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Abstract
In this paper, we deal with the following double phase problem

p—2 q—2
—div (|VulP =2V + a(x)|Vu|972Vu) = y ul™7u ey
|x|P x4
+f(x,u) in ,
u=20 in 0L,

where @ c RY is an open, bounded set with Lipschitz boundary, 0 € 2, N > 2,
1 < p <q < N,weighta(-) > 0, y is areal parameter and f is a subcritical function.
By variational method, we provide the existence of a non-trivial weak solution on the

Musielak-Orlicz-Sobolev space WOI’H(Q), with modular function H(¢, x) = P +

a(x)t4. For this, we first introduce the Hardy inequalities for space WO1 ’H(Q), under
suitable assumptions on a(-).
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1 Introduction

In the present paper, we study the following problem

p—2 q—2
—div (|VulP~2Vu + a(x)|Vu|972Vu) = y <|”| “yaey ”)
|x|? |x]4 (1.1)
+f(x,u) in €2,
u=0 in 9%,
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where Q@ ¢ RV is an open, bounded set with Lipschitz boundary, 0 € 2, N > 2, y is
areal parameter, | < p < g < N and

1 _
4 <1+ N a : 2 — [0, oo) is Lipschitz continuous. (1.2)
p

Here, we assume that f : 2 x R — R is a Carathéodory function verifying

(f1) there exists an exponent r € (q, p*), with the critical Sobolev exponent p* =
Np/(N — p), such that for any ¢ > O there exists §; = 6(¢) > 0 and

1f, 0] < qe el +r8e ¢!

holds for a.e. x € Q and any t € R;
(f2) there exist 0 € (q, p*), ¢ > 0 and ty > 0 such that

c<O0F(x,t) <tf(x,t)

t
fora.e. x € Q and any |t| > to, where F(x,t) = f f(x, )dr.
0

The existence of r in (f1) is assured by (1.2) and ¢ > 1, whichyield N(g —p) < p <
gp so that g < p*. The function f(x,t) = ¢(x) (9t9_1 + rt’_l), with ¢ € L>®(RQ)
and ¢ > O a.e. in 2, verifies all assumptions (f1) — (f2).

Problem (1.1) is driven by the so-called double phase operator, which switches
between two different types of elliptic rates, according to the modulating function
a(-). The functionals with double phase were introduced by Zhikov in [29-32] in
order to describe models for strongly anisotropic materials and provide examples
of Lavrentiev’s phenomenon. Other physical applications can be found for instance
on transonic flow [2], quantum physics [4] and reaction diffusion systems [8]. Also,
(1.1) falls into the class of problems driven by operators with non-standard growth
conditions, according to Marcellini’s definition given in [18, 19]. Following this direc-
tion, Mingione et al. prove different regularity results for minimizers of double phase
functionals in [3, 10, 11]. See also [7, 25] for regularity results in more generalized
situations. In [9], Colasuonno and Squassina analyze the eigenvalue problem with
Dirichlet boundary condition of the double phase operator. In particular, in [9,Sect.
2] they provide the basic tools to solve variational problems like (1.1), introducing
the standard condition (1.2). Recently, Mizuta and Shimomura study Hardy—Sobolev
inequalities in the unit ball for double phase functionals in [20]. Concerning nonlinear
problems driven by the double phase operator, we refer to [13, 16, 17, 22, 24] where
existence and multiplicity results are provided via variational techniques. While, in
[15, 27, 28] the double phase operator interacts with a convection term depending on
the gradient of the solution, causing a non-variational characterization of the problem.

Inspired by the above papers, we provide an existence result for (1.1) by variational
method. The main novelty, as well as the main difficulty, of problem (1.1) is the
presence of a double phase Hardy potential. Indeed, such term is responsible of the
lack of compactness of the Euler-Lagrange functional related to (1.1). In order to
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handle the double phase potential in (1.1), our weight function a : Q — [0, c0)
satisfies

(a) a(Ax) <a(x) forany » € (0, 1] and any x € Q.

A simple example of Lipschitz continuous function verifying (a) is given by a(x) =
|x]. Also, we control parameter y with the Hardy constants

m —m
Hy == (N—m) , (1.3)

whenm = p and m = q. Thus, we are ready to introduce the main result of the paper.

Theorem 1.1 Let Q@ C RN be an open, bounded set with Lipschitz boundary, 0 €
and N > 2. Let 1 < p < q < N and a(-) satisfy (1.2) and (a). Let (f1) — (f2) hold
true. Then, for any y € (—oo, min{H,, H;}) problem (1.1) admits a non-trivial weak
solution.

The proof of Theorem 1.1 is based on the application of the classical mountain
pass theorem, see for example [23]. Also, Theorem 1.1 generalizes [17,Theorem 1.3],
where the authors consider problem (1.1) with y = 0. However, our situation with
y # 0 is much more delicate than [17], because of the lack of compactness, as well
explained in Remark 3.1.

The paper is organized as follows. In Sect. 2, we introduce the basic properties
of the Musielak—Orlicz and Musielak—Orlicz—Sobolev spaces, including also the new
Hardy inequalities, and we set the variational structure of problem (1.1). In Sect. 3,
we prove Theorem 1.1.

2 Preliminaries
The function H : Q x [0, co) — [0, o0) defined as

H(x, 1) :=tP +a(x)t?, fora.e.x € Q and forany 7 € [0, 00),
withl < p <gand0 < a(-) € L'(Q),isa generalized N-function (N stands for
nice), according to the definition in [12, 21], and satisfies the so called (A») condition,
that is

H(x,2t) <t9H(x,t), forae.x € Qandforanyt € [0, c0).
Therefore, by [21] we can define the Musielak—Orlicz space L™ () as

LH(Q) = {u : 2 - R measurable : oy (1) < oo},

endowed with the Luxemburg norm

litllgy = inf|)\ ~0: ox (%) < 1],
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where p7¢ denotes the H{-modular function, set as
on () = /Q’H(x, lu))dx = /Q (lul” +a(x)|ul?) dx. 2.1

By [9, 12], the space L™ () is a separable, uniformly convex, Banach space. While,
by [17,Proposition 2.1] we have the following relation between the norm || - ||/ and
the H-modular.

Proposition 2.1 Assume that u € L™(Q), {u;}; ¢ L™(Q) and ¢ > 0. Then
(i) foru 0, lully =c & ox (%) =1;
(ii) lullig < 1(resp. =1, > 1) onu) <1 (resp.=1, > 1);
(iii) Nulp < 1= ull, < op@) < |ullf;
(iv) llully > 1= (ullf, < onw) < llull,;
(v) lim [lujllz =0(c0) & lim op(u;) = 0(c0).
j—0o0 j—o0

The related Sobolev space WLH(Q) is defined by
WwiH(Q) = {u e L"(Q) : |Vu| e LH(Q)} ,
endowed with the norm
llly, 7 == Nullm + 1Vulin, (22)

where we write ||Vu||¢ = |||Vu||| to simplify the notation. We denote by WOI’H(Q)
the completion of C§°(2) in W' () which can be endowed with the norm

lull := [Vl

equivalent to the norm set in (2.2), thanks to [9,Proposition 2.18(iv)] whenever (1.2)
holds true.

For any m € [1, oo) we indicate with L™ (2) the usual Lebesgue space equipped
with the norm || - ||, Then, by [9,Proposition 2.15(ii)-(iii)] we have the following
embeddings.

Proposition 2.2 Let (1.2) holds true. For any m € [1, p*] there exists C, =
C(N, p,q,m, Q) > 0 such that

lully < Collull™

foranyu € WOI’H(Q). Moreover, the embedding WOI’H(Q) — L™(R2) is compact for
anym € [1, p*).
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We denote by LI () the weighted space of all measurable functions u : @ — R

with the seminorm
1/q
lilga = (/ a<x>|u|qu> - .
Q

Using this further notation, in the next result we provide the Hardy inequalities for
space Wé ’H(Q). The proof of the lemma is inspired by [14,Lemma 2.1].

Lemma 2.1 Let (1.2) and (a) hold true. Then, for any u € W(}’H(SZ) we have

. |ual?
lelull',;p < | Vullp, with |ull g, = de

q
Hylulfy,, < 1Vl with Wl = [ oo *Edx

a

where H), and H, are given in (1.3).

Proof By [14,Lemma 2.1], (2.1) and Proposition 2.1, we know that

p
p
lu ||H1,_(N_p) IVal?,

foranyu € WOI’H(Q). Now, taking inspiration from [14,Lemma 2.1], letu € Cgo(Q).
Then, we have

lu(x)|9 = — /OO %|u(kx)|qdk =—q foo lu(Ax) |7 2u(Ax)Vu(hx) - x dA
1 1

a.e. in RV, Hence, by Holder inequality, (a) and trivially extending a(-) in the whole
space RV

u(x)|? lu(x)|?
/Qa(x) e dx:/ a(x) o dx

-2
=—q/ / @Ol ”(M)vu(xx)-%dxdx

|x[e=!

()19 2u(y)
- _ < v Y dyadr
q/1 /RN WHI“ A> TR

©dx ()2~
SQ/I W—l—q/RN a(Y)HTWM(yﬂdy

q (g—D/q 1/q
(/ a( O, > (/ a(y)IVu(y)l"dy> :
|yl Q
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From this, we obtain

q
q
||u||%q,a < (N——q> IIVuIIZ,a,

which holds true for any u € W(}’H(Q) by density, (2.1) and Proposition 2.1. O
We are now ready to introduce the variational setting for problem (1.1). We say that

a function u € W(}’H(Q) is a weak solution of (1.1) if

/ (|Vu|p*2 + a(x)|Vu|q72) Vu - Vodx
Q

p—2 q—2
:y/ <|u| N ] “>¢dx+/ £, uypds,
Q Q

|x[? |x[4

for any ¢ € Wol’H(Q). Clearly, the weak solutions of (1.1) are exactly the critical
points of the Euler-Lagrange functional J, : W(;’H(SZ) — R, given by

J()——IIIV ||p+1|IV I14.a — (—III % +1|| ¥ ) /F( )yd
u) = u —Vullg, y u —|lu — x,u)dx,
4 D P g q.a » H, q Hy.a o

which is well defined and of class C! on W(}’ Z(Q).

3 Proof of Theorem 1.1

Throughout the section we assume that @ C R” is an open, bounded set with Lipschitz
boundary, 0 € Q, N > 2,1 < p < g < N, (1.2) and (a) hold true, without further
mentioning. Also, we denote with t™ = max{¢, 0} and r~— = max{—t, 0} respectively
the positive and negative parts of a number ¢ € R.

We recall that functional J,, : W(}’H(Q) — R fulfills the Palais-Smale condition

(PS) if any sequence {u;}; C W(}’H(Q) satisfying
%
{(J, ()}, is bounded and J/ (u}) — O in (WOI’H(Q)) as j — oo, (3.1)

possesses a convergent subsequence in W(} ’H(Q).

The verification of the (PS) condition for J, is fairly delicate, considering
the contribution of the double phase Hardy potential. Indeed, even if
Wy Q) < LP(Q, |x|77) and W) H(Q) < L4(Q, a(x)|x|™9) by Lemma 2.1,
these embeddings are not compact. For this, we exploit a suitable tricky step analysis
combined with the celebrated Brézis and Lieb lemma in [6,Theorem 1], which can be
applied in WOI’H(Q) if we first prove the convergence Vu ;(x) — Vu(x) a.e.in €, as
j — oo.
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Proposition 3.1 Let (f1) — (f2) hold true. Then, for any y € (—oo, min{H,, H,})
the functional J, verifies the (P S) condition.

Proof Let us fix y € (—oo, min{H,, H,}) and let {u;}; C W&’H(Q) be a sequence
satisfying (3.1).
We first show that {u}; is bounded in Wé’H(Q), arguing by contradiction. Then,
going to a subsequence, still denoted by {u} j, wehave lim |lu;|| = coand |ju;| > 1
J—00

for any j > n, with n € N sufficiently large. Thus, according to ( f>) and Lemma 2.1,
we get

1 , 1 1 » 1 1 q 1 1 V4
Ip =g Ut =G =g J IVl + (G =5 ) IVeslia = (= ) sl
11 ‘ 1
RAVERZ Al T N LA b
1 1 + 1 1 +
> (7 - 7> (1 - V—) 1715 + (7 - 7) (1 - V—) 19110
PR H, qg 0 Hy

1 +
_/ [F(x,uj)—gf(x,uj)uj} dx
o

> (l l) (1 AR ) (Vu;)—D
=g 7o)\ i, my ) oV - P
(3.2)

since 0 > g > p by (f2), where

1 +
Qtoz{er: |uj(x)|§to} and D =|Q] sup [F(x,t)—éf(x,t)t] < 00,

X€EQ,[t|<t

with the last inequality which is consequence of ( f1). Thus, by (3.1) there exist ¢y,
¢z > 0 such that (3.2) and Proposition 2.1 yield at once that as j — oo,

+erlul+oy = (L= 1) (i AR VRRTI
c1+cellujll +o - —— - NP —
! 204 “\g 0 min{H,, H,} "

giving the desired contradiction, since 8 > ¢ > p > 1 and y < min{H), H,}.

Hence, {u;}; is bounded in Wol’H(Q). By Propositions 2.1-2.2, Lemma 2.1,
[5,Theorem 4.9] and the reflexivity of W(} ’H(Q), there exist a subsequence, still
denoted by {u;};,and u € WS’H(Q) such that

N
wj—uin WoTHQ),  Vu;—~Vuin [LH(Q)] ,

uji—uin LP(Q, |x|7P), wu;j—uin L9(Q\ A, a(x)|x|™9),
P AL} . . m
[l j u||Hp + llu; u||qua — £, uj— uin L"(Q),
uj(x) > u(x)ae inQ, |u;jx)| < h(x)ae. in§2, (3.3)
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as j — oo, withm € [1, p*), h € L9(2) and A is the nodal set of weight a(-),
given by

A={xeQ: alx)=0}.

Indeed, since a(-) is a Lipschitz continuous function by (1.2), then € \ A is an open
subset of RY. Also, h € L4(2) by Proposition 2.2 and [5,Theorem 4.9], since ¢ < p*
by (1.2).

Now, we claim that

Vu;j(x) — Vu(x) a.e.in 2, as j — oo. 3.4)

Let ¢ € C>(RN) be a cut-off function with 0 < ¢ <1,¢ = 1in B(0,1/2) and
¢ = 01in B(0, 1). Then, we define Y z(x) = 1 — ¢(x/R) for any R > 0, so that
Yr € COMRN) with0 < g < 1, ¥z = 1inRY \ B(0, R), Yz = 01in B(0, R/2)
and the sequence {y¥gu;}; is bounded in W(} ’H(Q), thanks to Proposition 2.1. By
simple calculation, for any j € N we have

(I ), R —w) = /Q . (|vuj|P—2vuj +a(x)|vuj|q—2vuj) - (Vuj — Vu)dx

+ /Q <|Vuj|p_2Vuj —|—a(x)|Vuj|q_2Vuj) -Vyruj — u)dx

AP=2y 142y
—Vf VR (lu’l S L u])(uj—u)dx
Q

|x|P |x|4
—/QWRf(x,uj)(uj —u)dx.
3.5)

Of course, all integrals in (3.5) are zero whenever Q c B(O,R /2), since g =0
in B(0, R/2). Thus, let us consider R > 0 sufficiently small such that

[RN \ B(O, R/2)] NG #0. 3.6)

By Holder inequality, (3.3), the facts that g € C (RN), a(-) is continuous in 2 and
{u;}; is bounded in WOI’H(Q), we get

/ (1Vu)17729u; + @) Vaef [72Vu ) - Vo = wydx
o (3.7)
< € (Va0 =l + 1V 1 it = llga) < € (e = ullp + g = ulg) = O,
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as j — oo, for suitable C, C > 0. Similarly, by considering also (f1) withe = 1, we
obtain

'/Q Yrf(x,uj)(u; —u)dx

< / (6]|Mj|q_1 +r81|u‘,~|r_1) luj — uldx
Q

< C(lluj —ullg + luj —ul;) =0

3.8)
as j — oo, for a suitable C > 0. Furthermore, by (3.3) and [1,Proposition A.8],
considering that a(-) > 0in Q2 \ A, we have

;1P 2w j—~ulP"u in LP (2, |x]|7P),

19720 = )4 2u in L9(Q\ A, a(x)lx|~9)

so that
. |M'|’772 Mp
,hm[w T N
j—o0 [x|?
. [ 1972,
lim / 1//Ra(x) udx— lim Yra(x) ————udx
j—o0 j=oo Jaya x| (3.9)
a(x)—dx
/ Ve | 0

f zI/Ra(X)l Iq

While, by (3.3) it follows that

o (2

P 2 P
—) luj ()P < (—) hP(x) a.ein Q\ B(0, R/2),
|x|P P P

so that, since g = 01in B(0, R/2), the dominated convergence theorem gives

Ju | |u |ul?
lim 1//R dx = lim R x = Yr——dx
j—o0 |x|P j=o0 Jo\B(©,R/2) |x|? Q\BO.R/2) X
/ LR (3.10)
= R—— . N
|x I”

Similarly, by using also (1.2), for a suitable constant L > 0 we get

|uj(x)|4

|x]4

q
Yr(a() - (2) H9(x) aein@\ BO.R/2).

which yields joint with the dominated convergence theorem

lim / YR a(x)

j—oo

/ VR (x)—d (3.11)

|x[4
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Thus, by (3.1), (3.5), (3.7)—(3.11), we obtain

lim / VR <|Vu,-|1’*2w,- + a(x)|wj|q*2w,-) - (Vuj — Vu)dx = 0.

J7XJQ
By Holder inequality and being ¥'g < 1, we see that functional

Heon ]V 2 2
G:ge [L (Q)] > f - (|Vu|p_ Vi + a(x)|Vul?™ w) . gdx
Q

is linear and bounded. Hence, by (3.3) we have

lim [ g (|vu|P—2vu + a(x)qu|q_2Vu> - (Vu; — Vuydx =0,
Q

j—o00

so that, denoting Qg := {x € Q: |x| > R} forany R > 0, we get

lim [|Vu.,-|p_2Vu.,- — |Vu|P2Vu
j=oo Jag
+a(x) (|w,»|‘1*2wj _ |Vu|‘1*2w)]-(w,- — Vu)dx

< tim [ v [19517729u; = 9ulr 2V (3.12)
j—)OO Q
+a(x) ('V”ﬂq_zv"‘j - |Vu|q_2Vu>].(Vuj — Vu)dx

=0

since g = 1in RN \ B(0, R). Now, we recall the well known Simon inequalities,
see [26], such that

km (IEIM2E — |n|™2n) - (§ — ), ifm > 2,
6 —nl™ < s [(EIM2E — InIm=2y) - € — ]2 Qg™ + M) G2 it
1l<m<?2,

(3.13)

forany &, n € RY with ,, > 0 a suitable constant. Therefore, if p > 2by (3.13) we
have

f |Vuj — Vu|Pdx
QR

EK,,/Q (|W,-|P*2w,- — |Vu|P*2w) ~(Vuj — Vuydx.  (3.14)
R
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While, if 1 < p < 2 by (3.13) and the Holder inequality we obtain

/ |Vuj — Vu|Pdx
QR

5Kp/ [(1IVu; 172V — [VulP=2Vu) - (Vu; — V)" (1Vu 12 + 1V ?) @77 ax
Qr

r/ <2£33/125)
<« [/Q (IVu;1P=2Vu; — |VulP~*Vu) - (Vu; — Vu)dx] (IVuj 15+ IVullh)= "
R

r/2
<Kp |:/Q (|Vuj|p72Vuj — |Vu|p72Vu) -(Vuj — Vu)dx]
R

where the last inequality follows by the boundedness of {u;}; in W(}’H(Q) and
Proposition 2.1, with a suitable new K~p > 0. Also, by convexity and since a(x) > 0
a.e. in by (1.2), we have

a(x) (|vuj|q—2vuj - |Vu|q_2Vu> (Vu; —Vu)>0ae.inQ.  (3.16)

Thus, combining (3.12), (3.14)—(3.16) we prove that Vu; — Vu in [LP(Qp) Y as
Jj — oo, whenever R > 0 satisfies (3.6). However, when Q c B(O,R /2) we have
Qp = 0. Thus, for any R > 0 the sequence Vu; — Vu in [LP(QR)]Y as j — oo,
and by diagonalization we prove claim (3.4).

Since the sequence {|Vu; |p_2Vuj}j is bounded in Lp/(Q), by (3.4) we get

lim [ [Vu,;|P"2Vu; - Vudx = | Vul5. (3.17)
Q

J—>00

While, since {|Vuj|q’2Vuj}j is bounded in LY (Q \ A,a(x)), by (3.4) and
[1,Proposition A.8]

lim [ a(x)|Vu;|?Vu; - Vudx = lim a(x)|Vu;|72Vu; - Vudx
J—00 Q J—>00 Q\A
= |Vulld .. (3.18)

Also, arguing as in (3.8) and (3.9), we can prove

lim fOo,up)w; —u)dx =0,
j=Ja

(3.19)

-2 -2
[P u; |uj|q uj b q
lim ———u+alx)—u | dx = ||u + |lu .
j—00 Q< |x|P ( |x|4 I ”Hp I ”Hq.a
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Furthermore, using (3.3), (3.4) and the Brézis and Lieb lemma in [6,Theorem 1], we
obtain

IVujlly = 1Vu; = Vully = IVl +o(1),

IVl 0 = 1Vu) = Vullfo = I Vullf o +o(D), 20,
oty =y = ullyy = lullyy +o(D), |

14 . q _ q
e, = Ny —ullfy = lullf, , +o()

as j — oo. Thus, by (3.1), (3.17), (3.18) and (3.19), we get

o(1)=<J;(u,-), uj — u> - /Q <|wj|P—2wj+a(x)|wj|q—2wj) (Vuj—Vu)dx

P2y, . 92y .
_V/Q (lu/l_"/mx)lwl_"/) () — uydx

|x|? x4
(3.21)
—/Qf(x,uj)(uj—u)dx

P p P P
= Vujllp = IVullp +IVujliga = IVullg.a

=y (g, = Ny, + %, =l ) +o()
as j — oo. Hence, by (3.20) it follows that

1Vuj = Vally + 1Vu; = Valg =y (luj = ullfy + e = ully, ) +o()
=yl +o(1) (3.22)

as j — 0o. Now, assume for contradiction that £ > 0. Then, from Lemma 2.1, (3.22)
and the fact that y < min{H,, H,}, we have

lim ||Vu; — Vullh + lim |Vu; — Vu|? ,
j—oo 500
+{ i 14 ; q
< Iim ||lu; —u + lim ||u; —u
<y <j%o|| j—ully, j%ol\ j—ully,,
<min{Hp,Hq}(Alim luj —ull?, + Hm Jluj —ull? )
J—>0o0 L q.a
< lim |Vu; — Vullh + lim [|Vu; — Vull? ,
j—oo j—00

which is impossible. Therefore £ = 0, so that by (3.22) we have Vu; — Vu in

[LP(Q) NnLl (Q)]N as j — oo, implying that u; — u in Wé’H(Q) thanks to (2.1)
and Proposition 2.1. This concludes the proof.
O

Now, we complete the proof of Theorem 1.1, proving first that functional J, satisfies
the geometric features of the mountain pass theorem.
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Lemma 3.1 Let (f1) holds true. Then, for any y € (—oo, min{H,, H,}) there exist

p=p) e 0, 1]and o = a(p) > 0 such that J,(u) > a for any u € Wé’H(Q),
with ||lu]l = p.

Proof Let us fix y € (—oo, min{H,, H,}). By (f1), for any ¢ > 0 we have a §, > 0
such that

|F(x,t)| <e|t|?+ 8]t]", forae. x € Qandanyt € R. (3.23)

Thus, by (3.23), Lemma 2.1, Propositions 2.1 and 2.2, for any u € WOLH(Q) with
llull <1, we obtain

L =~ (1 - ﬂ) IVl + L (1 - ﬂ) IVuld o — ellul? — 5 llul
P H) q H,

v

+
- »r» or (V) — eCyllull? — 8:Cyllull”
q min{H,, H;}

1 yt

[ (-
“lg min{H,, Hy}

since ¢ > p and y < min{H,, H,}. Therefore, choosing £ > 0 sufficiently small so
that

) - gcq] Il = 8.Crllull,

1 yt
og=—|l-———]—-¢C; >0,
q min{H,, H;}

for any u € W(}’H(SZ) with [[ull = p € (0, min{1, [0,/ (28:C,) ]/ D}], we get
Jy(u) > (O’s - SSCr,orfq) p? =a > 0.

This completes the proof. O

Lemma 3.2 Let (f1) — (f2) hold true. Then, for any y € R there exists e € WOI’H(Q)
such that J,, (e) < 0 and |e| > 1.

Proof Let us fix y € R. By (f1) and (f2), there exist d; > 0 and d» > 0 such that
F(x,t) > d1|t|0 —dp forae.x €e Qandanyr € R. (3.24)

Thus, if ¢ € WJ’H(Q) with ||¢|| = 1, then by Proposition 2.1 also o (V) = 1, so
that by (3.24), for any ¢ > 1 we have

11 Y v 0 )
J,(t0) < — —tPZ—o|?, —t1—|¢|4, —1%d; — |2
y(te p » el 7 lels,, llellg €2

Since 6 > g > p by (f2), passing to the limit as t — oo we get J,, (tgp) — —o0.
Thus, the assertion follows by taking e = t ¢, With ¢, sufficiently large. O
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Proof of Theorem 1.1 Since J,,(0) = 0, by Proposition 3.1, Lemmas 3.1-3.2 and the
mountain pass theorem, we prove the existence of a non-trivial weak solution of (1.1).
O

We conclude this section with a result of independent interest, which shows how
(3.4) allows us to cover the complete situation in Theorem 1.1, with1 < p <g < N

3
and y € (—oo, min{H,, H,}). For this, let L,, : WOI’H(Q) — (WOI’H(Q)) be an
operator such that

(L, (), v) :=/ (|Vu|"*2+a(x)|w|‘1*2) Vu - Vudx
Q

| (Wz" Fag )a
-y v+a(x v ) dx,
Q |x|P |x|4

for any u, v € WOI‘H(Q).

Lemma3.3 Let2 < p <q < Nandy € (—oo, min{Hp, H,}/ max{xp, k;}), with
Kkp and k4 given by (3.13). Then, the operator Ly, is a mapping of (S) type, that is if
uj—uin WOI’H(Q) and

lim (L), (u;) — L,(w),u; —u) =0, (3.25)
j—o0

thenu; — uin Wol’H(Q).

Proof Letusfix2 < p < g < N and y € (—oo, min{H,, H;}/ max{k,, k,}). Let
{u;}; be a sequence in W(}’H(Q) such that u j—u in W(}’H (£2) and (3.25) holds true.
Then, up to a subsequence {u;}; is bounded in WOl ’H(Q) and by Lemma 2.1 and

[5,Theorem 4.9], we obtain

fluj — uIIZP + llu; — u||‘;1q,a — £, uj(x) = u(x)ae.in ,

as j — oo. Thus, by [6,Theorem 1] we get

p p p
e jllg, — luj —ully, = lully, +o(1),

1%, =y —ully = lul,  +o() (3.26)

as j — oo. While, by (3.13) we have

/ [(1IVu;1P2Vu; — [VulP=Vu) + a(x) (\Vu;|92Vu; — [Vul?™>Vu)] - (Vu; — Vu)dx
Q

(llwj = ullp + lluj — ull§ o) (3.27)

~ max({kp, kq}
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for any j € N. Hence, combining (3.25)—(3.27), as j — o0

1

— Vu; — Vullb +||Vu; — Vu|d
maX{I{p,Kq}” j Iy + 1Vu, lg.a

=y (luj = ully, + lluy =l ) +o() =yt +o(D),

which recalls (3.22), up to a constant. From this point, we can argue as in the end of
the proof of Proposition 3.1, proving that u; — u in WOI’H(Q). O

Remark 3.1 When2 < p <g < Nandy € (—o0, K, , min{H,, H,}), with

1
K,, =mmni{l, ——— ¢,
pa { max{k,, K4} }

we can prove Proposition 3.1 arguing as in [17,Lemma 5.1] and using Lemma 3.3
instead of (3.4).
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