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Abstract

In this paper, we analyze linear-quadratic stochastic differential games with a contin-
uum of players interacting through graphon aggregates, each state being subject to
idiosyncratic Brownian shocks. The major technical issue is the joint measurability of
the player state trajectories with respect to samples and player labels, which is required
to compute for example costs involving the graphon aggregate. To resolve this issue
we set the game in a Fubini extension of a product probability space. We provide
conditions under which the graphon aggregates are deterministic and the linear state
equation is uniquely solvable for all players in the continuum. The Pontryagin max-
imum principle yields equilibrium conditions for the graphon game in the form of a
forward-backward stochastic differential equation, for which we establish existence
and uniqueness. We then study how graphon games approximate games with finitely
many players over graphs with random weights. We illustrate some of the results with
a numerical example.
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1 Introduction

Large systems suffer from a growth of complexity with system size that often makes
them practically intractable. These challenges arise in control theory, game theory,
as well as in many applications in applied mathematics, economics, and engineering.
For instance [20, 34] consider macroeconomic models with a continuum of infinites-
imally small firms or consumers subject to idiosyncratic random shocks. Mean field
game (MFG) theory [9, 10, 24, 29, 30] is a paradigm aimed at the characterization
of equilibria in games with a very large number of players. Typically, the game, with
a large but finite number of players, is approximated by a limit found by letting the
number of players grow to infinity. Much of the MFG theory assumes that players
react to one and the same distributional property of the whole population, for example
the mean player state. As a resut, it can only approximate games with a high degree
of symmetry among the players.

The theory of graphons provides a framework for the study of very-large systems
of agents whose interactions are not necessarily symmetric. See [32] for an exposé
of the theory. It provides a mathematically rigorous set-up for the analysis of limits
of sequences of network games of increasing size. The graphon approximation of a
network game is a limit of such a sequence, often referred to as a graphon game.

Graphon games have recently gained an increasing interest motivated by the study
of strategic decision problems on very large networks of heterogeneous agents. Appli-
cations include telecommunications, social networks, electric grids, etc. Static graphon
games have been studied in both deterministic and stochastic settings [8, 38]. In the
dynamic setting, [11] considers a MFG with an Erdos—Renyi graph replacing the
standard MFG interaction (a complete graph with uniform weights). The papers [6,
7] study decentralized strategies in graphon games. Deterministic linear-quadratic
graphon games were studied in [19]. In a setting similar to that of graphon games, a
graphon-based model for optimal network interaction was used in [ 14—18] to represent
control problems on large networks. All these works assume that the graph underpin-
ning the network of interactions is dense in the sense that the number of edges (non
trivial interactions) is of the same order as the number of vertices (agents). Special
cases of sparse networks have been studied, see for example [13, 27, 28]. Obviously,
graphon theory cannot be used in these cases.

In this paper, we study a dynamic, linear-quadratic, stochastic graphon game. The
states of a continuum of agents indexed by 7, a closed bounded interval in R, evolve on
the real line while interacting. The agents’ state trajectories are given by the following
system: for x € [ and t € [0, T],

dx;} = (a(x)Xf +b(x)erf +c(x)/w(x, y)X;V)»(dy))dt +dBS, Xy =&, (1)
I

where w(-, -) is a bounded graphon, A is a probability measure extending the normal-
ized Lebesgue measure A; over /, o* is the strategy chosen by player x, and (B¥) ¢y
are independent standard Brownian motions. The integral f Jwx, X ty A(dy) is the
population’s influence on player x’s state, an aggregate weighted by the graphon. The
necessity to integrate with respect to the extending measure A comes from a deep
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measurability issue connected to the construction of a continuum family of Brownian
motions which we would like to be independent of each other. In the macroeconomic
literature, it is well known that dealing with a continuum of agents affected by idiosyn-
cratic shocks poses technical challenges related to measurability issues which get in
the way of a desirable law of large numbers, see e.g., [4, 25]. To cope rigorously with
these issues, several ways have been investigated. The notion of Fubini extension was
introduced to allow for an Exact Law of Large Numbers (ELLN) and [42] can be
viewed as a way to justify the second approach proposed in [12]. At first glance, a
natural way to define the aggregate might be || ;wx, y)X 7dy. This is however not
well behaved in a standard probabilistic setting: in the usual product space carrying a
continuum of independent Brownian motions (B*),¢; the process (w, x) — B*(w)
is not jointly measurable (in the product space of the usual continuum product and the
Lebesgue space over the index set), see the references in [41]. One way of resolving
the measurability issue is to set the model in a Fubini extension of the usual product of
the sample probability space and an atomless index probability space (1, Z, A) extend-
ing the normalized Lebesgue probability space. The theory developed in [39, 42, 43]
grants existence of a probability space (£2 x I, FXZ, PXA), called a Fubini extension
of the product space, carrying a collection of essentially pairwise independent (e.p.i.)
Brownian motions (B*),<; with sufficient joint measurability (in the extension) for
the aggregate to be well defined. By e.p.i., we mean that for A-a.e. x € I, B¥ is
independent of B” for A-a.e. y € I, see Definition 1. Moreover, Fubini’s theorem for
iterated integrals holds in the Fubini extension. Some recent game-theoretical models
considering a continuum of agents in a Fubini extension are the rank-based reward
models [35-37, 45], the static graphon game in [8], and the model of [40].

Our first goal is a rigorous analysis of the system (1). For a strategy profile (a*)¢;
from an admissible set, essentially defined as the set of decentralized controls, we
show that (1) admits a solution well-defined for all x € I and that the aggregate
is a deterministic function of the agent label x € I and time ¢ € [0, T']. Graphon
systems with deterministic aggregates have recently been studied in [2, 3] and are also
a feature of the graphon game models cited above. To the best of our knowledge, this
paper and [8] are the only ones treating stochastic graphon games that do not a priori
assume the aggregate to be deterministic. As a consequence, our proofs build on the
following idea: identify the aggregate via a fixed point argument in an L2-space of
random variables on the Fubini extension, and subsequently show that the fixed point
must be constant in the sample variable w € 2. To prove the second step we use the
Exact Law of Large Numbers (ELLN) [42]. In contrast, the theoretical works that a
priori assume deterministic aggregates must find them as a fixed point in a space of
measure-valued processes.

Next, we solve the linear-quadratic graphon game. In doing so, the deterministic
nature of the aggregate turns out to be of paramount importance. In the game, the
optimization problem of player x seeking their best response to A-a.e. other player
following a given strategy profile can be rephrased as a search for their best response
to the deterministic aggregate trajectory |’ Jwx, ME[X Y1A(dy). We derive optimality
conditions for the game with a stochastic Pontryagin’s type maximum principle. The
following forward-backward stochastic differential equation (FBSDE) system, also
called the Hamiltonian system, appears in the optimality condition for the equilibrium
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strategy profile & = (&) ¢y: fort € [0, T]and x € I,

dX} = 0,H"(t, XF, &}, p)dt + dBY, Ry — g,

A foA @)
dp; = =0, H"(t, X, &}, p)dt +q;dB}, py =0d,h" (X7, Z7).

We show that (2) is well-defined: for any finite time horizon 7 there is a unique solution
that solves the Hamiltonian system forall x € I.1In (2) H* and 4" are the Hamiltonian
and terminal cost of player x, respectively. With a solution of (2) at hand, the players
can construct an admissible strategy profile of decentralized controls which is a Nash
equilibrium for the graphon game. Under assumptions on the convexity of H* and i*,
x € 1, the Nash equilibrium is unique.

Many applications of interest involve models with finitely many players. Neverthe-
less, the search for Nash equilibria is most often prohibitive for all practical purposes,
justifying the quest for approximation results similar to those in the MFG theory. We
find a class of N-player games over fully connected interaction networks with random
weights for which the graphon game provides an approximation and the graphon game
equilibrium is the limit of the finite player equilibria. In these finite player games, the
aggregate for player k is the sum % Z?’zl w(ig, ig)X,z’N where i1, 2, ... are ran-
domly sampled from [0, 1] (according to some distribution). In general, the search for
approximate equilibria for such N-player games is outside the scope of classical MFG
theory (except for the piecewise constant graphon). More specifically, we show that a
graphon game Nash equilibrium is an approximate Nash equilibrium for a N-player
game as described above. In the other direction, Nash equilibria of a sequence of such
finite player games converges to a graphon game equilibrium as N — oo. Under
a continuity assumption on the graphon, we use the Law of Iterated Logarithms for
Banach space valued random variables to show that the rate of convergence and the
approximation error are both of order almost 1/+/N with probability 1.

The paper is structured as follows. In Sect. 2 we introduce the notation and the
necessary background on graphons and Fubini extensions. We analyze equations (1)
and (2) in Sect. 3. The convergence results can be found in Sect. 4. Section 5 treats a
special case of the game for which the solution can be computed semi-explicitly, and
presents some solved examples. Most proofs are deferred to the appendix.

2 Preliminaries
2.1 The Graphon

Let I C Rbe aclosed bounded interval. The set I is an index set labeling a continuum
of agents. The Lebesgue space over I is denoted by (I, By, A7) and L?(I) denotes the
space of Aj-equivalence classes of functions X : / — R such that f] |X (x)|*11(dx) <
o0. Hereafter, for a function X : I — R, we will often use the notation X* = X (x)
for x € I, and sometimes write X' = X (-) to stress the fact that X is a function of the
index. When the context is clear the dot is omitted.
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A graphon is a symmetric, measurable function w : I x I — [0, 1]. It defines an
integral operator W : L2(I) — L*(I):

(W) = (wx, ), fli, = /Iw(x,y)f(y))u(dy), xel, felXI).

The operator W is a symmetric Hilbert—Schmidt operator: there exists an orthonormal
basis in L2(I) of eigenfunctions {¢;}72, of W such that the eigenvalues A are real
and square summable and:

WFI@) =Y g ou)sy, [ e LX), hae xel,  (3)
k=1

and the Hilbert-Schmidtnorm of W is givenby [| W2 = [|wll 127 ) = [Zkzl )»%] 172,
A standard reference for graphon theory is Lovasz’s book [32].

2.2 Fubini Extensions

Much of the analysis in this paper relies on the existence of an uncountable collection
of essentially pairwise independent (e.p.i.) random variables jointly measurable in the
sample w € £2 and the label x € I. The theory of Fubini extensions was developed to
facilitate this existence.

Definition 1 Let (£2, F, P) and (1, Z, A) be probability spaces. A process from £2 x [
to a complete separable metric space is essentially pairwise independent (e.p.i.) if
for A-a.e. x € [ and A-a.e. y € [, the random variables f; : ® +— f(w,x) and
fy 1o+ f(w,y) are independent.

A probability space (2 x I, W, Q) extending the usual product space (2 x I, F®
7Z,P® A) is said to be a Fubini extension if for any real-valued Q-integrable function
fon (2 x1,W)

(i) the two functions fy : w — f(w,x) and f, : x — f(w, x) are integrable,
respectively, on (£2, F, P) for A-a.e. x € I, and on (I, Z, A) for P-a.e. w € £2;

(i) [o fx(@)dP and [; fo,(x)dA(x) are integrable, respectively, on (/,Z, 1) and
(2, F,P), with [, fdQ = [, (fQ fxd]P’) dr= [g (fl fwdk) dP.

Remark 1 Given a Fubini extension as above, if E is a separable Banach space and f
is a strongly measurable E-valued function on (§2 x I, VV), then properties (i) and
(ii) of Definition 1 still hold as long as we interpret measurability as strong measura-
bility and integrability in the sense of Bochner integrals. This claim is an immediate
consequence of the fact that an E-valued function ¢ on a measure space (M, M) is
strongly measurable if and only if for each element ¢* of the dual E* of E, the real
valued function M > m — (e*, ¢(m)) € R is measurable, and if u is a measure on
(M, M), the Bochner integral f y 9(m)u(dm) is characterized, whenever it exists as
an element of E, by

<e*,/ <p(m)u(dm)>=/ (e*, om))u(dm), e* e E*.
M M
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In the next theorem we recite [43,Thm. 1], a result on the existence of a Fubini
extension carrying a continuum of e.p.i. jointly measurable random variables. It intro-
duces a particular sample space, (£2, F, P), an index space (I,Z, 1), and a Fubini
extension of their product. See [42,Prop. 5.6] for the construction of the sample space.
The index space (I, Z, A) is the extension of (I, By, Ay) explicitly constructed in [43],
where we note that Z is non-countably generated. The theorem below would be false
if the index-space extension was replaced by the original index space, see [43,p. 435]
for the detailed argument.

Theorem 1 Let I be the unit interval and S a Polish space. There exists a probability
space (I,T,A) extending (I, By, A;), a probability space (£2, F,P), and a Fubini
extension (2 x I, FRZ, PXL) of (2 x I, FQL, PQA) such that for any measurable
mapping ¢ from (1,7, )) to P(S), the set of Borel probability measures on S, there
is an F X I-measurable process f : 2 x I — S such that the random variables
fr= f(,x)areep.i andPo fx_1 = @(x) forx € I.

Let T > 0 be a finite time horizon and let £ := C([0, T']; R) be the space of
real-valued continuous functions on [0, 7] equipped with the topology of the uniform
convergence. Let S be the Polish space S := E x R, the Borel o-field over S is
B(S) = B(E) ® B(R). We use the notation 0 = ([o]1, [0]2) to emphasize the two
components of 0 € S. For x € I, let p(x) = u(x) ® v(x) where u(x) is the Wiener
measure on E foreachx € I and v : I — P(R) is an Z-measurable function. The
probability measure v(x) models the initial probability distribution of player x’s state.
By Theorem 1, there exists a 7 Xl 7-measurable process B : £2 x I — § with random
variables B* (-) = (B*(-), £*(-)) e.p.i. and such that the law of (B*, £*) is u(x) ® v(x)
for all x € 1. We denote by F* the filtration generated by B*.

We write L%E(.Q x I; E) for the space of equivalence classes of (F X Z, B(E))-
measurable functions which are P X A-square integrable, i.e., ¢ € L%E(.Q x I; E)
if

/ 9" (@)[|%P K A(dw, dx) < 400,
2x1I

and L (2 x I) when E = R. We write L;(/; E) and L*(I; E) for the space of
equivalence classes of (Z, B(E)) and (B(1), B(E)) measurable functions which are A
and A;-square integrable, respectively. For any ¢ € L%E (£2 x I), we use the notation:

E¥ [¢] :=/ " ()P R A(dw, dx).
2x1

Expectation without a superscript, [E, refers to the integral taken with respect to P.
Next, we extend the domain of the graphon operator to L%E (82 x I):

Wi LR (@ x )3 X [WX]: 2 x 13 (0,x) — [WX](,x) € R )

Naturally, we inquire if ([W X;])¢[0,7] is measurable when X € L%E (82 x I; E) where
we understand X; as 2 x I 3 (w, x) = X;(w, x) = X¥(w); € R.
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Lemma1 If X € L(2 x I; E),

(i) forx € I andP-a.e. w € $2, the Bochner integral f, w(x, Y) XY (w)A(dy) defines
an element [W X](x, ) of E,
(ii) the mapping I x 2 5 (x, w) — [WX](x, w) is measurable with respect to the
completion for A; ® P of the product o -field By @ F,
(iii) [W X] so defined provides an extension of the graphon operator W to a bounded
operator on L%E (82 x I; E) of norm at most 1.

Notice that Remark 1 implies that [W X](x, w); = [W X;](x, w) as defined by formula
).

Proof If x € I is fixed, ||w(x, y) XY (w) || < || X (w)||g which is P X A-integrable.
Moreover, x being fixed, as a function of (w, y), w(x, y) XY (w) is F X Z-measurable
so that the variation of the definition of Fubini extension given in Remark 1 implies
that the Bochner integral f Jw(x, y) XY (w)A(dy) defines an element [W X](x, @) of
E which happens to be a F-measurable function of w € £2.

Using a sequence of functions of the form (x, y) — >, _; 4 @i (x)¥; (y) where k
is an integer and ¢; and 1; are 3;-measurable real valued functions to approximate
w(x, y) almost everywhere on I x I for the Lebesgue measure, and functions of the
form ), ;4 1y, (w, y)e; for some U; € F X T and e; € E, to approximate X (w)
PXx-a.s., we see that [W X ](x, ) is in fact almost surely equal to a B; ® F-measurable
function as claimed in (ii).

As for (iii), it follows from the following inequalities:

£ [||[WX](x,w)||§] =f9 ’flw(x,y)xy(w))\(dy)uz P X A(dw, dx)

x1

= [ ([ @itran) Paido.am
2x1 N1

- f 1X7 (@) 2P B Ado, dy)
2x1

where we used once more the defining property of a Fubini extension. O

We conclude this section by recalling the (weak) Exact Law of Large Numbers
(ELLN) [42,Corollary 2.10] for the sake of completeness.

Lemma2 Let f be a real-valued integrable process on (2 x [, FXRZ,PXL). If the
random variables fy : v — f(w,x), x € I, are essentially pairwise independent,
then, for P-a.e. w € §2, the sample mean f 1 S (x, w)dM(w) is the same as the mean
S FAP R A of the process f.

The ELLN is a useful tool for analyzing processes in the Fubini Extension. It will
allow us to replace interactions with a stochastic mean process by interactions with a
deterministic mean process. We take a closer look at Brownian motion in the Fubini
extension B. As an E-valued Gaussian vector, B has exponential moments, so B €
L%(.Q x I; E). Furthermore for each ¢ € [0, T'], ELLN applies to B; since (B} )xer
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are e.p.i. and B; is [P X A-integrable. For each A € 7 and ¢ € [0, T'] we have:

/ BX (0)A(dx) = / E[BY]A(dx) =0, P-as.
A A

3 Linear-Quadratic Stochastic Graphon Games

In this section, we introduce a game with a continuum of players indexed by /. Each
player’s goal is to choose the best admissible strategy. Below we define the notion of
admissibility, formalize the players’ state dynamics and costs/rewards. We postpone
the specification of what is meant by "best strategy", and its computation, to Sects. 3.2
and 3.3.

3.1 Linear Graphon Dynamics

A family (o) ey of F*-progressively measurable real-valued processes is called a
strategy profile.

Definition 2 Let A be the set of real-valued, Z ® B([0, T']) ® B(S)-measurable func-
tions @ on I x [0, T] x S satisfying the following: for every (x,¢) € I x [0, T],
a(x,t,0) = a(x,t,0) if [o]1(s) = [0']11(s), 0 < s < t and [c]r = [0']2;

EX [fOT la(-, ¢, ]Eé')|2dt] < ooand, forallx € I, ]E[fOT la(x, t, IB%X)|2dt] < 0.

The strategy profile (o*)y¢; is called admissible if there is an & € A such that o* =
a(x, -, BY) for x € I. With some abuse of notation, we will write (¢*)ye; = o € A
when (a*)y ¢y is admissible.

For each x € I, we define A(x) as the set of F*-progressively measurable square-
integrable processes (o;)o<;<7, i.e., satisfying ]EfOT lo;|>dt < oo. When the player
population plays an admissible strategy profile, the strategy of player x € [ is an
element of A(x). Furthermore, player x can switch their strategy to any 8 € A(x)
without affecting the overall ZQ B([0, T']) ® B(S)-measurability of the strategy profile.

The next assumption is in force throughout the rest of the paper.

Assumption1 (i) v(x) has a finite second moment uniformly bounded in x
(i1) The coefficient functions a, b, ¢ : I — R are Z-measurable and bounded

The rest of this section is devoted to the existence and uniqueness of a solution to
the graphon SDE system

dX7" = (a() X7 + b)) +c(x)ZF")dt +dBf, Xg" =&, (5)
defined for all x € I, where a* = «a(x, -, B*) for a given ¢ € A. Z%* is the graphon-

weighted aggregate of the continuum of player states, defined in line with aggregates
in economic theory, and for now only formally, as:

zH" ::/Iw(x,y)X%’yk(dy) =[WX;7 1(x), tel0,T]. (6)
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Lemma3 Ifz € L%Z (2 x I; E) and o € A, the stochastic integral equation
t
X%@'=:X%‘“+-A;(a@)X%J“—+b<oa;+«xozxo)ds+-B; Xp =8 (D

has a unique solution X*° = (X¥“" (w); (w, x) € 2 x 1) in L%E(.Q x I; E).

A solution to (7) is any E-valued process on §2 x I that satisfies the equation for
PXA-ae (v, x) € £ x I.Itisunique if PXA(X; = X;, 7 € [0, T]) = 1 whenever X
and X are solutions. The proof of Lemma 3 is an adaptation of the standard existence
and uniqueness proof for SDEs and is omitted. Next we characterize the aggregate as
the unique fixed point to the following map:

U%: L& (2 x I E) — Lg(2 x I E),
(8)

7> U% : (w, x) — <</I w(x, y)X%Z’y(w)k(dy)le[O T]

where o € A is fixed and X%* is the unique solution to (7) as given by Lemma 3.

Proposition 1 For each admissible strategy profile o € A, the mapping U< is well-
defined and has a unique fixed point which we shall denote 7%.

A proof of Proposition 1 is found in the appendix. Thus, there exists a unique
solution in L%E(SZ x I; E) to the graphon SDE system (5)—(6) with o € A fixed and
the aggregate defined as the fixed point of U%. The next result further specifies the
structure of the solution. In summary, the aggregate must be almost surely deterministic
and there is a unique version of the solution that solves the linear graphon SDE (5) for
every x € I and whose corresponding aggregate is deterministic everywhere.

Theorem 2 Let o € A be fixed, let X% be the unique solution to (5)—(6) in L%E (£2 x
I; E), and let 7% be the corresponding aggregate. Then Z* is P I A-a.s. equal to a
deterministic function in L%(I; E). That is, for some f € Li(l; E):

PRA(IZE— flle=0) =1, f(w,x):=f(x), (wx)eRxI.

Furthermore, there exists a unique pair (X)) ey and (Z%%*) ¢ of versions of X% and
@ respectively, solving the system (5)—(6) for all x € I in the standard L*(§2; E)-
sense. Moreover, Z% " is an everywhere deterministic version of 7%.

Remark 2 In light of Theorem 2 we can treat the state and aggregate as defined for all
x € I and the aggregate as deterministic:

ﬁ“=ﬁwuymw?vww. ©9)

Assumption 1.(ii) alone is not sufficient to let us simplify the aggregate to an integral
with respect to the Lebesgue measure dy. To wit, the mean state depends on the coeffi-
cients. There is a "trade-off" between the measurability assumption on the coefficients
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and which measure we see in the aggregate integral (9). We choose to work under a
weaker assumption on the coefficients, and deal with A in (9).

Proof For the first statement of the theorem, consider the set of all almost surely
deterministic functions in L%E(.Q x I; E)

L:i={Felyx(@xI;E):PRAE =y) = 1forsome y(w,-) = 7() € L3(I; E)}.

L is a closed subset of L%E(.Q x I; E), hence a complete space. If 7 € Z, then
(X%Z’x )xes is an e.p.i. collection of random variables and, by ELLN (Lemma 2),
U“N](a) x) = E[[U%Z](x)] for P-a.e. € 2. Hence U%is well-defined as a function
from L to itself. A similar argument to that of Proposition 1 yields the contraction
property of U< restricted to L.Since L C L2 x (82 x I; E), the fixed point of U% in L
must be Z%, the unique fixed point in L%E (.Q x I; E).
To construct the desired version of Z<, we define for a fixed x € [ the mapping @~
by as the Bochner integral

O (f) = /I w(x, ELTAdY)

for any E-valued, PX A-square integrable, and F XIZ-measurable function f. Clearly,
@* is constant over every equivalence class in L%E (82 x I; E). Denote the element
corresponding to X% by Z%*. For all x € I, Z%* € E by Lemma 1, and it is
deterministic. To prove that (Z%") ¢ is the desired version of the aggregate, we must
simultaneously construct a version of X%, Let

t
XFt =g 4 / (a) X5 + b(x)e) +c(x)Z$ ) ds + B, (t,x) € [0, T] x 1.
0
Then t > X" is continuous P-a.s. Moreover,
/ 1245 |2 A(dx) < CER[IIX%)3]
1

so x > Z%* is A-square integrable and it follows that X% is P X A-square integrable.
Using this together with admissibility of o and Assumption 1, we get that X%*
L%(£2; E) for all x € I. It remains only to show that (Z%%),c; and (X%¥),¢s are
members of the equivalence classes Z%* and X%, respectively, since that implies Z%* =
f s wx, YE[X%Y]A(dy). Let x and z be arbitrary members of X* and Z%, respectively.
Then

t
= E +/ a(')XS + b()as + C(')Z_S‘ds + B[s r e [09 T]s ]P) IX )\'-a's's
0
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and therefore

t

t
X\ =i =f a(") (X%—xs)der/ c()(Z%—zy)ds, t € [0, T, PRA-as. (10)
0 0

Since Z% is the fixed point to U%, 7 = f, w(-, yE[xYA(dy) PX A-a.s. for x € X<,
By construction, Z¢ = z P X X-a.s., implying that Z¢ € Z%. Gronwall’s lemma
applied to (10) then yields PRIA(X% = x) = 1, and hence X% € X% which concludes
the proof. O

3.2 Stochastic Maximum Principle

We consider a finite horizon stochastic differential game where the cost incurred
by player x € I is composed of a running cost, here modeled as a function f* :
R xR x R — R of player x’s state, control, and aggregate; and a terminal cost given
by a function /* : Rx R — R of player x’s terminal state and aggregate. The expected
cost when using the admissible strategy 8 € A(x) while A-a.e. other player uses the
strategy profile o is J* : A(x) x A — R defined by:

T —X —x
T (B: @) = E[/O ST B 28 dr + e (X ”3>’x,z%")], (11)

where we adopt the notation (¢, B) for a strategy profile

L
(q‘x,ﬁ)yz{%’ i””’ wed xel, peAw).
El y=x7

The strategy profile (¢, B) is admissible and P X A-a.e. equal to &, so Z(& ¥ =
Z%*, Other players’ actions appear in player x’s cost only implicitly through Z%*,
which is deterministic by Theorem 2, and unchanged if any one specific player changes
control. In light of this, we write J*(8; «) as J*(B; Z%¥) for a function A(x) x
L*(I;E) > (e, 2) = J*(a; 2) € R.

In classical game theory, a strategy profile such that no player can do better by
unilaterally changing strategy is called a Nash equilibrium. In the present context, we
adopt the following notion of equilibrium:

Definition 3 An admissible strategy profile & is a graphon game Nash equilibrium if
TH@ 280 < TV (B; 2%7), pe A, xel.

In differential games, equilibria are often characterized with Pontryagin’s maximum
principle. Proposition 2 below provides, player by player, a necessary condition and
a sufficient condition for an admissible strategy profile to be a graphon game Nash
equilibrium. The proof follows standard lines for the stochastic maximum principle,
see for example [44].
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Proposition 2 Assume that for all x € I, the functions f* and h* are measurable
and that for all (x,u,z) € I xR xR, x = f*(x,u,z) and x — h*(x,z) are
differentiable. Then if it exists, a Nash equilibrium & must satisfy

a; € arginf H (1, Xl Ju, py), aetel0,T], P-as, (12)
uelR

foreach x € I, with X+, p*, q*) solving the Hamiltonian system

dX} = 8,H (t, X}, &, pH)dt +dBf, X3 =&,

A A 13
dpf = -3, H(t, Xf, af, p)dt +qrdBf, py = 0,h* (X}, Z}), (13)

where H* : [0, T] x R x R x R — R is the Hamiltonian of player x,
H(t, x.u, p) = f*(x.u. ZF) + (@) x + b(x)u + c(x)Z))p,

and 2;‘ is the aggregate corresponding to the class X /-
If, in addition (x, u) — f*(x, u, z) is jointly convex and x — h*(x, z) is convex
for z € R, then any a € A satisfying (12) for every x € I is a Nash equilibrium.

The system (13) is a priori only formally written. The next section is devoted to proving
existence and uniqueness of solutions to (13) in the linear-quadratic setting, making
the argument of Proposition 2 rigorous there. In particular, existence and uniqueness
of the Nash equilibrium can be obtained if existence and uniqueness of the solution
to the forward-backward system (13) holds, as will be the case in the sequel.

3.3 Existence and Uniqueness of Solutions to the Hamiltonian System

In this section we analyze the FBSDE (13) for the linear quadratic case. Let Cy : [ —

Rsyxnf andCp : I — ngxn% be bounded and Z-measurable and let from now on f* and

h* be the mappings
1
A = —u*cf(x)u W) = 2V G, u eR} veR% (14)

Whenever [C ¢ (x)]22 > 0, the unique minimizer of R > o — H*(¢, x, «, p) is

16 oo~ (Crhax = (€012 = bp). as)

Plugging (14)—(15) into (13) yields, formally, the linear FBSDE system

Xx )?x 5 x 1 x X x
d|" =T | LI+ Tzx)Z;dt +| | |dB;, o =&,
D Di 9
% (16)
pr = I7(x) |:Zx] , Z7 = / w(x, y)E[Xty]k(dy), tel0,T], xel.
I
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where I'(x) € R?>*? and I'z(x), I'r(x) € R?>*! depend on the coefficient functions
a, b, ¢ and the cost matrices C s, Cy. Their exact form is presented in the appendix.
To ensure solvability of (16) we enforce the following condition.

Assumption2 For all x € I: (i) I2(x) # 0; (i) —[Ch(x) 1 T2(x) = 0; (iii)
—T2(x)121(x) > 0; @v) [Cr(x)]22 > 0.

Theorem 3 There exists a unique solution ()2', p,.q) € L%(.Q x I; E) x L%E(.Q X
I, E)x L%(Q x I; L2([0, T1)) to the FBSDE (16) for any finite time horizon T > 0.

From the L2-solution granted by the theorem we can extract one version that satisfies
(16) for all x € I by replicating the argument from Theorem 2.

While uniqueness follows by quite standard arguments, existence requires a more
in-depth analysis. We argue in the appendix along the following lines: after making
the ansatz that p* is linear in X*, we get short time existence following a fixed point
argument similar to that of Theorem 2, then we extend the existence to the whole time
horizon [0, T'] with the induction method, see, e.g., [9,Sec. 4.1.2].

4 Connection with Finite Network Games

In this section we show how certain finite player games where players interact through
a randomly-weighted graph can be approximated by a graphon game. Let 1°° be the
infinite countable Cartesian product of copies of /. Throughout this chapter, x> =
(xk)72; denotes a generic sequence in /> and N € N. For a fixed x°, let Ay (x*°)
denote the set of \/2’=1 [F*¢-progressively measurable functions in L2([0, T'] x £2)
(from now on referred to as the set of admissible controls in the N-player game).
Consider the N-player game where player k picks a control &®" € Ay (x*) so as to
minimize

T
TN @ N a kN = / FEXEN N,z e Y,z ]
0

and the player states (XN ),]c\’:1 are subject to the dynamics
dXyN = (a0 XN 4 b + @z NYdr +dBY, XN = g%,

N
1
ZEN = N;w(xk,xg)Xf’N, k=1,....,N, t€[0,T].

Assumptions 1 and 2 are in force as well as the additional assumptions on the cost
functions introduced in Sect. 3.3. With an approach very similar to that of Proposition 2,
we can derive necessary conditions for Nash equilibria in this N-player game. Given
x> € I®, a Nash equilibrium in the N-player game satisfies P-a.s., a.e.-z, for all
k=1,...,N,

N L kk,N kN LN
Q= [Cf(Xk)]22<b(xk)p, +[Crx)lan X" +[Cr(xp)1sZ; )
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where the N state- and costate variables (X kN pk" L ,ICV: | solve the forward-backward

system

k.N k,N
X, X 0
d| } =TI ! +[ i| dt
[Pfk’N] ( . [pfk‘N} —x Xty cowla, x)pr "

+ I 28N dr + Bt ZiN = ] ﬁ: (e x) XN
7z Xk t 22\121 qtkkLNdel ) t = N — W X, X¢ t )
kN kk,N xkN
Xo’ ZEXI{’ pr’ ZF;(xk) ZIZ’N , tel0,T], k=1,...,N,
T

and are coupled with the off-diagonal costate variables (p*", (g¥"*) sz: D ,'{V h=1> solving
the backward system below where I", I'y : I — R*>*'and I'; : I — R:

k,N

w(Xk, Xn) (= X =
dpi"" = ST (P o) [ k’k,N] + Pz ez )i
t

N

N
1 ke kh kne
— (7 2 cowten xopiN +aept™ N )ar + 3" g Na),
=1 (=1
kN
w(xg, Xp) = X

PN = W) e VX k<N 0.7
N Zy

This finite FBSDE system is linear with bounded coefficients. With additional assump-
tions (to insure solvability of a matrix Riccati equation), it can be analyzed with the
induction approach as was done in Theorem 3. We abstain from presenting the argu-
ment, instead we move on assuming that the solution to the coupled system above is

well-defined and of sufficient regularity for the following analysis.

4.1 Propagation of Chaos

Assume that the conditions from earlier sections are satisfied and denote by
(X*, p*, q")xer the solution to the graphon game FBSDE. By comparing the graphon
game FBSDE and the N-player game FBSDE along a specific sequence x*°, we obtain
a propagation of chaos-type result. Let

A(x*°, N) := max ( sup E[|ka,N_ka|2]
1<k=N \1ef0,7]

k,N kk,N
+E[ sup (X0 = X PPN = ) ]).
t€[0,T]

To derive statistical estimates for the rate at which A(-, N) tends to zero, we introduce
the iteratively completed infinite product space (1°°, Z°°, 1*°), defined in line with
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[22]. The o-algebra 7 extends Z°° by including sets that are "iteratively null".
An important feature of this setup that we will frequently use is that (B, §*) ey
are mutually independent for A>®-a.e. x> € I [23,Theorem 1]. We strengthen the
assumptions on the graphon to prove the convergence.

Assumption 3 The mapping I > x — w(x, y) € R is 1/2-Holder continuous, uni-
formlyiny € I.

Proposition 3 Let Assumptions I and 2 hold. Then

AP, N) —— 0, A%-q.e. x® e I,
N—+o0

If furthermore Assumption 3 also holds, then for all ¢ > O there existsa Ng : [°*° — N
such that

(C 4 ¢)*loglog N
N

i“(A(x‘”,N) < , N > Ns(x“)) =1,

where C is a finite positive constant depending only on T and the graphon w.

Remark 3 Under a different set of conditions, the rate of convergence can be shown to
be 1/N with high probability. Indeed, if the graphon is of rank 1 and a, b, ¢, Cy, Cj,
are constant, it is possible to prove under some conditions on these constants and the
eigenvalues of the graphon operator, that

i} c
A°°<A(x°°, N) < N) > 1—2e72C,

for all C > C > 0, with C a finite constant depending only on 7' and the graphon w.
Importantly, this set of conditions does not require continuity of the graphon, and it
covers the important class of piecewise constant graphons, associated with the family
of stochastic block models rich in applications.

4.2 Convergence and Approximation of N-Player Game Nash Equilibrium

The propagation of chaos type result contained in Proposition 3 directly yields two
A - a.s. results relating the Nash equilibria of N-player and graphon game: 1) the
N-player Nash equilibria converge toward the graphon game Nash equilibria; 2) the
graphon game Nash equilibria provide approximate N-player game Nash equilibria.

Let C be the coefficient in Proposition 3 and let ey := 2C/N~!loglog N. Let N
be the random variable N, from Proposition 3 with ¢ = C. As before, we denote by
@sN ),iV: , and (&*),¢; the Nash equilibria for the N-player game and the graphon
game, respectively.

Proposition 4 The graphon game Nash equilibrium strategy collection (&** ),ICV: | Jorms
an ey -Nash equilibrium for the N -player game between the players (x1, ..., xN) when
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N > N(x*), 2%-a.s. That is, forall p € Ay(x>®), k=1,...,N, N> N(x*):
TEN @ a Ny — AN aTN) <oy, A%-ae x™ e I,

where @ KN = (&*1, ... &1, &ML GOV,
Moreover, the N -player game equilibrium converges componentwise to the graphon
game equilibrium and the rate of convergence is uniform and at most ey :

T
max E[ akN —&;‘k|2dr] <e2, N>N, i%aex®el®,
1<k<N 0

5 Semi-explicit Solutions in the Case of Constant Coefficients

When the functions a, b, ¢, C ¢, and C), are constant over /, the eigenfunction expan-
sion (3) facilitates a reformulation of the FBSDE into a countable system of decoupled
ODEs. Note that if the graphon is of finite rank, the system is in fact of finite size. This
idea was already used in [19]. Here we summarize it, comment on the well-posedness
of the resulting ODE system, and numerically solve an example.

First, recall from the proof of Theorem 3 that the FBSDE can, by using the linear
ansatz p; = ny )A(;‘ + ¢/, be reduced to a forward-backward system for (}A( Y xer

and a Riccati equation for *:

7 = —7)? N2 (x) — nF (N1 (x) + T (x) — Doa(x)) + Doy (x),

) [x} _ [Fn(X) +0 T o) } [X} dr

x 0 Ion(x) = Ma(x) ] | &

FZ,l(x) 5x 1 X 17
+ [ P 0T (x)} 2rdr + M dB", (17

XS =65, & =TraZ8, =T,

Zr =/w(x,y)]E[)%;"]x(dy), xel, tel0,T).
1

The Riccati equation does not depend on ()A( *, ¢%) and can be solved independently.
In the case of constant coefficients, the Riccati equation is also independent of x and
we then denote its solution (7;);<[0,7]- The next assumption formalizes the constant-
coefficient condition.

Assumption 4 The functions v, a, b, ¢, Cy, Cj, are constant.

The ansatz coefficient * and the aggregate 7% solve the coupled forward-backward
ODE ) )
=g I —Ton) + 2 (Izo— Tzam) .
d A

4=+ Tan) ZF + NMalWE1(x) + Tz 1 [W Z;1(x), (18)

F=TraZh, ZE=[WEIx), t€[0,T], xel.
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At this point, we use the expansion (3) and in the eigendirection ¢, k € N, we get

0k = 8 (P — Tiame) + 25(Fz0 — Tzame), Vs = Iradh,

k

. (19)
Zf = (F]] + I'ony + Fz,l)\k)zf + F]zkkvf, 216 = X",

where vf = (s Dr)ags zf = (2,, k)5, and XK= (g, @« )5, - Further analysis of the

coupled system (19) with the ansatz v¥ = ¥ z¥, where 7* is a deterministic function

of time to be determined, yields a Riccati equation with time-varying coefficients for

k.
T
. 2
wf = —Tod(nf)” = (M + 200, — Do + Tz k) )
—Uz2—1TZz1m), (20)
7'[% =1Ir).

Existence and uniqueness of a non-blow up solution to (20) requires further assump-
tions on the coefficients. In the appendix, we derive a set of sufficient conditions. With
7% at hand it is a simple task to solve (19) for ZF and vk (x¥ is computed with the
Exact Law of Large Numbers), and

(WZ 1) =) uzige(x), WGl =) vl (x).

k=1 k=1

The system (18) has been decoupled and rewritten into a countable set of ODEs.

5.1 Comparison of Three Graphons’ Impact on the Graphon Game Nash
Equilibrium

Using the semi-explicit solution outlined above it is easy to numerically solve the
graphon game. Let us compare the impact of three graphons on the solution: the
constant graphon, the power-law graphon, and the min-max graphon.

If the graphon is constant, wc(x, y) = K, then the graphon game is equivalent to
a MFG. Indeed, in this case 2;‘ =K f[ ]E[)A(f])n(dx) and one can show that Z;‘ =
KE[X%] = KE[X]] for x,y € I,t € [0, T]. The role of each player x € I is
that of the representative player in the MFG. The power-law graphon is defined as
wpp(x,y) ;= (xy)~7, y € R. It has applications in dynamical systems theory, see
e.g. [33] where it is used to model coupled systems on scale-free graphs. The power-
law graphon induces an operator of rank 1. If y < 0, wpy is bounded with eigenvalue
Apr = (1 — 2;/)’1 and eigenfunction ¢py (x) = /Aprx~7. The min-max graphon
wypm(x, y) = min(x, y)(1 —max(x, y)) is not of finite rank. The orthonormal basis of
eigenfunctions is given by ¢ pp (x) = V/2sin(rkx) with corresponding eigenvalues
Memm = (wk)~2 fork > 1, see [1].

For the sake of presentation we consider a particularly simple case of the linear-
quadratic graphon game. The parameter values are chosen for the purpose of
visualization of the effects we want to highlight with numerical simulation, but can be
taken arbitrarily from within our theoretical assumptions. The cost and state equation
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of agent x are set to
1 : 2 2 2
EE[/O (@)% + (X} = Z9))dr + (X - 73)?) @1)

and

dX; = (=X; +of + Z)dt +dB, X =¢&" ~ Normal(8, 1/4),

(22)
zZr = /w(x,y)]E[x,y]x(dy), xel, te[0,T]
1

Here, Assumption 2 holds and if |A;| < 1, which is the case for the three graphons
we consider, then the time-varying Riccati equation (20) does not blow up in finite
time. We simulate (21)—(22) using the semi-explicit solution derived above. For the
constant graphon, we set K = 1, and for the power-law graphon, we set y = —0.4.
The simulation uses standard discretization techniques to compute the state trajectory
for a finite number of values of x: (xm)nﬁle. We set M = 200 and sample the indices
(xm)f;l’l= | from the uniform distribution over I. (The choice of indices here has no
effect on the computation of the Nash equilibrium.)

The simulation results are presented in Fig. 1. In the constant graphon case we
expect the state to mean-revert to the mean of the initial conditions, as is the case
for the MFG corresponding to this specific setting. The simulation result agrees with
this. For the other two graphons however, state trajectories that are tending to O due
to reversion to the aggregate; the aggregate tends to zero in the non-constant graphon
cases. We also note the player index has an impact on the state trajectory in the non-
constant graphon cases. The state trajectories are clearly ordered in space according
to index in the power-law graphon case. The index influences the state trajectory also
in the min-max graphon case, albeit in a different way and to a smaller extent (almost
indistinguishably in the figure but visible in a more detailed simulation; on average,
the further from 0.5 the index is, the steeper the initial descent).

6 Summary and Concluding Remarks

In this paper, we formulate and analyze a stochastic differential game for a contin-
uum of players subject to idiosyncratic random shocks modeled as a continuum of
essentially pairwise independent Brownian motions, and interacting over a network
structure given by a graphon. Using the framework of Fubini extensions and the Exact
Law of Large Numbers, we demonstrate how to control the system. We characterize
the Nash equilibria with the Pontryagin stochastic maximum principle and we prove
a form of propagation of chaos providing an approximation of the graphon game by
finite player network games (and vice versa).

We choose to present our theoretical results in the linear-quadratic setting in order
to provide a complete analysis without too many technical assumptions. The linear-
quadratic case is the standard model in stochastic differential game theory, generally
acknowledged as important and with a huge number applications, somewhat restrictive
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Constant Graphon Power-Law Graphon Min-Max Graphon

0
8 8
State: X' State: X' State: X

Fig. 1 Simulation of the graphon game at equilibrium, evaluating the influence of the graphon type on the
solution. The same game is solved with three different aggregate variables, defined with the constant, the
power-law, and the min-max graphon. Top: The green-yellow landscape visualizes the player population
occupation measure over time. Only in the constant graphon case is this equal to the (empirical) distribution
of the representative agent’s state in the MFG. Bottom: The blue-to-red graphs in the plane are simulated
player state trajectories and the color indicates the corresponding player index. Interpolating between red
and blue, higher indices are plotted more blue and lower indices more red in the constant graphon and the
power-law graphon case. In the min-max graphon case, the more red the trajectory is the closer to 0.5 is
the corresponding index

though that may be. Some of our results hold true under weaker assumptions, let us
briefly elaborate on the possible extensions of some of the results of the paper.

Theorem 2 generalizes beyond the linear model. With minor modifications to the
proofs, the same conclusions hold when

dX;" = B(x, X7, o, 2" )dt +dB), X§ =&,

and Z,g’x = [WK(X%")](x) under the assumption that § and K are 7 ® (B(R))3-
and B(R)-measurable, respectively; sup,.; |[B(x,0,0,0)| < oo; and (x,a,z) —
B(x, x,a, z) + K(x) is Lipschitz continuous, uniformly in x € 7. With the additional
assumption that x +— B(x, x, a, z) is differentiable, the maximum principle Propo-
sition 2 can be lifted to the same level of generality. That said, a generalization of
Theorem 3 would not be as straightforward. The induction approach would require an
analysis of the master equation for the control problem, and prove that the gradient
of its solution is uniformly Lipschitz continuous, which is beyond the scope of this
study.

With regards to the convergence results, we expect the approach developed here
to extend to other sequences interaction networks (than the one defined by evaluating
the graphononthe N =1, 2, ... first elements of a fixed index sequence x°°) as long
as they converge to a limiting graphon, e.g., in the cut-distance (see [32]). Indeed, it
is already known in some cases that various finite player game structures are approx-
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imated by the same MFG [11]. It would follow that the probabilistic limits studied
in Sect. 4 extend, possibly with some slight modifications to the quantitative bounds,
to sequences of games with random interaction graphs generated with the sampling
method for graphons, as developed in [32].
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A Proofs
A.1 Proof of Proposition 1

We drop the superscript o since the strategy profile does not change throughout the
proof. By Lemma 3, X* € L%Z (£2 x I; E) so by Lemma 1, the mapping U is well
defined. We turn to the contraction property.

To prove that U is a strict contraction, let z, z € L%(Q x I; E). By Gronwall’s
inequality and the boundedness of the graphon,

T
E® 11z - [vz] 1] scfo E@[sup |zs—’zs|2} dt, (23)

s€[0,7]

where C > 0 is a finite constant depending only on 7', ||W]||2, and the coefficient
bound. Iterating the inequality (23) and making use of the fact that

E¥[ sup |z2] < E¥[lz13]. 1 e€(0.T). ze 132 x I; ),
s€[0,1]

we have

cmN
B5[|iwMa - 1w aly] = S - 23] vew

Hence, for some N € N, (U") is a contraction mapping on from L%Z (2 x1I;E)to
itself. The existence of a unique fixed point to U in the Banach space L%(Q x I; E)
then follows by the Banach fixed-point theorem for iterated mappings, see e.g. [5]. O
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A.2 Proof of Theorem 3

The coefficient matrices in (16) are given in terms of a, b, ¢, Cy and C}, as follows:

_ biCrln b b[Crl3n
_ az [Crlan [Crl Iy = ST 12 Iy = |:[Cl1]11]
[Crli, [Cf]ll biCrliz a ’ M [Cf]12 ’ [Crliz

[Crlxn [Crln [Crl

Step 0: Uniqueness in the Fubini extension

Assume that (X, p, g) and (X, p, g) are solutions to the FBSDE (16) in the sense that
(16) is satisfied P X A-a.s. and ]E®[||X||12E + |Ip||2E + fOT Iqtlzdt] < oo. Uniqueness,
i.e., that

T
E=[p - B+ 1X - K1} +[ 90 = GilPdi | =0
0

can be proven along standard lines of proof.

Step 1: An ansatz for p*

We will look for a solution defined with the following ansatz: for each x € I there
exists differentiable and deterministic mappings ¢ — n; and ¢ — ¢;* such that

p _anx'i_;[' (24)

Plugging (24) into (16) and matching terms we obtain n* = ¢* and the following
system for (X*, ¢*, n*; x € I):

i = =) Ma(x) — nf (N1 (x) + Do (x) — T (x) + Dy (x), 0% = Iy (x),

4 [X] _ [me) + T2 (x) Tia(x) ] [x] s
o 0 I (x) — 7 Nz (x)

FZl(x) 5x X
+[qu2(x)_mrz & )}Z,dﬂ—[o]dB,, xel, tel0,T],

Xg =€, ¢ =Tra)Zy, ZF :fw(x,y)JE[)?;']x(dy), xel, tel0,T]
' (25)

The Riccati equation for n* in (25) does not depend on the other variables and can
be solved independently. Furthermore, under Assumption 1 and 2 it has a unique
solution (1;)sefo,7] for all x € I and sup, v cfo.71x7 177 | < 00, see for example
[9,Sec. 2.4.1]. Thus, to prove existence of a solution to (25) it is sufficient to study the
forward-backward system for (X, ), which is the subject matter of the next steps.
Step 2: Unique solvability of (25) for short time horizons
If we fix a collection of aggregates Z* € E,x € I,then ¢* and subsequently X* canbe
solved explicitly for all x € 1. This "decoupling" property of the aggregate provides us
with a simple proof of short time existence and umqueness By a fixed-point argument
there exists a unique solution (Xx ¢¥) to (25)in L3 02 x I E) x L*(I; E) when T
is small enough.
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Step 3: Setting the stage for the induction approach

Inspired by the induction approach, described in detail in [9,Sec. 4.1.2.], we now

extend existence and uniqueness from the previous step to any finite time horizon.
For any t € [Ty, T'], where Ty := T — cp and ¢p > O, let & be such that (§)),c;s

are e.p.i. and &7 is F7 -measurable for all x € I. Assume that ¢y > 0 is small enough

so that

d[Xf}==FHNX)+nfﬂz@) Ip(x) ][Xf}dt
& 0 o) —nf Ta(x) | [ &F

Iz1(x) 5x 1 x
+Lhﬂw—nﬂhﬂw]ZdH_0d&’ xel, telrTl,

XP=¢g", ¢ =Tra(0Z%, 2p=/quEMﬁM@m xel, telr, Tl
1

(26)
has a unique solution as found in Step 2. Denote the solution ()A(?:x’r’gé , §,0:X’T’§%; te
[z.T].

Assume now Athat the forward-backward system (25) has a solution over the full
time horizon: (X}, ¢ ;¢ € [0, T]). It is also a solution to (26) on the subinterval
[Ty, T with )A(’}O as initial condition at Ty = T — cp. By the unique solvability of
(26),

To To

- N AO0:x, ’)A(TO 0:x, ’)A(fo
PRA(( ) (%@, ) =&, @). & ) Tyst<T)=1.

Now consider for some 7 € [0, Tp] the forward-backward system

4 [Xf] _ [Fll(x) + 0 Ma(x) T (x) ] [?A(f] "

oy 0 Doo(x) —ni Fa(x) | | &
I'z,1(x) ] oy [l] B
+ ' Zrdt + dB;, el, telr, Ty,
[rz,z(X) - lz(x) ™" 0 t X [z, Tol
OZX,T().)?'

Xi=¢€. =t " Z'= / wle, NEX M), x el 1€t Tol,
I
27
with &7 satisfying the same assumptions as above but with the new 7 € [0, Tp] replac-
ing the old t € [Ty, T']. System (27) differs from (25) in the terminal condition for the
backward equation. In the next steps we deduce small-time existence and uniqueness

AO:x,To,)A(‘TO OIX,T(),)A(

of solutions of (27), we patch the solution with (X, e TO; telTp, T,
then we repeat and show that after a finite number of patching rounds we are left with
the unique solution to (25).

Step 4: Unique solvability of (27) for short time horizons

Let = € [0,To] and Ej¢ 1) = C([r,Tp]). Let V|, 1,) and Vi [r 7, denote
L*(I; Efr.1y)) and L%(Q x I E[¢,1,1), respectively. A fixed-point argument can be
made to prove the existence of a c; > 0 such thatif 7o — t < ¢y, then there is a unique

solution to (27) in Vg 1, X V. Denote the solution by ()A(t1 :x’r’éé, g“t] :X’T’s%; t €z, To)]).
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Let 71 := Tp—c1. Mostimportantly (since we aim to use the induction approach) ¢
can take any value smaller than a constant C depending only on the time horizon T and
the coefficient function bound (from Assumption 1). The fixed-point calculations are
tedious and omitted here. The main difficulty comes from that the terminal condition
of the backward part of the equation depends on the solution of (26) initiated at the
solution of (27). This can however be overcome by using the fixed-point argument for
(26) from Step 2.

Step 5: Patching the solutions over [Ty, Ty] and [Ty, T']
We now patch the two solutions. Let T € [T7, Tp] and &; be the initial condition vector
in (27). For any s € [, T],

N [0 G S} s € [z, Tol,
(X5,¢)) = Omx, Ty X rsf Ocx, Tp, R 16T (28)
(X_S ’ ;'A 0 )s NS (T()v T]
Then, PX A-a.s.,
A 0:x,Tp, X;-:A’r'& lx T,E
th (a))—th O (w)=X (o )—X’}O(a))
o:x,TO,X‘*'"Et 1.
lim £* = lim ¢, I Y T

51Ty sUTy

so ()A(f, ;1 < s < T)is PX d-as. continuous and the unique solution to the
forward-backward system

d[fﬁ‘] [Fn(x>+n FoG) e Hx] "
tos 0 In(x) = nf Ma(x)

I'z1(x) 5 x
+ |:FZ,2(X) CEry, 1(x)} Zydt + [O] dB;, xel, telr,T],

o o x 0x.To. Xy 4y oy
Xi=€ o=t » ZF= [ we VERT@), xelielnT)

Step 6: The induction approach
Consider the following forward-backward system: for some t € [0, T1],

4 [Xt} _ [Fn(x) + 11 T2 (x) Tia(x) ] [ffx}dt

g 0 Fzz(x)—nt I (x)
FZ 1(x) 5x X
Zdt dB}, el,telr,T],
+ [Fz,z(x) — il 1<x>] it o 4B ¥ v Tl
ox ¥ 1:x,T7, X . 5y
X =&, &7, =¢; T , Z7 = | wx, y)E[X;IAdy), xel, te]|r,T]
I

(29)
Repeating the analysis that was done for the interval [T7, Ty] proves unique solvability
for (29) whenever 71 — t < c1, with ¢ being the same constant that was found above
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in Step 4. Hence, we have a unique solution to (29) on the time interval [T — (2¢1 +
co), T — (c1 + co)] =: [Tz, T1]. This solution can be patched with the solution on
[T1, T] as was done in Step 5. After a finite number N of iterations (an explicit lower
bound on N can be found, depending only on 7 and C, the constant from Step 4), the
whole interval [0, 7'] has been covered and the patching has yielded a unique solution
to (25) over the interval [0, T'] for any finite 7 > O. O

A.3 Proof of Proposition 3

The proof relies heavily on a bound for the following random variable: for a fixed
x* e I°®®and N € N, we define

XOC

- .
¢y 0, TIxI>(x) N Zw(x,xh)th — / w(x, y)E[X,y]A(dy).

h=1 1

We know ¢ ]’\‘,Oo is well-defined for all x*© € I* since the graphon game state X* is
defined for all x € I. The proofs of the lemmas below are found in the end of this
section.

Lemma4 Forall x*° € I*° and N € N there exists a constant C, independent of x*°
and N, such that

maxizen (B[ sup (X5 = X3 PHpfN = pit )+ sup E[1ZiN - 2042
te[0,T] te[0,T]

o0 1

< s (B[l @ 0P|+ ).
(t.x)€l0,T)xI ( N N>

Before attending to the first claim of the proposition, we establish a useful estimate.

It follows from the Burkholder-Davis-Gundy inequality, Gronwall’s lemma, and the
uniform integrability of the initial conditions that

sup E[| X* (121 < C(T, w), (30)

xel

for some finite C (7", w) > O that depends only on 7" and w. Adding and subtracting
% Z,iv:l w(x, x)E[X;*] to {;\‘,OO (¢, x) results in

E[lcy™ 0P| < C]EU% i w(x, x) (X2 — BLX)) ’2]
k=1

1Y . ?
+C‘Nk§w(x,xk)ﬂi[xtk]—/]w(x,J’)E[Xty])»(d,V) .

€1y
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By Lemma 1, (w(x, x)(X;* — E[X;*1))2°, are mutually independent A°°-a.s. Thus
1®-as.

N

N
1 2 1 ' 2
E[| v 2w X = EXD)| | = 1 dE [[wee o0 B[]

(32)
The summands on the right hand side of (32) can be bounded by a constant independent
of (¢, x), using the estimate derived above. We get

N

1 24 (T, N

sup ]EU— Zw(x,xk)(ka —E[Xf"])‘ ] < w A%-as.
@we0.11x1 LN — N

for some constant C (7', w) > 0 depending only on 7" and w. We move on to the
second term of the right hand side of (31). By the strong law of large numbers, it tends
to zero almost surely as N — oo, proving the first claim of the proposition. To prove
the second claim, we prove tightness of the term and then apply the Law of Iterated
Logarithms.

Letm(t, x) := f[ w(x, y)IE[X;v])\(dy) be the mean of w(x, x;)E[X;*] when x; is
A-distributed. Let furthermore 6 (x®) : (¢, x) — w(x, xp))E[X;*] — m(t, x). 6 is a
random variable on (1°°, Z°°, A°°) into C ([0, T'] x I).

Lemma5 The collection (On) yeN, Where Oy = \/]_ﬁ Z,ivzl O, is tight.

By Prokhorov’s theorem (see e.g. [26,Theorem 16.3]), this yields relative compact-
ness in distribution of (® ) 5 . Moreover, the finite-dimensional distributions converge.
Indeed, for any n € N and any rq,...,r, € [0, T] x I, we have that the sequence
(ON(r1), ..., OnN(r,))N=12... converges in distribution by the standard central limit
theorem. Hence, by [26, Lemma 16.2], (©y)y converges in distribution. By defini-
tion, this means that 81 (x*°) : (¢, x) = w(x, xl)IE[Xf‘] — m(t, x) satisfies CLT (see
[31,Section 10.1]). Note that 6;, k = 2, 3, ..., are independent copies of 6. Thus,
(®N) N satisfies a Law of the Iterated Logarithm (see e.g. [31,Theorem 10.12]). More
precisely, we obtain the following.

Lemma 6 There exists a constant C such that

0 +---+6
A% [ lim sup 161+ 4 Onlloc =C|=1
Nooo +/2Nloglog N

In other words, Lemma 6 says that, for A*°-a.e. x* € [*°:

Ve > 0, AN (x™), YN > N (x*), 1601+ -+ 60nllooc < (C+¢)y/2Nloglog N,
and we have for A*°-a.e. x*® € I®°, forall N > N, (x*°)
|

2 (C 21loglog N
sup | — (w(x,xk)]E[ka]—m(t,x))‘ L (Cre)loglog V.
e, 11x1 N = N
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The last statement also holds a.s. in (/°°, I, 22°), see [21,Section 6]. O
A.3.1 Proof of Lemma 4

From standard estimates for linear SDEs and BSDEs we get

E[ sup 1X5Y = XPP 4 sup (Y < pit ]+ sup B[1Z0N - 2]
tel0,T] t€[0,7T] t€[0,7T]

o 1
< C( sup E [|§x (t, x)|2] 4+  max IE[ sup |p”’ N|2] + —).
(t,.x)€[0,TTx1 N I<t.h<N:t#h Licio,T] ! N

Next, we will the estimate for the right hand side term containing off-diagonal adjoint
state variables. Consider the following auxiliary BSDE system: for k = 1,..., N,
PN —0andh=1,...,N,h £k,

T
" =/ (a(xk)thN+ Zc(xz)w(xh )P ) Zf g," N d By
t

(33)
The difference pX" — "N 1 < h £ k < N, satisfies the BSDE

~ w(xg, Xp) (A XN T - XN =

pit N = = 7(@*()@ L |+ / PO | S |+ P20z N ds

N Zy t Ps
N

T
+ f (%} cCeow i, x) (PR = FEEN) 4 aCa) (pN = pEY) )ds
t

=1

N T
= | @V -Gt NyaBie, 1 efo,T].
=171

Standard BSDE estimates (relying on the integrability of XV Z&N “and pk%-V) yield

KN _ kN ¢
E[ sup |p} ”+ / g — g Pas | < .
0

t€l0,T]
with C independent of k, i, and N. The unique solution to (33) is pfh N 5"“ 0
forte[0, T, £=1,....N,1<k#h<N. O

A.3.2 Proof of Lemma 5

We will apply the tightness criterion provided by [26,Corollary 16.9], which stems
from the Kolmogorov-Chentsov criterion. We first note that

= =
ONO,0)= — ) G = — 0, IEX"k—/ 0, VWE[X) 1A (d }
~(0,0) ﬁ;k W;[w( OELXg] = | wO. »EXgIAdy)
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where the random variables are i.i.d. (and with mean 0). So the sequence (®y (0, 0))
is tight. Moreover, we prove that there exists a constant C > 0 and there exists a
positive integer Ny € N such that for every (¢, x), (', x') € [0, T] x I, N > Ny,

N
1 4
/100 \ﬁ gek(x‘”)(t, X) = O (x®) (', x)| A2 dx>®) = C (|t = 1'[* + |x —x|Y).

As a consequence of [26,Corollary 16.9], we will obtain that the sequence of (®y )y is
tight and the limiting processes are A°°-a.s. locally Holder continuous with exponent
1/2.

We now prove the claim. Let (¢, x), (t/,x’) € [0,T] x I, N € N. Letting Ty :=
Ok (i%)(t, x) — O (x*>°)(¢', x), we note that

N
I 4
/ ‘_ Zek(xoo)(l,x) — G (x™) (', x| @Y, A(dxx)
VN =
1 N
- W/N > T T Ti Ty | @1 Adx)
ki,k2,k3,ka=1

N
1 2
zﬁf,NE T @ 1k(dxk)+N2 § / TTk,] N, Adxp)
k=1

k=1
k;ék/

—0 as N—+oo

N2 Z / Ti, @y Adxy) Z / [T, Ti T, ] 4y A(dx).

ko, k3,ka=1
-0 ko, k3, ka 7k

The first term can be made arbitrarily small by taking N large enough. The third term
is zero. To bound the second term from above, we observe that:

T} = (B0, 2) = ™), 2)7 = C(Jwi, x0) = wix', xo) PELXH P
+ (', x0% [BIXH] = BIGH[ + (e, ) = m(@', 5)P2)
< C(lx ¥ Pt |t =+ Imt, x) — m(', x’)|2).
Furthermore, for the last term, we have by definition of m,

jm(e,x) = m(, x|
< /1 (lwe, ») = ', NP RGP + wix', »)? [ELX T - B ) @)

<C (‘x —x”z + |t —t”z).
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Hence:

Lz i / (1212 | @iy adin) = € (v =+ e = ]).

k=1
kK

A.3.3 Proof of Lemma 6
Using (30), we have that
Ionl3, = sup  |w(x, xp)EX;N] —m(t, x)|?
(t,x)€[0,T1x I

< Cw) (BIX™ 121+ EPIX1%1) < Cw, T),

where C(w, T) > 0 is a finite constant depending only on the graphon w and T'. Let
Lt := max(1, logt) for ¢t > 0. Using the uniform bound derived above, we see that

10w 112 ) 00, 00 / 2 a0 00
0 N a®(x®) < [ 188 12.dAP (x%) < oo.
/Ioo (LLneNnoo foo 00

The claim now follows from the Law of Iterated Logarithms in Banach spaces, see,
e.g., [31, Theorem 10.12]. O

A.4 Proof of Proposition 4
We first prove the convergence claim. Recall that the two equilibria are linear func-

tions of state, costate, and aggregate, so the propagation of chaos from Proposition 3
immediately yields

T
max IE[/ a&N — Af"|2dt] <&k, N=N, 1% -as
0

1<k<N
Moving on to the approximation claim, let ¢~ %V = @bV , Gk
LN &MY Since @V, ..., &N’N) is a Nash equilibrium for the N-player

game

Jk N(Axk —k.N) _ Jk’N(ﬁ; C-(_k’N)

< [TEN @ ety — JEN @Y @ N | TN (B e ) — TN (gra TR,

Let A be an admissible control for player 1 in the N-player game. Let (X*V-# )IICV: | be
the player states when player 1 is using § and the others are using the graphon game
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equilibrium control

N
_ _ 1 _
AXINP (a(xk)th’N,ﬁ + DBy + ) 3w xh)Xth’N’lg>dt +dB;",
h=1
1 N
XM = (@XM 4 bea" + et Yo won ) XN )dr + dB,
h=1
X(]),N»,B — Exl’ XS,N,ﬂ — SXka k > 2.

Let (X*-N-8) /1<V=1 be the player states when player 1 is using 8 and the others are using
the N-player game equilibrium control

N
A o 1 A
XN = (a(xk)th’N"B + b+ cu) D wi, Xh)X?’N’ﬂ)df +dBy",
h=1
1 N
&N = (a0 XN+ boa + e 5 D wloe ) X )dr + B,
h=1

XM =gn, RgNP =% k=2
We have for any admissible 8 and A*-a.e. x® e I° that
B R N ]
< E[/OT [N B Zp Ny — &N 2N ai
+ E[|h"1 (XWNE ZLNBy o (RLNE 2;'N’ﬁ)|]

T kN2, V2 o
< C max IE[ &g — & ™| dt] <éen, Nz=NG&™).
1<k=N~ L Jy

In the same way we can perturb the other players’ actions and that concludes the proof.
O

A.5 Conditions for Well-Posedness of the Time-Varying Riccati Equation (20)
Let
1
A;i=Tzo— Tz, B = =T — 5 (i = Do+ Tz 00, C*:= —Tphi, 1 €0, T1.

Set Df .= (IB%;‘)2 + Cka, — Bf . Note that D¥ does not depend on 7. Indeed, using
the ODE satisfied by n (i.e., (25) but with constant coefficients) and the identity
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I''y = —I3,, we have

1
Df = Z(Z[‘h + FZ,l)bk)z — T Iz + Il

Last, we let:

B B + C* Iy + VD
- BY 4+ Ckyp, — VDR

Proposition 5 Assume DX > 0 and, for all t € [0, T1, FxeVP*" — ¢=VD*t £ Then
the Riccati equation (20) has a unique solution.

Remark 4 Note that we can rewrite D as:

I'olz, 1 2 I'aIz 2
Dk:(ﬂl— +=Izi ) — 1T — + (I')? + Mol
I'z, 2 I'z

So, to ensure D¥ > 0 independently of the value of A, a sufficient condition is:

I'plz

2
) — I 0%,
Z.1

(r? = (Fn -

Proof Existence: We first consider the ODE with the mixed initial condition
i DM =0, ref0, 7], vEBL +CFrra) — vk =o0. (34)

A solution is given by vtk — FkeVDRt _ o= VDR [ g 9,]‘ = vl}ft, fort € [0,T]. It
solves the ODE with the mixed terminal condition:

ok =DkoF, re0,T1, 6X@BE +Crrro) 465 =o.

To conclude, let

1 [0k 1 [/6k gk \2
7k — t k ko t t

Then it can be checked that 7/ solves

Bﬁ‘), t €0, T].

ik = —A +2Bf k4 CF )2, 7k = [Cna,
which is equivalent to (20).
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Uniqueness: Let us consider 7% and 7% solving (20). Reverting the above change
of variables yields solutions v and ¥* to (34) such that ¥ ;é 0 and vt # 0 for all
t € [0, T']. For any such solutions, there exist constants C1, Cz, C 1, C2 such that

k — Clemt + Cze—\/ﬁt’ C]ert ft
Due to (34), we have:

Ci1(B% +Crry ), — \/ﬁ) +CBh 4+ Cr s + \/ﬁ) —o.

As a consequence we necessarily have C1/Cr = C 1/ 6‘2 = —Fk. We deduce that
nk =7k forallt € [0, T]. O
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