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Abstract

In various biomedical applications, precise focusing of nonlinear ultrasonic waves
is crucial for efficiency and safety of the involved procedures. This work analyzes
a class of shape optimization problems constrained by general quasi-linear acoustic
wave equations that arise in high-intensity focused ultrasound (HIFU) applications.
Within our theoretical framework, the Westervelt and Kuznetsov equations of non-
linear acoustics are obtained as particular cases. The quadratic gradient nonlinearity,
specific to the Kuznetsov equation, requires special attention throughout. To prove
the existence of the Eulerian shape derivative, we successively study the local well-
posedness and regularity of the forward problem, uniformly with respect to shape
variations, and prove that it does not degenerate under the hypothesis of small initial
and boundary data. Additionally, we prove Holder-continuity of the acoustic potential
with respect to domain deformations. We then derive and analyze the correspond-
ing adjoint problems for several different cost functionals of practical interest and
conclude with the expressions of well-defined shape derivatives.
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1 Introduction

In 1848, Stokes published an article on a difficulty in the theory of sound, namely the
difficulty to apprehend the nonlinear behavior of acoustic waves [1]. Nonlinear wave
phenomena still pose challenging questions to this day. In various biomedical appli-
cations [2—6], understanding and manipulating nonlinear ultrasonic waves is essential
in ensuring the efficiency and safety of the involved procedures. Among such pro-
cedures, High-Intensity Focused Ultrasound (HIFU) is emerging as one of the most
promising non-invasive tools in treatments of various solid cancers [4, 7, 8]. However,
its wide-scale use hinges on the ability to guarantee the desired sound behavior in the
focal region. Other applications of HIFU include, among others, lithotripsy [6] and
stroke treatments [9].

HIFU waves are commonly excited by one or several piezoelectric transducers
arranged on a spherical surface [9—11]. Changes in their shape directly affect the
propagation and focusing of sound waves. Depending on the application, the require-
ments for the pressure levels and wave distortion at the focal region differ. Designing
the transducer arrangement for a given set of requirement gives rise to a practically
relevant optimization problems.

Motivated by this, in the present work we conduct the analysis of a class of shape
optimization problems subject to the following model of ultrasound propagation:

(1 =2k — 2 Ay —b Ay — 20V - Vi = 0, (1)

on a bounded smooth domain €2, assuming nonhomogeneous Neumann boundary
excitation. The particular choice of the parameters k and o allows us to cover the
strongly damped linear wave equation as well as the classical Westervelt [12] and
Kuznetsov [13] equations of nonlinear acoustics (in potential form) within our analysis.
We refer to Sect. 2 below for a more detailed discussion of the studied model.

The well-posedness and regularity of nonlinear acoustic waves on fixed domains
have been by now widely studied in the literature; see, e.g., [14-22]. Shape differ-
entiability of acoustic wave equations and related optimization problems have been
mostly examined subject to linear evolution; see, e.g., [23-25] and the references given
therein. The few results [19, 26-28] available in shape optimization with quasilinear
acoustic models focus on the less involved Westervelt equation in pressure form.

In this paper, we enrich the existing literature with the study of a quasilinear model
(1) with general quadratic nonlinearities (i.e., the terms VU and Vi - V). The
presence of these terms necessitates the use of higher-order energies in the analysis
of the state problem compared to [19, 27]. In turn, new arguments need to be devised
in the study of Holder-continuity with respect to shape variations. Furthermore, the
quadratic gradient nonlinearity leads to adjoint problems with boundary conditions in
the form:

dp ,dp oy .

2

— —b—+20—p =0,
C(’)n 8n+08np
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where p is the adjoint variable. When o # 0, such a boundary condition requires
special attention in the well-posedness analysis.

Besides, we not only treat the classical L%(L?)-tracking problem on D = Dg x
(t0, 11), where the acoustic velocity potential ¥ should match a desired output on
a given spatial focal region DgC 2 within a certain time interval (f, #1), we also
consider in this work an L?-matching objective at final time:

1
Tr(¥. @) =3 /Q (w(T) — st)Z xDs dx. @)

Additionally, we study an L2(L?)-tracking functional on v, corresponding (up to a
multiplicative constant) to tracking the sound pressure. We denote by fp the desired
pressure on D. The cost functional is then given by

Jp(r, 2) = //llf fp)* xp dxds; 3

see Fig. 1 for an illustration of the optimization setup.

The shape analysis is carried out by adopting the adjoint-based variational frame-
work developed in [29], which avoids the need to study the shape sensitivity of the
state variable. Instead we rely on the aforementioned Holder continuity of the potential
with respect to domain perturbations in a suitable norm. We show that with appropriate
(different) adjoint problems, these objectives have the same final derivative expression
which is of the form required by the Delfour—-Hadamard—Zolésio structure theorem;
see [30, Theorem 3.6]. The well-posedness analysis of the state and adjoint problems
ensures the well-definedness of the expression.

The paper is organized through multiple sections, each dealing with questions relat-
ing to the existence and well-definedness of the derivative. In Sect. 2, we discuss the
well-posedness of the forward problem under Neumann boundary conditions and the
regularity of its solution, also uniformly with respect to shape deformations. In Sect. 3,
we prove the Holder continuity of the velocity potential with respect to domain per-
turbations. We then study the well-posedness and regularity of the adjoint problem for
the L?(L?)-tracking objective. In Sect. 5, we rigorously derive the shape derivative
in the direction of any sufficiently smooth vector field deformation. Additionally, we
give a brief analysis of the L?-matching objective at final time (2) and of the pressure
cost functional (3) and give their shape derivative expression.

Notation

We shall frequently use the notation x < y which stands for x < Cy, where C is a
generic constant that depends only on the reference domain €2 and, possibly, the final
time 7. We will denote by Cq 4 the embedding constant of H 1(Q) into L4(Q) and
by Cir 9q the norm of the trace operator tryq : HY(Q) — H1/2(8 2). We denote by
X, X and X the first, second and third, respectively, derivative of the quantity x with
respect to time. Given two Banach spaces X and Y, we shall refer to the continuous
(resp. compact) embedding of X into ¥ by X < Y (resp. X X Y).
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Fig. 1 The optimization setup, where D = Dg X (1, t1)

2 Analysis of the State Problem

In this section, we discuss the well-posedness of (1) as well as of its more general
counterpart with variable smooth coefficients; see (25) below.

Throughout this work we assume that € is a C*!-regular, bounded domain in R/
with [ € {2, 3}. In (1), ¥ denotes the acoustic velocity potential. It is related to the
acoustic pressure p via

p = py,

where p is the mass density of the medium. The constant ¢ > 0 denotes the speed
of sound and b > 0 is the so-called sound diffusivity. Note that the presence of the
strong damping (b > 0) in the equation contributes to its parabolic-like character;
see, e.g, [15, 20]. The constant k is a function of the coefficient of nonlinearity of the
medium S, and of the speed of propagation c.

Equation (1) can be seen as the Westervelt or Kuznetsov equation of nonlinear
acoustics, depending on the choice of parameters k and o. Indeed,

('3—3‘, O) for the Westervelt equation [12],

(kv U) = ﬂ —1 .
24— 1) for the Kuznetsov equation [13].
c

The choice between these two models depends on whether one can assume that cumu-
lative nonlinear effects dominate local nonlinear effects; see the discussion in [31,
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Ch. 3, Sect. 6]. We refer to [32] for a survey of models in nonlinear acoustics. Going
forward, we assume that k, o € R.
We couple (1) with an excitation modeled by Neumann boundary conditions as
well as the initial data and study the following problem:
(1 =2kyr) —c2 Ay —bAYy —20Vy - Viy =0 onQ,
=g onx, @)
¥ (0) =vo, ¥(0) =y1 ong,

where we have denoted Q = Q2 x (0, T) and ¥ = 92 x (0, T'). Mathematical analysis
of the Kuznetsov equation with homogeneous Dirichlet data can be found in [20]. The
Kuznetsov equation in pressure form with nonhomogeneous Neumann data is studied
in [15]. The analysis of (4) follows along similar lines with main differences in the
energy arguments, which we present here. For the sake of readability, we first study
the well-posedness of (4) and then generalize the argument to the case of variable
coefficients resulting from domain perturbations; see Theorem 3 below.

Assumption 1 We make the following assumptions on the regularity and compatibility
of data in (4):

e Yo <€ H3(Q) and ¥, € H*(Q):
e g€ HX0,T; H Y20Q)) n HY(0, T; H3%(5%)),
g€ L®0,T; H/2(3R));

Yo _ W
5, =80, == =2(0).

Auxiliary Inequality We recall that the following embeddings hold: H!'(Q) &
LY Q) — L*(Q); see [33, Theorem 1.3.2]. Let u € H'(). Then by Ehrling’s
Lemma [34, Theorem 7.30] and Young’s inequality, for all € > 0, there exists a
constant Cg (€), such that

)74y < CEQ@ Ul g + €lVulFa - )

2
L@ =
Cé’ 4”””%11 @ when critical. This small change allows us to avoid imposing addi-
tional assumptions on the smallness of w below (as done, for example, on y in [19,
Theorem 1], where the Westervelt equation in pressure form is analyzed).
Linearized Equation Following the general approach of, e.g., [15, 19], we first

consider a linearized problem with a variable coefficient a and a source term f:

This result will be used throughout the analysis to avoid relying on |ju||

a)e —c*ANe—bAE=f  on Q,
X =g o3, (6)
£0) =10, §E0) =1  ong,

supplemented by the same initial and boundary conditions as in (4). To study such a
problem, we need suitable assumptions on the non-degeneracy and smallness of a.
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Assumption 2 We make the following additional assumptions on the source term and
the variable coefficient in (6):

e acL®0,T; HX Q) NL*0, T; H3(Q)), a € L*°(0, T; L*(R)). Furthermore,
let there exist a, @ > 0 such that

a < a(t) < a almost everywhere on Q for almost every ¢ € [0, T'];

o feL*0,T; H(Q)NnWh1(0, T; L?(Q)).

Proposition 1 Let Assumptions 1, 2 hold. Then initial boundary-value problem for (6)
admits a unique solution in

W={&eL®0,T,H(Q): £ e L>®0,T, H(Q) NL*0, T, H*(Q)),
£eL>®0,T,L*(Q)NL*0, T, H (Q))).

Furthermore, the solution satisfies the energy estimate

161 S 1¥0ll3s gy + 1l + 1A 1 20 @y + 1121 200 ©

2 2 <112
+ ||g||Hl(H3/2(BQ)) + ||g||H2(H—I/2(aQ)) + ||g||L°°(H1/2(BQ))'

Remqu 1 Theregularity of &€ € W implies that & is continuous from [0, T'] into H3(£2)
and & is weakly continuous from [0, 7] into H 2(Q) [35, Lemma 3.3]. Note that the
hidden constant in (8) depends on a and tends to +oc as T — +o0.

Proof The proof can be conducted rigorously through a Galerkin approximation of
the weak form of the PDE by restriction to appropriate finite dimensional subspaces of
H 3(Q); see, for example, [36, Chapter 7] and [37, Chapter X VIII]. We focus here on
the derivation of a uniform energy estimate, which differs from the related results in the
literature (cf. [19, Theorem 1]) and will enable the upcoming fixed-point argument.
For notational simplicity, we omit the index indicating the Galerkin approximation
below.

Lower-Order Energy Estimate To obtain the desired energy estimate, we test the
semi-discrete problem by & and integrate in time over (0, ¢) to obtain

[y [(@(®)E, &) + c2(VE, VE) + b(VE, VE)] ds
= [0 (f(8),6)ds + [§ [yq(2g +b&)E dy ds,

which, after using the relation
E“é—zl l(é ) 21('5' ) ©
a ; a a s 9
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yields the energy identity

1 . 62 t .
S IVaEDIG2 ) + SIVED T2 q) +b [0 IVEII75 g ds

L[t ... 1 2 ¢ ‘
- 5/0 (@€, &) ds + IV a(0)é) IIiz(9)+%||V§0||iz(m+/o (f(s), ) ds

t
+/ / (c*g + bg)E dy ds.
0 JoQ

We can estimate the first term on the right using Ehrling’s inequality (5) as follows:

(@&, &) < 1l 1200 1813 400y = 10l 200 (CER(OIENT 20 +€lVEID2 g, )

We then proceed to estimating the source term

t t
. 1 2 1 * 2
and the boundary term
! 2 : > LEe 2
/0 | @+ biréayds <0g + blirzan ( fo 101200 ds)
le)
1 2 ) 2 Lo 2
= ZHC g+ bg||L2(H—1/2(3Q)) + GCtr,BQA ”$”H1(Q) ds.

Using Assumptions 2, we then have

Qo2 ¢’ 2

léllzooz2)) + 2CE 50 o
+ (b —€ it / IVEN7 g ds
0

2
) (10)
CE‘Q(G)”C.I”LOQ(LZ(Q)) + 1 + 26Ctr PIe) 1 20 a . 2
< 5 /O 16132y ds + S IEO)I72 g,
¢ 2 L 2 L ")
+ ?”V%‘(O)”LZ(Q) + E 0 ”f”Lz(Q) dS + Z”C 8 +bg”L2(H—l/2(3Q))’
where € > 0 is chosen small enough so that
|l poocr2y + 2C2 .
b Nl a2 (11

2

To get the next component of the desired energy estimate, we differentiate the semi-
discrete problem with respect to time and test with £, which, after integration by parts
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in space, yields

t
| @ &+ vé, vE) + bvE VE) | as
t t t
—/ (@()E, Eyds + / (f(s), Eyds + / / (2 + bi)E dy ds.
0 0 0 0
We estimate the source term, for any €y > 0, as

t 1 to 2
/O (f(S),E)dSSE< fo ||f<s>||Lz<Q)ds) teo sup [E@I g,

te(0,1)

We can then infer the following inequality:

2 t
a .. C . .
FIEOL2 )+ SIVED G2 +b /0 IVEII7> g ds

a e 1
< SEO IR g+ SIVEOI g, — 5 /O @)E By ds
t 2 P
+@(/0 ||f(s)||L2<sz>dS) +eorzl(10p[)||$(r)\|Lz(Q)+/ /Bg(czg+bg)gdyds,

where E (0) can be estimated by testing (6) by E att = 0:
1 .. .
§||§(0)||L2(sz) < A AEO) 12y + bl AEO) I 20 + I1LF O 12()- (12)

Notice that due to the embedding wll (0, T) — C[0, T] (see [38, Ch. 8, p. 214]),
the term || f(0)[/2(q) can be estimated with || f [l 1.1(72(q))-
We develop the rest of the estimates analogously to before and obtain

_||$(t)||L2(Q) + ”Vi:(t)”LZ(Q)

||a”Loo(L2(Q)) + 2C a0 ! .
+ (b —€ 5 L f IVEII: g ds

CE a@)llall Loz +2€¢C tr a0

a ..
< : / €122 0, ds + SIEO) 22 q,

2
_”VS(O)”LZ(Q) + (/ ||f(s)||L2(Q) dS) +60 sup ”S(T)”LZ(Q)

te(0,1)

+ de ||02g + bg‘”iz(Hfl/z(aQ)),
(13)

with € > 0 chosen again so that (11) holds.
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We can then combine (10) and (13), taking the supremum over ¢ € (0, f) for some
0 < f < T which allows us to absorb the €y term and then use Gronwall’s inequality
to eliminate the energy terms form the right-hand side. Together with estimate (12)
and the fact that

i
||$(f~)||L2(Q) = [15(0) +/0 &(s) ds||L2(gz) = ”SOHLZ(SZ) + ;”S”Lw(y(g)),

we obtain the following bound on the energy norm:

r
1ED71 0y + 1ED 1) + 1ED72q) + /O IVE@)1172q ds

: 14
< Wl + 111 + 1R 2y T 1 ey O
+ ”8”%12([.1—1/2(39))1
a.e. in time, where the hidden constant is given by
Cr(1+ D exp (Co(1 + llal oo 12(2)))7) - (15)

where C and C» are two positive constants.

Bootstrap Argument Inspired by the approach of, e.g., [39, Lemmas 3.1 and 3.2],
we demonstrate, through a bootstrap argument, that a higher regularity is achieved.
To do so, we rewrite (6) as

— A (PE+DbE) + P +bE = f—aWE+PE+DbE onQ,
czg—i+b%=§2g+bg on X,
§0) =&, £(0) =&  onQ.

Let © = ¢2£(r) + bE(t) and f = f(1) — a(1)E(t) + c2£(t) + bé(r). Then O solves

—AO+O=Ff ong,

%(,f =c?g+bg on d%2.

By estimate (14) and Assumptions 2, we infer that f e L%, T; HY). Recalling that
Q is of class C>!, elliptic regularity yields

1O 3@ S 1/l + g + bl mrpa;
see [40, Theorem 2.5.1.1]. Since we know that & solves the ODE

.
b> b’
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we have
2 2 51
E=ec" <§o+/ e/ —@(s)ds)
0 b
and subsequently

16N o3y S Néollu3e) + 1Ol L2030
S &l sy + 1 F i 2cm @y + Ie*8 + b@ll 2 agy)-

Furthermore,

. 1
1123 @) = EH@ - 02$||L2(H3(sz))

24\

1€oll i3 @ + 11 Fll 2 ) + le*8 + DG 232 o))
and similarly,
. 1 )
&Nl oo (m2(02)) = BH@ = &l o2y
S Mol + 1 Fll o2y + lc*g + bgll poocH12(90))-

Together, these estimates yield £ € W and

161y < 1ol + 111500y + 1 12201 0y + 111 1200

2 2 .
+||g||H1(H3/2(3Q)) + ”g”HZ(H—l/Z(aQ)) + ||g||L°C(H1/2(i)Q))~

With this uniform bound in hand, standard compactness arguments allow us to extract
weakly convergent subsequences that verify the PDE and its initial conditions; see

e.g., [36, 41]. We omit the details here.

O

We next move on to the analysis of the Kuznetsov equation where we show that the
aforementioned regularity and well-posedness results hold for the nonlinear equation,
provided smallness of data, using a fixed-point argument. To this end, we define the

operator
A[[]: W3y 1,
where 1 is the solution of the initial boundary value problem
(1 =2k — 2 Ay —b Ay = 2av3y‘ .Vy  onQ,

] % =g on X,
V() =vo, v(0)=y1  ong,
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and the ball W is defined by

. 1
W= {y €W lIylleecre@) = T IVyIlLeom2)y =7
VYl ooy <7 IVl2m @) <7 (17)

IV Loy = rs IVYIL2eo@)) < V} ,

for some r > 0; recall that the space W is defined in (7). The choice of » > 0 will be
made below. Note that the set WV is nonempty as 0 € W.

Theorem 2 Let T > 0. Under Assumptions 1, there exists rg = rg(Q, T), such that if
V01133 + W1 1320 + 18113 +lgl?
01l g3 () g2 H(H3/2(3Q)) H2(H-1/2(3Q))
2 2
+||g||L°O(H1/2(BQ)) f r()a

then the initial-boundary value problem (4) for the Kuznetsov equation has a unique
solution € W. Furthermore, this solution satisfies

||¢||2 g ||W0||%13(Q) + ”101”?.12(9) + ”g”%_[l(HS/Z(BQ)) + ”g”%‘IZ(H’l/Z(BQ))
12
+ ||g||LOO(H1/2(aQ))'
Proof The proof follows by employing the Banach fixed-point theorem on the mapping

A[-]. We can use the existence and uniqueness result of Proposition 1 to conclude that
A[-] is well defined by setting

yeWw, f=20Vy-Vy, a()=1-2ky.
We see that Va € L2(0, T; H'(Q)) and a € L%(0, T; H'(2)) N L>(0, T; L3(Q)).

Moreover, with the choice of the ball W, a < a(t) < a is verified with g = % and

a = % We next verify the regularity assumption on f in Proposition 1. Denote by

H(-) the Hessian matrix operator of a scalar field. Then

t
[N
= 40? t||V'-v 12,0, ds 4 40 tnwv-muz d
- 0 y y Lz(Q) § o 0 y y Lz(Q) § (18)

<12 2 2 <\ 112
5 “Vy”LOO(Hl(Q)) ||V)’||L2(H1(Q)) + ||Vy||L2(LOO(Q)) ||H(y)||LOO(L2(Q))

Similarly, we have
f2 c 4 22 2
”f”Ll(LZ(Q)) 5 ”Vy”LZ(Hl(Q)) + ”Vy”LZ(LZ(Q)) ”Vy”LZ(Loc(Q)) (19)

@ Springer



39 Page12o0f35 Applied Mathematics & Optimization (2022) 86:39

Therefore, there exists C = C(t) > 0, such that

t t 2
fo ||f<s>||§,l(mds+<fo ||f<s>||Lz(Q>ds) <cr 20)

Thus, (16) is well defined, provided ||yl Lo (L)) < ﬁ. Next we demonstrate that
W is invariant under a smallness condition on the problem data. By the energy bound
(8), there exists C3 = C3(r) > 0, such that

1ALV < C (||wo||i,3(g) Il + 1F O 121y T 1O 20
2 2 <112
+||g”H1(H3/2(352)) + ”g”HZ(H’l/Z(BQ)) + ||g||LOO(H1/2(3Q))) .
We can estimate the norm terms involving f as in (20). Together, this yields that
1Ay S g +r*.

On account of the embedding H 2(Q) < L°°(), the semi-norm | - lyy defining the
ball W, is weaker than the norm || - ||w. Therefore, there exists C4(r) > 0 depending
continuously on r (cf. (15)), such that

IAIYIRy < Ca(r) (g + 1.

Since C4(r) > 0 depends continuously on r, for » small enough, we have
1 3
0< §C4(0) < Cy(r) < §C4(O).

It can then be readily shown that the set VV is invariant under A[-] for ro sufficiently
small if we impose additionally

2 2
< .
3C4(0)

Indeed, for rg < ,/% — r4, we have %C4(0) (rg + r4) <r

Next we prove the strict contractivity of the operator A[-] in

X = H>0,T; L*()) N Wh>(0, T; H (Q));

that is, in a weaker topology compared to the one of the solution space. Let y, y € W
and let ¥ = A[y] and ¢ = A[y]. We define z = ¥ — i, which verifies

at)i—Az—bAi=f—f—(@—ay onQ,

E_0 ony, @1
2(0)=0, z(0) =0 on Q.
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We test (21) with z and integrate in time over (0, ) to obtain, analogously to estimate
(10),

t
12120y + V2O g + fo V21172 ds
= Cs() (I = FIZaaq + 1@ =122y ) - (22)
Next we test (21) with Z and integrate by parts in time and space to obtain

Jo H@(©)z.2) + bV, Vi ds = & [§ V212, 6, ds — A(V2(0), Vi(D)
Ffif = = (@a—a), ) ds.
We estimate the term

1
2 . 2 . 2
V@), VIOl = 2 IIVZDliag) + €lVEDIT2 ), (23)

and the term
t N - 1 - 1 =
fo (f = [ =@= @V, Dlds = IS = 2@y + 3 1@ = DV
t
+e/0 121175 g ds

The terms IvzI3, (o ds and IVz@)12, (o are directly estimated by (22). We

choose € as small as needed to absorb the terms ||Vi(t)||iz(9) and fot ||'z'||i2(Q) ds
by the left-hand side. Using the fact that

1272y < 21702 1 €10, T,

we combine the resulting estimate with (22) to conclude that there exist Cg = Cg(r) >
0, such that

21 = Co (1f = P22y + 1@ = V122200 -
We know that
@ =V 17220y <467 CEA1Y = V1 oot 112241120
and that

1 = P22y =401V = 3) - V3 + VO =) - V3lT2 20
<8621V = D oo (200 I VI 721 @)
+802 VG = D722 IVI 71
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Together, this gives us that
1AL = AN S (1913201 0y + IV 32 ey + IV iy ) 1y = 313

Since ¥ € W, we have ||&||12(H1(Q)) < r2, and we conclude that there exists C =

C(r) > 0 (we deal with the dependence on r, similarly to how we did earlier in this
proof for C4(r))

S1112 A2 <02
IALY] = AT < €2y — 5113
which shows that A[-] is a strict contraction if Cr? < 1.
Following a similar argument to [19, Theorem 2], it can be shown that the set )V is
closed in X. Banach’s fixed-point theorem then ensures the existence and uniqueness
of asolution yy € W of (4). The energy estimate is obtained by using the linear estimate

(8), the estimates (18) and (19) for the source term f, and Gronwall’s inequality. In a
similar manner, the uniqueness in W follows. O

2.1 Shape Deformations and Uniform Well-Posedness
We next introduce a family of admissible perturbations {€24} of the reference domain
Q € C%1 such that @ c U, where U is a fixed bounded hold-all domain in R! with

I € {2, 3}; see Fig. 1. To this end, we employ the approach of [42], and perturb the
identity mapping with a vector field

heD= {h e c2! (ﬁ,RZ)‘ hlsw =0}.
For h € D and d € R, such that |d| is sufficiently small, we define
F;=id + dh.

Then there exists § > 0, such that F;(U) = U and that Fy is a diffeomorphism for
|d| < é. The perturbed domains and boundary are defined as

Qy = Fq(2), 0Qq = Fy(0Q).

We next employ the method of mappings to transform the perturbed state constraint
to the reference domain 2. We use the notation

04 —> R
for quantities defined on the perturbed domain. Furthermore, we denote
(pdzfpdoFd:Q—)R.
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If 14 is the solution of problem (4) on a deformed domain €24, then
v =vys0F;:Q— R,

satisfies an initial-boundary value problem on the reference domain 2. To state the
weak form solved by wd , we introduce the short-hand notation

I; =det DF; = det(l+d VhT), Ag = (DFy) T,
wq = lalAgnl, Mg = 1AL Ay,

where D F; is the Jacobian of F; and n denotes the outer normal unit vector to 2.
Furthermore, we denote:

(Mg) (0) =M =Idivh — Vh — (Vh)T, (24)

where ()" stands for the derivative with respect to the shape deformation variable
d. The limits that define the derivative at d = 0 exist uniformly in U; see [43].
For the upcoming analysis, we require certain known regularity properties of the
transformation F, and the transformation of integral formulas. We collect these in
Appendix 1 for convenience of the reader.

With the above notation, using the transformation of integrals, we find that the
function ¥ = ¥4 o F,; solves

/ 101 — 29y dx
Q
+/ (onded V¢ 4+ bMyVy? Ve — 20 (MaVy< - VW’)¢) dx (25)
Q

_ fa (et i) oy

forall ¢ € H'(Q) a.e. in time, with initial conditions 4 (0) = v, ¥¢(0) = y{. By
generalizing the arguments of Theorems 1 and 2, we can prove that this problem has
a unique solution as well, which remains uniformly bounded in || - ||w.

Theorem 3 Given T > 0, let Assumptions 1 hold and let |d| be small enough. There
exists rl2 = rlz(Q, T), independent of d, such that if

W6 13 + 191 120y + e W1 3 o)

d2 -d 2 2
+||g ||H2(H71/2(3Q)) + ”g ”LOO(HI/Z(BQ)) =< rl i

then problem (25) has a unique solution v e W. Furthermore, the solution verifies
the estimate

HW’HZ <C*Q.T.r)
W— 9 9 1 9
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where the constant C* = C*(2, T, r1) is independent of d.

Proof We can express (25) in strong form as follows:

Lo (1= 2kyr?) 4 = V - (Ma(PVYd +bVY)) —20MaVY? - Vyd =0 onQ,
My (VY +bVi) -n = wa(c’g? +bg") onZ,
vi0) =y, v0) =y{ ongQ,

so we can exploit the results of [42, Chapter 6], where a steady-state counterpart of
this problem is considered.

Note that M;(x) is uniformly positive for x € Q according to, e.g, [43] and [44,
Proposition 2.12]. Further, || Myl 1.1 @ and ||lwgllc1.1(yq) are uniformly bounded for
|d| small enough thanks to the smoothness properties of the transformation Fy; see
Appendix 1. Thus, one can readily show that the energy estimates for the above
problem (that can be established analogously to those in Proposition 1) can be made
independent of d for |d| small enough.

By generalizing the linear and fixed-point arguments of Sect. 2 (noting that elliptic
regularity [40, Theorem 2.5.1.1] can again be used thanks to the aforementioned
regularity of the shape deformation quantities), one can show that (25) has a unique
solution in W under a smallness bound on r1, which is independent of d. O

3 Holder-Continuity with Respect to Shape

In this section, we establish Holder-continuity of the solution to the nonlinear state
problem with respect to shape deformations. This result is crucial in the rigorous
justification of the shape derivatives.

Theorem 4 Let T > 0and assume wg , w{i and g? verify the assumptions of Theorem 3
uniformly in d for |d| small enough. Furthermore, assume Holder-continuity of data
with respect to d in the following sense:

(i) Initial data
lim lwd—w 1210y =0 limllll/fd—l// 1720y = 0;
d—od 0 T YOl T T g Hee =5
(ii) Boundary data

lim l||g”’—g||2 =0
d—0d H(HZ2(0) '

Then the solution of the Kuznetsov problem (4) is Holder-continuous with respect to
shape deformations in the sense of
1

li d ? 0
im 5 v - v, =0

where X = W10, T; L2(Q) N HY(0, T; H(Q)).
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Proof Let z? stand for the difference quotient:

1
= =W’ — ).

a_ Va0
= W =) Nz

Vd

We recall that v and ¢ satisfy (25). By subtracting their respective weak forms, we

obtain the following equation for z%:

((1 — 2k, ¢) + (cszd + bV, v¢)
= (2k1'p'dzd, q>) - Idfl ((1 - 2k1/}d)1zd,¢)

5
!

Vd

—20(VY -V §) + 20 (VY - V2 ,¢>+/
0

d -d .

28 — & g — &
+ c +b dy,
fasz( Ja Ja >"’ v

with initial conditions

VW vy, ¢>
d —1

e Vd

S

(czgd + bgd) ¢ dy

1
— W — ).

1 .
0= —=wd —vo), 0 = i

Vd

We next test this difference equation with ¢ = Zd'e L%0,T: H'(£)) and in_yegrate
over (0, ). We again use the notation a = 1 — 2k (which implies ¢ = —2k), and
relation (9), we then have after rearranging the terms

1 ) 62 t )
—||zd(t)||iz(9) + —||de(t>||iz(m +b / IV29172g, ds

t
||z (0>||L2(Q)+ v O F2q) — /O @z, 2% ds

CER N

My—1_. Lo
+ 20 <d7wd.vwd,zd)] ds—ZU/O (Vi - V29, 2% ds

(26)

t t wy — 1
+20/ (Vw~Vz'd,Z'd)ds+/ [ d—(czg + bz dy ds
0 0 Jaa d

t d sd 5
g — 8 8 — 8\ .4
-l-// (6‘2 +b )Z dy ds.
0 JoQ \/2 «/E
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By relying on Holder’s inequality and Ehrling’s inequality (5), we obtain

‘ t
..d -d . -d 2
/0 [(az, z%)|ds SllallLOO(LZ(Q))fo 1271174 ds
t
< ||d||L°°(L2(£2))'/0 (CE’Q(EI)”id”iZ(Q) +61||Vid||iz(9)) ds

for all €; > 0. Furthermore, we have

t
—1 d d -d 1IMa — ”Loo(Q)
/() ( 1// ,29 ) ds ETHQ ”LOC(LOO(Q)) ||1/f ”L2(§2)

/ ”Z ||L2(Q)

We next use the differentiability of the shape deformation F; and of the quantities 7,
M, and wy (see Appendix 1), as well as the uniform boundedness of wd in the norm
Il - lw to further simplify the expression as:

I 1
/O(dﬁ A )dsfzfo 129172 g ds + O(d).

We treat similarly the other volume terms and estimate them as follows

LMy — 1 . . er .
/0 ( L@y vl i) < G /0 1924125 g, ds + O(1d),

while,

T (Mg —1 i d d d) l/t d2
vyt vyt ¢ ds < = | 12° ds + O(|d)),
/o ( Vd vy 2 Jo L@

because ¢ and w.d are uniformly bounded in W thanks to Theorem 3. We also get

t

/ (vwd-vzd,zd) ds

0

< Livutiinamy [ (alVERBag + 215 R, ) ds
=3 L@ | o€ L@ " g LX(Q) ’

Finally, we have, for all ¢ > 0

t
/ (w}d : de,zd) ds
0

t

6 .

<5 sup V2 6)l7aq, + ||w 172 f 129175 g ds
s€(0,1)
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We estimate the boundary terms as follows:

I

where O(]d|) term arises from the shape differentiability of w,. Similarly,

L5 )

Igd = gl 1
4 .2 H'(H- /2(39))
< Emax (c*, b) 7 Gy, asz/ 124 ”Hl(sz)

t
L + b9 dy ds < elctragf 12071 g ds + O(ld)),

We can then choose €] small enough so that
) 1 1 _. .
€1| Ciron T 3 + §||V1/f||L°°(L°°(Q)) +llallpoocr2y ) <0

and the terms with fo V29|12 2@ ds on the right-hand side can be absorbed by the left-
hand side in (26). We notice also that the terms with initial conditions and boundary
data are O(1) (i.e, they tend to O when d — 0 ). We then infer that

t
129172 + 1V D12 + /0 V29172, ds

-d 2 d 2
< /0 12125, ds + /O V21 2y ds ¢ sup IV2 (5125, + Odl) + O(1).

Noticing that each of the terms on the left-hand side is bounded by the right-hand side

independently, we take the supremum for t € (0, ) to get the following bound:

t
sup ”Z (T)||L2(Q)+ SUP ”VZ (T)||L2(Q)+/. ||v2d||i2(g2) ds
7e(0,1)

/ 129172 g ds + /O “Vzd”i%sz)d”i:}gp,) 1V ()17, + 0.

We then fix € > 0 sufficiently small and use that

t
12920 = 1129(0) + /0 ) dsll 2 =t sup 1290120

t€(0,1)

together with Gronwall’s inequality to get
1
121172y + 121 DN F2g) + IV D172 + /0 IVe152 g, ds S O(D).
This final inequality concludes our proof. O
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4 Analysis of a General Adjoint Problem

Different cost functions are of practical interest for the optimization problem at
hand. As announced, we first consider an L?(L?) tracking-type objective. That is,
we wish the solution ¥ of the state problem to match a desired potential field

V¥p € L?(0, T; L*(S2)) in the focal region Dg within a certain time interval (fo, t1).
Such a cost functional can be expressed by

1 T T
1@ =3 /0 /Q (W — ¥p)® xp dxds = /0 /Q j@Wydeds,  @7)

where yp is the indicator function of D = Dg X (ty, t1). The adjoint problem is then
formally given by

2 (1 =2k)p) = Ap+bAp =20V - (pVY) = (¥ — Yp)xp onQ,
20 p3 1 265gp =0 onxZ, (28)
p(T)=p(T)=0 onQ,

which in weak form yields

Tra .
/ / = ((1 = 2ky1)p) ¢ dx ds
0 o ot

T T 29)
+/ /(CZVp—pr+2UpVI//)-V¢)dxds=/ /qudxds,
0 Q 0 Q

forall ¢ € L>(0, T; H'(R)) with p(T) = p(T) =0and f = (¥ — ¥p)xp.
For the sake of considering other objective functionals, we analyze the adjoint
problem in a more general setting, where we allow for non-zero data at final time:

p(T)=po, p(T)=p;
and a general right-hand side f € L?(0, T; L*()).

Theorem 5 Under the assumptions of Theorem 2 and given f € L*(0, T; L*(R)), the
adjoint problem (28) has a unique solution p in

P = {p € L0, T: H*(Q)) :p € L*(0, T; H* () N L®, T; H'(Q)),
(30)
5el?0,T, LZ(Q))}.

Furthermore, the solution satisfies the estimate
2 2 2 2 r 2
||P||7> /g ||PO||H2(Q) + ”pl”Hl(Q) + ||g||L2(H3/2(3§2)) + /0 ”f”LZ(Q) dS.
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Proof To facilitate the analysis, we first reverse the time direction. We then see that
p(1) = p(T — 1) satisfies

T 9 L.
/O/QE((lJrzkw)p)(pdxds

T T
+f /(c2v5+bv5—oﬁv&)-v¢dxds=/ /f¢dxds, (31)
0 Q 0 Q

forall ¢ € L7(0, T3 H'(Q)) with 5(0) = po. p(0) = p1and f = (J — ¥p)xp €
L%(0, T; L*()).

The existence of weak solutions can be obtained rigorously using standard Galerkin
approximations. As before, we will only present the derivation of an a priori estimate
here. We derive the energy estimate by testing the (semi-discrete) weak form (31)
with p and p. We then combine it with an elliptic regularity argument to enhance the
regularity of the solution. )

Lower-Order Energy Estimate We test (31) with p

t 2 oo L. . t . . ~ . t ~ .
/ (1 + 26805+ 243 . ) ds+/ (c2Vﬁ+bvp‘—aﬁvw,Vﬁ>as:/ (F. B ds.
0 0 0

We denote by a = 1 + 2k e W implies that ¥ € W; we therefore have that
% <a< % almost everywhere on €2 for all # € [0, T']. Knowing that

app = 55( ap?) — —(ap ),

we infer
C2 -
3 C2 ~ 2 L 2

__/ (ap p)dS+ ”f”LZ(LZ(Q)) / ”p”L2(Q)

We estimate the term
¢ . . ~ 5 1 £, 2
pVr - Vpdxds <||VY¥||7oo(pooq)y = p ds
/o/szp Y- Vhdrds <V 2w, (QMJO 15120,
t
e [ 1Vl gy ds
Using Ehrling’s inequality (5), we estimate, for some arbitrary € > 0, the term

t t
/0 |@p, p)lds < llall o2 / (CE,me)nﬁniz(m +e||Vﬁ||iz(Q)) ds.
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For € small enough this yields the following estimate:

||p(r)||L2(Q) HIVAOIR2 g, + fi 1V 51122 ds
S NBO) 22 + IVAO22 ) + 1712212 (32)

Next we test with 13

t t t
/ (&ﬁ+ﬁﬁ, ,5) ds+/ 2V + bV, Vﬁ)ds—Za/ (5V psi, Vi) ds
0 0 0

t .
=/ (f, p)ds.
0

(33)

We integrate by parts in time the terms

t t t
02/ (V5, Vi) ds :—02/ (Vj, V) ds + 2 (Vﬁ(z),vﬁ(z)) —20/ (5, V) ds
0 0 0

1 . ~ . ~ . . ~ .
=20 fo (PVY + pVY, Vp)ds — 20 (ﬁ(t)Vw(t), Vﬁ(t)) .

With this, we can rewrite (33) as

t t t t
| (@.5) as+o [ @5 vas = - [(@ppras+e [ 5. pas
0 0 0 0
=& (Vh0. Vi) +20 [ (VT + VI V) as
0

+20 (pOViw. Vi) + [ (s,

Next we estimate the right-hand side terms starting with the term

t t 1/2
P =12
/0 |@p., p)lds <Cqallal 2y sup 1904 (/o 121172 g ds)

t€(0,1)
2

t
Q4,40 p 2 =00
<N ) S NI+ | 051 g s
Using Ehrling’s inequality (5), we obtain for all €5 > 0
< 2 < 2 3 2
”P(T) ||L4(Q) S CE,Q(EZ)HP(T) ”LZ(Q) + 62||VP(T)||L2(Q)1

we can first choose €1 small enough to absorb the term f(; ds, then e, =

€2(€1) > 0 afterwards small enough to absorb the term ||V p(r) 112 129
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Usual computations then lead to the bound

t
/ 1P1720) ds + IVPD172q) S IVPO7aq) + S 1172

+ Sup ||VP(I)||L2(Q) + ||f”L2(L2(Q)) (34)
te(0,1)

Estimates (32) and (34) yield

Bootstrap Argument From the above-analysis we can infer that
pewWhe, T; H(Q) N H*0, T, L*(Q)).

We present the next arguments for / = 3; the case [ = 2 can be treated analogously.
We introduce the new variable p = ¢25 + bp, which verifies

—A§+5=—a%((1+2k12),3)—2av.(5v1/f)+f+§ on 0,

ap =20gp onX.

It is easy to see that — Ap + p € L*(S) a.e. in time. Additionally, if 2 is a bounded
subset of R, then 92 is a compact 2-manifold. One can use properties of pointwise
multiplication on fractional Sobolev spaces on n-manifolds to show that since g €
H3/%(3Q) and p € H'?(99) a.e. in time, then 20gp € H'/?(3Q) a.e. in time; see
[45, Corollary 3]. We then use elliptic regularity to conclude that p € L2(0, T; H2(2))
(as done in [18, Theorem 4.3], for example). )

Knowing that  solves the ODE: p = ¢%j + bp, one may write

t 1 ~
— o—Ct/b <p0+/ eczs/bzp(s)ds)_ (35)
0

S

Analogously to the proof of Proposition 1, it then follows that p € L*(0, T, H 2(Q))
and subsequently that p € L0, T, H 2(Q)) The energy estimate follows from (35)
and the elliptic regularity estimate for p. O

5 Shape Derivative

Given cost functional J, we consider the following shape optimization problem

min J(¥, ),
W eWx O

S.t. Y solves (4)on
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with W defined in (7), and O, is the set of admissible domains:
Oua C {2 is a domain such that Q@ € C*>!, Q@ c U}.

Our previous analysis allows us to now focus on deriving the shape sensitivity dJ (2)A
of a cost functional J in the direction of a smooth enough vector field 7 € D. We
recall that the Eulerian derivative of J in the direction of the vector field £ is defined
as

1
dJ(h = lim = (J(Ya, Q) = (T @, ), (36)

where ¥ and 4 satisfy the PDE on the original and on the perturbed domain, respec-
tively. The difficulty ensuing from the difference quotient in (36) involving functions
defined on different domains is overcome by using the method of mappings, discussed
in Sect. 2.

The first cost functional of interest, given in (27), can be written on a deformed
domain

1 1

T T
J(Q) = = f / (Ya — ¥p,)*xp, dxds = = / / (W — Y8 x DIy dxds.
2 Jo Qu 2 Jo Q

Motivated by application purposes and to simplify the analysis, we assume that the

focal region is compactly contained in ©2;i.e, Ds C . Thus we impose supp /N Dg =
# = x% = xp.,and have

1 T
J(Q) = 5/0 fgwd Yyl dx.

To simplify the presentation and in agreement with HIFU applications, we assume
going forward that the potential field is at rest at # = 0 for all small deformations; that
is, ¥4(0) = ¥ (0) = 0, for all |d| small.

We generalize in what follows a useful identity [19, Lemma 6] to accommodate the
term Vi - Vi/ which will be needed in the computation of the shape derivative.

Lemma 1 Fora € H'(Q) and u, v € H*(Q) the following identity holds:

/ aMVu - Vv
Q

:f (V- (@Vu)(h - Vo) + V- (aVv)(h - Vi) — (Vu - Vo)(h - Va))
Q

au av
—/ al\—(h-Vv)+ —(h-Vu) —{—/ aVu -Vu(h-n),
e \on on Ble!
where M = I divh — (Vh)T — (Vh), as defined in (24).
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Proof The proof in the case ¢ = 1 follows by [46, Lemma 5]. The general case
a € H'(Q) follows by a straightforward extension of the arguments there. O

We now have all the tools to rigorously compute the shape derivative.

Theorem 6 Let the assumptions made in Theorem 3, Theorem 4 hold and let W and
p be the solutions of the state (4) and adjoint (28) problems, respectively. Further, let
the assumptions made in this section hold. Then the shape derivative for cost function
J, defined in (27), exists in the direction of any h € D and is given by

T .
@ = / / (L (g + b)) + (g + b p)h - m) dy ds
0o Jag on

T
—/ / ((1—2k1]/)12;p+62Vp-V1//+pr-thl—20pV1ﬁ-V1L)(h~n)dyds,
0 I
37

where k stands for the mean curvature of 9S2.

Proof Inspired by the rearrangement technique of [19, 29], we write:

J(Qa) = J(€2)

1 T
3 /0 /Q UgW? =8y’ xp — (¥ — ¥p)* xp) dxds

1 T
= 5/0 fg((ld—1)<wd—w$)2+(wd—w)2+w

+ W = V)’ = W—9D)” + 27 — )W — ¥p)
L2007 = V) (WD = ) + 200 = YD) (¥p — V) xp dxds.

We use Theorem 4 together with the fact that d +— 1//21) is differentiable at d = 0 to
arrive at

T
as@n = [ [ (Gwdivh— @)V -h) o drds

1 T
lim — i 4 _ yydxds,
wlim = [ [ Fanet = paxas
with j'(/) = (¥ — ¥p) xp. However, since supp h N Dg = @, it reduces to

. 1 T ./ d
dJ(Q)h=g}LIIIOE/O /;Zj(l//)(lﬂ — ¥)dxds.
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We notice that the integral above resembles the right-hand side of the adjoint problem
(29). Thus testing the adjoint problem with ¥4 — ¢ € L?(0, T; H'()) yields

T T P .
f / J' W)@ =) dxds = f / o ((1=2K9)) (W — ) dxds
0 Ja 0o Jq ot

T
+/ /(czvp—bvp+2opv¢).vwd — ) dxds.
0 Q

Integrating twice by parts in the first term on the right yields

/OT/Qj/(wxvfd—wmxds=/OT/Q%((1—2k¢>(v'f"—¢>)pdxds

r (38)
+/ /(CZVp—bV[?—i-ZUjJVl/f)~V(wd—1//)dxds.
0 Q

We note that the following equality holds:

[ [ pvw vt —mac== [" [ p(vi-vot v+ vy 9@ - i) ax

and we can rely on the following identities to deal with the nonlinear terms in (38):

D g N o gag e 0 g
= (=2 =) = (1 = 24y = (1= 2 + ko (! =),

. . . . . 10
Vi -V =)+ VY V@ =) = Vgt vy — Vi vy — ﬁwwd -

Using these identities we infer

T
/ [ J' @@ —y)dxds
0 Q

T
= [ [ {100 =200~k =2 = o190 = P

+2(I = M)V p - VY +b(I — M)Vp - Vi? —26(1 — M) (Ve - vwd)p} dx ds

T
[0 [ -2
0 Q

+ (CZMde VY £ MV p - Vi — 20 MgV - vwd)p)} dx ds

T
_/O /Q{(l—zkfﬂ){ﬂ'p—(c2vp.wf+bvp.v;p_ZU(VWVI//)p)} drds.

If we use the weak form (25) satisfied by ¢ with ¢ = p as the test function to replace
the last three lines and further employ Theorem 4 for the %—Hélder continuity of v
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and Vi, we obtain

. l T . d
}%5/0 fgmﬁ)(w —¥)dxds
T
= _/ /(divh(l—zk{p){p‘p) dx ds
0 Q

T
—/ /(cszp.vw+bMvp.v1/}—2o(Mv¢-v¢)p) dxds
0 Q

1 T T
+lim—{f f wd(c2gd+bgd)pdyds—/ / (62g+bg>pdyds}.
d—0d (Jo Joa 0o Jog

=I1+11+111,

where M is defined in (24). Note that this passage to the limit is made possible by

the uniform boundedness in d of ¥ and ¥ given by Theorem 3. This expression
would correspond to the volume representation of the shape derivative. To arrive at
the boundary representation predicted by the Delfour-Hadamard—Zolésio structure
theorem, we integrate by parts the first term with respect to space

T T
I =/ /(1 —2k1/'f){/}vp.hdxds+f /pV((l — 2ky) ) - hdx ds
0 Q 0 Q

T
— / / (1 = 2ky)) ¥ p(h - n) dx ds.
0 Ja

We note that

\% ((1 - ka)W) = =2kyVy + (1 = 2ky)VYr = F” ((1 — ZkW)Vw).
We then have after integration by parts (4 invariant with time):

r o T r9 .

/ / pV((1 =2ky)y) - hdxds = f f — ((1 — ka)ﬁ) Vi - hdxds,
0 JQ 0o Jo ot

which yields

T T
1=/ /(1—2/(1/}){/}vp.hdxds+/ / 3((1—21q'p)p)v1/f-hdxcls
0 Jo 0o Jo ot

T
—/ / (1 = 2ky))¥ p(h - n) dx ds.
0 a2
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Next we wish to transform 7 /. By applying Lemma 1 to the term fQ(Mpr -Vy)pdx,
and integrating by part in time, we find that

T
f /(le.ﬂ'VW)pdxds
0 Q
T
r oy T ‘
+f / ’)_(h'v‘”)dyd”f f pVY - Vi (h-n)dy ds,
0 y on 0 02
Similarly, we use Lemma 1 to infer

T
—[ /(¢-2Mvp-w+bMvp-v¢)dxds
0 Q

T T
:—/ /(&M/ —l—bAlb)(h-Vp)dxds—/ /(ch—bAp)(h.w)dxds
0 Q 0 Q

T 7 T .
+/ / (02% +b%)(h-vmdy ds+/ / (Czal _bal)(h.w)dyds
0 Jao on on 0o Jao an on

T
ff / (AVp -V +bVp-Viy)(h-n)dyds.
0 Q2
Altogether and using the Neumann data for v/, this gives us that
T . .
11:-/ f(czAw+bAw+20vw-VI//)(h-Vp)dxds
0 Jo
T
—/ /(C2Ap—bAp+2av.(pvw))(h-vw)dxds
0 Jo
T
+/ / (*g +bg)(h - Vp)dyds
0 Joo
T . .
—/ (CZVp~V1p +bVp -V —20pVy - Vir)(h-n)dy ds.
0 Jao

We use the rules of differentiation of mapped functions (see Appendix 1) to find

1 T T
III:lim—{/ / wd<czgd+bgd>pdyds—/ / (czg—f—bg)pdyds}
d—0d |Jo Jog 0o Jia
T /
_ (f / (czgd +bgd) poF;'dy ds) 0)
0 Q2

T
:/ [ (c2g+bg> (=Vp-h)dyds
0 Jao

T 9
+ / / (a_((czg +b8)p) + (c*g + bg) px)(h - n) dy ds.
0 02 n
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Finally, calculating I + 11 4 111, we conclude that

dJ (Q)h

T
=/ /((1—2k¢/){&—CZAl//—bA:j/—zaw.v{p)vp-hdxds
0 Q
T
+/ /(% ((1—2k¢})p)—c2Ap+bA,a—2ov-(,aw)>w-hdxds
0 Q
r 9
+ / / (g +bRp) + (g + bype) - dy ds
o Joaq Jdn

T
—/ / ((l—2k1?/)1'ﬁ]7+(c2Vp~V1[/+pr-pr—20pV1//~V1/'/)>(h-n)dyds.
0 I

The second line above vanishes due to the fact that i solves the wave equation (1).
The third line vanishes by using (28) and then the fact that supp 2 N Dg = . Thus we
arrive at (37), as claimed.

Since Qis C>!, the mean curvature « is well defined almost everywhere and belongs
to L°°(92) [46, p. 165]. Note that due to the established regularities of ¥ in Theorem
2 and p in Theorem 5, the Eulerian shape derivative is well defined. Moreover dJ (2) A
is linear and continuous with respect to /. J is, therefore, shape differentiable. O

5.1 Other Relevant Objectives

In what follows, we discuss how the previous analysis can be easily adapted to accom-
modate other practically relevant objectives.

Tracking the Potential at Final Time In practice, we might want to impose a
desired ultrasound output at a target time-stamp #r € [0, T'], usually final time 7. In
such cases, the cost function has the form

1
Jr(€) =7 /Q (v(T) — WDS)2 Xpg dx = /QJ'T(W)dx, (39)

where we recall that Dy C Q is the ultrasound focal region. Similarly to before, we
can assume supp 2 N Dg = @.

With cost functional Jr, it can be shown that the strong form of the adjoint problem
is formally given by

T =2ky)p) =2 Ap+bAp—20V-(pVY) =0  onQ,
czg—fl— g—fl+20gp=0 on X,
pT)=0 onQ, (0

o (WD —yng) xog
p(T)__T%W on 2.

This initial-boundary value problem fits into the general theoretical framework of
Theorem 5. Since the new source term is conveniently zero, all that needs to be shown
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is that

\ _ (1//(T) - 1//l)s) XDg 1
p(T) = 2k (D) e H(Q).

This is the case if p, € H'(Q). We can see that p(T) € L%(Q). Writing the gradient
of p(T) and noticing that 1 — 2k¢(T) € L®°(R) is bounded away from zero ( € W
defined in (17)), one can readily prove the desired regularity. And subsequently, due to
Theorem 35, initial boundary value problem (40) has a unique solution p in the space
P, which is defined in (30).

Using the same rearrangement technique as before, we write the difference and
using Theorem 4 (with the embedding H'(H') < C 0HY) together with the differ-
entiability of w;’)s at d = 0 and the fact that supp 2 N Dg = , we infer that

1
dJr (h = lim —~ / Jr@) @ (T) = ¥ (T)) dx.
- Q

Testing the weak form (40) of the adjoint problem with vd—y e HY(0, T; HY(Q)),
we obtain

T
/Q F@@AT) — Y(T)) dx = — /O /Q ((1 = 29 ) (@ — ) dxds

T
+f / (A*Vp—bVp+opVy) - V(d — ¢)dxds. (41)
0 Q

We further use the fact that p(T) = 1}"(0) = {0(0) = 0 to integrate once in time the
first term

T . . . T 2 .. )
- / / (1 = 20 p(F — ) dxds = / / = (=21 =) paxas.
0o Jo 0o Jg ot

With this, the right-hand side of (41) is the same as the one obtained in (38). From
there we can continue the computations done in Theorem 6. We find that the shape
derivative has again the form (37).

Tracking the Pressure In ultrasound applications, it might be desirable to impose
that the pressure match a desired value on D; i.e,

Pp

0
— I/f = fp, where fp = I;TD.

p=pp onD &= pY =p, & ¥ =

Here p is the mass iensity at each point of the medium on the horizon [0, T'] or, alterna-
tively, p : [0, T]1x Q2 — R.o. Weassume fp € H' (0, T; L>(Q))NL>®(0, T; H'(Q))
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and consider

17 . 5 T
Jp (¥, Q)=§fo /Q(I//—fn) XDdXdSZ/O fij(ilf)dxds-

For Jp, the strong form of the adjoint problem is given by

(= 2ky)p) — A Ap+b AP —2V - (pVY) = —(F — fp)xp on Q.
czg—fl—bg—g+2g1§:0 onX, »
p(T)=0 onQ, “42)
ICGRIGIIN

1—2kyr(T) on 2.

p(T) =
One can readily show that (42) verifies the assumptions of Theorem 5. Similarly to
before, we compare the functional J,, on a reference and a deformed domain, rely on
the Holder continuity of v, together with the fact that w%s = w%s (d) is differentiable
at d = 0 to infer that

T
as@n = lim - [ [ jonad - i asas

We test (42) by ¢ — ¢ € H'(0, T: H'(Q)) and use the fact that p(T) = /*(0) =
¥ (0) = 0 to integrate once in time the first term to get

T . sd r 0 NIV
/O /ij(xm(w —w>dxds=f0 fgg((l—zkw(w ) pxds
T
+/ /(CZVp—pr+20[7V¢)-V(wd—w)dxds. (43)
0 Q

The right-hand side of (43) is the same as the one obtained in (38). From there, we can
continue the computations as done in Theorem 6. We find, similarly, that the shape
derivative is of the form (37). The established regularities of i in Theorem 2 and p
in Theorem 5, imply that the shape derivative is well defined.

Conclusion and Outlook

In this work, we have analyzed shape optimization problems governed by general
wave equations that model nonlinear ultrasound propagation and, as such, arise in
HIFU applications. In particular, we have established sufficient conditions for the
well-posedness and regularity of the underlying wave models with nonhomogeneous
Neumann boundary conditions, uniformly with respect to shape deformations, as well
as the Holder continuity of the solutions. Furthermore, we have studied the correspond-
ing adjoint problems and rigorously computed shape derivatives for several objectives
of practical interest.
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Our results provide a sound basis for the analysis and implementation of suitable
numerical algorithms for shape optimization of HIFU waves. Indeed, Theorem 6 pro-
vides a derivative expression which can be used in a gradient-descent algorithm to
find, e.g., the optimal arrangement of piezoelectric trandsucers in a HIFU device. Cal-
culating the shape derivative necessitates the solving of only two PDEs (a nonlinear
state problem and a linear adjoint problem). A simple integral formula gives then the
derivative for any vector field. This makes designing HIFU devices using the estab-
lished formulas for shape sensitivities particularly attractive. Future work will also be
concerned with generalizing the presented theoretical framework to allow for sound
propagation through media with different relaxation mechanisms.
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Appendix: A. Properties of the Perturbation of Identity Mapping

In this appendix, we collect certain helpful properties of the perturbation of identity
mapping. We refer to [42, Lemmas 2.4, 4.2, 4.3 & 4.8], [30, Section 2.3.2], and [47,
Proposition 6.6.2] for the following results.

LetZ = [0, 80] with 69 > O sufficiently small. Then the following properties hold:

Fy=1id, Ihy=1,
d— F;eCZ,C*(U,RY), d— F/'ecI c>U,RY),
d— Ag e CYZ, cV VU, R, d > 1; € CY(Z, CHHD)),
d— wg e CZ,CcH@AQ)NCYT, CONR),

(Fa) (0) = h, (') © =~
(DFy) (0) = Vh (PF;') © = (a]) © =-Vh
(L) (0) = divh (wq) (0) = divag h = divhlyq — Vin - n,
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where, again, (-)’ stands for the derivative the deformation mappings with respect to
d.

We also recall here some rules of differentiation and integration of the mapped
functions; see, for example, Propositions 2.29, 2.47, and 2.50 in [48, Chapter 2], and
Theorem 4.3 in [30, Chapter 9] for their proofs.

e Let g € L'(Qy), then gy 0 Fy € L' (Qy):
/ @qdxg = / @go Fgdet DFy;dx = / Id(pd dx
Qd Q Q

o Let gy € L'(99y), then ¢ € L1(39):

/ Wd)/d:/ wae? dy,
90 A1)

o pg € H'(Qy) if and only if ¢ € H'(Q):
(Vea) o Fg = AqVe?.

e Assume that f € C((—8y, 80), W>!(U)) and f;4(0) exists in W1 (U). Then

( . y)dy) 0)
02y
0
_ / {(f(d, ) (0)+(a—f(0, V) + k£ O, y)) (h-n)} dy.
FIo) n

where « stands for the mean curvature of 0$2.
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