Laplace equation, the stochas-
tic Burgers type equation and the stochastic 2D Navier—Stokes equation, which are
the nonlinear stochastic partial differential equations. The main techniques are based
on time discretization and the variational approach to stochastic partial differential
equations.
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1 Introduction

Fori = 1, 2,let (H;, ||-|| u;) be aseparable Hilbert spaces with inner product (-, -) g, and
Hi* itsdual. Let (V;, ||-||v;) be areflexive Banach space, such that V; C H; continuously
and densely. Then for its dual space V;* it follows that H" C V;* continuously and
densely. Identifying H; and H* via the Riesz isomorphism we have that

V,‘EH,’EHi*EVi*

is a Gelfand triple. Let vy (, )v; be the dualization between V;* and V;. Then it follows
that

v (zisvi)y, = (2, vidg;, forallz; € Hi, v € V.

Fori =1, 2, let {W,i }i>0 be a cylindrical .%;-Wiener process in a separable Hilbert
space (Uj, || - |ly;) on a probability space (2, .#, P) with natural filtration .%;. Let
L, (U;, H;) be the space of Hilbert-Schmidt operator from U; — H;. The norm on
L, (U;, H;) is defined by

UISIZ y vy = D ISei kll. S € La(Us, Hy).
keN

where {e; i }xen 1s an orthonormal basis of U;. We also assume the processes {th }i>0
and {Wf}@o are independent.

In this paper, we consider the following abstract stochastic partial differential equa-
tions (SPDEs)

dX¢ = EA(Xf) + F(XE, YD) dt + Gy(XD)dW,,
1
dYf = —B(X?, Y )dt + —Go(XE, YF)dW?, 1.1
P =BT +¢E 2X7. ) (L.1)

XS:XGHl,Yg:yGHz,

where ¢ > 0 is a small parameter describing the ratio of the time scale between the
slow component X} and the fast component Y/, and the coefficients

A:Vi—> Vi, F:H x Hy— Hi; Gp:Vy— Ly(Uy; Hy);
and
B:H xVy— VS, Gy:H xVo— Ly(Up; Hp)

are measurable.

The averaging principle has a long and rich history in multiscale models, which has
wide applications in material sciences, chemistry, fluid dynamics, biology, ecology
and climate dynamics, see, e.g., [1, 10, 17, 22] and the references therein. Usually, a
multiscale model can be described through coupled equations, which correspond to
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the "slow" and "fast" component, respectively. The averaging principle is essential to
describe the asymptotic behavior of the slow component, i.e., the slow component will
convergence to the so-called averaged equation. Bogoliubov and Mitropolsky [2] first
studied the averaging principle for deterministic systems, which then was extended to
stochastic differential equations by Khasminskii [18].

Since the averaging principle for a general class of stochastic reaction-diffusion
systems with two time-scales were investigated by Cerrai and Freidlin in [6], the aver-
aging principle for slow—fast SPDEs has initiated further studies in the past decade,
including other types of SPDEs, various ways of convergence and rates of convergence.
For instance, Bréhier obtained the strong and weak orders in averaging for stochastic
evolution equation of parabolic type with slow and fast time scales in [3]. Fu, Wan and
Liu proved the strong averaging principle for stochastic hyperbolic-parabolic equa-
tions with slow and fast time-scales in [13]. Cerrai and Lunardi studied the averaging
principle for nonautonomous slow—fast systems of stochastic reaction-diffusion equa-
tions in [7]. For some further results on this topic, we refer to [4, 11, 12, 21, 24, 25]
and the references therein.

However, the references we mentioned above always assume that the coefficients
satisfy Lipschitz conditions, and there are few results on the average principle for
SPDEs with nonlinear terms. For example, stochastic reaction-diffusion equations with
polynomial coefficients [5], stochastic Burgers equation [9], stochastic two dimen-
sional Navier—Stokes equations [19], stochastic Kuramoto-Sivashinsky equation [14],
stochastic Schrodinger equation [15] and stochastic Klein-Gordon equation [16]. But
all these papers consider semilinear SPDE:s (i.e., for operators A = Aj + A with A4
a linear operator and A, a nonlinear perturbation), and use the mild solution approach
to SPDEs exploiting the smoothing properties of the C- semigroup e?!” generated by
the linear operator A in an essential way. To the best of our knowledge, the case of
the operator A has no linear part hasn’t been studied yet, such as the porous medium
operator and the p-Laplace operator.

Hence, the main purpose of this paper is to prove the strong averaging principle for
slow—fast SPDEs within the (generalized) variational framework, i.e., locally mono-
tone and strongly monotone coefficients for the slow and fast equations respectively.
Our result covers a large class of examples (see [20, Sects. 4 and 5]), especially for
the case that the slow equation is a quasilinear SPDEs, such as the stochastic porous
medium equation or the stochastic p-Laplace equation. Our result is also applicable
to the stochastic Burgers type equation and stochastic two dimensional Navier—Stokes
equation, whose coefficients only satisfy the local monotonicity conditions.

The main difficulty here is how to avoid applying the techniques which only work
in the case of the mild solution approach, and use the techniques from the variational
approach. More precisely, we will use the variational approach to estimate the integral
of the time increment of X7 instead of studying the Holder continuity of time, which
is strong enough for our purpose. We will also use the variational approach to obtain
some apriori estimates of the solution, which are crucial to construct a proper stopping
time to deal with the nonlinear terms.

The rest of the paper is organized as follows. In Sect. 2, under some suitable
assumptions, we formulate our main result. Section 3 is devoted to proving the main
result. In Sect. 4, we will give some examples to illustrate the wide applicability of our
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result. In the Appendix, we give the detailed proof of the existence and uniqueness of
solutions to system (1.1).

Throughout the paper, C, C7 and C), 7 denote positive constants which may change
from line to line, where Cr and C), 7 are used to emphasize that the constants depend
on T and p, T respectively.

2 Main Result

For the coefficients of the slow equation, we suppose that there exist constants o €
(1, 00), B € [0,00), 6 € (0,00) and C > 0 such that the following conditions hold
forallu,v,w € Vi, uy, vy € Hy and up, vy € Hp:

Al (Hemicontinuity) The map A — vy (A(u 4+ Av), w)y, is continuous on R.
A2 (Local monotonicity)

20 (A) — A@).u = v}y, + [G1@) — I, @, 1) < P lu — Il

where p : Vi — [0, 00) is a measurable hemicontinuous function satisfying

p@I <€ [+ o)+ o))
Furthermore,
I F(ui,uz) — F(ur, v)llg, < Clur —villay + luz —vallm). (2.1
A3 (Coercivity)
v (A@), v)y, < Clolig, —olvl§, + C.

A4 (Growth)

IIA(v)II“’/? <Cd+vly)d+ IIvIIQI)

and
1G1ILywy iy < CA + vllH)-
For the coefficients of the fast equation, we suppose that there exist constants

k € (1,00), y,n € (0,00), ¢ € (0,1) and C > 0 such that the following conditions
hold for all u, v, w € V5, uy, v1 € Hy:

B1 (Hemicontinuity) The map A v (B(u1 + Avy, u + Av), w)y, is continuous
on R.
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B2 (Strong monotonicity)

2y (B(ui, u) — B, v), u — vy, + [Gaur, u) = G2 (w1, T,y 1)
< =ylu—vlF, + Cllur — vi13,- (2.2)

B3 (Coercivity)
v (B, v), v, < Cllvllg, — nllvlly, + CA + Jurll,)-

B4 (Growth)

2(k—1)
anwm@<c(LHmm*+wmmk)

and

G2 1, V) Lyws iy < CA+ [l + 0l 5,)- (2.3)

Remark 2.1 We here give some comments for the assumptions above.

e Condition (2.2) is also called the dissipativity condition, which guarantees that
there exists a unique invariant measure for the frozen equation and the exponential
ergodicity holds.

e The ¢ € (0, 1) in condition (2.3) is used to prove the p-th moments of the solution
(X7, Y{) are finite, when p is large enough, which could be removed if we assume
the Lispchitz constant of G is sufficiently small.

Now, we recall the definition of a variational solution in [20].

Definition 2.2 For any given ¢ > 0, a continuous H; x H,-valued .%;-adapted process
(X7, Y/ )iero,17 is called a solution of system (1.1), if for its d¢ ® P-equivalence class
(X?,Y?) we have X¢ € LY([0,T] x Q,dt @ P; Vi) N L%([0, T] x Q,dt ® P; H})
with @ asin A3, Yé e L0, T1x 2,dtP; V5)N L2([0, T]x 2,dt ®P; Hy) with
k as in B3 and P-a.s.

t

1 t
X¢ =X3+/ A(XE)ds + F(Xg,Y;‘)der/ G(XE)dw],

Jo, _ Joo Jo (2.4)
YE =Y+ o BIXS. Y))ds + = [y Ga(X{, Y&dW?,

where (X, Y?) is any Vi x Vs-valued progressively measurable dt ® P-version of
(X5, Y%).

Using the variational approach in infinite dimensional space, we have the following
well-posedness result, whose proof will be presented in the Appendix.

Theorem 2.3 Assume the conditions A1-A4, BI-B4 hold. Then for any ¢ > 0 and
initial values (x, y) € H| X Hj, the system (1.1) has a unique solution (X¢, Y?).
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The following is the main result of this work.

Theorem 2.4 Assume the conditions AI1-A4, BI-B4 hold. Then for any initial values
(x,y)€e HH x Hy, p > 1land T > 0, we have

imE | sup [1Xf — X:[3 ) =0, 2.5)
e=>0  \e[0,7]

where X, is the solution of the corresponding averaged equation:
(2.6)

{q)’(, = A(X)dt + F(X,)dt + G(X)dW,!,
Xo = x,

with the average F(x) = sz F(x, y)u*(dy). u* is the unique invariant measure of
the transition semigroup of the frozen equation

dY, = B(x, Y,)dt + Ga(x, Y,)dW?>,
Yo =1y,

where {W,z}t>0 isa (g‘:,—cylindrical Wiener process in a separable Hilbert space U
on another probability space, with natural filtration ;.

Remark 2.5 The advantage of using the variational approach is that it can cover some
nonlinear SPDEs for slow component, such as stochastic power law fluids, and some
quasilinear SPDEs for slow component, such as the stochastic porous medium equa-
tion and the stochastic p-Laplace equation, which can not be handled by the mild
solution approach and thus have not been studied yet. Furthermore, our result also
generalizes some known results of the cases that the slow component is a semilin-
ear stochastic partial differential equation, such as the stochastic Burgers equation
(see [9]) and stochastic two dimensional Navier—Stokes equation (see [19]). Besides
some known results, our result can also be applied to many other unstudied hydrody-
namical models in [8], such as the stochastic magneto-hydrodynamic equations, the
stochastic Boussinesq model for the Bénard convection, the stochastic 2D magnetic
Bénard problem, the stochastic 3D Leray-o model and some stochastic shell models
of turbulence.

3 Proof of the Main Result

This section is devoted to proving Theorem 2.4. The proof consists of the following
four subsections: In Sect. 3.1, we give some apriori estimates for the solution (X7, ¥/).
Using the apriori estimates, we get an estimate for the time increments for X, which
plays an important role in the proof of the main result. In Sect. 3.2, we will use
the technique of time discretization to construct an auxiliary process }A’f and give an

estimate of the difference process Y, — I}f. In Sect. 3.3, by constructing a stopping
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time tg, we prove that X! strongly converges to X, for t < tg. Finally, the apriori
estimates for the solution control the difference X7 — X, after the stopping time. Note
that we always assume conditions A1-A4 and B1-B4 hold and from now on we fix
an initial value (x, y) € H; x Hj in this section.

3.1 Some Apriori Estimates of (Xf, Yf)

At first, we prove uniform bounds with respect to ¢ € (0, 1) for the moments of the
solution (X7, Y) to the system (1.1).

Lemma3.1 Forany T > Oand p > 1, there exists a constant Cp 7 > 0 such that

sup E( sup ||X8||H1)+ sup E(/o XI5~ 2||)~(f||‘{‘,ldt>

e€(0,1) t€[0,T] £€(0,1)
< Cpr (141213, +1137) (3.1)
and
sup sup ENYF I < Cpr (1+ 1213 + 177 (3:2)

e€(0,1)1€[0,T]

Proof Applying It6’s formula (see e.g. [20, Theorem 6.1.1]), we have

2 (! S
1Y W3, = Iy I, + —/ vi(B(X, Y9), Y{)v,ds

2 ~
/ 1G2(X5, Y€)||%2(U2,H2)ds + ﬁ/() (Ga(X§, Yss)deza Y{)

Then applying Itd’s formulafor f(z) = (z)? withz; = ||Y/|] %12, and taking expectation
on both sides, we obtain

2p 2p—2 Sen
ElY/ 1, = Iyl +—E[/ Y5 g, vy (BOXS, Yf),Xf)vzdS}

2p—2 >
+= E[ / 1Yl ||Gz(xi,Yf)niz(Uz,Hz)ds]

2 ( 1) ~
A" [/ dFe 4||Gz(X§,Y§>*Y§||%/2ds}

By conditions B2-B4 and a similar argument in the proof of [20, Lemma 4.3.8], there
exists a constant y € (0, y) such that for any u € Hy, v € V>,

2v; (B, v), v)v, < =P vl + CO+ llullz,). 3.3)
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Then applying Young’s inequality and estimate (3.3), we get

d 2 2p 2p—2 Se o

ZEIY I = LB IV 15 v (B T, 7w, |
2

162X TR, 0.y |

2P(P—1) I:”Yg”Zp —4
€

+§E DA

+ 1G2(X;. P 7 1, |

2p—2
S?E ||Y8|| p

C 2p—2 2
+=2E [I¥7 152+ 10X 1, + ||Yf||,§2)]

PN I, + CIXE I, + O

C, 2 Cp
+ —IEIIXSIIH‘”1 + -2

CP e
< —LEIY I3,

Cpt
Multiplication by the integrating factor et yields that

d Cpt c2p Cp S £
E(esIEnY,nHz <=L (1+EIXIF).

Integrate this from O to 7, we get
2p 2 Sy Cp [T ol 2
BIV I, < e + 2 [0 (Lemixiig) as. 64
0
On the other hand, applying Itd’s formula, we also have

X1 = lxl7) +2p/ IXEN v (ACXE), X v, ds
+2p f IXE IR (X2, YE), XE) ds
+2pf IXEN3 2 (XE, GLXDAW, ),
+p f IXEIPP UG XN, . ) dS

2p4

+2p(p — 1)/ IXEI2P 4G (REY X |2, ds.

Note that

2 2
{ f X <F<X§,x:>,X§>H1ds}

0<t<T

@ Springer



Applied Mathematics & Optimization (2023) 87:39 Page9of31 39

is a local martingale, then applying Burkholder-Davis-Gundy inequality (see e.g. [20,
Theorem 6.1.2]), conditions A2—-A4 and (3.4), we get

T
2p—2
E(smauxw )—%hﬁE</‘HXW”HXN%dJ
tel0,T] 0

T T
2 2 2
< Cp(lxlly, + 1)+Cp/0 ]E||Xf||ledt—|—Cp/0 E(Y/ |l dt

<C (IIXII +I|y|I +1
+C,,/ E|X? |3 "dr + L / / ~ L) 1+E||X£|| )dsdt
0
2
<C (IIXII +I|y|I 1)+Cp/0 ENX7 17 pdt

Hence, applying Gronwall’s inequality (see e.g. [23, Exercise 5.17]), we obtain

2p-2
]E( sup | X; 13 >+2PE </ IXF 117 ||Xf||?/ldt>
1€(0,T1 0

< Cprlxllz) +I|y|I + D,

which also gives that

sup EIYS I < Cpor (14 X1, + 13137
tel0,T]

The proof is complete. O

Because the method of time discretization is used in this paper, the following esti-
mate about the integral of the time increment plays an important role in the proof of
our main result, which has been proved in the case of the stochastic 2D Navier—Stokes
equation in [19].

Lemma3.2 Forany T > 0, ¢ € (0, 1) and 6 > 0 small enough, there exist constants
Cr,m > 0 such that

T
EMHE zwwﬂsaﬂ+M%+M%w¢ 3.5)

where t(8) 1= [%]8 and [s] denotes the largest integer which is smaller than s.
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Proof Note that

T
E[/O X5 — ,(3)||Hldr]
$ ) T
=E</O ||Xf—x||H1dz>+1EU8 X — t(5)|lH1dtj|

T
< CU+ [Ixl3y, + Iyl7,)8 +2E (/ X7 — Xfé”%ildt)
)

+2E </ I1X5 s — Xf_5||%,ldr> . (3.6)
5
Then applying It6’s formula we have
2 ' FeN ¥ %
IXE - X202, = 2/ VA, X = X jhds
t7
t

42 [ RO KX = X ) mds
1—8
! % 2

+/t—8 ||G1(Xf)||L2(U1’H1)dS

t
+2 / (X2 — X, 5. GL (XYW ),
t—38
= (1) + () + I5(0) + 4(0). 3.7)

For the term /;(¢), by condition A4 and applying Holder’s inequality, there exist
constants m, Ct > 0 such that

T T t
E(fa |11(r)|dt)<CE(/ f IIA(Xi)Ilvl*llxﬁ—Xf5||V1det)
a—1
[// |A(X)||"‘dsdt}
1
T a
[Ef / ||X§—Xf_5||‘{‘,ldsdt}
1) t—48

T
c [ME /0 L+ R0 + ||X§||§;>ds}

1
T o
. [(SIE/ IXENS, dsi|
0

< Cr(L+ ixlg, + 1yIlE,)s. (3-8)

a—1

a

where we applied Fubini’s theorem and (3.1) in the third and fourth inequality respec-
tively.
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For terms I»(¢) and I3(t), by condition (2.1), estimates (3.1) and (3.2), we get

T
E (/ |12(t)|dt)
)

T t
scw:[/a /8<1+||X§||H.+||Y§||H2><||X§||H]+||Xf_5||m)dsdz}
.

< CSE| sup (1+ ||X§||%11):|

_se[O,T]
B T pt
+CE | sup ||Xj||H1// ||Ys€||H2dsdt
| 5€[0,7] 5 Ji—s
< CSE| sup (14 [XElI,)
_se[O,T]
1/2 T ot 1/2
+Cr8'PE| sup [IXENF, IE(// ||Y§||§,2dsdt>
s€[0,T] 1) t—4§
< Cro(+ lIxlF, + Iyl7,) 3.9)

and

T T t
E (/ |I3(t)|dt> < CE </ / a+ ||X§||%,l)dsdt>
) S t—§

< CT5E|: sup <1+||X§||%,,)]
s€[0,7T]
< Crs (14 Il + 13, ) (3.10)

For the term 74(¢), note that

u
{ f (X8 — X5, G1(XE)dWp, }
=8 t—8<u<T

is a local martingale, then applying Burkholder-Davies-Gundy inequality, it follows

T T t 12
E(/s |14(r>|dt)<c1E fs [/ ||GI<X§>||"LZ<U1,HI)||X§—Xf_(;n%,lds} di
t

-8

T t 1/2
<Cr [E/a f6(1+||X§||%,1)||X§—Xfan%ﬁdsdt}
-

12
< Crs'? |:E sup (1 + ||X§||‘1‘11)i|
5€[0,T]

< Cr8' P+ |xl7, + 1y 17,)- (3.11)
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Combining estimates (3.8)—(3.11), we obtain

T
E (f(s IX7 — Xf_a||%11dr) <Crd+ xf, + IyIE)s'? (3.12)

By the same argument above, we also have

T
]E(/a I1X7es) — Xf_sn%ﬁdr)<cr<1+||x||’;;1+||y||’};2>81/2. (3.13)

Hence, the result (3.5) holds by estimates (3.6), (3.12) and (3.13). The proof is com-
plete. O

3.2 Construction of the Auxiliary Process

Based on the method of time discretization, which is inspired by [18], we first construct
an auxiliary process Y € H; satistying the following equation

d?g—lB XE.,Ye)dt + —Go (X? dw?, Yi=yeH
T 1(8) 1 + =02 1(8)’ r> Yo=Yy €,

f

where § is a fixed positive number depending on ¢ and will be chosen later. Then for its

dt ® P-equivalence class Y€ wehave Y € LX([0, T] x Q, dt @ P; Vo) N L2([0, T] x
Q,dt ® P; Hy) with « as in B3, and for any k € N and r € [k§, min((k + 1)§, T)],
P-a.s.

A A 1 !
YE=Y5+ - fka B(X%s, Ve)ds + —/ Ga(XEy, YE)IW2, (3.14)

where Y is any V»-valued progressively measurable df @ P-version of Ye.
By the construction of Y#, we obtain the following estimates, which will be used
later.

Lemma3.3 Forany T > 0and e € (0, 1), there exist a constant Ct > 0 and m € N
such that

sup E[IFF1%, < Cr(l+ llxl3, + Iy, (3.15)
1€[0,T]
and
T A
E (/0 Iy — an%,zdt) < Cr (L+IIxI, + 1Iyllg,) 872 (3.16)

Proof Because the proof of estimate (3.15) follows almost the same steps as in the
proof of Lemma 3.1, we omit its proof and only prove (3.16) here.
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Note that
ye - 9f = 1/t [BOXE 70 = BOX ), 75 ] ds
/ (G (X2, 75) = Ga(X 5, V) | a2,
Applying It6’s formula, we obtain
ENYS — P71, = fEfo v BOXE T9) = B(XS ), YO, 75 = V0 vads
+§]E /Ot 1Ga(XE, TE) = Ga(XE sy YO, 0y iy
Then by condition B2, there exists y > 0 such that

d A y A C
ZEIYS — Pfl, < —ZEIYS - I, + —EIX] - X,

The the same argument used in (3.4), we have

V(r s)

N C
BIY ~ {1, < /0 EIIXE — XE )13, ds.

Then applying Fubini’s theorem, for any 7 > 0,

T R C T t B
E(f IYE — Yf||%,2dt> < —/ / e
0 € Jo 0
C T ) T gu-
:;EI:/(; ||X§—X§(6)||H1 (/v P )ds
g 2
< CE (/0 X8 — X§(5)||Hlds> .

Therefore, by Lemma 3.2, we obtain

X5l dsdt

T
E(/O ||Y;"—Yf||%12dt> Cr(L+ Ilxl, + lylm,)s'2.

The proof is complete. O
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3.3 The Ergodicity of the Frozen Equation

The frozen equation associated to the fast motion for fixed slow component x € H;
is as follows,

{ dY; = B(x, Y))dt + Ga(x, Y,)dW?, G

Yo =y € Ha,

where {W }t>0 is a cylindrical J, Wiener process in a separable Hilbert space U; on
another probability space (2, .Z , P) with natural filtration .%;.

Under the assumptions B1-B4, for any fixed x € H; and initial data y € H,
equation (3.17) has a unique variational solution ¥, in the sense of Definition 2.2,
i.e., for its dt ® P-equlvalence class ¥ we have Y7 ¢ L"([O T] x Q,dt® IE” V)N
L2([O T] x Q,di QP H») with « as in B3, we have P-as.

t t
Y :y+/0 B(x,Yj*y)ds+/0 Ga(x, Y )dW?, (3.18)

where Y% is any V5-valued progressively measurable dr ® P-version of Yoy, By the
same arguments as in the proof of Lemma 3.1, it is easy to prove that

sup BN YY1, < C(L+ Ix13, + ylI3)-
>0

Let { P{"};>0 be the transition semigroup of the Markov process {Y,x’y }1>0, that is,
for any bounded measurable function ¢ on Hy,

Pro(y) = E [(p (le’y)], y e Hp, t>0,

where E is the expectation on (2, .7, P). Then we have the following asymptotic
behavior of P;*, whose proof can be founded in [20, Theorem 4.3.9].

Proposition 3.4 The transition semigroup {P{"};>0 has a unique invariant measure
W . Moreover, there exists a constant C > 0 such that for any Lipschitz function
¢ :Hy — R,

‘ S (y) — / P (d2)| < CA+ lxllm + Iylm)e” T lglip. (319

oD —e(2)l

where |@liLip = SUPy, 2yt T =allm, -
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3.4 The Averaged Equation

We consider the corresponding averaged equation, i.e.

{d;‘(, = A(X,)dt + F(X,)dt + G1(X,)dW], (3.20)

X():)CEH],

with the averaged coefficient
F(x) :=/ F(x,y)u*(dy), x e Hi,
Hy

where p* is the unique invariant measure for the transition semigroup { P;*};>o.
Since F is Lipschitz continuous, it is easy to check F' is also Lipschitz continuous,
ie.

IFu) — F)llm < Cllu —vlln,, u,veH.

Then equation (3.20) has a unique Varlatlonal solutlon X in the sense of Definition

2.2,1.e..for its dt @ P-equivalence class X we have X e L*(0, T1x 2,dt®P; V)N
LZ([O, T] x Q,dt ® P; H) with o as in A3, we have P-a.s.

t - t o t ~
X,=x+/ A()_(S)ds—i—/ F(Xs)ds—i—/ G1(X5)dw!, (3.21)
0 0 0

where X is any Vj-valued progressively measurable dt ® [P-version of )1( . Moreover,
we also have the following estimates. Because their proofs follows almost the same
steps in the proof of Lemmas 3.1 and 3.2, we omit them here.

Lemma3.5 Forany T > 0, p > 1, there exist constants Cp 7, Cr > O andm > 0
such that for any x € Hj,

> 2 2p—2 2
E( sup ”XIHF£>+E(/0 IXelgy ||X,||V1dt><Cp,r<1+||x||£)

1€[0,T]

and
T - -
E [ /0 IX: — X[@)n%,ldr] < Cr8' (1 + x|l (3.22)

Next, we intend to prove that X7 strongly converges to X, fort < g firstly, then the
proof of the main result will follow from the fact that the difference process X7 — X;
after the stopping time is sufficient small when R is large enough, whose proofis given
in Sect. 3.5.
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Proposition 3.6 Forany (x,y) € Hy x Hy, T, R > 0 and ¢ € (0, 1), then there exist

constants Cr,, m > 0 such that

JE?( sup ||Xf—5ff||%,l)
t€[0,T ATR]

1/2
< Crr(l+ ”)C”H1 + IIyIIHl) < + m + 5172 + 81/4)

where

1 = —
Tk = inf{r >0 :/0 (L4 IX )+ 1 X1y )ds > R}.

Proof We will divide the proof into three steps.
Step 1 We note that

t ~
XX, = / [A(;“(§) - A(X’S)] ds +[F(X5, Y8 — F(X)]ds
0

+[61E) - a0 aw,.
Applying Itd’s formula, we have
15 %l =2 [ v (AGKD — Ak, X¢ - Ravids
+/0[ 1G1(X5) = GuRIZ 0y
+2At ([FXS5, Y9 = F(XD], X5 = X)), ds
2 /0 X - R [G1(RD) - Gu(RoldW g,
- 2/(: v lARD) — AKX, XS — Xy)v,ds

t ~
+ / 1G1(XE) = G (R, ds

(

_l’_
[\S]

F(X9) — F(X)], X5 — Xy)y, ds

_|_
\S}

F(XE,YE) — F(XE) — F(X5s), Y )+F(X£(6))]

§2 s

—_——

+
[N}

F(X{s), YE) — F(Xs(a))] S6) ~ Xs(5)>H1 ds

+
[\

_|_
)
hc\hc\c\

(X ~ X, [G1(X]) = G1(X))dW, ) i,
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Then conditions A2 and A3 imply P-a.s.,

t ~
X5 — X3, < cfo 1XE = Xol3, (1 + IX 190+ [ X5y s
t
+C /0 (nxi — Xl + 1YE = YT, + 1%, — X n%{l) ds
t 1/2
+C [/O IF (X, YE) — F(Xﬁ(a))ni,lds]
t 1/2
x [ /O (12 = X 3, + 1%, = X1, ) ds}

t
+2 V ([FXe) 70 = FXi] . Xes) - X“‘”>H s
0 1
t

+2

/0 (XE = X, [G1(X5) — G1(X)1dW)) i,

Applying Gronwall’s inequality and the definition of the stopping time tg , we deduce
that

v 112
sup  |IXF — X3,
t€[0,T ATR]

T
< cR,T{ /0 (||X§ — Xes Iy + 1YF = Yl + 11X, — Xs@)n%,l) ds

T 1/2
L Gyl

} 12
X |:/ ||X§ - Xi((;) "%{1 + 11 Xs — Xs) ||%11dsi|
0

t
+ su <[FX€ V) — Fxe ],X“? % > "
te[o,pr]/o Ko ¥s) = FX) | Xy = Xs) H
t ~
+  sup /(Xf_XSs[Gl(Xﬁ)—Gl(Xs)]dWS‘)Hl }
t€l0,T AtR] 0
Note that

1 - =
{/ (Xs — X5, [G1(X5) — Gl(Xs)]dW51>H1}
0 0<I<T

is a local martingale and T A tg is a stopping time, thus applying Burkholder-Davis
inequality (see e.g. [20, Proposition D.0.1]), estimates (3.5), (3.16) and (3.22), there
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exists m > 0 such that

E( sup || X7 — Xtu%,l)

t€[0,T ATR]

< Crr (14 I, + Iyl ) 874

t€l0,T AtR]

1 -
+§E( sup ||Xf—Xz||%11>

t
fo <F(Xf~(5)’ Y9) — F(X{s)s X55) — Xs(8)> ds

+Cr.rE |: sup p
1

tel0,7T]
TATR =
+CrrE ( /O X2 — thH,dr) ,

which implies

|

E ( sup || XF — X, ||%,1)
te[0,T ATR]
< Crr (14 lIx I, + lIylE,) 874

t
+Cr.rE |: sup /;) <F(X§(6)v Ye) — F(Xf(g)), Xﬁ(é) — XS(5)>H1 ds

te[0,T]

T
+CR,T/ E ( sup || XE — X ||%1,> dt.
0 sel0,tATR]

Applying Gronwall’s inequality, we finally get

|

E ( sup | X7 — th%,l)

tel[0,T Atg]

< Cror (L+ IxI, + Iyl ) 8174

1
/ (POXis) 75 = FXi). Xes) = Xoio)), s
0 1
Hence, the proof will be completed by the following estimate:

E| sup
1€[0,T]

2 2 g &2 12
<Cr (1+||x”H1+”y”H2) <g+m+5 ) (3.24)

+CrrE| sup
1€[0,T]

|

t
/o <F(X.f(3>’ Y) = F(X{5))s Xs) — XS(8)>H1 ds

whose proof will be given in Step 2.
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Step 2 We note that
‘/ F(Xg(g)s F(Xs(g)) Xq((s) Xs(ﬁ))HldS
le/ol=l okt 1)s . .
= > / (F (XS5 YE) = F(XEs) Xis) — X))y ds
o ks
t
+/ (F(Xy(s)i ) F(X (3)) X;(a) s(cS))HldS
1(8)
[/81=1 1 (k+1)s B B
< / (F(XE 4, 75) = F(XE5)), X2 ) — Koy ds
k=0 |/ké
t /\
+ /(5 <F(Xs(8)’ &y — F(Xs(g)) Xs(S) —Xs((;))HldS
= J1(t) + Lo (1). (3.25)

For the term J,(¢), it is easy to see

172
E[ sup Jz(t):| <C[E sup ||Xf—5<,||%ﬁ}

te[0,T] te[0,T]
¢ 2 1/2
[E sup A+ 1XE gyl + 17E 1 my)ds }
tel0,T] 1Jt(5)
1/2
<C[E sup ||Xf—>?t||2l}
t€[0,T]

T 1/2
[E ]0 A+ 1 X551, + ||Y8||H2>ds] 8/
< Crllxlg, + IylE, + D82, (3.26)

For the term J;(¢), we have

[T/8]—1
IE|: sup Jl(t)j| <E Z

(k+1)é R _ B
f (F(XEy, ) — F(XEy), Xis — Ko) yds
k

1€[0,T] =0 8
<& E /(kms(}v(x,i,S YE) — F(X§s), Xis — Xs)myds
5 o<kttt | Jis e kol ks :
_ 172
%(qur/a] 1[E”X’f‘S B Xk‘s”%h] /
, ) 1/2
E /0 D F(Xfy Vi) — F(XEy)ds
H,
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s 12
crd e
< e+ Xl + lIylime |:/ / lIJk(s,r)der:| :
8 0<k<IT/81-1] Jo Jr

where forany 0 <r < s < =

s, r) = B [(F (X Tig0) = FOGy). FOG5 V) = F Xy )

and

)V

Wils, r) < Crllxlg, + Iyl + De™“F, (3.27)

|

whose proof will be presented in Step 3. Hence, we get

t
E|: sup / <F(XS(5)9 5) F(X (5)) Xs(5) - XS(5)> d
tel0,T] 140

) ) 1/2
2 2 & & e _(=ny
<cT<||x||H1+||ynH2+1>gUO / 3 dsdr:|
r

+Cr(Ixlly, + N7, + Ds'/?

- 2 5 g/ 6
= Cr(lxly, + Iyl3, + 1)5(% -

1 _ys\1/2
e %) Cr el + i, + 08

1
y2

gl/2
< Cr(Ixllz, + IylF, + D ( + m +81/2)

which completes the proof of estimate (3.24).
Step 3 For any s > 0, and any .%;-measurable H;-valued random variable X and
H»-valued random variable Y, we consider the following equation:

1 1
dY, = —=B(X, Y)dt + —=Go(X, Y)dW?, >,
I3 JE

Y=Y,

>é&,5,X,Y

which has a unique solution Y;” . Then by the construction of YE, for any k € N,

and t € [k§, (k 4+ 1)8] we have P-a.s.,

Y _ Ye K8, X5, Yk‘%
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which implies

skBX ve aszX ve
Vi(s,r) = E |:(F(Xk5’ oine ) = F(Xge), F(Xp5, Y, 058 — F(Xis) }

k8, X¢ Y
- [E [<F<Xk5, peXin iy _ pxe,),

k8, X% Y =
F(Xfg Y™ “)—F(X,ia)m%} (@)P(dw)
k8, X5 (@), V5 (@) =
= /Q [<F(Xk3, Yo R — F(X ()
k8, X5 5 (@), Y5 (w) =
F(Xfg(@), Yylgs @) — F(X,ia(w»ml}P(dw),

where the last equality comes from the fact that X;; and Y s are Fs-measurable, and

for any fixed (x, y) € H| x Ha, {Y;Ifkg )}920 is independent of .Zs.

By the definition of process Yt k. Y for its dt ® P-equivalence class Y5K0-%) we

have Y&k0-.Y ¢ LK ([k8, T] x Q, dt @ P; Vo) N L2([k8, T] x 2, dt ® P; Hy) with
as in B3 and P-a.s.

yekdx.y L[tk 2o k,x,y s Ze.k8,%, 3\ 11172

se+ks ZY+E . B(x,Y; )dr+ k Gao(x, Y, YAW;
_ 1 SSB ngSxy d G e kd,x,y dW2’k5
_y+—0 (. Y, s )r+— 200, Y, s AW

— vt / B(x, Ysglfkg})dr+ / Ga(x, Yi’fk;‘ M)A Wk, (3.28)
0 0

where Y#%%-%.Y is any V,-valued progressively measurable df ® P-version of Y &k5:%.y
(WP = W2 = Wisdso and (W20 1= 2wl .

The uniqueness of the solution of equatlons (3.28) and (3.18) implies that the
distribution of (ffglf,;g’y Jo<s<s/e coincides with the distribution of (¥; ")o<s<s/e-
Then by Proposition 3.4, estimates (3.1) and (3.15), we have

Wi(s,r) = /Q []E( <Xk3( ), YXk5<w) Yka(w)) — F(X]ig(w))’

(ng( ). y X! m(w)) — F(X55(@)), [P

X6 (w), Ve (w)
Xé ()Y, ks ks ( _
= [ e (s ) o]

(Xm ), ¥ X @@ g )) — F(X5(@))), Pdd)P(dw)
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X (0),VE (@), ~ _ Gy
<fﬁ[1+||xia<w>||ﬂ,+||Yr @ “‘”(w)ﬂﬂz}e ;
QJIQ

£5(@). 75 (@)

: [(1 + 1 X5 (@)l my + i (@)||H2i| P(da)P(dw)

(s=r)y

<cr [ [a+ ix@i, + 195 @1, | Paoe

(s—r)y

< Crlxllgy, + Iy, + De™ 2,

which gives estimate (3.27). The proof is complete. O

3.5 Proof of Theorem 2.4:

Applying Chebyshev’s inequality, Lemmas 3.1 and 3.5, we have

1/2
E ( sup [|XF — X3, 1{T>IR}> < [E ( sup [|X} — Xtu‘},l)]
t€[0,T] 1€[0,T]

(P(T > 1R)]'?
Cr(l+ lIxlI3, + Iy13,)

~

VR
T - 1/2
X [E/O I+ 11X 151 + IIXsllgl)dS}

Cr(L+ [l + Iyl

< b
X «/ﬁ

(3.29)

where m is a positive constant. Then taking § = s%, estimates (3.23) and (3.29) give

E ( sup || X7 — X,n%,l) <E ( sup 11X} — X, |7, I{Tgm)
te[0,T] te[0,T]

+E ( sup ”Xze - Xl”%—]l 1{T>rR}>
tel0,T1]

1
< Crr(+ IIx1%, + Iyl )es
Cr(L+ I, + Iyl

vR
Now, letting & — O first, then R — oo, we have
imE | sup [ X — X,[3, | =0. (3.30)
e=>0  \te[0,7]
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Note that for any p > 1, by Lemmas 3.1 and 3.5, it is easy to see that

v 2 o o 2p—1
JE?( sup ||Xf—xt||f;j>=E[ sup (I1XF = Xill I1X; = Xill3 )}
te[0,7T] te[0,7T]

1/2
<Cp [E ( sup || Xf — X,n%hﬂ
1€[0,T)

172

= dp—2
E(sup X — X037 )}
L te[0,T]

2p—1 2p—1
< Cpr(+1Ixl ™ + Iyl )

- 1/2
E( sup [|X5 — X,n%{l)} :
L te[0,T]

Hence, by (3.30), we finally get

. > 2P
limE | sup ||X%— X/ =0.
£—0 (te[O,T] ! =

The proof is complete. O

4 Application to Examples

In this section we will apply our main result to establish the averaging principle for
stochastic porous medium equations, p-Laplace equations, Burgers equations and 2D
Navier—Stokes equations with slow and fast time-scales. Note that we here mainly
focus on the nonlinear operator A, so we take the stochastic porous medium equation,
p-Laplace equations, Burgers equations, or 2D Navier-Stokes equations for the slow
component and stochastic heat equation with Lipschitz drift for the fast component
for the simplicity.

Let A C R? be an open bounded domain and A be the Laplace operator on A with
Dirichlet boundary conditions, and for p € [1, 00) we use L”(A) and Hy'” to denote
the space of p-Lebesgue integrable functions on A and the Sobolev space of order n
in LP(A) with Dirichlet boundary conditions. Recall that X* denotes the dual space
of a Banach space X.

4.1 Stochastic Porous Medium Equations

Let W : R — R be a function having the following properties :

(¥1) W is continuous.
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(W2) Foralls,t € R
(1 =5)(W() —¥(s)) = 0.
(W3) There exist p € [2, 00), c1 € (0, 00), ¢3 € [0, 00) such that for all s € R
sW(s) = cils|? — .
(W4) There exist c3, c4 € (0, 00) such that for all s € R
(W) < eslslP ™+ ca,

where p is as in (¥3).
Considering the Gelfand triple for the slow equation

Vi = LP(A) C Hy = (Hy 2 (A)* €V} = (LP(A)*

and the Gelfand triple for the fast equation
. 1,2 . 2 * . 1,2 *
Vo= Hy>(A) € Ha := L*(A) C V5 = (Hy " (A)*.

Then we introduce the porous medium operator A(u) : Vi — Vl* (see [20, Sect. 4.1]
for details) by

A(u) = AV (u), uelVv.

Now, we consider the slow—fast stochastic porous medium-heat equations

dX¢ = gAqJ(x;) + F(XE,Y))]dr + 1G1(Xf)dW1,
dYf = —[AYf + Bo(XE, Y{)]dr + 7Gz(xf, YE)dw?, 4.1
& I

Xo=xeH,Y;=yeH,
where
F:H x Hy— Hi; Gp1:Vi— Lo(Uy; Hy);
are measurable mappings and
By : Hy x Vo —» Vs Ga: Hy x Vo — Lyo(Ua; Ho)
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are Lipschitz continuous. More precisely,

| F (i, uz) — F(vi, vl < Cllur —villg, + lluz —v2llgy); 4.2)
1G 1) — GiWIIL,w,.1y) < Cllu = vlF,: 4.3)
| Ba(ur, u2) — Ba(vi, vl < Clluy — villg, + L lluz — v2llgy; (44)
1G2(ur, u) — Ga(vi, V)|ILywr. 1) < Cllur — ville, + L, llu — vllg,. (4.5)

Moreover, there exists £ € (0, 1) such that
1G2@ur, Vs s 1) < CA + lurll gy + ||v||§12) (4.6)

and for the smallest eigenvalue A; of —A in H», the Lipschitz constants Lg,, Lg,
satisfy

2h —2Lg — L2, > 0. .7
It is well known that the porous medium operator A satisfies the monotonicity
and coercivity properties (see, e.g., [20, pp. 87-88]). So it is easy to check all the

conditions A1-A4 hold. Furthermore, the condition B2 holds by condition (4.7) and
the conditions B1,B3 and B4 hold obviously. Hence, by Theorem 2.4, we have

imE ([ sup [Xf — X377 ) =0, Vp>1,
e=>0 \re[0,7]
where X; is the solution of the corresponding averaged equation.

4.2 Stochastic p-Laplace Equation

Now we consider the stochastic p-Laplace equation (p > 2). We choose the Gelfand
triple for the slow equation

Vii=Hy"(A) € Hy = L2(A) € Vj = (Hy P (A))*
and the Gelfand triple for the fast equation
Vai= Hy2(A) € Ha := L3(A) C V5 = (Hy 2 (A))*
andlet A :V; — V[ be
Au) = div(]Vu|P2Vu), ue V.

More precisely, given u € Vi, we define
vi(AQ), v}y, = —/A IVu@)|P"2(Vu(€), Vu&))dé, v e V.
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Here A is called the p-Laplace operator, also denoted by A ,. Note that Ay = A.
Now, we consider the slow—fast stochastic p-Laplace-heat equations

dx¢ = [div(VXE P2V X®) + F(XE, Yf)] dt + Gy(X5)dw},
1
[AYE + Boy(XE, Y)]dt + —=Go(XE, Y)dW,, (4.8)
&

dyf = -
t e \/—
XSZXGH[,YéZyEHz,

where the coefficients F', G, B> and G satisfy conditions (4.2)—(4.7).
Itis well known that the p-Laplace operator satisfies the monotonicity and coercivity

properties (see, e.g., [20, Example 4.1.9]). So it is easy to check that all the conditions
A1-A4 and B1-B4 hold. Hence, by Theorem 2.4, we have

imE ([ sup [Xf — X377 ) =0, Vp=>1,
=0 \tef0,7]

where X; is the solution of the corresponding averaged equation.

Note that in the above two examples both the porous medium and the p-Laplace
operators are globally monotone. But our result also applies to many merely locally
monotone operators. For illustration, we will consider the stochastic Burgers and
stochastic 2D Naiver-Stokes equation below (see [20, Sects. 4.1 and 5.1] for a number
of other examples).

4.3 Stochastic Burgers Equation

Now we consider the stochastic Burgers equation. Taking A = (0, 1) C R, we choose
the Gelfand triple for the slow equation

Vii= Hy?(A) C Hi = LX(A) € Vi = (Hy *(A)*
and the Gelfand triple for the fast equation
o ogl2 ) x . oprl,2 *
Vo= Hy " (A) C Hy := L°(A) C Vy = (Hy " (N))
andlet A: Vi — V| be
A(u) == Au+uVu, ue V.
Now, we consider the slow—fast stochastic Burgers-heat equations
dX¢ = EAXf + XEVXE 4 F(XE, Y,S)J dt + G(XE)dw],
dye [AYf + Bo(XE, Y{)]dt + —=Ga(XE, YE)dWE, 4.9)
e

= NG

XS:XEH],YgZyEHz,
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where the coefficients F', G1, B> and G satisfy conditions (4.2)—(4.7).

It is well known that the operator A satisfies the monotonicity and coercivity prop-
erties (see, e.g., [20, Lemma 5.1.6]). So it is easy to check that all the conditions
A1-A4 and B1-B4 hold. Hence, by Theorem 2.4, we have

EimE [ sup [XF— X177 ) =0, Vp>1,
e=>0 \tef0,7]

where X; is the solution of the corresponding averaged equation.

4.4 Stochastic 2D Navier-Stokes Equation

Now we consider the stochastic 2D Navier—-Stokes equation. Let A be a bounded
domain in R? with smooth boundary, denote

Vi={ve Hy* (AR 1V v =0asin A}, [vl}, :=/ IVu(&)|%dE,
A

and let H; be the closure of V; in Lz(A; ]Rz). We choose the Gelfand triple for the
slow equation

ViC H CVf
and the Gelfand triple for the fast equation
Vy = Hy?(A) € Hy := L*(A) € V5 = (Hy*(A)*
andlet A: Vi — V[ be
A(u) .= PgAu — Pgl(u-Vul, uelV,

where Py is the Helmholtz—Leray projectionand -V = 21'2:1 u'd; withu = (u', u?).
Now, we consider the slow—fast stochastic 2D Navier—Stokes-heat equation

dX? = EA(Xf) + F(XE,Y9)]dt + Gll(Xf)dWI,
dy? = . [AY] + Bo(XE, Y))]dt + ﬁGz(Xe, YE)dw?, (4.10)
XS:XGH],YgZyGHz,

where the coefficients F', G1, B> and G satisfy conditions (4.2)—(4.7).

It is well known that the operator A satisfies the monotonicity and coercivity prop-
erties (see, e.g., [20, Example 5.1.10]). So it is easy to check that all the conditions
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A1-A4 and B1-B4 hold. Hence, by Theorem 2.4, we have

imE ([ sup [Xf — X177 ) =0, Vp>1,
=0 \tef0,7]

where X, is the solution of the corresponding averaged equation.
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5 Appendix

At the end of this section, we give the proof of Theorem 2.3 based on the techniques
used in [20, Theorem 5.1.3].

Proof of Theorem 2.3 Let H := H; x H, be the product Hilbert space. For any ¢p =
(¢1, 92), ¢ = (p1, ¢2) € H, we denote the scalar product and the induced norm by

(@, 9)1 = (1, 00) 1y + (62, 02) 1y, Il = V{9, D) = /||¢1 1%, + 62013,

Similarly, we also define V := V; x V;. Then V is a reflexive Banach space with the
following norm:

161y = /113, + g2l
Now we rewrite the system (1.1) for Z; = (X7, Y{) as
dzZt = A(Z5)dt + G(Z9)dW,, Z§ = (x,y) € H, (5.1
where W; := (Wll, Wtz), which is a U; x Uj-valued cylindrical-Wiener process and
- 1
A(Z]) = (A(Xf) + F(X7,Y[)), -B(X], Yf)) ,
&
1
G(Zf) = (Gl(Xf)» EGZ(X‘S’ Yf)) .

Moreover, G is an operator from V to Lo (U, H), where U := Uy x Up and Lo (U, H) is
the space of Hilbert-Schmidt operators from U to H. The norm in L (U, H) is defined
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by

1
IG@ ety = /nGl(x)n%Z(Ul,H,) + G2 WL,y 1y 2= (0 EV.

Let V* be the dual space of V and we consider the following Gelfand triple V C
H = H* C V*.Itis easy to see that the following mappings

A: V>V G:V— LU H

are well defined. To complete the proof, we only check whether the new coefficients
in equation (5.1) satisfy the local monotonicity, coercivity and growth properties by
[20, Theorem 5.1.3].

Indeed, for any w; = (u1, v1), w2 = (uz, v2) € V, by conditions A2 and B2, we
have

2y (A(wr) — A(wa), wi — w2)y + 1Gw1) — G|, ¢4
=2y (A(u1) — A(u2), uy —u2)yy + (F(uy, v1) — Fuz, v2), ur — u2) gy

2

vz (B(ur, v1) = Bz, v2), v1 = va), + [1G1 () — G|, w,.my)
1

+-11G2(u1, v1) = Ga(uz, VL5 (. )

14
<C [(1 + uall§) (1 + ||uz||§;>] lur = wallfyy = S-llvr = vl
+Cellur — uzllyy, + Clluy — uzll gy vt — vl

< Ce [+ N2l + w2l ] wr = wally,

which implies that the local monotonicity condition holds.
For any w = (u, v) € V, there exist constants C, > 0 and C > 0 such that

2p-(Aw), w)y + IGW)I1Z, 047

2
= 2V1* (A(l/t), u>V1 + EV2*<B(M9 U), v)Vz + <F(u7 U), M)Hl
+1G1 )3 + L6 2
l 1(u)”L2(U1,H1) g” 2(u, v)”Lz(Uz,Hz)

< Clull, —0lull% +C lc1 2 2y 4
< Cllullyy, = Olully, +C + — | €+ Jullgy, + vlZ,) = nllvll,

< Ce(1+ IIwII%) — Ce(llully, + IvIIy,)
and
- 1
Ay« < [A@)lvy + EIIB(M, V)llvy + I1F @, v)|#
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.l Bla=1)
< CA A+ lully, DA+ flull g )
C 2(k—1) C o
= (U Tl + ol + el )+ = (141013

< Coll+ el + ol DA + lwilf)

=X “e Vi %) H»
for some B > 0, which implies that the coercivity and growth conditions hold. O
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