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Abstract

In this paper, we consider the variable coefficient wave equation with damping and
supercritical source terms. The goal of this work is devoted to prove the local and
global existence, and classify decay rate of energy depending on the growth near zero
on the damping term. Moreover, we prove the blow-up of the weak solution with
positive initial energy as well as nonpositive initial energy.
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1 Introduction

In this paper, we are concerned with the local and global existence, energy decay rates
and finite time blow-up of the solution for the following wave equation

uy — u(@)Lu + guy) = f(u) in  Q x (0,+00),
u=20 on I' x (0,400), (1.1)
u(x,0) = ug(x), u;(x,0) =up(x), in £,

where f(u) = [ul’u and Lu = div(A(x)Vu) = Y} ;’Ti(aij(x)aa—;j). Qisa
bounded domain of R” (n > 3) with smooth boundary T".
The damping-source interplay in system (1.1) arise naturally in many contexts, for

instance, in classical mechanics, fluid dynamics and quantum field theory (cf. [29,45]).
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The interaction between two competitive force, that is damping term and source term,
make the problem attractive from the mathematical point of view.

For the present polynomial nonlinear source term case such as |u|” u, the stability of
(1.1) has been studied by many authors (see [7,8,14-18,20-26,28,30,31,39-42,47] and
a list on references therein), where the source term is subcritical or critical. However,
very few results addressed wave equations influenced by supercritical sources (cf. [1—
5,11,12,46]). [1-5] are the first papers that introduced super-supercritical sources and
answered the open questions related to local existence, global existence versus blow-up
of solution, uniqueness, and continuous dependence on data. [46] proved the local and
global existence, uniqueness and Hadamard well-posedness for the wave equation
when source terms can be supercritical or super-supercritical. However, the author
do not considered the energy decay and blow-up of the solutions. [11] considered a
system of nonlinear wave equations with supercritical sources and damping terms.
They proved global existence and exponential and algebraic uniform decay rates of
energy moreover, blow-up result for weak solutions with nonnegative initial energy.
But as far as I know, the only problem with considering supercritical source is the
constant coefficients case, that is, A = [ and dimension n = 3.

In the case of variable coefficients, thatis A # I, stability of the wave equation was
consideredin[9,15,18,22,37,52]. The wave equations with variable coefficients arise in
mathematical modeling of inhomogeneous media in solid mechanics, electromagnetic,
fluid flows through porous media. The variable coefficients problem has been widely
studied (see [6,32-34,36,48-51] and a list of references therein). However, there were
very few results considered the source term. For instance, [27] proved the energy decay
of the variable-coefficient wave equation with nonlinear acoustic boundary conditions
and source term. Recently, [19] studied the uniform energy decay rates of the wave
equation with variable coefficients applying the Riemannian geometry method and
modified multiplier method. But, above mentioned references were considered sub-
critical source. There is none, to my knowledge, for the variable coefficients problem
having both damping and source terms taking into account supercritical source.

Our main motivation and the techniques are constituted by three dimensional case
[1-5], in which the source term can be supercritical on variable coefficient problem.
The variable coefficient part of the elliptic operator L does not bring in major addi-
tional challenges, since it’s strongly elliptic and the maximal monotonicity hold. The
difference from previous literatures is that we take into account the supercritical source
for n > 3 and blow-up of solutions with positive initial energy as well as nonpositive
initial energy.

In order to overcome difficulties to prove above statements, first, we refine the
energy space and a constant used in potential well method, because we do not guarantee
HO1 (Q) = LY*2(Q) since the source term is supercritical. Also we have a hypothesis
on damping term for proving existence of solutions (see Remark 2.1). Second, we
rely on the Faedo-Galerkin method combined with suitable truncations-approximation
since the supercritical source lacks the globally Lipschitz condition. Third, we refine
the key point constants used to prove blow-up result. So, this paper has improved and
generalized previous literatures.

The goal of this paper is to prove the existence result using the Faedo-Galerkin
method and truncated approximation method, and classify the energy decay rate apply-
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ing the method developed in [38]. Moreover, we prove the blow-up of the weak solution
with positive initial energy as well as nonpositive initial energy. This paper is orga-
nized as follows: In Sect. 2, we recall the notation, hypotheses and some necessary
preliminaries and introduce our main result. In Sect. 3, we prove the local existence of
weak solutions, and show the global existence of weak solution in each two conditions
in Sect. 4. In Sect. 5, we prove the uniform decay rate under suitable conditions on
the initial data and damping term by the differential geometric approach. In Sect. 6,
we prove the blow-up of the weak solution with positive initial energy as well as
nonpositive initial energy by using contradiction method.

2 Preliminaries

We begin this section by introducing some notations and our main results. Throughout
this paper, we define the Hilbert space HO1 (Q) ={uec H(Q);u =0 on I'} with
the norm |[u|| ;1 () = [IVull 2 and H = {u € H)(Q);u € LY2(Q)} with the
norm ||ul|y = ||”||H0‘(s2) + Hullgy+2(q)- Il - |l is denoted by the L”(£2) norm and
(u, v) = fQ u(x)v(x)dx .

(Hy) Hypothesis on A. .

The matrix A = (a;j(x)), where a;; € C!(RQ), is symmetric and there exists a

positive constant ap such that for all x € Qand w = (w1, - -+ , w,) we have
n
2
Z ajj(x)wjw; > aplw|”. 2.1
ij=1

(H3) Hypothesis on ~.
Letu € W0, 00) N W10, 00) satisfying following conditions:

w@®)>puo>0 and /(1) <0 ae.in [0, 00), (2.2)

where ¢ iS a positive constant.

(H3) Hypothesis on g.

Let g : R — R be a nondecreasing C! function such that g(0) = 0 and suppose
that there exist positive constants ci, ¢z, p and a strictly increasing and odd function
B of C! class on [—1, 1] such that

1Bs) < lg) < 1B~ )| if |s] < 1, (2.3)
cils|Pt < |g) < ealslPT it s| > 1, (2.4)

where 8! denotes the inverse function of B.
(Hy) Hypothesis on and .
Let y and p be positive constants satisfying the following condition:

2 n+2 2(n—=2)y —4
—— <y < and p> ———————.
n—2 n—2 n+2—m-2)y

(2.5)

@ Springer



S770 Applied Mathematics & Optimization (2021) 84 (Suppl 1):S767-5803

By using the hypothesis (Hj), we verify that the bilinear form a(-, -) : HO1 () x
Hj(Q) — R defined by

a(u(t),v(t)) = Z/aij(x)ﬁag(t)dxzf AVu(®)Vo(t)dx
e xj  0x; Q

is symmetric and continuous. On the other hand, from (2.1) for ® = Vu, we get

" o2
a0 = a0 [ Y77 dx = aol vuol 26)
i=1

Remark 2.1 In view of the critical Sobolev imbedding H(} (RQ) — anTn2 (R2), the map
f(u) = |u|”u is not locally Lipschitz from HOI(Q) into L2() for the supercritical
2 n+2

(or super-supercritical) values —= < y < 7%5. However, by the hypothesis on p

2(n—2)y—4 . s 1 . 242
P Z =y ) f(w) is locally Lipschitz from Hy (£2) into L #+T(£2).

Definition 2.1 (Weak solution) u(x, t) is called a weak solution of (1.1) on 2 x (0, T)
ifu € CO,T;H)NCHO, T; LE(Q)), u; € LPT2(0, T; ) and satisfies (1.1) in the
distribution sense, i.c.,

T T T T
fo (tar, B}t + /0 w(alu, )i + /0 (g ur). By = /O (F ). B,
forany ¢ € C(0,T;H) N CY0,T; L*(RQ)), ¢ € LPT2(0,T; Q) and u(x,0) =
uo(x) € H, us(x,0) = u;(x) € L2().

Remark 2.2 One easily check that H = HOl (2) when % <y < %. Moreover, if
n = 3, then we can replace H by HO1 () when?2 < y < 4,since HO1 (Q) — LYT2(Q).
(see Figure 1).

The energy associated to the problem (1.1) is given by

1 +2
5 eIl

1 1
E(t) = Elluz(t)llﬁ + Zu@atu@), u)) -

‘We now state our main results.

Theorem 2.1 (Local existence) Suppose that (Hy) — (Hy) hold. Then given the initial
data (up, uy) € H x L2(), there exist T > 0 and a weak solution of problem (1.1).
Moreover, the following energy identity holds for all 0 <t < T:

t '
E(1) +/ / gug)usdxds — 1/ w ()a(u, u)ds = E(0). 2.7
0 Ja 2 Jo
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Fig.1 The admissible range of parameters @ and b with respect to the imbedding HO1 (Q) — L tb(Q)

Remark 2.3 Theorem 2.1 implies that if f is supercritical, then we have a Hadamard
wellposedness i.e., continuous dependence with respect to initial data by the same
arguments as [4] and [46]. More precisely, in dimension n = 3, continuous dependence
on initial data was proved in [4]. Whenn > 4, one studied in [46], for ﬁ <y < 4

n—-2"
However, for the case n472 <y < %, that is, f is super-supercritical, no longer
considers the Hadamard wellposeness. Even though there are a few results in [46], but
it was proved under the restricted initial condition, restricted regularity and restricted

dimension. This matter remains a challenging open problem.

Theorem 2.2 (Global existence) Suppose that (Hy) — (Ha) hold and the initial data
(uo, uy) € H x L*(). If one of the assumptions hold: p >y or

E0) <dy and a(ug,uo) < A3, (2.8)
where
Aoz(ﬂ)l/y and dozﬂk2 Ko= sup (M)
K] 20+ uetuzo Ma, )]/

Then the weak solution u(x, t) of (1.1) is global.

Theorem 2.3 (Energy decay rates) Suppose that the hypotheses in Theorem 2.1 and
(2.8) with p < y. Then we have following energy decay rates:

(i) Case 1 : B is linear. Then we have
E(t) < Cie™,
where w is a positive constant.
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(ii) Case 2 : B has polynomial growth near zero, that is, B(s) = sP*1. Then we have

C

E(t) < > -
(I4+10)»

(iii) Case 3 : B does not necessarily have polynomial growth near zero. Then we

have
s = (1)

where F(s) = sB(s) and C; (i = 1,2,3) are positive constants that depends
only on E(0).

Theorem 2.4 (Blow-up) Suppose that hypotheses (Hy) — (Ha) hold and, in addition,
that p < y. Moreover, assume that

(o, u1) € {(ug, 1) € H x LA(Q); alug, ug) > A5, — 1 < E(0) < do}

and
g-1(1) < (<y+2>(uoyxé—2(y+2)E1>2);—ié 29
~ \8(y + Dmeas(Q)(nord — 2Ey) '
where
[ 0 if E) <0,
= positive constant satisfying E(0) < E1 <dy and E; < E0)+1 if E) >0.

Then the weak solution of the problem (1.1) blows up in finite time.

Remark 2.4 The inequality p > y always holds true under the following condition:
(see Figure 2)

4<y <5 if n=3,
2<y<3 if n=4,
A<y if n>5

In other words, if f is super-supercritical, then the inequality p > y always holds

. 2(n—-2)y—4
under the assumption p > =5—-"5 =y

Remark 2.5 We summarize our results.
(1) Local existence is obtained for the region I, II and III in Figure 2.

(2) Hadamard wellposedness is satisfied for the region I and II in Figure 2.
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Fig.2 The admissible range of the damping parameter p and the exponent of the source y

(3) Global existence is obtained for the region I and III, or the region II with the
condition (2.8) in Figure 2.

(4) Energy decay rate is obtained for the region II in Figure 2 with the condition (2.8).

(5) For the region II in Figure 2 with the condition (2.9), we obtain the blow-up in
finite time.

3 Local Existence
3.1 Globally Lipschitz Source

We first deal with the case where the source f is globally Lipschitz from H () to
L2(2). In this case, we have the following result.

Proposition 3.1 Assume that (Hy) — (H3) hold. In addition, assume that (ug, u1) €
H x L*(Q) and f : H (Q) — L*(Q) is globally Lipschitz continuous satisfying
cals|" T < | f(s)] < C4|s|7’+1, where c3, cq are for some posmve constants. Then
problem (1.1) has a unique global solution u € C(0,T;H) N C'(0, T; L*(Q)) for
arbitrary T > Q.

Proof We construct an approximate solution by using the Faedo-Galerkin method. Let
{w]}jeN be a basis in H (2) and define V, span{wl, w2, -+, Wy} Let uy and
u'l' be sequences of V,, such that u — ug strongly in H (2) and u'' — uy strongly
in LZ(Q) We search for a function, for each m € N,

u™ (1) = Z(sfm(t)w,»
j=1

satisfying the approximate equation

(uff, w) + pn@®a@™, w) + (gui") = (f™),w) forall weV,,

G.1)
u{)”_Zj:](MO,wﬂw]» "‘1 =Zj=1(u1,wj)wj.
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Since (3.1) is a normal system of ordinary differential equations, there exist u”,
solutions to problem (3.1). A solution u to problem (1.1) on some internal [0, #,,),
t, € (0, T] will be obtain as the limit of u™ as m — oo. Next, we show thatt,, =T
and the local solution is uniformly bounded independent of m and ¢. For this purpose,
let us replace w by u}* in (3.1) we obtain

df1 1 1 2
E[znu?’n%Ema(um,umwHzllu’”llﬁz} /ng)umdx

= lu’(r)a(u’",u"’)+f fw™) ui"dx%—/ lu™ Y u" ' dx (3.2)
2 Q Q
1 /7 m m 1 m m

< 31 Oat" u )+(1+a)/9|f(u ) ' dx.

We will now estimate [, g(u]") u}*dx and [, f(u™) u}’dx. From the hypothesis
on g, we have

/ gy ul"dx —/l - lg(ut ) ul'dx +/ gy ultdx
ufl'|<

[uf"|>1

Z/ gu)) uf'dx
> 1 (3.3)

> C]/ |u;”|'0+2dx —c1/ |u§”|"+2dx
luf'|=<1

> c1lluf’ [° —clmeas(Q).

p+2
Under the assumption that f is globally Lipschitz from H] (Q2) into L*(£2) we have
@) < I1f@™) = fFOIl2 +1fO)l2 < LglIVulla +1£O)l2 < C4(|Vull2 + 1),

where L ¢ is the Lipschitz constant and Cy is for some positive constant, so that by
Holder’s and Young’s inequalities and from the fact (2.6) we deduce that

1 1 1
/Q G = 517G+ 511G = Ca poa™, u™) +1) + S
(34)

Replacing (3.3) and (3.4) in (3.2) we get

d[1 1 2 2

E[Elluf”llgﬁ—iu(t)a(u W+ s ||u'"\|;iz]+c1||uf"||ﬁiz
1 1 1 1 C 1

< emeas(@) + Ca(1+ =) + 5 (14 — )l 1B+ (00 + = (14 =) Jate, u™.
Cc3 Cc3 2 ao C3

2
(3.5)
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Integrating (3.5) over (0, t) with ¢ € (0, ,,,) we have

1 2 2
f||u, 15+ u(t)a(u”’ W) |512+c1/ " ($)11775ds
1 1 )
= (clmeas<9>+c4(1+—))T+—||u1||2+ 2 #Oatuo, o) + ol ]33

c 1
1+ f ™| 3ds + ||;/||Lm(oj)+;‘<1+ 7))/ a@™(s), ™ (s))ds.
ag c3 0
(3.6)

Therefore, by Gronwall’s lemma we obtain

t
™13 + au™, u™) + ||u™ ||V+2+/ | ()19 13ds < Cs, 3.7

where Cs is a positive constant which is independent of m and ¢. The estimate (3.7)
implies that

u™ is uniformly bounded in L°°(0, T; H)) (3.8)
and
u!" is uniformly bounded in L°°(0, T} L*(Q)). 3.9

We note that from (3.9), taking the hypotheses on g into account we also obtain

t
/ / g (5))Pdxds < Ce, (3.10)
0 Q

where Cg is a positive constant independent of m and 7.
From (3.7)-(3.10), there exists a subsequence of {#”}, which we still denote by
{u™}, such that

u™ — u weak starin L°°(0, T; H), (3.11)

u™ — u, weakstarin L0, T; L*(2)), (3.12)
uyy — uy weakstarin  L*°(0, T; H'(Q)), (3.13)
g™ — ¢ weaklyin L?(0, T; L*()). (3.14)

Since HO1 (Q) — Lz(Q) is compact, we have, thanks to Aubin-Lions Theorem that
u™ — u stronglyin L>®(0, T; L*(Q)),
and consequently, by making use of Lions lemma (cf. [35]), we deduce

fw™ — f(u) weaklyin L*(0, T; L*(Q)). (3.15)
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Convergences (3.11)-(3.15) permit us to pass to the limit in the (3.1). Since {w;}
is a basis of H(} (2) and V,, is dense in HOl (R2), after passing to the limit we obtain

T T T
/ / Uy, vdx0(t)dt +/ w(a(u, v)0(t)dr + / / Yodx0(t)dt
0 Q 0 0 Q

T
_ / / Fyvdx0(t)dr. (3.16)
0 Q

forall@ € D(0, T) and v € H} (Q).
From the (3.16) and taking v € D(£2), we conclude that

Uy — p(OLu+ ¥ = f(u) in D' (2 x (0, T)). (3.17)

Our goal is to show that ¢ = g(u,). Indeed, considering w = " in (3.1) and then
integrating over (0, T'), we have

T T T T
/ (u;'},u’")dt+/ ,u(t)a(u’",um)dt—i—/ (gi"), u™)dr = / (f ™), u™)dt.
0 0 0 0

Then from convergences (3.11)-(3.15) we obtain

T T T T
tim [ pa e == [ wdr— [ wodr+ [,
m—o0 Jo 0 0 0
(3.18)
By combining (3.17) and (3.18), we have
T T
lim ;L(t)a(um,um)dtzf w(®)a(u, u)dt,
m—00 0 0
which implies that
u™ — u strongly in L*(0, T; H} (). (3.19)

Next, considering w = u}" in (3.1) and then integrating over (0, T'), we have

T T T T
/0 (uli, ul"ydt +/(; w(®a@™, ul")dt —i—/o (g™, ul")dr = /(; (f ™), ul)dt.

From (3.12), (3.13), (3.15), (3.17) and (3.19), we arrive at

T T
lim (g, u")dr = / (W, ug)dt. (3.20)
0

m— 00 0
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On the other hand, since g is a nondecreasing monotone function, we get

T
/O (gwi") — g(@), uf' —@)dt =0

for all ¢ € L2(2). Thus, it implies that

T

T T
/0 (g, g)di + /0 (8(@). ul" — g)dr < /0 (g™, uMydr.

By considering (3.12), (3.14) and (3.20), we obtain

T
/0 (U — g(@), u; —@)dt > 0, (3.21)

which implies that ¥ = g(u;).
We now show the uniqueness of the solution. Let u' and u? be two solutions of
problem (1.1). Then z = u' — u? verifies

(zer, w) + p(Da(z, w) + (gu)) — gwd), w) = (f') — f@©?), w),

for all w € H. By replacing w = z; in above identity and observing that g is
monotonously nondecreasing and f : HO1 (Q) — L*(Q) is globally Lipschitz, it
holds that

R+ iimac o] < a0
il 2 2tlln ZM a(z,z) | = Cyalz, 2),

Where C7 is for some positive constant. By integrating from 0 to # and using Gronwall’s
Lemma, we conclude that ||z;||2 = a(z,z) = 0. O

3.2 Locally Lipschitz Source

In this subsection, we loosen the globally Lipschitz condition on the source by allowing
f to be locally Lipschitz continuous. More precisely, we have the following result.

Proposition 3.2 Assume that (H1) — (Hy) hold. In addition, assume that (ug, u1) €
H x L*(Q) and f : HO1 (Q) — L%(Q) is locally Lipschitz continuous satisfying
cals|? T < | f(s)| < cals|? T, where c3, c4 are for some positive constants. Then
problem (1.1) has a unique local solution u € C(0,T;H) N C'(0, T; L>(Q)) for
some T > 0.

Proof Define

1

fw) if [a(u,u)]? <
TR =1 p(—£ ) i Lttt >

[a(u,u)]2

K’
K

’

@ Springer



S778 Applied Mathematics & Optimization (2021) 84 (Suppl 1):S767-5803

where K is a positive constant. With this truncated fx, we consider the following
problem:

— u@)Lu+ guy) = fx () in Q x (0,+00),
u=20 on I' x (0,+00), (3.22)
u(x,0) =upx), u;(x,0) = uj(x), in Q.

Since fx : Hj () — L?(R) is globally Lipschitz with Lipschitz constant L 7 (K)
for each K (see [10]), then by Proposition 3.1, the truncated problem (3.22) has a
unique global solution ug € C(0, T; H) N cl0, T; L3(Q)) for arbitrary T > 0. For
simplifying the notation in the rest of the proof, we shall express ug as u.

Multiplying (3.22) by u; and integrating on 2 x (0, t), where 0 < ¢t < T we obtain
by using the fact u'(s) < 0 forall s > 0,

1
y+2

1
E(IluzII%ﬂLu«(t)a(u,u))Jr > el +2+/ / glus(x, )us(x, s)dxds

= %(H”l 115 + 1(0)alug, up)) + ﬁlluollyﬂ + ;/ 1 ()au(x, ), u(x, s))ds
t
—|—/ / fK(u(x,s))us(x,s)dxds—F/ / luCe, Y ulx, s) us(x, s)dxds (3.23)
0 JQ

1 2
2l 13 + 1O)a(uo. up)) + —— allll)

l\)

(1+ //IfK(u(x ) Jus x, )| dxds.

+2
We note that fx : HO1 (Q)—L T (R2) is globally Lipschitz with Lipschitz constant
L ¢(K) (see [10,13]). Hence we estimate the last term on the right-hand side of (3.23)
as follows:

(1+ / / | fx u(x, $))| |us(x, s)|dxds

1 + / ||fK(”(S))||L+2||'4s||p+2d5

p+2

=< 6/ ||Ms(S)|| zdS + C(e) ||fK(M(S))||ZI%dS (3.24)
P+
pt2 t
p+2 p+T
< ef [lus ()] +zds + C(E)<«/__Lf(K)) /0 a(u(s), u(s))ds
+ tC(e)((\/ia_OLf(K))pH + 2—(P+1>|f(0)|ﬁ*ﬁmeas(sz)).

@ Springer



Applied Mathematics & Optimization (2021) 84 (Suppl 1):5767-S803 S779

From the hypothesis on g, we have

t t
/ / gus(x, $)us(x, s)dxds > ¢y / ||us(s)||ﬁiids — tcymeas(R2). (3.25)
0 JQ 0

By replacing (3.24) and (3.25) in (3.23) and choosing € < c1, we get

t
2 +2 +2
ete |13 + @y ) + [ull] 75 + /0 |lues ()15 5ds

t
< C8+C1(Lf(K))T+C2(Lf(K))/0 g (115 + aluls), u(s)ds

(3.26)

forall ¢+ € [0, T'], where

y+2

1 2
Cg %(Hul 12 + w(0)a(uo, uo)) + luolly, 15

! 2 FT oot (53 !
ClLy(K) = =CO((—=Ls(6)) "™ + 271 @) 7T meas()) + —cimeas Q).

N
1 2 et
CaL g (K)) = L C@( oL (k)™

fora = min{%, ﬁ c1 — €}. Thus by Gronwall’s inequality, (3.26) becomes

!
2 y+2 p+2
urlly + aCu, u) +lull), 5 + /0 s ()11 2ds

< (Cg + C1(L#(K))T)e2ErED forall € [0, T1.

. 1 1
If we choose T = min{ T (K)) oL, In 2}, then

t
||ut||§+a<u,u>+||uu§i§+fo llus ()]0 3ds <2(Cg +1) < K2 forall 1 €0.T],

(3.27)

provided we choose K?> 2(Cg + 1). Consequently, (3.27) gives us that [a (u, u)]% <
K forall ¢ € [0, T]. Therefore, by the definition of fx, we have that fx(u) = f(u)
on [0, T']. By the uniqueness of solutions, the solution of the truncated problem (3.22)
accords with the solution of the original, non-truncated problem (1.1) for ¢ € [0, T],
which means that the proof of Proposition 3.2 is completed. O
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3.3 Completion of the Proof for the Local Existence

In order to establish the existence of solutions, we need to extend the result in Propo-

+2
sition 3.2 where the source f is locally Lipschitz from H(} () into L%(Q). For
the construction of the Lipschitz approximation for the source, we employ another
truncated function introduced in [43]. Let i, € Cgo (R) be a cut off function such that

0<n, =<1,
na(s) =1, if |s| <mn,
na(s) =0, if |s| > 2n,

and [, (s)| < % for some constant C independent from n and define

o) = fu)n, (). (3.28)

Then the truncated function f; is satisfied the following lemma. The proof of this
lemma is a routine series of estimates as in [1,44], so we omit it here.

Lemma 3.1 The following statements hold.
(1) fu: H(} (Q) — L%() is globally Lipschitz continuous.
+2
(2) fa: H(} (Q)— L ot (R2) is locally Lipschitz continuous with Lipschitz constant

independent if n.

With the truncated source f; defined in (3.28), by Proposition 3.2 and Lemma 3.1,
we have a unique local solution u” € C(0, T; H) N cl0, T; LA(Q)) satisfying the
following approximation of (1.1)

up — p()Lu + g(uy) = fo(u) in Q x (0,+00),
u=~0 on I' x (0,+00), (3.29)
u(x,0) =upx), u(x,0) = uj(x), in Q.

From Lemma 3.1, the life span T of each solution u«” is independent of n. Also

we known that 7" depends on K, where K 2 > 2(Cg + 1), however, since ||u’f||% +

y+2 2 y+2 .
a(ug, ug)—l—||u8||yJr2 = luy |5 +a(uo, u0)+||u0||y+2,we can choose K sufficiently

large so that K is independent of n. By (3.27),

2
luf 115+ a@", u") + |Ju" )5 < K2 (3.30)

for all + € [0, T]. Therefore, there exists a function u and a subsequence of {u"},
which we still denote by {u"}, such that

u" — u weak starin L°°(0, T; H), (3.31)
ul — u, weak starin L0, T; L*(R2)). (3.32)
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By (3.30), (3.31) and (3.32), we infer

2
|15+ a(u, w) + ||ul|} 5 < K2 (3.33)
for all t € [0, T']. Moreover, by Aubin-Lions Theorem, we have

u" — u stronglyin L0, T; H'=¢(Q)), (3.34)

for 0 < € < 1. Since u" is a solution of (3.29), it holds that

T T
/ / ul,, pdxdt + / uw(®a(u”™, v)de
0 Q 0
T T
+/ /g(u:’)qbdxdt:/ /fn(u”)¢>dxdt, (3.35)
0 Q 0 Q

forany ¢ € C(0, T; H)NCY (0, T; L*(R)), ¢ € LPT2(0, T; Q).
Now we will show that

n—o0

T T
lim/ /fn(u")q)dxdt:/ /f(u)¢dxdt. (3.36)
0 Ja 0 Ja

Indeed, we have

| fo ' /Q (") = f @) gdxd]

T T
Sf f | fa@"™) = fu@)] |pldxdt +/ f [fn(u) — fQu)| |pldxdt. (3.37)
0o Ja o Ja

By (2) in Lemma 3.1 and (3.34), we obtain

T
/ / | fn@™) — fu(u)| |@p|dxdt
p+1

/ /|fn(“n)_fn(u)|”+'dxdt "“ / /|¢|p+2dxdt)72 (3.38)

p+2 ptl

T
P2
SC(K)||¢||LP+2(0,T;Q)(/O [u" ull,‘;ﬁle(mdt) — 0.

Since n,(u(x)) — 1 ae. in , we have f,(u) — f(u) a.e. Then we also have
+2 +2 +2 +2
| fa) = FGOI7T < 2557 | £)[ 757 and f(u) € L¥1 (), for u € Hy(R). Thus by
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the Lebesgue Dominated Convergence Theorem, we have

T
/ /Ifn(u)—f(u)l |p|dxdt
ptl

T _1
f / | fo(u) — f(u)lpﬂdxdt)”+2 / / |¢|f’+2dxd;)ﬂ+2 (3.39)

p+l

L
5”¢“Lﬂ+2<o,r;m/o /Qlf(u)lﬂﬂlnn(u)—1|p+1dxdt)"”—>o.

From convergences (3.38) and (3.39), (3.37) gives us (3.36).
On the other hand, by using similar arguments from (3.18) to (3.21), we get

g’y — g(u;) weaklyin L*(0, T; L*(2)). (3.40)

Convergences (3.32), (3.33), (3.36) and (3.40) permit us to pass to the limitin (3.35)
and conclude the following result.

Proposition 3.3 Assume that (Hy) — (Hy) hold. In addition, assume that (ug, uy) €

e
HxL*(Q)and f - H () — L/>+1 () is locally Lipschitz continuous. Then problem
(1.1) has a local solunon ueCO,T;H)NCY 0, T; L>(Q)) for some T > 0.

+2

Let f(u) = |ul”u, then f : Hd (Q) — L/;T(Q) is locally Lipschitz continuous

(see Remark 2.1). Thus by Proposition 3.3, the proof of the local existence statement
in Theorem 2.1 is completed.

3.4 Energy ldentity

It is well known that to prove the uniqueness of weak solutions, we will justify the
energy identity (2.7). The energy identity can be derived formally by multiplying (1.1)
by u;. But, such a calculation is not justified, since u, is not sufficiently regular to be
the test function in as required in Definition 2.1. To overcome this problem, we employ
the operator 7€ = (I —e L)~ to smooth function in space, which is mentioned in [13].
We recall important properties of 7€ which play an essential role when establishing
the energy identity.

Lemma 3.2 [13] Let u€ = T€u. Then following statements hold.

1. Ifue LZ(Q), then ||u€|> < ||ull> and u¢ — u in L*>(Q) ase > 0.

2. IfueH (R), then ||Vu€||2 < ||Vullp and u¢ —>uinH () ase — 0.

3. Ifu e LP(Q) with 1 < p < oo, then [|[u¢]l, < |lull, andu — uin LP(Q) as
e — 0.

We will now justify the energy identity (2.7). We play the operator 7€ on every
term of (1.1) and multiply by u;. Then we obtain by integrating in space and time
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' t
/ / uSuSdxds + / w(s)aws, ub)ds
0 0

t t
+/ / T€(g(us))usdxds :/ / TC(f (u)uidxds. (3.41)
0 Ja 0 Ja

Since u € HO1 (Q) and u; € L*(R2), we have by Lemma 3.2, u¢ — u in HOl (€2) and
u; — u; in L*(2). Therefore using this convergences, we have

t t
1
lim (/ / us usdxds +f wuis)a(us, uj)ds) =~ (llurl3 + au, u) — ||uy|13 — aluo, uo)).
e—=0\Jo 0 2
(3.42)

Since u;, g(u;) € L%(Q), we easily check that
llm[ / T¢ (g(uy))ugdxds—/ /(g(ug))u dxds. (3.43)

+2
Recall that u; € LPT2(Q) and f(u) € L%(Q). By Lemma 3.2, we have uf{ —

+2
uy in LPT2(Q) and T€(f(u)) — f(u) in L%(Q). Thus by Lebesgue Dominated
Convergence Theorem, we obtain

hm/ /T (f(u))uédxds—/ /(f(u))uedxds (3.44)

Convergences (3.42)-(3.44) permit us to pass to the limit in (3.41), consequently, the
energy identity (2.7) holds.

4 Global Existence
In order to prove the global existence of solutions of (1.1), it suffices to show that

[ug ] |% Fa(u, u)+||u| |)’ii§ is bounded independent of 1. We now consider the following
two cases:

4a1p>y

Using the energy identity (2.7), we have

d +2
dt|: |13 + u(t)a(u u)+ 2||u||§:+2]+/s_zg(ut)utdx

4.1
= —,u/(t)a(u, u) +2/ ||’ uu,dx.
2 Q
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By the same argument as (3.3), we have

/ g(us) urdx > c1||ut||er2 cimeas(S2). 4.2)
Q
Using the Holder and Young inequalities with % m = 1 and the imbedding

LP2(Q) — LY12(Q), we deduce that

2
|u|” uusdx < C(er)]|ull’, 2+61Cy 2||Mz||V+2
/sz v e 4.3)

2
< Clenllulll 3 + e 271 CV (1 + llud913),

where C, 47 is an imbedding constant. By replacing (4.2) and (4.3) in (4.1) and using
(2.2), we get

i[—nuu + M(t)a(u 0+ —— ||u||V+2}

d 2 y 20 2 (4.4)
2

<C(61)|Iu|| 2+(clmeas(Q)+612p+le )+(elzp+1cg++2 —c1)||u,||gi§.

Let

o I
E(f)=§||Mt||2+Eﬂ(f)a(u,u)-i-mﬂuﬂyﬁ

and choosing €] = then we rewrite (4.4) as

+1 y+2 i
2 Chy

E'(t) < Co + C1oE(),
where C9 and Cjg are positive constants. Now applying Gronwall’s inequality, we

have that E(t) < (C11E(0) + C12)ec“’ where C11 and Cy, are positive constants.

Consequently, since E(O) is bounded we conclude that ||u;| |2 +a(u, u) + ||u| |yJr2 is
bounded.

4.2 E(0) < do and a(uo, uo) < A2

First of all, we will find a stable region. We set

[ully+2
0< Kp:= sup (—)<oo
ueH,u#0 [a(u, u)]'/?
and the functional
2
Jw) == B aqu,uy - . +2||u||;jz, ueH. (4.5)
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We also define the function, for A > 0,

1
) = %xz - ng e, (4.6)

then

1y
)»0=( MO )

y+2
KO
is the absolute maximum point of j and
. Y Ko 2
rp) = ————Ay = do.
J (o) 2 +2) 0 0

The energy associated to the problem (1.1) is given by

Et—l t21t 1), u(t ! N 47
(0 = Sl Ol + FuOa®), u) - y+2”“( Jiaee 4.7
for u € H. By (2.2) and (4.5)-(4.7), we deduce
" Ky+2
E(@) > J(u(t)) > 7°a(u(t), u(r)) — y0+ 5 la@u(), u)NY D72 = j(a@), u@)1'/?).

(4.8)

Lemma 4.1 Let u be a weak solution for problem (1.1). Suppose that
E©0) <dy and a(ug,up) < A3.
Then
a(u(t), u(t)) < 23 forall t>0.
Proof 1t is easy to verify that j is increasing for 0 < A < Aq, decreasing for A > X,

jA) > —occas A — +o00. Then since dy > E(0) > j([a(uo, up)]/?) > j0) =0,
there exist )\6 < X0 < Ag, which verify

J(Ap) = j(ho) = E(0). 4.9)
Considering that E(¢) is nonincreasing, we have
E(t) < EQ©) forall t>0. (4.10)
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From (4.8) and (4.9), we deduce that

Jj(a(uo, up)''?) < E(0) = j(A(). @.11)
Since [a(ug, uo)]1'/? < Ao, )»6 < A and j is increasing in [0, A¢), from (4.11) it holds
that
[a(uo, uo)]'/* < A 4.12)
Next, we will prove that
[a(u(t), u(r)))/? < 2y forall > 0. (4.13)

We argue by contradiction. Suppose that (4.13) does not hold. Then there exists time
t* which verifies

[au(r®), u@@N? > i (4.14)
If [a(u(t*), u(t*))]"/? < Ao, from (4.8), (4.9) and (4.14) we can write
E@*) = j(la((®), u(@N'?) > j(g) = E(0),
which contradicts (4.10).

If [a(u(t®), u(t*))]/? > X, then we have, in view of (4.12), that there exists Ag
which verifies

la(uo, uo)1"? < M) < ko < ho < [a(u(t™), u(t*))]"2. (4.15)

Consequently, from the continuity of the function [a(u(-), u(-))]'/? there exists 7 €
(0, t*) verifying

[a(u(@), u(@®)1'?* = k. (4.16)
Then from (4.8), (4.9), (4.15) and (4.16), we get
E(@) = j(la(®), u@)]'?) = j(o) > j(p) = E(0),
which also contradicts (4.10). This completes the proof of Lemma 4.1. O

From (4.8) and Lemma 4.1, we arrive at

y+2

K 1 1
EW 2 J @) > aw@.um)(5 = 22=3f) = wo(5 -~

Jau(, u)
4.17)
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and, consequently,

. 2y +2)
Jw)>0 (Ju) =0 iff u=0) and a(u(),u)) < WE(r). (4.18)

By virtue of (4.17), we get

Hoy
J(u(t)) > ma(u(t), u(t)). (4.19)

Hence

Koy
a

1
2y +2) (u(®), u(r)) < 5||ut(r)||% + () < E(1) < E(0).

1|| (t)||22
—||u +
2 !

Therefore, there exists a positive constant C3 independent of ¢ such that
ur (D113 + au(t), u(t)) < C13E(0). (4.20)
Moreover, if we define the functional 7 (u(¢)) by
y+2
I(u(t)) = poa(u(t), u(t)) — u@®ll, 15

then from the relationship 7 (u(1)) = (y +2)J (u(1)) — 55 a(u(r), u(1)) and the strict
inequality (4.19), we obtain

I(u(t)) >0 forall 7>0. 4.21)
Consequently, from (4.20) and (4.21) we have
s (D113 + au(®), @) + lu @713 < (1 + 120) C13E(0).

This it the completion of the proof of the global existence of solutions of (1.1).

5 Energy Decay Rates
In this section we prove the uniform decay rates of problem (1.1). In the following
section, the symbol C is a generic positive constant, which may be different in various

occurrences. We define the energy associated to problem (1.1):

Leoea ! 1 +2
E@) = Sllully + su@®a, u) - m||ull)};+2~

Then

1
E'(1) = EM’(t)a(M, u) — /Q guudx <0,
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it follows that E(¢) is a nonincreasing function.
First of all, we recall technical lemmas which will play an essential role when
establishing the energy decay rates.

Lemma 5.1 [38] Let E : Ry — Ry be a nonincreasing function and ¢ : Ry — Ry
a strictly increasing function of class C' such that

¢0)=0 and ¢(t)—> +o0 as t— +oo.

Assume that there exists o > 0 and w > 0 such that

+00
/ E7 (0 (6)dt < ~E°(O)E(S)
S w

forall S > 0. Then E has the following decay property:

if o=0, then E@)<EQ0e D  forall >0,

1+o0 !

if >0, then E(t)sE(O)(Hw—qu(t));, forall 1> 0.

Lemma 5.2 [38] Let E : Ry — Ry be a nonincreasing function and ¢ : Ry — Ry
a strictly increasing function of class C' such that

¢0)=0 and ¢@)—> +o00 as t— +oo.

Assume that there exists o > 0, 6’ > 0 and C > 0 such that

+00
/ E )¢’ (t)dt < CEFO(S) + E°(0)E(S), 0<S < +o0.
S

C
(I +¢(8)°
Then, there exists C > 0 such that

C
E() 2 EO) ooy =0

Let us now multiply equation (1.1) by EP(t)¢'(1)u, p > 0 and ¢ : Ry — Ry is
a concave nondecreasing function of class C2, such that ¢(t) > 4+ooast — 400,
and then integrate the obtained result over 2 x [S, T]. Then we have
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T
0=/ E”<r>¢’<t>/ sy = L+ glur) = ul? u)dxdr
N Q
T T
= [Ep(t)qb/(t)/ utudx] —/ (pEpil(t)E/(l‘)(l)/([)+Ep([)¢//(l‘))/ wudxds
Q N K o

T T

- /S EP (0§ (0)llur|13d1 + fs EP(1)¢/ (t)e(t)a(u, u)dt (5.1)
T

+/ Ep(f)fﬁ/(t)f g(ur)udxdt
N Q
T

- fs EP 0@’ Ollull]) 3dr.

By the definition of E(¢), we can rewrite (5.1) as

T
2 / EPTL )¢ (t)dt
s
T
- —[El’(z)d)/(t)/ u,udx]T +/ (pEp_l(t)E/(t)(p/(l)—FEp(t)tb//(l))/ ugudxdt
Q N S Q (5.2)
T T
_/s Ep(t)qﬁ/(l)/gg(ut)udxdt—k#/; EP(t)¢’(z)||u||J}ji§dt
T
+2 /S EP @) (o)l s 3.
Now we are going to estimate terms on the right hand side of (5.2).
T
Estimate for — [Ep(t)¢’(t) Jo u[udx]s;
Using Young’s and Poincaré’s inequalities, (2.6) and (4.18), we obtain
‘/ u,udx’ < CEQ). (5.3)
Q
consequently,
T
- [Ep(t)qb/(t) / u,udx]s < CEP*I(S). (5.4)
Q
Estimate for fST (pE/’_1 OE ()¢’ (t) + Ep(t)zb”(t)) Jo urudxdt;
From (5.3), we have
T
/ (pEpfl(t)E/(t)qS/(t) + Ep(t)qb”(t))/ u;udxdt
S Q
(5.5)

T T
< CEP(S) / —E'(t1)dt + CEPT(S5) / —¢"(t)dt
S N

< CEPTL(S).
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Estimate for — fST EP ()¢ (1) [q &(ur)udxdt;
We will consider the following divided domain:

fg(ut)udx =/ g(uz)ua’er/ g(uudx
Q lug|<1 ug|>1

Using Young’s and Poincaré’s inequalities, (2.6) and (4.18), we have

1 2 1 2 Lo 1 2
g(u,)udxgi |ue] dx+§ lg(ue)|"dx < §||M||2 + 5 lg(ue)|~dx
Jus|<1 lug|<1 lus| <1 lu|<1

1
<CE®) + f/ lg(up)Pdx.
2 Jjuy1<1

On the other hand, by the Young inequality with otl +2 + ﬁ = 1 and using the
assumption p > y we have

1 042
/ guudx < / lu|”F2dx + s Ig(uz)lz“dx
lig|>1 Jug|>1 0+ 2 Ju =1
1 p+1 p+2
<2 211 / )55 dx
P2 T o2 ey
po+1 242
< CQ+lully )72 + 25 / g 5 dx
P42 Jiu =1
po+1 042

<2+l ) + 2 ), Bl

ur|>
Hence, from (4.18) and (4.21) we get
T / +1 1 T / 2
‘/S EP ()¢ (t)/Qg(Mz)udxdt <CE? (S)+5/s EP ()¢ (1) " lg(us)|“dxdt
ur|<
1T 042
+£—iz Ry 1|g<u,)|ﬁ+1dxdt,
Uur|>
(5.6)
. 2
Estimate for L [{ "EP ()¢’ O]} 5d1;
Using (4.18) and (4.21) we have
14 T +2 1
3 ), B¢ Ollull e < CEPTS). (57)
S

Estimate for 2 [{ EP(t)¢' (t)l|u;|3dt;
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From the definition of J(«) and E(¢) and using (4.18), we have
T
2 / EP ()¢ ()llucll5dt < CEPTL(S). (5.8)
s

By replacing (5.4)-(5.8) in (5.2), we obtain

T T
/ EPT ()¢ (t)dt < CEPT(S) 4+ C / EP()¢ (1) g (ur) > dxdt
S S Jug] <1

T (5.9)
p+2
+C / EP(1)¢' (1) lg(uy)| P+ dxdt.
S

lug|>1

Now we are going to estimate the last two terms with respect to g on the right hand
side of (5.9).

5.1 Case 1: Bis Linear
Since S is linear, we can rewrite the hypothesis of g as follows:

cslsl = 1g() = cels| if [s[ =1,

1 1 .
cilsl < cilsl?™ < lgs)| < cals|?th if s| > 1,

for some positive constants c3, c4. Hence we get

/ lg(ur)?dx < c6 / glu)urdx < —coE'(1) (5.10)
lug| <1

Jurl<1

and

12 1 4 o
/ lg ()P Tdx =/ lg @)l 7T [gup)ldx < e / urg(udx < —cy " E'(0).
lug|>1 |us|>1

|lus|>1
(5.11)
Combining (5.9), (5.10) and (5.11), it follows that
T
| Bt we i < cer o)
S
which implies by Lemma 5.1 with p =0

E(t) < E(0)e! ¢

Let us set ¢ (¢) := mt, where m is for some positive constant, then ¢ (¢) satisfies all
the required properties and we obtain that the energy decays exponentially to zero.

@ Springer



S792 Applied Mathematics & Optimization (2021) 84 (Suppl 1):S767-5803

5.2 Case 2: 8 has Polynomial Growth Near Zero

Assume that B(s) = s”!. Let p = 4, then we rewrite (5.9) as

T T
/ ESt e (Hdr < CE(S)—i—C/ E2 ()¢ (1) |g(uy)*dxdt
S S Jus|<1
; o (5.12)
+C/ EZ (1) (1) lg(uy)| 7+ dxdt.
S

loes[>1

. .. . . . 2
By the hypothesis of g and the Holder inequality with T [ﬁ =1, we have

2
/ Ig(ur)lzde/ (urg(uz))/"zfzdxfC(/ utq(uz)dX> " =< C(—E’(t))ﬁ
lus <1 lug|<1 Q

Hence
r L r L
f EZ ()¢ (1) lg(up)|Pdxdt < & / ET ()¢ (1)dt + C(e2) E(S).
N Jlus1<1 S
(5.13)
Similarly as (5.11) we have
r ., p+2
/ Ef(t)qb’(t) |g(us)| pHdxdt < CE(S). (5.14)
S lug|>1

By replacing (5.13) and (5.14) in (5.12) and choosing ¢; sufficiently small, we get

T
/ ES\(1)¢/ (dt < CE(S),
S

which implies by Lemma 5.1 and choosing ¢ (¢) = mt,

CE(0)

E(t) < > -
(1+1n)7r

5.3 Case 3: B Does Not Necessarily Have Polynomial Growth Near Zero

We will use the method of partitions of domain modified the arguments in [38]. Let

Q={xeQ; lu;(x)| <1} and Q2 ={x € Q; |u;(x)| > 1}.
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For every t > 1, we consider the following partitions of domain depending ¢’ (¢):

Q=(xeul<¢' ), L={xeud®)<lul<1}, @ ={xeQul>1

if¢'(t) <1, o0r

Q= el <1< @)D = el <lu] <¢' 0}, Q0 ={x € Y lusl > ¢'(1) > 1)
if /(1) > 1. Then Q; = Q! U Q2 (or Q%) and €, = €3 (or ° U Q°).

(I) Parton Q',i = 3,5, 6.
By the same argument as (5.11), we get

T i
/ Ep(l)¢/(t)/_ Ig(ux)I"T%dxdt < CEP*\(S)
s Qi

consequently,
r o2 1
/ E”(t)qb/(t)/ |lg(u)| 7 Tdxdt < CEPTI(S) (5.15)
S Q>

(IT) Part on Q2.
Using the fact g is increasing and (2.3), we obtain

T T
f EP (1) (1) / lg(us)dxdr < / EP(1) / ' (0)] 1g(ur)Pdxdt < B~ ()EPTL(S).
S Q2 S Q2

(5.16)

(IIT) Part on Q',i = 1, 4.
Using the fact E(¢) is nonincreasing, 8 s increasing and (2.3), we have

T T
/S EP (19 (1) /Q g Pdxdr < /S EP (19 (1) /Q (Bl () *dxdt

T
< meas(QEP(S) f o' (1) (B (P (1)) *dt
S
(5.17)

By (5.16) and (5.17), it follows that

T T
f EP(t)¢/ (1) / lg(up)|>dxdt < CEPF(S) + CEP(S) f ¢ (B¢ (1)))?d.
S Q S

(5.18)
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Therefore by replacing (5.15) and (5.18) in (5.9), we deduce that

T T
/ EPYN )¢/ ()dt < CEPTN(S) + CEP(S) / ¢/ ()8~ (@ (1)))%d1.(5.19)
S S

To estimate the last term of the right hand side of (5.19), we need the following
additional assumption over ¢ (see [38], p.434):

/ - &' (B~ (¢ (1))*dt  converges.
1

Then we have from (5.19)

m(ﬁ*( ! ))zds.

T
p+1 / p+1 14 [ —

$(S)
(5.20)

Define ¥ () = 1 + f ][ ﬁds, t > 1. Then v is strictly increasing and convex (cf.
[38], [42]). We now take qb(i) = w’l (1), then we can rewrite (5.20) as

r C
EPH ()¢ (t)dt < CEPTI(S) + —— EP(S),
fs g (H)dr < ()+¢(S) (S)

which implies, by applying Lemma 5.2 with p = 1,

E@) < ZL vt > 0.
¢=(1)

Let 5o be a number such that ,3(%) < 1. Since B is nondecreasing, we have

1 1
() <1+(s—-D =<

B S FE CEW

where F(s) = sf(s), consequently, having in mind that ¢ = ¥ ~!, the last inequality
yields

5 < ¢(F(1%)) — (1) with 1=

Then we conclude that
1 1
— < F(-).
@) t

Therefore the proof of Theorem 2.3 is completed.
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6 Blow-Up

This section is devoted to prove the blow-up result. First of all, we introduce a following
lemma that is essential role for proving the blow-up.

Lemma 6.1 Under the hypotheses given in Theorem 2.4 the weak solution to problem
(1.1) verifies

a(u(t), u(t)) > )L(z) forall 0 <t < Tpax-

Proof We recall the function, for A > 0,

1
Joy =B g,
2 y+2

[ul]
where Ko = Supue'H,u#O(W)' Then

1/y
)»0=< Mo )

y+2
Ky
is the absolute maximum point of j and
. Y o 2
r0) = ————A§5 = do.
J (o) 20 +2) 0 0

The energy associated to problem (1.1) is given by

1 1 1
EW) = 3l + 3r0a. u®) = I} 3.

We observe that from the definition of j, we have

E(t)z%aw),u(r))— 12||u<r>||y+2>j([a(u<z>,u<t>>]1/2> forall > 0.

Y+ y+2 =
6.1)

Note that j is increasing for 0 < A < XAq, decreasing for A > g, j(A) — —o0 as
A — 400.

We will now consider the initial energy E(0) divided into two cases: E(0) > 0 and
E©) <O0.

Casel: E(0) > 0.

There exist A} < A9 < A such that

Jj1) = j(A)) = E(0). (6.2)
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By considering that E(¢) is nonincreasing, we have
E() < E() forall > 0. (6.3)

From (6.1) and (6.2) we deduce

jatuo, u)l'?) < E0) = j(hp). 6.4)
Since [a(ug, up)1V? > rg, Ao < Aq and J(A) is decreasing for 1o < A, from (6.4) we
get
[a(ug, uo)1"? > Ay. (6.5)
Now we will prove that
[a(u@), u@)]? >, forall 0 <t < Tmax (6.6)

by using the contradiction method. Suppose that (6.6) does not hold. Then there exists
t* € (0, Tinax) Which verifies

[au(t®), u@@)N]'* < iy (6.7)
If [a(u(t*), u(t*))]'/? > Ao, from (6.1), (6.2) and (6.7) we can write
E@*) = j(au(r*), ut*)]'?) > jOa) = E(0),
which contradicts (6.3).

If [a(u(t®), u(t*))]}/? < A, we have, in view of (6.5), that there exists A which
verifies

la(u(t®), u(tN]V? < ro < & < A1 < [a(ug, up)]V>. (6.8)

Consequently, from the continuity of the function [a(u(-), u(N1Y 2 there exists 7 €

(0, *) verifying [a(u(f), u(f))]'/> = . Then from the last identity and taking (6.1),
(6.2) and (6.8) into account we deduce

E@) = j(lau(@®), u@)]'?) = j@) > ja) = E(0),
which also contradicts (6.3).
Case2: E0) <O.
There is A» > A¢ such that
J(2) = E(0),
consequently, by (6.1) we have

Jj(la(uo, up)1"?) < E(0) = j(M2).
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From the fact j(A) is decreasing for Ag < A, we get
[a(uo, uo)]'/? = ha.
By the same argument as Case 1, we obtain
la(u@), u@)]? > 1y forall 0 <t < Tyax.

Thus the proof of Lemma 6.1 is completed. O

Now we will prove the blow-up result. In order to prove that i, is necessarily
finite, we argue by contradiction. Assume that the weak solution u(¢) can be extended
to the whole interval [0, 00).

Let E{ be a real number such that

g=10 - boEO =0
positive constant satisfying E(0) < E1 <dg and E| < E)+1 if E(0)>0.
By setting H(t) := E1 — E(t), we have
H'(t)=—E'(t) >0, (6.9)
which implies that H () is nondecreasing, consequently,
0<Hy:=E1—EQ0) <1 (6.10)

and from Lemma 6.1, (2.2) and the definition of dj,

1
Ho < H(t) < Ey — %a(um, u(t)) + )| 12

Yy +2 y+2
<d0_%xg+ yizuu(z)uﬁﬁ 6.11)
= Jlrznu(r)u;ii.
We define
M@ =H"X@)+tN@), N@) = /Qu,udx, (6.12)

where ¥ and t are small positive constants to be chosen later. Then we have
M @)= —-3)H X@)H (t) + tN'(1). (6.13)
We are now going to analyze the last term on the right-hand side of (6.13).
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Lemma 6.2

N'(0) = Cra(llued B + 1l 53 + H@) — H'0H H (1)

0 ¢ (6.14)
+ N«O(— — l)a(u, u)—0E; — —,
2 €3
. .. ‘J/fp _ _ .
where C14 is for some positive constant, 0 < x < —(§+2)(y+2), 0 =y +2— ez with
y42
(y+Dmeas(@) (B~ (1) 7+

0<e3 <min{l,y}land¢ = v}

Proof Using Eq. (1.1), we obtain

2
V@) = el = w0t )+ 115 = [
= (14 )l + o (5 — a0+ (1= =22 )3+ 0@ ~ 0
—)|lu ——1)a(u,u - —
= ) tilp T 1O 5 v +2 42 1

—/ g(ur)udx,
Q

(6.15)

where 6 = y + 2 — e3 with 0 < €3 < min{l, y}.
We will estimate the last term on the right-hand side of (6.15). We note that

[ swomax| < [ 1swtieiax = [ sl g [ sl

lur|>1

By using (2.3) and the imbedding LY T2(Q) — LP*2(Q), we have

ptl

1
[ sotudx < ([ e Fan) ([ )
lus|<1 Jus|<1 lur| <1

+1
< </u,|<1 57 01 d) " fullpeo
v+l
< B (meas () 72 [|ulll,+2

Sl o
Lt Dmeas@ (IO G e
< O +2) y+2 y+2

(6.16)

On the other hand, by using (2.4), we obtain
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/H guy)| |u|dx5c2/ g+ uldx
ur|>1

Ju|>1
2 /J+
o[l ax) il
|lus|>1
1
2 Y+ (X +53)(p+2) —(y+2)
=(cen |l Pde v edull)y ul [ 5727

[ur]>1

6.17)

where 0 < x < and C(e4), €4 are for some positive constants. Moreover

y=p
(p+2)(y+2)
X < m implies that (x + y+2)(,0 +2) < 1. Hence we get

||u||y+2 y+2 y+2

Hy'Ho it |ull?

2 . 2
<y+2><x+y+2><p+2) {Ilul|er i ()l > 1,
<1

y+2

From (6.10) and (6.11) we have

Y +2) (X +575) (042 ) )
el 42 & < ||u||;i2
and, consequently, from (2.4), (6.9), (6.11) and (6.17),
[ st = (Cleo [t eotty ] 13) iy 57
luez|>1 Jug|>1
— 2 _
= (C(e4)H/(t) +e4H, ll'“”;iz) H™X(1) (6.18)

xX— — — 1 2
< Cle)) H'(VHS " H7(t) + eaHy "V jul|7 15,

for 0 < ¥ < x.From (6.16) and (6.18), we get that

y+1
X=X =% —(x+D y+ i
\f glenudx| < Cleap ' OB H T+ (S + eatly )l 13+ 2
(6.19)
2
where ¢ — (y+1)meas(9)(ﬁ (1) 7T
By replacing (6. 19) 1n (6 15) and choosing €4 small enough we obtain
N'(0) = Cis(Iluel} + 1l 53 + H@) — H'0HS *H (1))
0 ¢
+Mo(— - 1>a(u, ) — 0, — =,
2 €2
where C5 is a positive constant. Therefore (6.14) follows. O
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The following Lemma estimates the last three terms on the right-hand side of (6.14).

Lemma 6.3

L— /02 —anc ce < 402 —dne

’

0
MO(E — l)a(u, u) —60E| — é >0 for

2n - T 2n
(6.20)
2 2
where n = MOT)‘O —Ejand t = %OAO —(y +2)E;.
Proof From Lemma 5.1 and the definition of 0, we have
0 ¢ 0 2 ¢
——1 —0E — = — — 1)\ —0E — =
Mo(2 )a(uyu) 175 >M0<2 ) 0 17 g
1A Y 1or3 nes — le3 +¢
=( —TO>63—£+ O (y+2E = ———"— = P(e3).
€3 2 €3
(6.21)
We note that
_ HOAY _E HOAY g 1 Ky+2 y+2 0
2 y+2 0 70
and
2 2
0 0
(=B g > TED — gy +2)dp =0,
Since (2.9) holds, we get
€% —dn¢ > 0.
_ 2 _
Therefore, P (e3) represents a curve connecting horizontal axis points % and
2_
/2 —dn Vsn“”f, and
L— /2 —4 L 02 —4
P(e3) >0 for Loyt~ <e < tr e -

2n - 2n
Thus we obtain

0 — /02 —4n¢ << 0+ /02 —4nc

0
MO(— — l)a(u, u)—0E; — £ > (0 for <e <
2 €3 2n 2n
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P(e,) §

-S04 9+ -4t

27 27

Fig.3 The figure of P(€3)

Combining (6.13), (6.14), (6.20) and then choosing 0 < ¥ < min{%, x} and t
small enough, we obtain

2
M'(t) = Cro(llul13 + llull} 5 + H@)),

where Cig is a positive constant, which implies that M (¢) is a positive increasing
function. By same arguments as p.333 in [16], we have

M'(t) > C;7M ™% (¢t) forall >0,

where C17 is a positive constant and 1 < ﬁ < 2. Hence we conclude that M (¢)
blows up in finite time and u also blows up in finite time. Thus this is a contradiction,

consequently, the proof of Theorem 2.4 is completed.
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