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Abstract

The differential-geometric structure of the manifold of smooth shapes is applied to
the theory of shape optimization problems. In particular, a Riemannian shape gradient
with respect to the first Sobolev metric and the Steklov—Poincaré metric are defined.
Moreover, the covariant derivative associated with the first Sobolev metric is deduced
in this paper. The explicit expression of the covariant derivative leads to a definition of
the Riemannian shape Hessian with respect to the first Sobolev metric. In this paper, we
give a brief overview of various optimization techniques based on the gradients and the
Hessian. Since the space of smooth shapes limits the application of the optimization
techniques, this paper extends the definition of smooth shapes to H !/2-shapes, which
arise naturally in shape optimization problems. We define a diffeological structure on
the new space of H !/?-shapes. This can be seen as a first step towards the formulation
of optimization techniques on diffeological spaces.
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1 Introduction

Shape optimization is of great importance in a wide range of applications. A lot of real
world problems can be reformulated as shape optimization problems which are con-
strained by partial differential equations (PDE). Aerodynamic shape optimization [49],
acoustic shape optimization [50], optimization of interfaces in transmission problems
[19,48], image restoration and segmentation [24], electrochemical machining [23] and
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inverse modelling of skin structures [47] can be mentioned as examples. The subject of
shape optimization is covered by several fundamental monographs, see, for instance,
[14,56].

Questions like How can shapes be defined? or How does the set of all shapes
look like? have been extensively studied in recent decades. Already in 1984, David
G. Kendall has introduced the notion of a shape space in [30]. Often, a shape space is
just modeled as a linear (vector) space, which in the simplest case is made up of vec-
tors of landmark positions (cf. [13,30]). However, there is a large number of different
shape concepts, e.g., plane curves [42,43], surfaces in higher dimensions [4,31,40],
boundary contours of objects [18,36,64], multiphase objects [63], characteristic func-
tions of measurable sets [65] and morphologies of images [15]. In a lot of processes in
engineering, medical imaging and science, there is a great interest to equip the space of
all shapes with a significant metric to distinguish between different shape geometries.
In the simplest shape space case (landmark vectors), the distances between shapes can
be measured by the Euclidean distance, but in general, the study of shapes and their
similarities is a central problem. In order to tackle natural questions like How different
are shapes?, Can we determine the measure of their difference? or Can we infer some
information? mathematically, we have to put a metric on the shape space. There are
various types of metrics on shape spaces, e.g., inner metrics [4,42] like the Sobolev
metrics, outer metrics [6,30,42], metamorphosis metrics [26,60], the Wasserstein or
Monge-Kantorovic metric on the shape space of probability measures [2,7], the Weil-
Petersson metric [34], current metrics [16] and metrics based on elastic deformations
[18,64]. However, it is a challenging task to model both, the shape space and the asso-
ciated metric. There does not exist a common shape space or shape metric suitable
for all applications. Different approaches lead to diverse models. The suitability of an
approach depends on the requirements in a given situation.

In contrast to a finite dimensional optimization problem, which can be obtained,
e.g., by representing shapes as splines, the connection of shape calculus with infinite
dimensional spaces [14,28,56] leads to a more flexible approach. In recent work, it
has been shown that PDE constrained shape optimization problems can be embedded
in the framework of optimization on shape spaces. E.g., in [53], shape optimization is
considered as optimization on a Riemannian shape manifold, the manifold of smooth
shapes. Moreover, an inner product, which is called Steklov—Poincaré metric, for the
application of finite element (FE) methods is proposed in [54].

First, we concentrate on the particular manifold of smooth shapes and consider
the first Sobolev and the Steklov—Poincaré metric in this paper. The definition of the
Riemannian shape gradient with respect to these two metrics results in the formula-
tion of gradient based optimization algorithms. One aim of this paper is to give an
overview of the optimization techniques in the space of smooth shapes together with
the first Sobolev and Steklov—Poincaré metric. This paper extends the gradient based
results in [62], where the theory of PDE constrained shape optimization problems is
connected with the differential-geometric structure of the space of smooth shapes. To
be more precisely, this paper aims at the definition of a Riemannian shape Hessian
with respect to the first Sobolev metric. In order to formulate such a definition, the
covariant derivative needs to be specified. This paper formulates a theorem about the
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covariant derivative associated with the first Sobolev metric. This opens the door for
formulating higher order methods in the space of smooth shapes.

The manifold of smooth shapes contains shapes with infinitely differentiable bound-
aries, which limits the practical applicability. For example, in the setting of PDE
constrained shape optimization, one has to deal with polygonal shape representations
from a computational point of view. This is because FE methods are usually used to
discretize the models. In [54], not only an inner product, the Steklov—Poincaré metric,
is given but also a suitable shape space for the application of FE methods is proposed.
The combination of this particular shape space and its associated inner product is an
essential step towards applying efficient FE solvers as outlined in [55]. However, so
far, this shape space and its properties are not investigated. From a theoretical point
of view, it is necessary to clarify its structure. If we do not know the structure, there
is no chance to get control over the space. Thus, this paper aims at a generalization
of smooth shapes to shapes which arise naturally in shape optimization problems.
We define the space of so-called H'/?-shapes. Moreover, we clarify its structure as
a diffeological one and, thus, go towards the formulation of optimization techniques
on diffeological spaces. Since a diffeological space is one of the generalizations of
manifolds, this paper formulates a theorem which clarifies the difference between
manifolds and diffeological spaces.

This paper is organized as follows. In Sect. 2, besides a short overview of basic
concepts in shape optimization (Sect. 2.1), the connection of shape calculus with the
differential-geometric structure of shape spaces is stated (Sect. 2.2). In particular, the
Riemannian shape gradients with respect to the first Sobolev and Steklov—Poincaré
metric are defined and the Riemannian shape Hessian with respect to the first Sobolev
metric is given. One of the main theorems of this paper is Theorem 2, which specifies
the covariant derivative associated with the first Sobolev metric necessary for the
definition of the Riemannian shape Hessian with respect to the first Sobolev metric.
Thanks to the definition of the Riemannian shape Hessian we are able to formulate the
Newton method in the space of smooth shapes together with the first Sobolev metric.
Additionally, we give a brief overview of first order optimization techniques based
on gradients with respect to the first Sobolev metric as well as the Steklov—Poincaré
metric. In particular, Sect. 2.2 ends with a comparison of the gradient based algorithms
for a specific example. Section 3 is concerned with the space of H!/?-shapes. First,
we give a brief introduction in diffeological spaces and explain the difference between
these spaces and manifolds (Sect. 3.1). The first main theorem of Sect. 3 is Theorem 3,
which specifies the difference between diffeological spaces and manifolds. In Sect. 3.2,
the space of H 1/ 2-shapes is defined. Here, Theorem 4, which is the third and last of the
main theorems in this paper, endows the space of H'/?>-shapes with its diffeological
structure.

2 Optimization in Shape Spaces
First, we set up notation and terminology of basic shape optimization concepts

(Sect. 2.1). Afterwards, shape calculus is combined with geometric concepts of shape
spaces (Sect. 2.2). In [62], the theory of shape optimization problems constrained by
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partial differential equations is already connected with the differential-geometric struc-
ture of the space of smooth shapes. Moreover, gradient-based methods are outlined.
However, Sect. 2.2 extends these results to a Riemannian shape Hessian, for which
the covariant derivative needs to be specified. This opens the door for formulating
higher order methods in space of smooth shapes. In particular, we formulate a Newton
method on the space of smooth shapes based on the definition of the Riemannian shape
Hessian.

2.1 Basic Concepts in Shape Optimization

This section sets up notation and terminology of basic shape optimization concepts
used in this paper. For a detailed introduction into shape calculus, we refer to the
monographs [14,56].

One of the main focuses of shape optimization is to investigate shape functionals and
solve shape optimization problems. First, we give the definition of a shape functional.

Definition 1 (Shape functional) Let D denote anon-empty subset of R?, where d € N.
Moreover, A C {§2: £2 C D} denotes a set of subsets. A function

J: A-> R, 2+ J(2)

is called a shape functional.

Let J: A — Rbe a shape functional, where A is a set of subsets £2 as in Definition
1. An unconstrained shape optimization problem is given by

gléi J(£2). (H

Often, shape optimization problems are constrained by equations, e.g., equations
involving an unknown function of two or more variables and at least one partial
derivative of this function. In this case, the objective functional J has two arguments,
the shape 2 as well as the so-called state variable y, where the state variable is the
solution of the underlying constraint. A constrained shape optimization problem reads
as

i J($2, 2
(Q’y)gigx(m (£2,y) 2)
s.t. y = y(£2) solves F (82, y(£2)) =0, 3)

where X (£2) is usually a function space and the constraint 7 (52, y(£2)) = 0 is given
for example by a PDE or a system of PDEs. When J in (2) depends on a solution of
a PDE, we call the shape optimization problem PDE constrained.

Let D be as in Definition 1. Moreover, let {F;};c[0,77 be a family of mappings
F;: D — RY such that Fy = id, where D denotes the closure of D and T > 0. This
family transforms the domain £2 into new perturbed domains

2, = F(2) = {F;(x): x € 2} with 2 = 2
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and the boundary I of £2 into new perturbed boundaries
I; =F() ={Fx):xel}with Iy =1T.

Such a transformation can be described by the velocity method or by the perturbation
of identity. We concentrate on the perturbation of identity, which is defined by F; (x) :=
x 4tV (x), where V denotes a sufficiently smooth vector field.

To solve shape optimization problems, we need their shape derivatives.

Definition 2 (Shape derivative) Let D C R? be open, 2 C D and k € N U {oo}.
Moreover, let Cé (D, R?) denote the set of CK(D, RY)-functions which vanish on 9£2.
The Eulerian derivative of a shape functional J at £2 in direction V € C’é(D, R9) is
defined by

DJ(£2)[V] := lim EAC A 2

—0t t

“)

If for all directions V' € Cg (D, R?) the Eulerian derivative (4) exists and the mapping
G(2): CE(D,RY) - R, V = DJ(2)[V]

is linear and continuous, the expression DJ(§2)[V] is called the shape derivative of
J at £2 in direction V € Cg(D, RY ). In this case, J is called shape differentiable of
class C¥ at 2.

Remark 1 There are many options to prove shape differentiability of shape functionals
which depend on a solution of a PDE and to derive the shape derivative of a shape
optimization problem. The min—max approach [14], the chain rule approach [56], the
Lagrange method of Céa [10] and the rearrangement method [29] have to be mentioned
in this context. A nice overview about these approaches is given in [59].

The Hadamard Structure Theorem (cf. [56, Theorem 2.27]) states that under certain
assumptions the shape derivative is a distribution acting on the normal part of the
perturbation field on the boundary.

Theorem 1 (Hadamard Structure Theorem) Let D and 2 be as in Definition 2.
Moreover, let the shape functional J be shape differentiable of class C* at every
domain 2 C D with C*="-boundary I' = 852. Then there exists a scalar distribution
r € CK(I") such that G(£2) € CK(22,R?) of J at £2 is given by

G(82) = yr(r-n). (&)

Here Cg (I') and CS(Q, R?Y denote the dual spaces ofCé.‘ (I') and Cg([?, R%). More-

over,
yr:Co(D.RY) — Co(I' RY), v—v| |
denotes the trace operator and yy. its adjoint operator.
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Note that the Hadamard Structure Theorem 1 actually states the existence of a scalar
distribution » = r(£2) on the boundary I" of a domain 2. However, in this paper, we
always assume that r is an integrable function. In general, if » € L'(I"), then r is
obtained in the form of the trace on I" of an element G € W!!(£2). This means that
it follows from (5) that the shape derivative can be expressed more conveniently as

DJ(.Q)[V]:f r{V,n)ds.
r

If the objective functional is given by an integral over the whole domain, the shape
derivative can be expressed as an integral over the domain, the so-called volume or
weak formulation, and an integral over the boundary, the so-called surface or strong
formulation:

DJo[V] = / RV (x)dx (volume/weak formulation)  (6)
Q

DJr[V]:= / r(s) (V(s),n(s))ds (surface/strong formulation)  (7)
r

Here r € L'(I") and R is a differential operator acting linearly on the vector field
V with DJo[V] = DJ(£2)[V] = DJr[V]. Recent advances in PDE constrained
optimization on shape manifolds are based on the surface formulation, also called
Hadamard-form, as well as intrinsic shape metrics. Major effort in shape calculus
has been devoted towards such surface expressions (cf. [14,56]), which are often very
tedious to derive. When one derives a shape derivative of an objective functional
which is given by an integral over the domain, one first get the volume formulation.
This volume form can be converted into its surface form by applying the integration
by parts formula. In order to apply this formula, one needs a higher regularity of the
state and adjoint of the underlying PDE. Recently, it has been shown that the weak
formulation has numerical advantages, see, for instance, [8,19,25,48]. In [35], also
practical advantages of volume shape formulations have been demonstrated. However,
volume integral forms of shape derivatives require an outer metric on the domain
surrounding the shape boundary. In contrast to inner metrics, which can be seen as
describing a deformable material that the shape itself is made of, the differential
operator governing outer metrics is defined even outside of the shape (cf., e.g., [6,9,
30,42]). In [54], both points of view are harmonized by deriving a metric from an
outer metric. Based on this metric, efficient shape optimization algorithms, which also
reduce the analytical effort so far involved in the derivation of shape derivatives, are
proposed in [54,55,61]. The next subsection concentrates on the question how shape
calculus and in particular shape derivatives can be combined with geometric concepts
of shape spaces. This combination results in efficient optimization techniques in shape
spaces.
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2.2 Shape Calculus Combined with Geometric Concepts of Shape Spaces

As pointed out in [51], shape optimization can be viewed as optimization on Rieman-
nian shape manifolds and the resulting optimization methods can be constructed and
analyzed within this framework. This combines algorithmic ideas from [1] with the
Riemannian geometrical point of view established in [4]. In this subsection, we ana-
lyze the connection of Riemannian geometry on the space of smooth shapes to shape
optimization and extend the results in [62], which is also concerned with this connec-
tion, to a Riemannian shape Hessian and to a second order optimization method. In
particular, we specify the covariant derivative associated with the first Sobolev metric
on the space of smooth shapes (cf. Theorem 2 in Sect. 2.2.1), which results in the defi-
nition of the Riemannian shape Hessian with respect to this metric (cf. Definition 5 in
Sect. 2.2.2). The formulation of the covariant derivative and the shape Hessian opens
the door for formulating higher order methods in space of smooth shapes (cf. Algo-
rithm 2 in Sect. 2.2.2).

2.2.1 The Space of Smooth Shapes

We first introduce the space of smooth shapes and summarize some of its properties
which are relevant for this paper from the literature [3-5,32,41,42]. First, we concen-
trate on one-dimensional shapes, which are defined as the images of simple closed
smooth curves in the plane of the unit circle. Such simple closed smooth curves can
be represented by embeddings from the circle S! into the plane R?, see, for instance,
[33]. Therefore, the set of all embeddings from § 1into R?, denoted by Emb(S L Rz),
represents all simple closed smooth curves in R%. However, note that we are only
interested in the shape itself and that images are not changed by re-parametrizations.
Thus, all simple closed smooth curves which differ only by re-parametrizations can
be considered equal to each other because they lead to the same image. Let Diff (S')
denote the set of all diffeomorphisms from S into itself. This set is a regular Lie
group (cf. [32, Chap. VIII, 38.4]) and consists of all the smooth re-parametrizations
mentioned above. In [41], the set of all one-dimensional shapes is characterized by

B.(S', R?) := Emb(S', R?)/Diff (S, ®)

i.e., the obit space of Emb(S!, R?) under the action by composition from the right by
the Lie group Diff (S!). A particular point on B,(S', R?) is represented by a curve
c: ' = R2, 6+ ¢(0) and illustrated in the left picture of Fig. 1. The tangent space
is isomorphic to the set of all smooth normal vector fields along c, i.e.,

T,B,(S', R?) = {h: h=an, o eCOO(S‘)}, 9)

where n denotes the exterior unit normal field to the shape boundary ¢ such that
n(@) L cg(0) foralld € S I where ¢y = g—g denotes the circumferential derivative as
in [41]. Since we are dealing with parametrized curves, we have to work with the arc
length and its derivative. Therefore, we use the following notation:
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ds = |cg|dB (arc length with respect toc) (10)
0
s = ﬁ (arc length derivative with respect toc) (11D
Co

Remark 2 Some properties of the operator Dy can be found in, e.g., [42]. In [4], this
operator is considered for higher dimensions and its connection with the Bochner-
Laplacian is given.

In [32], it is proven that the shape space Be(Sl, R2) is a smooth manifold. Is
it even perhaps a Riemannian shape manifold? This question was investigated by
Peter W. Michor and David Mumford. They show in [41] that the standard L2-metric
on the tangent space is too weak because it induces geodesic distance equals zero.
This phenomenon is called the vanishing geodesic distance phenomenon. The authors
employ a curvature weighted L2-metric as a remedy and prove that the vanishing
phenomenon does not occur for this metric. Several Riemannian metrics on this shape
space are examined in further publications, e.g., [4,40,42]. All these metrics arise
from the L2-metric by putting weights, derivatives or both in it. In this manner, we
get three groups of metrics: the almost local metrics which arise by putting weights
in the L2-metric (cf. [5,42]), the Sobolev metrics which arise by putting derivatives
in the L2-metric (cf. [4,42]) and the weighted Sobolev metrics which arise by putting
both, weights and derivatives, in the L2%-metric (cf. [5]). It can be shown that all these
metrics do not induce the phenomenon of vanishing geodesic distance under special
assumptions. To list all these goes beyond the scope of this paper, but they can be
found in the above-mentioned publications. All Riemannian metrics mentioned above
are inner metrics. As already mentioned above, this means that the deformation is
prescribed on the shape itself and the ambient space' stays fixed.

In the following, we clarify briefly how the above-mentioned inner Riemannian
metrics can be defined on the shape space B, (S I R?). For details we refer to [42].
Moreover, we refer to [3] for a comparison of an inner metric on B, (S L Rz) with the
diffeomorphic matching framework which works with outer metrics.

First, we define a Riemannian metric on the space Emb(S!, R?), which is a family
g = (8c(h, k) ccemp(s' r2) of inner products gc(h, k), where h and k denote vector
fields along ¢ € Emb(S!, R?). The most simple inner product on the tangent bundle
to Emb(S!, R?) is the standard L*-inner product gc(h, k) := [qi (h, k) ds. Note that

T.Emb(S', R?) = C*®(S',R?) V¢ € Emb(S!, R?) (12)

and that a tangent vector 4 € T,Emb(S!, R?) has an orthonormal decomposition into
smooth tangential components /| and normal components i+ (cf. [41, Sect. 3, 3.2]).
In particular, 4 is an element of the bundle of tangent vectors which are normal to
the Diff(S!)-orbits denoted by N,.. This normal bundle is well defined and is a smooth
vector subbundle of the tangent bundle. In [41], it is outlined how the restriction of the
metric g, to the subbundle N, gives the quotient metric. The quotient metric induced

! The ambient space of a mathematical object is the space surrounding that mathematical object along with
the object itself.
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by the L?-metric is given by
¢ T.B.(S',R?*) x T.B,(S', R?) - R,

(13)
(k) — / (. B) ds.
Sl

where h = an and k = fBn denote two elements of the tangent space T B, (S 1 R?)
given in (9). Unfortunately, in [41], it is shown that this L2%-metric induces vanishing
geodesic distance, as already mentioned above.

For the following discussion, among all the above-mentioned Riemannian metrics,
we pick the first Sobolev metric which does not induce the phenomenon of vanishing
geodesic distance (cf. [42]). On B.(S 1 R2) it is defined as follows:

Definition 3 (First Sobolev metric on B,(S',R?)) The first Sobolev metric on
B.(S', R?) is given by

¢': T.B.(S',R?) x T.B,(S',R*) —> R,

(h, k) > /Sl ((1 — ADSZ) h, k>ds,

where A > 0 and D; denotes the arc length derivative with respect to ¢ defined in

(an.

(14)

An essential operation in Riemannian geometry is the covariant derivative. In dif-
ferential geometry, it is often written in terms of the Christoffel symbols. In [4],
Christoffel symbols associated with the Sobolev metrics are provided. However, in
order to provide a relation with shape calculus, another representation of the covariant
derivative in terms of the Sobolev metric g1 is needed. Now, we get to the first main
theorem of this paper. The Riemannian connection provided by this theorem makes it
possible to specify the Riemannian shape Hessian.

Theorem2 Let A > 0 and let h,m € T.Emb(S', R?) denote vector fields along
¢ € Emb(S', R?). The arc length derivative with respect to ¢ is denoted by Dy as in
(11). Moreover, Ly := I — ADS2 is a differential operator on C*(S', R?) and Ll_1
denotes its inverse operator. The covariant derivative associated with the Sobolev
metric g' can be expressed as

1
Vi = L7 (K1(h) with K1 := 5 (Dym, v) (1 1 ADsz) : (15)

where v = \E_ZI denotes the unit tangent vector.

Remark 3 The inverse operator Lfl in Theorem 2 is an integral operator whose kernel
has an expression in terms of the arc length distance between two points on a curve
and their unit normal vectors (cf. [42]). For the existence and more details about Ll_1

we refer to [42].
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Proof of Theorem 2 Let h, k, m be vector fields on R? along ¢ € Emb(S', R?). More-
over, d(-)[m] denotes the directional derivative in direction m. From [42, Sect. 4.2,
formula (3)], we have

d(L(h))[m] = A (Dgm, v) D*h 4+ AD (Dym, v) Dsh (16)

Applying (16), we obtain in analogy to the computations in [42, Sect. 4.2]

d(ltn k) m =d (f (L1(h). k) ds) [m]
sl!

_ /S (d (L1 (k) [m], k) ds + /S (Ly(h), k) (Dym, v) ds

)
<1=6>/ <A (Dym, v) D2h + AD, (Dym, v) Dsh,k>ds
Sl
+/1 (L1 (k). k) {Dym, v) ds.
S
Since the differential operator Dy is anti self-adjoint for the L2-metric go, ie.,
/ (Dsh, k)ds = f (h, —Dsk) ds, (18)
s st
we get from (17)
d (gg(h, k)) [m] = / 2A (Dym, v) (th, k>ds + f (h, k) (Dym, v) ds
s! sl
- / A<D§h, k> (Dym, v)ds (19)
SI

- /1 (Dym, v) ((h, K+ A (th, k>> ds.
S

Now, we proceed analogously to the proof of Theorem 2.1 in [51], which exploits
the product rule for Riemannian connections. Thus, we conclude from

d (nk)) tm]
19 /Sl (Dum. v) B (th 1)+ A (D20, 1)) + % (k) + (D20, k>)} ds

as) [ /1 2 ! 2
18 f;l <2 (Dym. v) (1 + ADS) h, k> + <h 3 (Dam.v) (1 + AD‘Y) k) ds

_ [SI <L1 [Lll (% (Dym, v) (1 + AD?) h>:| ,k>ds
+/ <h L [L;l (% (Dym, v) (1 n ADf) k)Dds
gl
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Y AN

Example of an element of Be(S?,R3) (left) and  Example of an embedding (left) and an
a shape which is not an element of B.(S?,R3)  immersion which is not an embedding
(right). (right).

Fig.1 Examples of one- and two-dimensional shapes

o, 2
=g (Ll (5 (Dym, v) (1 n ADS) h) ,k)
+g! (h L (% (Dym, v) (1 + ADS2> k))

that the covariant derivative associated with g! is given by (15). O

Remark 4 For the sake of completeness it should be mentioned that the shape space
B.(S',R?) and its theoretical results can be generalized to higher dimensions. Let
M be a compact manifold and let N denote a Riemannian manifold with dim(M)
< dim(N). In [40], the space of all submanifolds of type M in N is defined by

B.(M, N) := Emb(M, N)/Diff(M). (20)

In Fig. 1, the left picture illustrates a two-dimensional shape which is an element
of the shape space B,(S?, R3). In contrast, the second shape from left in this figure
is a two-dimensional shape which is not an element of this shape space. Note that
the vanishing geodesic distance phenomenon occurs also for the L>-metric in higher
dimensions as verified in [40]. For the definition of the Sobolev metric g1 in higher
dimensions we refer to [4].

2.2.2 Optimization in the Space of Smooth Shapes

In the following, we focus on two Riemannian metrics on the space of smooth shapes
B,, the first Sobolev metric gl introduced in Sect. 2.2.1 and the Steklov—Poincaré
metric g5 defined below. The aim of this subsection is to provide some optimization
techniques in (B,, gl) and (B,, gS).

The subsection is structured in three paragraphs. The first paragraph considers
the first Sobolev metric g!, where we repeat firstly some relevant results from [62].
Afterwards, we built on our findings of the previous subsection and extend the results in
[62]. More precisely, thanks to the specification of the covariant derivative associated
with g! in the previous subsection, we are able to define the Riemannian shape Hessian
with respect to gl and formulate the Newton method in (B,, gl), which is based on
this definition. As we will see below, if we consider Sobolev metrics, we have to
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deal with surface formulations of shape derivatives. An intermediate and equivalent
result in the process of deriving these expressions is the volume expression as already
mentioned above. These volume expressions are preferable over surface forms. This
is not only because of saving analytical effort, but also due to additional regularity
assumptions, which usually have to be required in order to transform volume into
surface forms, as well as because of saving programming effort. However, in the case of
the more attractive volume formulation, the shape manifold B, and the corresponding
inner products g! are not appropriate. One possible approach to use volume forms
is addressed in the second paragraph of this subsection, which considers Steklov—
Poincaré metrics. We summarize some of the main results related to this metric from
[54] with view on optimization methods. Finally, the third paragraph of this subsection
considers a specific example and concludes this subsection with a brief discussion
about the two approaches resulting from considering the first Sobolev and the Steklov—
Poincaré metric. Since this paper does not focus on numerical investigations, we pick
an example which is already implemented in [54,61] to illustrate the main differences
between the two approaches.

Optimization based on first Sobolev metrics

We consider the Sobolev metric g! on the shape space B,. In particular, this means
that we consider elements of B,, i.e., smooth boundaries I" of the domain £2 under
consideration in the following. The Riemannian connection with respect to this metric,
which is given in Theorem 2, makes it possible to specify the Riemannian shape
Hessian of an optimization problem.

First, we detail the Riemannian shape gradient from [62]. Due to the Hadamard
Structure Theorem, there exists a scalar distribution r on the boundary I" of the domain
2 under consideration. If we assume r € L' (I"), the shape derivative can be expressed
on the boundary I" of £2 (cf. (7)). The distribution r is often called the shape gradient
in the literature. However, note that gradients depend always on the chosen scalar
products or on the chosen metrics defined on the space under consideration. If we
want to optimize on a shape manifold, we have to find a representation of the shape
gradient with respect to a Riemannian metric defined on the shape manifold under
consideration. This representation is called the Riemannian shape gradient. The shape
derivative can be expressed more concisely as

DJp[V]:f ar ds 1)
r

if vV ‘ o = oM In order to get an expression of the Riemannian shape gradient with

respect to the Sobolev metric g!, we look at the isomorphism (9). Due to this isomor-
phism, a tangent vector h € Tr B, is given by h = an with « € C*°(I"). This leads to
the following definition.

Definition 4 (Riemannian shape gradient with respect to the first Sobolev metric) A
Riemannian representation of the shape derivative, i.e., the Riemannian shape gradient
of a shape differentiable objective function J in terms of the first Sobolev metric g!,
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is given by
grad(J) = gn with (I — AD?)gn = rn, (22)

where Dy is the arc length derivative with respectto I € B,, A > 0,q € C*°(I") and
r denotes the function in the shape derivative representation (7) for which we assume
r e C>®(I).

Next, we specify the Riemannian shape Hessian with respect to the first Sobolev
metric. It is based on the Riemannian connection V related to the Sobolev metric
g' given in one of the main theorems of this paper, Theorem 2, as well as on the
Riemannian shape gradient definition, Definition 4. In analogy to [1], we can define
the Riemannian shape Hessian as follows:

Definition 5 (Riemannian shape Hessian with respect to the first Sobolev metric) Let
V be the covariant derivative associated with the Sobolev metric g'. The Riemannian
shape Hessian with respect to the Sobolev metric g! of a two times shape differentiable
objective function J is defined as the linear mapping

TrB, — Tr B, h — Hess(J)[h] := Vjgrad(J). (23)

The Riemannian shape gradient and the Riemannian shape Hessian with respect
to the Sobolev metric g! are required to apply first and second order optimization
methods in the shape space (B, g!). The gradient method is an example for a first
order optimization method. If we apply the gradient method to (1) and consider g! on
B., we need to compute the Riemannian shape gradient with respect to g! from (22).
The negative gradient is then used as descent direction for the objective functional J.
An example for a second order method is the Newton method. If we apply the Newton
method to (1), we need to solve—similarly to standard non-linear programming—the
problem of finding I" € B, with

grad (J(£2)) =0, 24)

where I" denotes the boundary of £2 and grad J is the gradient with respect to g! (cf.
(22)).

In general, the calculations of optimization methods on manifolds have to be per-
formed in tangent spaces. This means, points from a tangent space have to be mapped
to the manifold in order to get a new iterate. More precisely, we need to take a given
tangent vector to the manifold, run along the geodesic starting at that point and go in
that direction for a special length defined by the optimization process. The computa-
tion of the Riemannian exponential map, which is the theoretically superior choice of
such a mapping, is prohibitively expensive in the most applications. However, in [1],
it is shown that a so-called retraction is a first-order approximation and sufficient.

Definition 6 (Retraction) A retraction on a manifold M is a smooth mapping
R: TM — M with the following properties:
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(i) Rp(0p) = p, where R, denotes the restriction of R to T, M and 0, denotes the
zero element of 7, M.

(ii) dRp(0p) = idrp M, Where idrpM denotes the identity mapping on 7, M and
dR,(0p) denotes the pushforward of 0, € T, M by K.

For example, in B, (S L Rz), for sufficiently small perturbations @ € C*°(S 1), aretrac-
tion R is defined by

Re(ne) i= ¢+ ne, (25)

where 7. € T.B.(S',R>) and ¢ + n.: S' — R?, 0 > c(0) + a(0)n(c(®)).

Now, we are able to formulate the gradient in (B,, g') (cf. Algorithm 1). Thanks
to the definition of the Riemannian shape Hessian Hess J in (B,, gl), which is based
on the resulting Riemannian connection V given in (15), we can formulate also the
Newton method in (B., g') (cf. Algorithm 2). We require the shape function r of
the surface shape derivative (cf. (7)) in both algorithms. This function is needed to
compute the shape gradient with respect to g! in each iteration. In Algorithm 2, both,
the Riemannian shape gradient and the Riemannian shape Hessian with respect to g!,
are required. If we have a PDE constrained shape optimization problem, the Newton
method can be applied to find stationary points of the Lagrangian of the optimization
problem which leads to the Lagrange—Newton method.

Require: Objective function J on (Be, gl); retraction R on (B, gl); function r of the surface shape
derivative (cf. (7)).

Goal: Find the solution of min J(&).
E€Be
Input: Initial shape g0 ¢ B,.

fork=0,1,... do
Set

gl Rek (_O‘kgrad(J(ék))) (26)

for some steplength ok , where grad(J (Ek )) denotes the shape gradient of J in Ek with respect to gl .

end for

Algorithm 1: Gradient method in (B, g!)

Optimization based on Steklov—Poincaré metrics

Gradients with respect to g! are based on surface expressions of shape derivatives as
youcanseein (22), where r is the function in the surface shape derivative representation
(7). As outlined at the beginning of this section, volume expressions are preferable
over surface forms. One possible approach to use volume forms is to consider Steklov—
Poincaré metrics g3 (cf. [54]). In the following, we summarize some of the main results
related to this metric from [54] with view on first order optimization approaches in
the space of smooth shapes. In order to be able to formulate higher order methods in
(B, g%) an explicit expression of the covariant derivative with respect to the Sobolev
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Require: Objective function J on (Be, g1 ); retraction R on (Be, gl ); function r of the surface shape
derivative (cf. (7)); covariant derivative V on (B, g').

Goal: Find the solution of min J(§).
£eB,
Input: Initial shape & 0¢B,.

fork=0,1,... do

[1] Compute the increment A& K as solution of the so-called Newron equation
H k)AER] = —grad(J (X 27
ess(J(§7)[AE"] = —grad(J (§M)), (27)

where grad(J (gk)) and Hess(J (‘g‘k)) denote the shape gradient and the shape Hessian of J in Ek with
respect to g, respectively.

[2] Set gk+1 .= Rék(ASk).

end for

Algorithm 2: Newton method in (B., g')

metric is necessary. The derivation of such an expression and also the formulation and
investigation of higher order methods in (B, g%) is not in the scope of this paper and
left for future work.

In the following, we need to deal with Lipschitz boundaries. Since there are several
competing conditions which are used to define a Lipschitz boundary, we first specify
its definition:

Definition 7 (C*"-boundary, Lipschitz boundary) Let 2 C RY be open with boundary
I' = 3£2. Moreover, let k € N and C*" (£2) denote the set of C¥-functions which are
Holder-continuous with exponent » € [0, 1]. Further, B;(x, R) denotes the ball in R4
centered at x € R? with radius R > 0. We say £2 has a C*"-boundary or £2 is C*" if
for any x € I there exist local coordinates y1, .. ., y4 centered at x, i.e., such that x is
the unique solutionof y; = - - - = y; = 0, and constants a, b > 0 as well as a mapping
Ve Ck"(By_1(x, a)), where B;y_;(x, a) is considered in the linear subspace defined
by (y1, ..., yi—1), subject to the following conditions:

0 ya=vM=>Oyel,
i) v () <ya <¥ () +b= (¥, ya) € 2,
(iiD) ¥ (3) —=b <ya < ¥ () = (,ya) ¢ 2.
Definition 8 (Steklov—Poincaré metric) Let 2 C X C R? be a compact domain with

§2 # ¥ and Lipschitz-boundary I" := 952, where X denotes a bounded domain with
Lipschitz-boundary Iy := dX. The Steklov—Poincaré metric is given by

¢S HV>(ry x H'*(Ir') > R,

- (28)
(a, B) — / als) - [(SP)7 BlI(s) ds.
r
Here SP" denotes the projected Poincaré—Steklov operator which is given by
SPHV2(ry — HYA(D), a > (wU)Tn, (29)
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where yo: Hi (X,RY) — HY2(I',RY), U Ul andU € HJ (X, RY) solves the
Neumann problem

a(U,V):/ a-(wV)nds VYV e HI(X,RY) (30)
r

with a(-, -) being a symmetric and coercive bilinear form.

Remark 5 Note that a Steklov—Poincaré metric depends on the choice of the bilinear
form. Thus, different bilinear forms lead to various Steklov—Poincaré metrics.

Next, we state the connection of B, with respect to the Steklov—Poincaré metric
g3 to shape calculus. As already mentioned, the shape derivative can be expressed
as the surface integral (7) due to the Hadamard Structure Theorem. Recall that the
shape derivative can be written more concisely (cf. (21)). Due to isomorphism (9) and
expression (21), we can state the connection of the shape space B, with respect to the
Steklov—Poincaré metric g5 to shape calculus.

Definition 9 (Shape gradient with respect to Steklov—Poincaré metric) Letr € C*°(I")
denote the function in the shape derivative expression (7). Moreover, let SP” be the
projected Poincaré-Steklov operator and let y be as in Definition 8. A representation
h € Tr B, = C*®(I') of the shape gradient in terms of g% is determined by

@ h) = (r 92y Yo €CO(D), 31)

which is equivalent to
f ¢ (s) - [(SP) ' h1(s) ds =/ r(s)¢(s) ds V¢ € C(I). (32)
r r

Remark 6 In Definition 9, the isomorphism 7B, = C*°(I") is given. It is worth to
mention that for example identifying I with the corresponding embedding of the
circle leads to this isomorphism. In particular, attention needs to be put onto (9) and
(12).

Now, the shape gradient with respect to Steklov—Poincaré metric is defined. This
enables the formulation of optimization methods in B, which involve volume for-
mulations of shape derivatives. From (32) we get h = S”"r = (yoU)Tn, where
U € Hj (X, RY) solves

a(U,V) =/ r-(wV)nds=DJr[V]=DJg[V] VYV € H}(X,R?) (33)
r

with a(-,-) being the symmetric and coercive bilinear form on HO1 (X,R%) x
Hj (X, R?) of the Steklov—Poincaré metric definition (cf. (30)). The identity (33)
opens the door to consider volume expression of shape derivatives to compute the

@ Springer



Applied Mathematics & Optimization (2021) 84 (Suppl 1):5869-5902 S885

shape gradient with respect to g5. In order to compute the shape gradient, we have to
solve

a(U,V)=b(V) VYV € Hi(X,R%) (34)
with b(-) being a linear form and given by
b(V) := DJyoi(§)[V] + D Jsut(£2)[V].

Here Jqur£(£2) denotes parts of the objective function leading to surface shape derivative
expressions, e.g., perimeter regularizations, and is incorporated as Neumann boundary
condition in equation (34). Parts of the objective function leading to volume shape
derivative expressions are denoted by Jy1(£2). The bilinear form a (-, -) can be chosen,
e.g., as the weak form of the linear elasticity equation. More details can be found below,
in the paragraph about the comparison of Algorithms 1 and 3.

Remark 7 Note that it is not ensured that U € HO1 (X,R%) is C*®. Thus, h = SP'r =
(U )Tn is not necessarily an element of 7 B,. However, under special assumptions
depending on the coefficients of a second-order partial differential operator and the
right-hand side of a PDE, a weak solution U which is at least HO1 -regular is C*° (cf.
[17, Sect. 6.3, Theorem 6]).

Thanks to the definition of the gradient with respect to g5 we are able to formulate
the gradient method on (B, g%) (cf. Algorithm 3). We compute the Riemannian shape
gradient with respect to g° from (34). The negative solution —U is then used as descent
direction for the objective functional J. In Algorithm 3, in order to be in line with
the above theory, it is assumed that in each iteration &, the shape & k is a subset of a
general surrounding space X, which is assumed to be a bounded domain with Lipschitz
boundary as illustrated in Fig. 2.

Comparison of Algorithm 1 and Algorithm 3

We conclude this section with a brief discussion about Algorithms 1 and 3. Since
this paper does not focus on numerical investigations, we pick an example which is
already implemented in [54,61]. We summarize briefly numerical results observed in
[54,61] in order to illustrate how the algorithms work. Additionally, we discuss the
main differences between the two approaches.

Let 2 C X C R2 be a domain with 982 = I', where X denotes a bounded domain
with Lipschitz-boundary Iy := 0 X. In contrast to the outer boundary Iy, which is
assumed to be fixed and partitioned in Iout := Ihottom U Tefe U Trighe U Trop (here, LI
denotes the disjoint union), the inner boundary I", which is also called the interface,
is variable. Let the interface I" be an element of B, (S!, R?). Note that X depends on
I'. Thus, we denote it by X(I"). Figure 2 illustrates this situation. We consider the
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Require: Objective function J on (Be, gS); retraction R on (Be, gS ); symmetric and coercive bilinear
form a(-, -); shape derivative dJ (-)[-] in volume or surface form or a combination of both; surrounding
bounded domain X with Lipschitz boundary, which includes all shape iterates.

Goal: Find the solution of min J(§).
§€B,

Input: Initial shape £% ¢ B, with & 0cx.

fork =0,1,... do
[11 Solve a(U¥, V) = dJ (¥)[V] for all vector fields V with H -regularity on X.
[2] Set

= Rk (—e (UM b)) 35)
for some steplength o, where n¥ denotes the unit outward normal vector to & k and o is the trace
operator.
end for

Algorithm 3: Gradient method in (B,, g5)

following parabolic PDE constrained interface problem (cf. [54,61]):

min fOTfX(F)(y—yﬁddeM/Flds (36)

s.t. % —div(kVy) = f in X(I') x (0, T] (37)
y=1 onl,, x(0,T] (38)

g_ry, =0 on (Ibotom Y Mefe U Tright) x (0, T (39)

y=yo inX({") x {0} (40)

with

ki =const. in X\ £ x (0,T]
ko = const. in £2 x (0, T]

k=

denoting a jumping coefficient, n being the unit outward normal vector to §2 and
y € H LX) represents data measurements. The second term in the objective
function (36) is a perimeter regularization with ;& > 0. Please note that formulation
(37) of the PDE has to be understood only formally because of the jumping coefficient
k.

In order to solve the shape optimization problem (36)—(40), we first need to solve the
underlying PDE, the so-called state equation. The solution of the parabolic bound-
ary value problem (37)—(40) is obtained by discretizing its weak formulation with
standard linear finite elements in space and an implicit Euler scheme in time. The dif-
fusion parameter k is discretized as a piecewise constant function. Figure 3 illustrates
an example initial shape geometry, where the domain is discretized with a fine and

@ Springer



Applied Mathematics & Optimization (2021) 84 (Suppl 1):5869-5902 S887

Fig.2 Example of the domain X Itop
with 2 € X C R?

Dieft Ciight

I‘bottom

coarse finite element mesh. Besides the underlying PDE, we also need to solve the
corresponding adjoint problem to the shape optimization problem (36)—(40), which is
given in our example by

3
_a—f —div(kVp) = —(y —3) in X(I") x [0, T) (41)
p =0 inX(I') x {T} (42)
3
8—5 =0 on (rbottom U Tefe U Fright) x [0, T) (43)
p=0 onlw x[0,T) (44)

and which can be discretized in the same way as the state equation.

Remark 8 In general, the solution of the state and adjoint equation are needed in
Algorithms 1 and 3 because they are part of the shape derivative of the objective
functional.

We use the retraction given in (25) in order to update the shapes according to
Algorithm 1 (cf. (26)) and Algorithm 3 (cf. (35)), respectively. This retraction is
closely related to the perturbation of identity defined on the domain X. Given a stating
shape I'¥ in the k-th iteration of Algorithm 3, the perturbation of identity acting on
the domain X in the direction U*, where U* solves (34), gives

XY = {x e X: x = x* +FU*y, (45)
i.e. the vector field U¥ weighted by a step size ¢¥ is added as a deformation to all nodes in
the finite element mesh. One calls U* also mesh deformation (field). Here, the volume

form allows us to optimize directly over the domain X containing I'* € B,.Itis worth
to mention that, in practice, we are only interested in the deformation on X because we
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need to update the finite element mesh after each iteration. The update of the shape "%
itself is contained in this deformation field. In contrast to Algorithm 3, Algorithm 1
can only work with surface shape derivative expressions. These surface formulations
would give us descent directions (in normal directions) for I'¥ only, which would not
help us to move mesh elements around the shape. Additionally, when we are working
with a surface shape derivative, we need to solve another PDE in order to get a mesh
deformation in the ambient space X. Below, this issue is addressed in more detail.

Both approaches follow roughly the same steps but with a major difference in
the way of computing the mesh deformation. For convenience we summarize one
optimization iteration and the main aspects of the two approaches:

1. Solve the state and adjoint equation.
2. Compute the mesh deformation:

— Algorithm 3 The computation of a representation of the shape gradient with
respect to the chosen inner product of the tangent space is moved into the
mesh deformation itself. In particular, we get the gradient representation and
the mesh deformation all at once from (33), which is very attractive from a
computational point of view. The bilinear form a(-, -) in (34) is used as both,
an inner product and a mesh deformation, leading to only one linear system,
which has to be solved. In practice, the bilinear form a(-, -) in (34) is chosen
as the weak form corresponding to the linear elasticity equation, i.e.,

a(U, V)=/ oU) :e(V)dx,
X(I)

where : denotes the sum of the component-wise products and o, ¢ are the
so-called strain and stress tensor,” respectively. In strong form, (34) is given
by

div(e) = f% in X(I") (46)
U=0 on [y (47)

Here, the source term f¢!3 in its weak form is given by the shape derivative
parts in volume form, where parts of the objective function leading to surface
expressions only, such as, for instance, the perimeter regularization, are incor-
porated in Neumann boundary conditions. In our example, the shape derivative
is given by

T
DI(D)[V] =/ / —kvyT (vv +VVT) Vp—pvfTy
0 Jx)

ay

1
+ div(V) <§(y -2+ P+ kvyTvp — fp> dxdt

+/ k(V,n)ds
r

2 Please see Remark 9 for the definition of the strain and stress tensor.
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where k denotes the mean curvature of I” and y, p denote the solution of the
state and adjoint equation, respectively (cf. [53]).

— Algorithm I First, a representation of the shape gradient on I" with respect to
the Sobolev metric g! as given in (22) needs to be computed by solving

(I — AD*)gn = rn. (48)

In our example, r is given by r = [k] Vy! Vpon + «n, where k denotes
the mean curvature of I", the jump symbol [-] is defined on the interface I"
by [k] = ki — ko, y1 1= trout(y] X\ﬁ) with y denoting the solution of the
state equation, py := trijp(p|e) with p denoting the solution of the adjoint
equation, and trj,: £2 — " and troy: X \§ — [ are trace operators (cf.
[53]). In order to compute a mesh deformation field, we need to solve a further
PDE. In practice, this further PDE is again equation (46)—(47) but modified as
follows: the Dirichlet boundary condition

U=U"" on I

is added to (46)—(47), where U*" is the representation of the shape gradient
with respect to the Sobolev metric g'; the source term £ is set to zero.

3. Apply the resulting deformation to the current finite element mesh, and go to the
next iteration.

Remark 9 The strain and stress tensor in (46) are defined by o := Atr(e)] + 2ue,
£ = % (VU + VUT), where 1 and u denote the so-called Lamé parameters. The
Lamé parameters do not need to have a physical meaning here but it is rather essential
to understand their effect on the mesh deformation. They can be expressed in terms of
Young’s modulus E and Poisson’s ratio v as A = (1+u;}g—2u)’ w= 2(111‘}). Young’s
modulus E states the stiffness of the material, which enables to control the step size for
the shape update, and Poisson’s ratio v gives the ratio controlling how much the mesh
expands in the remaining coordinate directions when compressed in one particular
direction.

Besides saving analytical effort during the calculation process of the shape deriva-
tive, Algorithm 3 is computationally more efficient than using Algorithm 1. The
optimization algorithm based on domain shape derivative expressions (Algorithm 3)
can be applied to very coarse meshes with approximately 100,000 cells (cf. right pic-
ture of Fig. 3). This is due to the fact that there is no dependence on normal vectors like
in the case of surface shape gradients, which are needed in Algorithm 1. In [54,61], the
convergence of the gradient method for the surface and volume shape derivative for-
mulation are investigated for the parabolic shape interface problem. It can be observed
that the convergence with the representation of the shape gradient with respect to g'
seems to require fewer iterations compared to the domain-based formulation. Yet, the
domain-based form is computationally more attractive since it also works for much
coarser discretizations. This can be seen in a comparision the two meshes in Fig. 3. In
particular, the mesh in the left picture in Fig. 3 shows the necessary fineness of the mesh
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Fig.3 Different initial meshes

for the surface gradient (Algorithm 1) to lead to a reasonable convergence. However,
the coarse grid in Fig. 3 works only for the domain-based formulation (Algorithm 3).

We can conclude that Algorithm 3 is very attractive from a computational point of
view. However, the shape space B, containing smooth shapes unnecessarily limits the
application of this algorithm. More precisely, numerical investigations have shown
that the optimization techniques also work on shapes with kinks in the boundary (cf.
[52,54,55]). This means that Algorithm 3 is not limited to elements of B, and another
shape space definition is required. Thus, in [54], the definition of smooth shapes is
extended to so-called . In the next section, it is clarified what we mean by H !/2-shapes.
However, only a first try of a definition is given in [54]. From a theoretical point of view
there are several open questions about this shape space. The most important question
is how the structure of this shape space is. If we do not know the structure, there is
no chance to get control over the space. Moreover, the definition of this shape space
has to be adapted and refined. The next section is concerned with the novel space of
H'/2-shapes and in particular with its structure.

3 The Shape Space B'/2

The Steklov—Poincaré metric correlates shape gradients with H '-deformations. Under
special assumptions, these deformations give shapes of class H!/?, which are defined
below. As already mentioned above the shape space B, unnecessarily limits the appli-
cation of the methods mentioned in the previous section. Thus, this section aims at a
generalization of smooth shapes to shapes which arise naturally in shape optimization
problems. In the setting of B,, shapes can be considered as the images of embed-
dings. From now on we have to think of shapes as boundary contours of deforming
objects. Therefore, we need another shape space. In this section, we define the space
of H'/?-shapes and clarify its structure as a diffeological one.
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First, we do not only define diffeologies and related objects, but also explain the
difference between diffeological spaces and manifolds (Sect. 3.1). In particular, we
formulate the second main theorem of this paper, Theorem 3. Afterwards, the space
of H/ 2-shapes is defined (Sect. 3.2). In the third main theorem, Theorem 4, we see
that it is a diffeological space.

3.1 A Brief Introduction into Diffeological Spaces

In this subsection, we define diffeologies and related objects. Moreover, we clarify
the difference between manifolds and diffeological spaces. For a detailed introduction
into diffeological spaces we refer to [27].

3.1.1 Definitions

We start with the definition of a diffeological space and related objects like a diffeology,
with which a diffeological space is equipped, and plots, which are the elements of
a diffeology. Afterwards, we consider subset and quotient diffeologies. These two
objects are required in the main theorem of Sect. 3.2. The definitions and theorems in
this Sect. 3.1.1 are summarized from [27].

Definition 10 (Parametrization, diffeology, diffeological space, plots) Let Y be a non-
empty set. A parametrization in ¥ is a map U — Y, where U is an open subset of
R". A diffeology on Y is any set Dy of parametrizations in Y such that the following
three axioms are satisfied:

(i) Covering Any constant parametrization R” — Y is in Dy.

(i1) Locality Let P be a parametrization in Y, where dom(P) denotes the domain of
P. If, for all » € dom(P), there is an open neighborhood V of r such that the
restriction P|V € Dy ,then P € Dy.

(iii) Smooth compatibility Let p: O — Y be an element of Dy, where O denotes an
open subset of R". Moreover, let g: O’ — O be a smooth map in the usual sense,
where O’ denotes an open subset of R™. Then p o ¢ € Dy holds.

A non-empty set Y together with a diffeology Dy on Y is called a diffeological
space and denoted by (Y, Dy). The parametrizations p € Dy are called plots of the
diffeology Dy.If a plot p € Dy is defined on O C R”, then n is called the dimension
of the plot and p is called n-plot.

In the literature, there are a lot of examples of diffeologies, e.g., the diffeology of the
circle, the square, the set of smooth maps, etc. For those we refer to [27].

Remark 10 A diffeology as a structure and a diffeological space as a set equipped with
a diffeology are distinguished only formally. Every diffeology on a set contains the
underlying set as the set of non-empty O-plots (cf. [27]).

Next, we want to connect diffeological spaces. This is possible though smooth maps
between two diffeological spaces.
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Definition 11 (Smooth map between diffeological spaces, diffeomorphism)
Let (X, Dx), (Y, Dy) be two diffeological spaces. A map f: X — Y is smooth
if for each plot p € Dy, f o pis aplot of Dy, i.e., f o Dx C Dy.If f is bijective
and if both, f and its inverse !, are smooth, f is called a diffeomorphism. In this
case, (X, Dy) is called diffeomorphic to (Y, Dy).

The stability of diffeologies under almost all set constructions is one of the most
striking properties of the class of diffeological spaces like in the subset, quotient,
functional or powerset diffeology. In the following, we concentrate on the subset and
quotient diffeology. The concept of these are required in the proof of the main theorem
in the next subsection.

Subset diffeology Every subset of a diffeological space carries a natural subset dif-
feology, which is defined by the pullback of the ambient diffeology by the natural
inclusion.

Before we can construct the subset diffeology, we have to clarify the natural inclu-
sion and the pullback. For two sets A, B with A C B, the (natural) inclusion is given
by ta: A — B, x — x. The pullback is defined as follows:

Theorem and Definition 12 (Pullback) Let X be a set and (Y, Dy) be a diffeological
space. Moreover, f: X — Y denotes some map.

(i) There exists a coarsest diffeology of X such that f is smooth. This diffeology is
called the pullback of the diffeology Dy by f and is denoted by f*(Dy).
(ii) Let p be a parametrization in X. Then p € f*(Dy) ifand only if f o p € Dy.

Proof See [27, Chap. 1, 1.26]. O
The construction of subset diffeologies is related to so-called inductions.

Definition 13 (Induction) Let (X, Dx), (Y, Dy) be diffeological spaces. A map
f: X — Y is called induction if f is injective and f*(Dy) = Dy, where f*(Dy)
denotes the pullback of the diffeology Dy by f.

The illustration of an induction as well as the criterions for being an induction can be
found in [27, Chap. 1, 1.31].
Now, we are able to define the subset diffeology (cf. [27]).

Theorem and Definition 14 (Subset diffeology) Let (X, Dx) be a diffeological space
and let A C X be a subset. Then A carries a unique diffeology D 4, called the subset
or induced diffeology, such that the inclusion map 15 : A — X becomes an induction,
namely, Dy = 0 (Dx). We call (A, D) the diffeological subspace of (X, Dx).

Quotient diffeology

Like every subset of a diffeological space inherits the subset diffeology, every
quotient of a diffeological space carries a natural quotient diffeology defined by the
pushforward of the diffeology of the source space to the quotient by the canonical
projection.

First, we have to clarify the canonical projection. For a set A and an equivalence
relation ~ on A, the canonical projection is defined as w: X — X/~, x — [x],
where [x] := {x’ € X: x ~ x’} denotes the equivalence class of x with respect to ~.
Moreover, the pushforward has to be defined:

@ Springer



Applied Mathematics & Optimization (2021) 84 (Suppl 1):5869-5902 S893

Theorem and Definition 15 (Pushforward) Let (X, Dyx) be a diffeological space and
Y be a set. Moreover, f: X — Y denotes a map.

(1) There exists a finest diffeology of Y such that f is smooth. This diffeology is called
the pushforward of the diffeology Dx by f and is denoted by f,.(DYx).

(i1) A parametrization p: U — Y lies in f.(Dx) if and only if every point x € U has
an open neighbourhood V-.C U such that p ‘ v V — Y is constant or of the form
p‘v = f o q for some plot q: V — X with q € Dx.

Proof See [27, Chap. 1, 1.43]. O

Remark 11 1f a map f from a diffeological space (X, Dx) into a set Y is surjective,
then f,(Dy) consists precisely of the plots p: U — Y which locally are of the form
f oq for plots g € Dy since those already contain the constant parametrizations.

The construction of quotient diffeologies is related to so-called subductions.

Definition 16 (Subduction) Let (X, Dx), (Y, Dy) be diffeological spaces. A map
f: X — Y is called subduction if f is surjective and f.(Dx) = Dy, where f,.(Dx)
denotes the pushforward of the diffeology Dx by f.

The illustration of a subduction as well as the criterions for being a subduction can be
found in [27, Chap. 1, 1.48].
Now, we can define the quotient diffeology (cf. [27]).

Theorem and Definition 17 (Quotient diffeology) Let (X, Dx) be a diffeological
space and ~ be an equivalence relation on X. Then the quotient set X |/~ carries
a unique diffeologcial sturcture Dy ~, called the quotient diffeology, such that the
canonical projectionn : X — X/~ becomes a subduction, namely, Dx /~ = m.(Dx).
We call (X/w, DX/N) the diffeological quotient of (X, Dx) by the relation ~.

One aim of this paper is to go towards optimization algorithms in diffeological
spaces. Thus, we end this subsection with a brief discussion about the topology of a
diffeological space which is necessary to discuss properties of optimization methods
in diffeological spaces like convergence. Every diffeological space induces a unique
topology, the so-called D-topology, which is a natural topology and introduced by
Patrick Iglesias—Zemmour for each diffeological space (cf. [27]). In particular, ope-
ness, compactness and convergence depend on the D-topology. Given a diffeological
space (X, Dy), the D-topology is the finest topology such that all plots are continuous.
That is, a subset U of X is open (in the D-topology) if for any plot p: O — X the
pre-image p~'U C O is open. For more information about the D-topology we refer
to the literature, e.g., [27, Chap. 2, 2.8] or [11]. However, if (X, Dy) is a diffeological
space and one knows that a sequence {x,} converges with respect to the topology
of X, it is not guaranteed that {x,} converges also for the D-topology because this
topology is finer than the given one on X. Thus, all discussions about compactness,
convergence, etc in the diffeological sense reduces to the D-topology.
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3.1.2 Differences Between Diffeological Spaces and Manifolds

Manifolds can be generalized in many ways. In [58], a summary and comparison of
possibilities to generalize smooth manifolds are given. One generalization is a dif-
feological space on which we concentrate in this section. In the following, the main
differences between manifolds and diffeological spaces are figured out and formulated
in Theorem 3. For simplicity, we concentrate on finite-dimensional manifolds. How-
ever, it has to be mentioned that infinite-dimensional manifolds can also be understood
as diffeological spaces. This follows, e.g., from [32, Corollary 3.14] or [37].

Given a smooth manifold there is a natural diffeology on this manifold consisting of
all parametrizations which are smooth in the classical sense. This yields the following
definition.

Definition 18 (Diffeological space associated with a manifold) Let M be a finite-
dimensional (not necessarily Hausdorff or paracompact) smooth manifold. The
diffeological space associated with M is defined as (M, Djs), where the diffeology
Dy consists precisely of the parametrizations of M which are smooth in the classical
sense.

Remark 12 1f M, N denote finite-dimensional manifolds, then f: M — N is smooth
in the classical sense if and only if it is a smooth map between the associated diffeo-
logical spaces (M, Dy;) — (N, Dy).

In order to characterize the diffeological spaces which arise from manifolds, we
need the concept of smooth points.

Definition 19 [Smooth point] Let (X, Dx) be a diffeological space. A point x € X
is called smooth if there exists a subset U C X which is open with respect to the
topology of X and contains x such that (U, Dy ) is diffeomorphic to an open subset
of R", where Dy denotes the subset diffeology.

The concept of smooth points is quite simple. Let us consider the coordinate axes,
e.g., in R2. All points of the two axis with exception of the origin are smooth points.
Now, we are able to formulate the following main theorem:

Theorem 3 A diffeological space (X, Dx) is associated with a (not necessarily para-
compact or Hausdorff) smooth manifold if and only if each of its points is smooth.

Proof We have to show the following statements:

(1) Given a smooth manifold M, then each point of the associated diffeological space
(M, Dyy) is smooth.

(i1) Given a diffeological space (X, Dy) for which all points are smooth, then it is
associated with a smooth manifold M.

To (i) Let M be asmooth manifold and x € M an arbitrary point. Then there exists an
open neighbourhood U C M of x which is diffeomorphic to an open subset O C R".
Let f: U — O be a diffeomorphism. This diffeomorphism is a diffeomphism of
the associated diffeological spaces (U, Dy) and (O, Do). Thus, x € M is a smooth
point. Since x € M is an arbitrary point, each point of (M, Dy,) is smooth.
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To (ii) Let (X, Dx) be a diffeological space for which all points are smooth. Then
there exist an open cover X = Uie ; Ui and diffeomorphisms f;: U; — O; onto

open subsets O; C R". The map f; o fi_l is smooth (in the diffeological

fi(UinU;)
sense) for all i, j € I. Due to Remark 12, the map f; o

—1 .
) is smooth
fl ‘ fiUiNU;)

in the classical sense for all i, j € I. Thus, {(U;, fi)}ic; defines a smooth atlas and
a manifold structure on X is defined. Let D be the associated diffeology. A similar
argument as above shows that the diffeology D agrees with the original one Dx. O

This theorem clarifies the difference between manifolds and diffeological spaces.
Roughly speaking, a manifold of dimension » is getting by glueing together open
subsets of R" via diffeomorphisms. In contrast, a diffeological space is formed by
glueing together open subsets of R"” with the difference that the glueing maps are not
necessarily diffeomorphisms and that n can vary. However, note that manifolds deal
with charts and diffeological spaces deal with plots. A system of local coordinates,
i.e., a diffeomorphism p: U — U’ with U C R" open and U’ C X open, can be
viewed as a very special kind of plot U — X which induces an induction on the
corresponding diffeological spaces.

Remark 13 Note that we consider smooth manifolds which do not necessary have to
be Hausdorff or paracompact. If we understand a manifold as Hausdorff and para-
compact, then the diffeological space (X, Dy) in Theorem 3 has to be Hausdorff and
paracompact. In this case, we need the concept of open sets in diffeological spaces.
Whether a set is open depends on the topology under consideration. In the case of
diffeological spaces, openness depends on the D-topology.

3.2 The Diffeological Shape Space

We extend the definition of smooth shapes, which are elements of the shape space B,,
to shapes of class H'/?. In the following, it is clarified what we mean by H !/?-shapes.
We would like to recall that a shape in the sense of the shape space B, is given by
the image of an embedding from the unit sphere S~ into the Euclidean space R?. In
view of our generalization, it has technical advantages to consider so-called Lipschitz
shapes which are defined as follows.

Definition 20 (Lipschitz shape) A (d — 1)-dimensional Lipschitz shape I is defined
as the boundary Iy = Xy of a compact Lipschitz domain Xy ¢ R with Xy # #.
The set A is called a Lipschitz set.

Example of Lipschitz shapes are illustrated in Fig. 4. In contrast, Fig. 5 shows examples
of shapes which are non-Lipschitz shapes.

General shapes—in our novel terminology—arise from H ' -deformations of a Lips-
chitz set Xy. These H '-deformations, evaluated at a Lipschitz shape I7, give deformed
shapes I if the deformations are injective and continuous. These shapes are called
of class H'/? and proposed firstly in [54]. The following definitions differ from [54].
This is because of our aim to define the space of H!/?>-shapes as diffeological space
which is suitable for the formulation of optimization techniques and its applications.
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o

One-dimensional case. Two-dimensional Lipschitz shapes.

Fig. 4 Examples of elements of B1/2 and, thus, Lipschitz shapes in the one- and two-dimensional case.
The illustrated shapes are not elements of B,

Definition 21 (Shape space B'/?) Let Iy € R? be a (d — 1)-dimensional Lipschitz
shape. The space of all (d — 1)-dimensional H'/?>-shapes is given by

B2y, RY = H'2(Ip, R | ~ (49)
where

HY2 (I, RY)

— o 1/2 Ay i . . N (50)
={w: w e H/“(Iy, RY) injective, continuous; w (/) Lipschitz shape}

and the equivalence relation ~ is given by
wi ~ wy < wi (1Y) = wa(Ip), where wyi, wy € HY/?(Iy, RY). (51)

The set H!'/2(Ip, R?) is obviously a subset of the Sobolev—Slobodeckij space
H'2(Iy, RY), which is well-known as a Banach space (cf. [39, Chap. 3]). Banach
spaces are manifolds and, thus, we can view HY 2(1“0, Rd) with the corresponding
diffeology. This encourages the following theorem which provides the space of H!/2-
shapes with a diffeological structure. The next theorem is the third (and, thus, last)
main theorem of this paper.

Theorem 4 The set H'/* (I, RY) and the space B'/* (I, RY) carry unique diffeolo-
gies such that the inclusion map LHI12( R HY2(y, RYD — HY2(Iy, RY) is an
induction and such that the canonical projection 7 : HV/?(Iy, R?) — BY2(I}, RY)
is a subduction.

Proof Let D12 gay be the diffeology on H 172(Ip, RY). Due to Theorem and Defi-

nition 14, H!/2(I, R?) carries the subset diffeology L;-tl/Z(FO,Rd) (DH1/2(1~0’R(1)). Then

the space B'/2(I, RY) carries the quotient diffeology

DB]/2(1"0de) =TTy (t;'tl/z(fb,Rd) (DHI/Z(['O’Rd))> (52)
due to Theorem and Definition 17. O
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So far, we have defined the space of H!/2-shapes and showed that it is a diffeological
space. The appearance of a diffeological space in the context of shape optimization can
be seen as a first step or motivation towards the formulation of optimization techniques
on diffeological spaces. Note that, so far, there is no theory for shape optimization on
diffeological spaces. Of course, properties of the shape space B!/2 (1" 0 Rd) have
to be investigated. E.g., an important question is how the tangent space looks like.
Tangent spaces and tangent bundles are important in order to state the connection of
B'/? (Fo, R4 ) to shape calculus and in this way to be able to formulate optimization
algorithms in B'/2 (I, R?). There are many equivalent ways to define tangent spaces
of manifolds, e.g., geometric via velocities of curves, algebraic via derivations or
physical via cotangent spaces (cf. [33]). Many authors have generalized these concepts
to diffeological spaces, e.g., [12,22,27,57]. In [57], tangent spaces are defined for
diffeological groups by identifying smooth curves using certain states. Tangent spaces
and tangent bundles for many diffeological spaces are given in [22]. Here smooth
curves and a more intrinsic identification are used. However, in [12], it is pointed out
that there are some errors in [22]. In [27], the tangent space to a diffeological space at a
point is defined as a subspace of the dual of the space of 1-forms at that point. These are
used to define tangent bundles. In [12], two approaches to the tangent space of a general
diffeological space at a point are studied. The first one is the approach introduced in
[22] and the second one is an approach which uses smooth derivations on germs of
smooth real-valued functions. Basic facts about these tangent spaces are proven, e.g.,
locality and that the internal tangent space respects finite products. Note that the tangent
space to B1/? (Fo, Rd) as diffeological space and related objects which are needed
in optimization methods, e.g., retractions and vector transports, cannot be deduced
or defined so easily. The study of these objects and the formulation of optimization
methods on a diffeological space go beyond the scope of this paper and are topics of
subsequent work. Moreover, note that the Riemannian structure gS on B1/2 (F 0, R4 )
has to be investigated in order to define B'/? (F 0, Rd) as a Riemannian diffeological
space. In general, a diffeological space can be equipped with a Riemannian structure
as outlined, e.g., in [38].

Besides the tangent spaces, another open question is which assumptions guarantee
that the image of a Lipschitz shape under w € H'/? (Fo, Rd) is again a Lipschitz
shape. Of course, the image of a Lipschitz shape under a continuously differentiable
function is again a Lipschitz shape, but the requirement that w is a C'-function is a too
strong. One idea is to require that w has to be a bi-Lipschitz function. Unfortunately, the
image of a Lipschitz shape under a bi-Lipschitz function is not necessarily a Lipschitz
shape as the example given in [44, Sect. 4.1] shows. Another option is to generalize
the concept of Lipschitz domains to non-tangentially accessible (NTA) domains. In
order to formulate the definition of these domains, we need the concept of so-called
Harnack chains.

Definition 22 («-Harnack chain) Let « > 1. For a metric space (R4, d) and an open
set 2 CRY,a sequence of balls By, ..., By C $2 is called an «-Harnack chain in £2
if BN Bi—1 #Wforalli =1,...,kand

o~ 'dist(B;, 02) < r(B;) < adist(B;, 82),

@ Springer



S898 Applied Mathematics & Optimization (2021) 84 (Suppl 1):5869-5902

One-dimensional case Two-dimensional non-Lipschitz shapes.

Fig.5 Examples of non-Lipschitz shapes

where dist(B;, 9§2) :=  inf o d(x, y) and r(B;) is the radius of B;.

X€B;,yed

Definition 23 (Non-tangentially accessible domain) Let (R?, d) be a metric space. A
bounded open set §2 is called an non-tangentially accessible domain (NTA domain)
if the following conditions hold:

(i) There exist « > 1 such that for all n > 0 and for all x,y € £ such that
dist(x, 0§2) > n, dist(y, d§2) > n and d(x,y) < Cn for some C > 0, there
exists an «-Harnack chain By, ..., By C 2 such that x € By, y € B and k
depends on C but not on 5.

(i1) £2 satisfies the corkscrew condition, i.e., there exist o > 0 and ¢ > 0 such that
for all » € (0, rg) and x € 382 the sets B(x, r) N 2, B(x, r) N (R? \ §2) contain
a ball of radius er.

In fact, the image of an non-tangentially accessible (NTA) domain under a global
quasiconformal mapping is an NTA domain (cf. [21]). If we consider boundaries I
of NTA domains Xj instead of Lipschitz domains, the space H!/? defined in (50)
changes to

H'2 (o, RY)
={w:we Hl/z(Fo, Rd) injective, continuous; w = tr W with (53)
WeH 1(Xo, RY ) global quasiconformal and Iy = 9 Xp}.

The resulting space of H'/?-shapes carries also a diffeological structure if Iy is the
boundary of an NTA domain &j due to Theorem 4.

Remark 14 A quasi-conformal mapping of the open d-ball B4~! induces a homeo-
morphism on the boundary ford = 2, 3 (cf. [20,45]). In [46], this result is generalized
for higher dimensions. More precisely, it is proven that a quasiconformal mapping of
an open ball in R? onto itself extends to a homeomorphism of the closed d-ball. If
we apply these results to our shape space, we get injectivity and continuity in (53) for
free for Iy := S9!,
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4 Conclusion

The differential-geometric structure of the shape space B, is applied to the theory
of shape optimization problems. In particular, a Riemannian shape gradient and a
Riemannian shape Hessian with respect to the Sobolev metric g' is defined. The
specification of the Riemannian shape Hessian requires the Riemannian connection,
which is given and proven for the first Sobolev metric. It is outlined that we have to deal
with surface formulations of shape derivatives if we consider the first Sobolev metric.
In order to use the more attractive volume formulations, we consider the Steklov—
Poincaré metrics g¥ and state their connection to shape calculus by defining the shape
gradient with respect to g5. The gradients with respect to both, g' and g%, and the
Riemannian shape Hessian, open the door to formulate optimization algorithms in B,.
We formulate the gradient method in (B, gl) and (B,, gS ) as well as the Newton
method in (B,, gl). The implementation and investigation of Newton’s method in
(B., g") for an explicit example will be touched in future work. In particular, the
comparison of Newton’s method in (B, g!) and (B, g°) will be investigated in the
future. Here, a challenging question, which arises, is how an explicit formulation of
the Riemannian shape Hessian with respect to the Steklov—Poincaré metric looks like.
For this, we would generally need to work in fractional order Sobolev spaces and deal
with the projected Poincaré—Steklov operator.

Since the shape space B, limits the application of optimization techniques, we
extend the definition of smooth shapes to H '/?-shapes and define a novel shape space.
It is shown that this space has a diffeological structure. In this context, we clarify the
differences between manifolds and diffeological spaces. From a theoretical point of
view, a diffeological space is very attractive in shape optimization. It can be supposed
that a diffeological structure suffices for many differential-geometric tools used in
shape optimization techniques. In particular, objects which are needed in optimization
methods, e.g., retractions and vector transports, have to be deduced. Note that these
objects cannot be defined so easily and additional work is required to formulate opti-
mization methods on a diffeological space, which remain open for further research
and will be touched in subsequent papers.
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